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RATIONAL VISIBILITY OF A LIE GROUP IN THE MONOID
OF SELF-HOMOTOPY EQUIVALENCES
OF A HOMOGENEOUS SPACE

KATSUHIKO KURIBAYASHI
(communicated by Charles A. Weibel)

Abstract

Let M be a homogeneous space admitting a left translation
by a connected Lie group GG. The adjoint to the action gives rise
to a map from G to the monoid of self-homotopy equivalences
of M. The purpose of this paper is to investigate the injectivity
of the homomorphism which is induced by the adjoint map on
the rational homotopy group. In particular, the visibility degrees
are determined explicitly for all the cases of simple Lie groups
and their associated homogeneous spaces of rank one which are
classified by Oniscik.

1. Introduction

The study of rational visibility problems which we consider here is motivated by
work due to Kedra and McDuff [16] in which symplectic topological methods are
effectively used. In this paper, we deal with such problems relying upon algebraic
models for spaces and maps which are complements of models developed and used in
recent work on rational homotopy of function spaces [4, 6, 7, 8, 18, 19, 20].

Let f: X — Y be a map between connected spaces whose fundamental groups are
abelian. We say that X is rationally visible in Y with respect to the map f if the
induced map f, ® 1: m;(X) ® Q = m;(Y) ® Q is injective for any i > 1. Let auty (M)
denote the identity component of the monoid of self-homotopy equivalences of a space
M. Let G be a connected Lie group and M an appropriate homogeneous space M
admitting a left translation by G. We then define a map of monoids

)\G,M: G — autl(M)

by Ag.m(g)(z) = gz for g € G and x € M. The aim of this paper is to discuss the
rational visibility of G in aut, (M) with respect to the map Ag .

The monoid map Ag p factors through the identity component Homeo; (M) of
the monoid of homeomorphisms of M and the identity component Diff; (M) of the
space of diffeomorphisms of M. Therefore, the rational visibility of G in autq(M)
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implies that of G in Homeoy (M) as well as in Diff; (M). We moreover expect that
non-trivial characteristic classes of the classifying spaces Bauti (M), BHomeo; (M)
and BDiff; (M) can be obtained through the study of rational visibility. Very little
is known about the (rational) homotopy of the groups Homeo; (M) and Diff; (M) for
a general manifold M; see [10] for the calculation of m;(Diff; (S™)) ® Q for ¢ in some
range. Then such implication and expectation inspire us to consider the visibility
problems of Lie groups. We refer the reader to papers [12] and [30] for the study of
rational homotopy types of auty (M) itself and related function spaces.

The key device for the study of rational visibility is the function space model due
to Brown and Szczarba [5] and Haefliger [13], which is regarded as Lannes’ division
functor. Especially, an explicit rational model for the map Ag as is constructed by
using a model for the evaluation map described in [7] and [17]; see Theorem 4.3.
We mention that a model for the left translation G x M — M provided in Section 5
completes the construction.

By analyzing such elaborate models, a recognition principle for rational visibility
is obtained in Theorem 4.1 below. We emphasize that not only does our machinery
in this paper allow us to give other proofs of results in [16], [25], [27] and [31]
concerning rational visibility, but it also leads us to an unifying way of looking at the
visibility problem explicitly. Some answers to such problems are described in Tables
1 and 2 below. Moreover, we have non-trivial characteristic classes of the classifying
spaces Baut;(M) and hence of BHomeo;(M) and BDiff; (M) for an appropriate
homogeneous space M; see Remark 8.1.

It is important to remark that for considering the rational visibility problem the
derivation argument on a Sullivan model AW for M may be useful. Indeed, the
rational homotopy group of auty (M) is isomorphic to the homology of the complex
Der(AW) of derivations on AW. Then the map Mg s is modeled by a map

Acy: Vo = Hi(Der(AW)) = 7, (auty (M))g,

where AV is a minimal model for G. In particular, one might obtain other recognition
principles for the rational visibility problem along the lines of the derivation argu-
ments developed in [4, 8, 18]. We leave such considerations to the reader, focusing
here on the rational visibility problem in the Lannes’ division functor argument.
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2. Results

We retain the notations in the introduction. Our results are described more pre-
cisely in this section. The first one is a generalization of the result [25, Proposition
2.4].
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Theorem 2.1. Let G be a simply-connected Lie group and T a torus in G which is
not necessarily mazimal. Then G is rationally visible in aut,(G/T) with respect to
the map A,/ defined by the left translation of G/T by G.

In [25, Proposition 2.4], it is assumed that T is a maximal torus of G. We mention
that the result due to Notbohm and Smith plays an important role in the proof of the
uniqueness of fake Lie groups with a maximal torus; see [24, Section 1]. Theorem 2.1
is deduced directly from Theorem 2.2 below, which gives a tractable criterion for the
rational visibility.

In order to describe Theorem 2.2, we fix notation. Let G be a connected Lie group
and U a closed connected subgroup of G. Let Bit: BU — BG be the map induced
by the inclusion ¢: U — G. We can assume that the rational cohomology of BG is a
polynomial algebra, say H*(BG;Q) =2 Qlcy, . . ., ¢]. In what follows, we write H*(X)
for the cohomology of a space X with coefficients in the rational field.

Consider the Lannes’ division functor (H*(BU): H*(G/U)) in the category of dif-
ferential graded algebras (DGA’s). The functor is regarded as the quotient
ANH*(BU) ® H.(G/U))/I of the free algebra A(H*(BU) ® H.(G/U)) by the ideal I
generated by 1 ® 1, — 1 and all elements of the form

araz ® 8 — Z(_l)\a2\\ﬁ§|(a1 ® Bi)(az ® B'),

where ai,a2 € AV, B € B, and D(B)=),5 ®f; with the coproduct D on
H.(G/U) which is the dual to the product on H*(G/U). The quotient algebra in turn
is isomorphic to an algebra of the form A(QH*(BU) ® H.(G/U)), where QH*(BU)
denotes the vector space of indecomposable elements. More precisely, the composite
of the natural inclusion ¢ and the projection p

ANQH*(BU) ® H.(G/U)) BN ANH*(BU) ® H.(G/U)) it (H*(BU):H*(G/U))
give rise to the isomorphism; see Section 3. Under the isomorphism poi, we can
define an algebra map u: (H*(BU): H*(G/U)) — Q by u(h ® bs) = (§*(h), bs), where

j: GJU — BU is the fibre inclusion of the fibration G/U % BU % BG.
Let M, be the ideal of (H*(BU): H*(G/U)) generated by the set

{n [ degn <0} U {n—wu(n) | degn = 0}.
Let 7: H*(BU)® H,(G/U) — (H*(BU): H*(G/U)) denote the composite of the
inclusion H*(BU) ® H.(G/U) — AN(H*(BU) ® H,(G/U)) and the projection p.
A recognition principle for rational visibility, Theorem 4.1 mentioned below, en-
ables one to deduce the following result.

Theorem 2.2. With the above notation, assume that for ¢;,,...,c;. € {c1,... ¢k},
there are elements cj,,...,c;, € H*(BG) and uix, ... ,us € HZ1(G/U) such that

m((Bu)* (i) ® L) = w((Be)"(¢,) © )
for t=1,...,s modulo decomposable elements in (H*(BG):H*(G/U))/M,. Then
there exists a map p: x5_; S9€cut=1 — G such that x5_, 59 ~1 js rationally vis-
ible in auty (G /U) with respect to the map (Mg, u) © p. In particular, if the elements
(Bu)*(ciy), - - -, (B)*(c;,) are decomposable, then n((Bi)*(¢;,) @ 1) = 0 in (H*(BG):
H*(G/U))/M, fort=1,...,s, and hence one obtains the same conclusion.
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For a Lie group G and a homogeneous space M which admits a left translation
by G, put n(G) :={i € N| m;(G) ® Q # 0} and define the set vd(G, M) of wvisibility
degrees by

vd(G, M) = {i € n(Q) | Ag,m)+: mi(G) @ Q — m;(aut;(M)) ® Q is injective}.

As for monoids of homeomorphisms and of diffeomorphisms, we benefit by the
study of rational visibility. In fact, we have an immediate but very important corollary.

Corollary 2.3. Ifl € vd(G, M), then there exists an element with infinite order in
m(Diff1 (M)) and m;(Homeo; (M)).

Ezample 2.4. Since SO(d+ 1)/SO(d) is homeomorphic to the sphere S, we can
define the maps Ago(g41),54: SO(d+1) — aut;(S?) by left translations. The
Haefliger, Brown and Szczarba model for the function space aut;(S?) allows us
to deduce that autq(S?™*!) ~g S*™*! and aut; (S?™) ~g S*™~1; see Example 3.4
below. Therefore, Ago(a+1),5¢ is not injective on the rational homotopy in general.
However, it follows that the induced maps

(As0(2m+2),52m+1)x 1 Tam41(SO(2m +2)) ® Q = mapm1(aut1 (S 1)) ® Q,

(ASO(2m+1),S2m)*: 7r4m,1(50(2m + 1)) ® Q — 7T4m,1(aut1(52m)) ® Q

are injective. In fact it is well-known that H*(BSO(2m + 1)) = Q[p,...,pm] and
H*(BSO(2m+2)) = Q[p1,...,Pm, X] as algebras, where degp; =4jforj=1,...,m
and degx = 2m + 2. Moreover, for the inclusions ¢1: SO(2m + 1) — SO(2m + 2)
and 12: SO(2m) — SO(2m + 1), we see that (Bt1)*(x) =0 and (Bi2)*(pm) = X%
see [23]. Thus the latter half of Theorem 2.2 enables us to conclude that

vd(SO(2m 4+ 2),S*™ ) = {2m +1} and vd(SO(2m +1),S*™) = {4m — 1}.
The result [1, 1.1.5 Lemma] allows one to conclude that the map SO(d+1) —
Diff; (S9), induced by the left translations, is injective on the homotopy group. This
implies that the inclusion Diff; (S%) — aut; (S¢) is surjective on the rational homotopy
group.

Theorem 4.1, which deduces Theorem 2.2, also yields another proof of a result due
to Kedra and McDuff [16] and Sasao [27].

Theorem 2.5 ([16, Proposition 4.8], [27]). Assume that M is a flag manifold of the
form U(m) JU(mq) x -+ x U(my) . Then SU(m) is rationally visible in auty (M) with
respect to the map Asuy(m),m given by the left translations; that is, vd(SU(m), M) =
n(SU(m)) = {3,5,...,2m — 1}. In particular, the localized map

(ASU(m),U(m) /U (m-1)xv(1))a: SU(m)g — aut (CP™1)g
is a homotopy equivalence.

Furthermore, the same argument as in the proof of Theorem 2.5 allows one to
establish the following result.

Theorem 2.6. Let M be the flag manifold of the form Sp(m)/Sp(my) x - -+ x Sp(my).
Then vd(Sp(m), M) ={7,11,...,4m — 1}. In particular, we see that the 3-connected
cover Sp(m)(3) is rationally visible in auty (M) with respect to Agp(my,m © 7, where
m: Sp(m)(3) — Sp(m) is the projection.
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Let G be a compact connected simple Lie group and U a closed connected subgroup
for which G/U is a simply-connected homogeneous space of rank one; that is, its
rational cohomology is generated by a single element. In order to illustrate usefulness
of Theorems 2.2 and 4.1, we determine visibility degrees of G in aut;(G/U) for each
couple (G, U) classified by Oniscik in [26, Theorems 2 and 4] by applying the results.

In the following table, we first list such homogeneous spaces of the form G/U with
a simple Lie group G and its subgroup U, which is not diffeomorphic to spheres or
projective spaces, together with the sets vd(G,G/U):

(G, U, index) (G/U)qg vd(G G/U) n(G)
(1) (SO(2n +1),S02n —1)x SO(2),1) | CP™ T [ {3,...,4n—1} | {3,...,4n— 1}
(2) (SO(2n +1),50(2n — 1),1) gin—1 {4n — 1} {3,. 4n -1}
(3) (SU(3),50(3),4) 5° {5} {375}
(4) (Sp(2),SU(2),10) s7 {7} {3,7}
(5) (G2,50(4),(1,3)) HP? {11} {3,11}
(6) (G2,U(2),3) cp? {3,11} {3,11}
(7) (Gz,SU(2),3) St {11} {3,11}
(6) (G27 ( )71) (CPS {3711} {3711}
(7) (G2,8U(2),1) St {11} {3,11}
(8) (G2, S50(3),4) St {11} {3,11}
(9) (G27SO( )7 8) Sll {11} {3711}
Table 1

Here the value of the index of the inclusion j: U — G is regarded as the integer
¢ by which the induced map j.: Hs(U;Z) — Hs(G;Z) = Z is a multiplication; see
the proof of [26, Lemma 4]. The second column denotes the rational homotopy type
of G/U corresponding to a triple (G,U, 7). The homogeneous spaces G/U for the
cases (6)" and (7)" are diffeomorphic to those for the cases (1) and (2) with n =3,
respectively. Moreover, the homogeneous spaces are not diffeomorphic to each other
except for the cases (6)" and (7).

The following table describes visibility degrees of a simple Lie group G in
auty (G/U) for which G/U is of rank one and is diffeomorphic to the sphere or the
projective space, where the second column denotes the diffeomorphism type of the
homogeneous space G/U for the triple (G, U, ):

(G, U, index) G/U vd(G,G/U) n(QG)
(10) (SU(n+1),5U(n),1) ST o + 1} {3,...,2n+ 1}
(11) (SU(n+1),S(U(n)xU(1)),1) | CP" {3,....2n+1} | {3,...,2n+ 1}
(12) (SO(2n+ 1),50(2n),1) S2n {4n — 1} {3,...,4n — 1}
(13) (SO(9), 50(7),1) st | {15} {3,7,11,15}
(14) (Spin(7),G2,1) ST {7} {3,7,11}
(15) (Sp(n), Sp(n —1),1) gin=t {4n7 1} {3,...,4n — 1}
(16) (Sp(n), Sp(n — 1) x S*,1) CP™ | {3,....,4n—1} | {3,...,4n -1}
(17) (Sp(n), Sp(n — 1) x Sp(1), 1) P ' | {7,...,4n—1} | {3,...,4n — 1}
(18) (SO(2n), SO(2n — 1),1) St | {on — 1} {3,...,4n —5,2n — 1}
(19) (Fu, Spin(9),1) LP? | {23} {3,11,15,23}
(20) (G2,SU(3),1) S {11} {3,11}

Table 2

Here £P? stands for the Cayley plane.
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The former half of Theorem 2.2, namely the Lannes’ functor argument, does
work well enough when determining the set vd(G2,G2/U(2)) of visibility degrees
in case (6) in Table 1; see Section 8. Observe that for the cases (12) and (18) the
results follow from those in Example 2.4. We are aware that in the above tables
G is rationally visible in aut;(G/U) if and only if G/U has the rational homo-
topy type of the complex projective space. It should be mentioned that for the map
Aot e (Fy) ® Q — 7. (auty (LP?)) ® Q, the restriction (\.)15 is not injective though
the vector space m5(aut; (£LP?)) ® Q and m15(Fy) ® Q are non-trivial; see Section 8.
Moreover, Corollary 2.3 enables us to obtain non-trivial elements with infinite order
in m(Diff; (M)) and 7 (Homeoq(M)) for each homogeneous space M described in
Tables 1 and 2 if | € vd(G, M).

Let X be a space and Hp,x the monoid of all homotopy equivalences from X to
itself that act trivially on the rational homology of X. The result [16, Proposition 4.8]
asserts that if X is the generalized flag manifold U(m) /U(mq) x --- x U(my), then
the map BYsy(m): BSU(m) — BHp x arising from the left translations is injective
on the rational homotopy. Let ¢: aut; (X) — Hg, x be the inclusion. Since By gy (m) =
Bio BAgy(m),x, the result [16, Proposition 4.8] yields Theorem 2.5. Theorem 2.7
below guarantees that the converse also holds; that is, the result due to Kedra and
McDuff is deduced from Theorem 2.5; see Section 8.

Before describing Theorem 2.7, we recall an Fy-space, which is a simply-connected
finite complex with finite-dimensional rational homotopy and trivial rational coho-
mology in odd degree. For example, a homogeneous space G/U for which G is a
connected Lie group and U is a maximal rank subgroup of G is an Fy-space.

Theorem 2.7. Let X be an Fy-space or a space having the rational homotopy type
of the product of odd-dimensional spheres and G a connected topological group which
acts on X. Then (BAg.x)«: Hi(BG) — H,(Baut1(X)) is injective if and only if
(BY)«: Hy (BG) — H.(BHpy,x) is injective. Here ¢: G — Hpy x denotes the mor-
phism of monoids induced by the action of G on X.

‘We now provide an overview of the rest of the paper. In Section 3, we recall a model
for the evaluation map of a function space from [7], [15] and [17]. In Section 4, a
rational model for the map Ag, ps mentioned above is constructed. Section 5 is devoted
to the study of a model for the left translation of a Lie group on a homogeneous
space. In Section 6, Theorem 2.2 is proved. By using Theorems 2.2 and 4.1, we prove
Theorem 2.5 in Section 7. In Section 8, we prove Theorem 2.7. The results on visibility
degrees in Tables 1 and 2 are verified in Section 9.

3. Preliminaries

The tool for the study of the rational visibility problem is a rational model for the
evaluation map ev: auty (M) x M — M, which is described in terms of the rational
model due to Brown and Szczarba [5] and Haefliger [13]. For the convenience of the
reader and to make notation more precise, we recall from [7] and [17] the model for
the evaluation map. We shall use the same terminology as in [3] and [11].

Throughout the paper, for an augmented algebra A, we write QA for the space
A/A - A of indecomposable elements, where A denotes the augmentation ideal. For a
DGA (A,d), let dy denote the linear part of the differential.
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In what follows, we assume that a space is nilpotent and has the homotopy type
of a connected CW-complex with rational homology of finite type unless otherwise
explicitly stated. We denote by Xq the localization of a nilpotent space X.

Let Apy, be the simplicial commutative cochain algebra of polynomial differential
forms with coefficients in Q; see [3] and [11, Section 10]. Let A and AS be the category
of DGA’s and that of simplicial sets, respectively. Let DGA(A, B) and Simpl(K, L)
denote the hom-sets of the categories A and AS, respectively. Following Bousfield
and Gugenheim [3], we define functors A: A — AS and Q: AS - A by A(4) =
DGA(A, Apr) and by Q(K) = Simpl(K, App).

Let (B,dp) be a connected, locally finite DGA and let B, denote the differential
graded coalgebra defined by B, = Hom(B~?, Q) for ¢ < 0 together with the coproduct
D and the differential dg,, which are dual to the multiplication of B and to the
differential dp, respectively. We denote by I the ideal of the free algebra A(AV ® B.)
generated by 1 ® 1, — 1 and all elements of the form

araz ® f — Z D% (ay @ 8)(as @ B7),

where a1,a2 € AV, f € B, and D(3) =), f; ® B'. Observe that A(A\V ® B,) is a
DGA with the differential d := d4 ® 1 + 1 ® dp.. The result [5, Theorem 3.5] implies
that the composite p: A (V ® Bi) = AAV ® B,) = A(AV ® B,)/I is an isomor-
phism of graded algebras. Moreover, it follows [5, Theorem 3.3] that dI C I. Thus
(A(V ® B.),d = p~tdp) is a DGA. Observe that, for an element v € V and a cycle
e € B., if d(v) = vy -+ - vy, with v; € V and DM~V (e;) = djeh ® - ®ej,,, then

d(v®e) Zi v1®ej) (v ey, ). (3.1)

Here the sign is determined by the Koszul rule; that is, ab = (— )deg“degbba in a
graded algebra. Let F' be the ideal of E = AV @ By) generated by PicoE! and
§(E~1). Then E/F is a free algebra and (E/F, §) is a Sullivan algebra (not necessarily
connected); see the proofs of [5, Theorem 6.1] and of |7, Proposition 19].

Remark 3.1. The result [5, Corollary 3.4] implies that there exists a natural iso-
morphism DGA(A(AV ® B,)/I,C) 2 DGA(AV,B® C) for any DGA C. Then the
DGA A (AV ® B,)/I is regarded as Lannes’ division functor (AV: B) by definition.

The singular simplicial set of a topological space U is denoted by AU and let | X| be
the geometrical realization of a simplicial set X. By definition, Apy (U) the DGA of
polynomial differential forms on U is given by Apr(U) = QAU. Given spaces X and
Y, we denote by F(X,Y) the space of continuous maps from X to Y. The connected
component of F(X,Y) containing a map f: X — Y is denoted by F(X,Y; f).

Let a: A= (AV,d) = Apr(Y) = QAY be a Sullivan model (not necessarily mini-
mal) for Y and 3: (B,d) = Apr(X) a Sullivan model for X for which B is connected

and locally finite. For the function space F(X,Y) which is considered below, we
assume that

dim @, HY(X;Q) < oo or dim®;>om(Y)®Q < . (3.2)
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Then the proof of [17, Proposition 4.3] enables us to deduce the following lemma; see
also [7].
Lemma 3.2.
(i) Let {b;} and {bj.} be a basis of B and its dual basis of B., respectively and
let #: N(A® B.) = (MA® B,)/I)/F = E/F denote the projection. Define a
map m(ev): A — E/F @ B by

miev)(@) = S (1) D7 @ by) @ b,
J
for x € A, where 7(n) = [(n+1)/2], the greatest integer in (n+1)/2. Then
m(ev) is a well-defined DGA map.
(i) There exists a commutative diagram

]:(XQ, YQ) x Xg . S Yo

@xlT H

AE/F)| % [AB)] 5 [AA)
in which © is the homotopy equivalence described in [5, Sections 2 and 3J; see
also [17, (3.1)].

We next recall a Sullivan model for a connected component of a function space.
Choose a basis {aj, b}, cj}r,; for B. so that dp,(a}) = b}, dp,(cj) =0 and ;5 = 1.
Moreover, we take a basis {v; }i>1 for V such that degv; < degv;41 and d(v;11) € AV,
where V; is the subvector space spanned by the elements vy, ...,v;. The result [5,
Lemma 5.1] ensures that there exist free algebra generators wij, U and v such
that

wip = v; ® 1 and w;j; = v; @ ¢; + x5, where z;; € A(Vio1 @ B.), (3.3)
dwi; is in A ({we;s < i}),
wik = v; @ a), and Sup = vig. (3.5)
We then have an inclusion
v: E = (M wy;),8) = (AMV ® B,),8) = E, (3.6)
which is a homotopy equivalence with a retract
r: E=(AV ® B,),0) = E; (3.7)

see [5, Lemma 5.2] for more details. Let ¢ be a Sullivan representative for a map
f: X = Y; that is, ¢ fits into the homotopy commutative diagram

AW ——= App(X)

‘JT TAPL(f)

AV — APL(Y).
Moreover, we define a 0-simplex @ € A(A(AV ® B,)/I)o by
a(a®b) = (=1)"1Vb(q(a)), (3-8)



RATIONAL VISIBILITY OF A LIE GROUP 357

where a € AV and b € B,. Put u = A(y)u. Let M, be the ideal of E generated by
the set {n|degn < 0} U{dn |degn=0}U{n—u(n) | degn = 0}. Then we see that
(E/M,,9) is an explicit model for the connected component F(X,Y; f); see [5, The-
orem 6.1] and [15, Section 3]. The proof of [17, Proposition 4.3] and [15, Remark
3.4] allow us to deduce the following proposition; see also [7].

Proposition 3.3. With the same notation as in Lemma 3.2, we define a map
m(ev): A= (AV,d) — (E/M,,0) ® B

by
m(ev)(x) = Z(_1)7(|bg‘|)ﬂ- o ’I“(Q? ® bj*) ® bj7
J
for x € A, where m: E — E/M, denotes the natural projection. Then m(ev) is a

model for the evaluation map ev: F(X,Y; f) x X = Y; that is, there exists a homo-
topy commutative diagram

APL(EV)
Apr(Y) ——— App(F(X,Y; f) x X)

f

R

al~ Apr(F(X,Y; f)) ® Apr(X)
:T&@B
A o) (E/M,,0) ® B,

in which &: (E/M,,8) = Apr(F(X,Y; f)) is the Sullivan model for F(X,Y; f) due
to Brown and Szczarba [5].

We call the DGA (E/M,,d) the Haefliger-Brown-Szczarba model (HBS-model for
short) for the function space F(X,Y; f).

Example 3.4. Let M be a space whose rational cohomology is isomorphic to the
truncated algebra Q[z]/(2™), where degz =1. Recall the model (E/M,,J) for
auty (M) mentioned in [15, Example 3.6]. Since the minimal model for M has the form
(A(z,y),d) with dy = ™, it follows that

E/M, =Nz ® 1,y ® (2°)s;0< s <m—1)

with §(z ® 1,) =0 and §(y ® (z°),) = (—1)° ( TZ

= and deg(y ® (%)) = Im — ls — 1. Then the rational model m(ev) for the evalu-
ation map ev: aut;(M) x M — M is given by m(ev)(z) = (2 ® 1,) ® 1 + 1 ® x and

> (r ®1,)™*, where degz ® 1,

[u

m—

mev)(y) = > (-1)*(y@ (@*).) @a° + 1@y
s=0

Remark 3.5. We describe here variants of the HBS-model for a function space.

(i) Let AV 3 Ap.(Y) be a Sullivan model (not necessarily minimal) and B =
Apr(X) a Sullivan model of finite type. We recall the homotopy equivalence
v: E — E = A(AV ® B,)/I mentioned in (3.6). Let uw € A(E)g be a 0-simplex
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and u a O-simplex of E defined by composing u with the quasi-isomorphism
~. Then the induced map 7: E/M, — E/Mj is a quasi-isomorphism. In fact,
the results [5, Theorem 6.1] and [7, Proposition 19] imply that the projec-
tions onto the quotient DGA’s E /M, and E /M7 induce homotopy equivalences
A(p): A(E/M,) — A(E), and A(p): A(E/Mz) — A(E)g, respectively. Here
K, denotes the connected component containing the vertex v for a simplicial
set K, namely, the set of simplices all of whose faces are at v. Then we have a
commutative diagram

T (IAE/M,)) 22 7 (IAB)], ul)
\A(W)I*T TIA(’Y)\*
m(|A(E /M) ) e (A ).

Since v is a homotopy equivalence, it follows that |A(¥)|. is an isomorphism
and hence so is |A(%)|«. This yields that |A(7)| is a homotopy equivalence. By
virtue of the Sullivan-de Rham equivalence Theorem [3, 9.4], we see that 7 is a
quasi-isomorphism.

As in Lemma 3.2, we define a DGA map 771?67): (AV,d) = E/F ® B and let

m(ev): (AV,d) — E/My ® B be a DGA map defined by m(ev) = 7 ® 1 o m(ev).
We then have a homotopy commutative diagram

}(M,E/MuQQB

AV :lv@l

™) E/M; ® B.

In fact, the homotopy between idz and 7 o r defined in [5, Lemma 5.2] induces a
homotopy between idj; = and y o7 E/F — E/F' — E/F. Here F’ denotes the
ideal of E generated by @;<oE" and 6(E~1). It is immediate that r oy = idg p.
Let m(ev)’: AV — E/F' ® B be the DGA defined as in Proposition 3.3. Then
it follows that

F®lom(ev)=7®1lom®@1om(ev)
=1®loy®1lor®1lom(ev)

—_~—

~71® 1om(ev) =mlev).

In the case where X is formal, we have a more tractable model for F(X,Y; f).
Suppose that X is a formal space with a minimal model (B,dg) = (AW’,d).
Then there exists a quasi-isomorphism k: (AW’,d) — H*(B) which is surjec-
tive; see [9, Theorem 4.1]. With the notation mentioned above, let {e;}; be a
basis for the homology H(B,) of the differential graded coalgebra B, = (AW’),
and {v;}; a basis for V. Then it follows from the proof of [5, Theorem 1.9] that
the subalgebra Q{v; ® e;} is closed for the differential 6 and that the inclusion
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Q{vi®e;} = AW ®B,) = E gives rise to a homotopy equivalence
v: B = (A(v; @ ¢5),8) = (AW @ B,),8) = E.

In fact, the elements w;; in (3.3) can be chosen so that w;p = v; ® 1, and w;; =
v; @ e; for j = 1. Moreover, we see that there exists a retraction r: A W
B,) — E’ which is the homotopy inverse of . Thus Proposition 3.3 remains
true after replacing E by E’. Here the O-simplex u € A(A(W ® B,))o needed in
the construction of the model for F(X,Y; f) has the same form as in (3.8).

We conclude this section with some comments on models for a connected compo-
nent of a function space and related maps.

In the original construction in [7] and [13] of a model for a function space F(X,Y),
it is assumed that the source space X admits a finite-dimensional model. Indeed the
construction of a model for the evaluation map in [7, Theorem 1] requires existence
of such a model for the space X. As described in Lemma 3.2 and Proposition 3.3, our
construction only needs the assumption (3.2). Thus our model for a function space
endowed with a model for evaluation map is viewed as a generalization of that in [7].

The arguments in [5, Section 7] and [7, Section 4] on a model for a connected
component of F(X,Y") begin with a O-simplex. That is, the considered component is
that containing a map f which corresponds to the given 0-simplex via a sequence of
weak equivalences between the singular simplicial set of F(Xgq, Yg) and the simplicial
set A(E/F); see [7, Theorem 6] and also [15, (2.3)]. On the other hand, for any given
map f: X — Y, an explicit form of a 0-simplex corresponding to f is clarified in [15,
Remark 3.4] with (3.8). Thus our constructions complement the basic constructions
in rational homotopy theory of function spaces due to Buijs and Murillo [7]. This
point is mentioned once again in the next section with more explicit notations after
describing Theorem 4.1.

4. A rational model for the map )\ induced by left translation

We first observe that aut;(X) is nothing but the function space F(X,X;idas).
Moreover, for a manifold M, the function space auty (M) satisfies assumption (3.2).
Thus we can obtain explicit models for aut; (X) and for the evaluation map accord-
ing to the construction in the previous section. Using such the models, we have an
elaborate model for the map Ag ar mentioned in the introduction.

Let M be a space admitting an action of Lie group G on the left. We define the
map A: G — aut; (M) by A(g)(x) = gx. The subjective in this section is to construct
an algebraic model for the map

inoX: G — aut (M) - F(M, M),

where in: auty (M) — F(M, M) denotes the inclusion. To this end we use a model
for the evaluation map
ev: F(X,)Y)x X -Y

defined by ev(f)(z) = f(x) for f € F(X,Y) and = € X, which is considered in [7]
and [17].
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Let G be a connected Lie group, U a closed subgroup of G and K a closed subgroup
which contains U. Let (AVg, d) and (AW, d) denote a minimal model for G and a Sul-
livan model for the homogeneous space G /U, respectively. Let A\: G — F(G/U,G/K)
be the adjoint of the composite of the left translation G x G/U — G/U and projec-
tion p: G/U — G/K. Observe that the map A coincides with the composite

proinolg g G — aut1(G/U) = F(G/U,G/U) = F(G/U,G/K).

We construct a model for A by using the HBS-model for (G /U, G/K; p) mentioned
in Remark 3.5(i). To this end, we first take a Sullivan representative

AW = AVg @ AW

for the composite G x G/U — G/K of the left translation G x G/U — G/U and the
projection p: G/U — G/K.
Let A, B and C be connected DGA’s. Recall from [5, Section 3] the bijection

oy

U: (A® B,,C)pe — (A,C ® B)pg defined by

V(w)(a) =Y (-1 Dw(a@bs) ©b;.
J
Consider the case where A = (AW,d), B = (AW',d) and C = (AVg,d). Moreover,
define a map 1: A (A® Bi) = AVg by

Aly @ bje) = (=17 (¢ (y), bs0), (4.1)

where ( ,bj.): AVe @ AW’ — AV is a map defined by (x ® a,bj.) =z - (a,bj.).
Then we see that U(iz) = ¢’. Hence it follows from [5, Theorem 3.3] that

i E:=ANA® B, /I = \Vg

is a well-defined DGA map. We define an augmentation u : E~—> Q by u = € o i, where
e: NVg — Q is the augmentation. Recall the ideal My of E generated by

{n | degn < 0} U{dn [ degn =0} U{n —u(n) | degn = 0}.
It is readily seen that (Mz) = 0. Thus we see that 1z induces a DGA map
ﬁ: E/Mg — AVa.
The result [14, Theorem 3.11] asserts that the map
eg: F(G/U,(G/K);p) = F(G/U,(G/K)qg;eop)
is a localization. Thus we have a map Ag: Gg — F(G/U, (G/K)qg;e o p) which fits

into the homotopy commutative diagram

Go 2% F(GJU,(G/K)qg: e op)

G F(G/U,(G/K);p),

where e denotes the localization map. We then have a recognition principle for rational
visibility.



RATIONAL VISIBILITY OF A LIE GROUP 361

Theorem 4.1. Let {x;}; be a basis for the image of the induced map
HY(Q(): H'(Q(E/Mz),60) — H'(Q(AVe), do) = Ve
Then there exists a map p: xi_, SI&% — G such that the map

(Agopg)s: ml(x;=1 S4¥ % )g) = m(F(G/U,(G/K)q), e o p)
is injective for x > 1. Moreover, (Ag)«: m;(Gg) — m;(F(G/U,(G/K)g,eop)) is in-
jective if and only if H'(Q(f)) is surjective.

We stress here that E /My and ﬁ in Theorem 4.1 are explicit and computable
models for the function space F(G/U, (G/K)qg, e o p) and for the map A, respectively;
see Theorem 4.3.

Following the basic construction described in [7, Section 4], we can take a
0-simplex u € (AE)O, which corresponds to e o p through equivalences between sim-
plicial sets A(F(G/U, (G/K)g)) and AE in order to construct a Sullivan model for
the component F(G/U, (G/K)qg, e o p). Here the map e o p is considered an element
in A(F(G/U,(G/K)g))o. However, this does not exhibit how to precisely describe
u in terms of a Sullivan representative for the projection p: G/U — G/K. The nov-
elty of Theorem 4.1 is that, in the construction of the model E‘/Ma7 we can use the
0-simplex @, which is constructed explicitly with a Sullivan representative for the left
translation G x G/U — G/U 5 G/K; see (4.1). This fact is an important thread in
proving Theorems 2.2 and 2.5.

In order to prove Theorem 4.1, we first observe that the diagram

el

AVg @ AW (MA® B)/I)JF @ \W' = E/F @ AW’ (4.2)
c\ %7
AW

is commutative, where F' is the ideal of E defined in Section 3. Thus Lemma 3.2
enables us to obtain a commutative diagram

(©o|AR[)x

IAAVg| x |[AAW| F(G/U)q, (G/K)q) x (G/U)g

(G/K)qg

[AANW|=(G
(4.3)
Observe that assumption (3.2) is now satisfied.
Since the restriction |A(’ x| anw| 18 homotopic to pg, it follows from the commu-
tativity of diagram (4.3) that pg ~ © o |Af|(*). This implies that © o |Az| maps Gg
into the function space F((G/U)qg, (G/K)qg;po)-

Lemma 4.2. Let A\g: Go — F(G/U,(G/K)qg;eop) be the localized map of X men-
tioned above and let e*: F((G/U)q, (G/K)q;pg) — F((G/U),(G/K)qg;e o p) the map
induced by the localization e: (G/U) — (G/U)qg. Then

e*0@o |Afi| ~ \g: Gg — F((G/U), (G/K)g;eop).
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Proof. Consider the commutative diagram

(G x G/U,G/K] ¢ G, F(G/U,G/K)] (4.4)

l (e6)a

0
(G x G/U,(G/K)q] ——=—[G, F(G/U,(G/K)qg)]
(exe)*Tz e*
[Go x (G/U)q, (G/K)q] [Ga, F(G/U, (G/K)q]
= ~ 1 (ef).
(G, F((G/U)q, (G/K)qg)]
in which @ is the adjoint map and e stands for the localization map. It follows from
diagram (4.3) that f(actiong) = © o |An|. Moreover, we have f(action) =eso\ =
Ak oe. Thus the commutativity of diagram (4.3) implies that e*([ef 0 © o |Afi]]) =
e*([Ag]) in [G, F(G/U,(G/K)g)]. Since G is connected, it follows that
() oOol|Afijoe~Ngoe: G — F(G/U,(G/K)g;eop).
The fact that ey: F(G/U,(G/K);p) = F(G/U,(G/K)qg;eop) is the localization
yields that the induced map

" [Go, F(G/U,(G/K)g;ecp)] = [G, F(G/U,(G/K)qg; e o p)]

is bijective. This completes the proof. O

Before proving Theorem 4.1, we recall some maps. For a simplicial set K, there
exists a natural homotopy equivalence i : K — A|K]|, which is defined by {x (o) =
to: A" = {0} x A — |K|. This gives rise to a quasi-isomorphism &4: QA|AA| S
QAA. Moreover, we can define a bijection n: DGA(A, QK) 5 Simp(K,AA) by n: ¢
= fif(o)(a) = ¢(a)(0), where a € A and o € K. We observe that n~1(id): A —
QAA is a quasi-isomorphism if A is a connected Sullivan algebra; see [3, 10.1. Theo-
rem).

Proof of Theorem 4.1. Let 7: E — E/Mg be the projection. With the same notation
as above, we have a commutative diagram

[AAW @ B.)/F)| F((G/U

| )o
1A ‘Ilm JA

AAVG)| — = |AE/M)| 57> [(AB)| -5 F((G/U)e (G/K)o: O(1(L, W),

,(G/K)q)

where [(1,7)] € |AE| is the element whose representative is (1,%) € A® x (AE)q.
Lemma 4.2 yields that

eﬁo@o\Aﬂo\Amzeﬁo@MAm5)\@.

Thus we see that ef maps F((G/U)q, (G/K)g; O(((1, 0)])) to F((G/U), (G/K)q; e o
©([(1,w)])), which is the connected component containing Im(Ag). This implies that
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FU(G/U),(G/K)g;et o O([(1,u)])) = F((G/U),(G/K)g;eop). Therefore, by the
naturality of maps n and €4, we have a diagram

Ap1(Gg) <220 AL (F(G/U,(G/K)gi e 0 p))
((e")”
ApL(F((G/U)q, (G/K)g; O([(L, @)
o
Apr(AAVa]) <22 Ap, (| A(B/Mz)) = QA(AE/Mz))
£Avci /My
QA(AVG) o QA(E/Mz)
n*l(id)T: ) ~ [0~ (id)
AVe ‘7 E /My

in which the upper square is homotopy commutative and the lower two squares are
strictly commutative. The Lifting Lemma allows us to obtain a DGA map

¢: E/Mz — Apr(F(G/U,(G/K)q))
such that &z, ©©%o ((e").)* oo ~n~1(id). We then see that Env, o Apr(Ag) o
¢ ~n~1(id) o 1. This implies that fi is a Sullivan representative for the map .
Given a space X, let u: A — Apr(X) be a DGA map from a Sullivan algebra A.
Let [f] be an element of 7, (X) and let ¢: (AZ,d) = Apr(S™) the minimal model.

By taking a Sullivan representative f: A — AZ with respect to u, namely a DGA
map satisfying the condition that ¢ o f ~ Apr(f) o u, we define a map vy, : m, (X) —
Hom(H"Q(A),Q) by v, ([f]) = H*Q(f): H"Q(A) — H"Q(AZ) = Q. By virtue of [3,
6.4 Proposition], in particular, we have a commutative diagram

7(Gg) ——2 > 7, (F(G/

Vyr \Lg

Hom((Ve)", Q)

U,(G/K)qg);ecp)

J/W

Hom(H"Q(E/Mz),Q),

R =

Q(R)*

in which vyand v, are isomorphisms; see [3, 8.13 Proposition]. There exists an ele-
ment [f;] ® g in 7,.(G) ® Q which corresponds to the dual element z; via the isomor-
phism ,(G) ® Q = m,(Gg) =% Hom((Vg)",Q) for any i = 1, ..., s. The required map
p: x3_, Sd&®i 5 G is defined by the composite of the map x3_, f; and the product
xi_1G = G. O

The proof of Theorem 4.1 yields the following result.

Theorem 4.3. The DGA map ﬁ: E/Mg — AVg is a model for the map \: G —
F(G/U,G/K;p), namely a Sullivan representative in the sense of [11, Definition,

page 154].
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5. A model for the left translation

In order to prove Theorems 2.2 and 2.5, a more explicit model for the map
Ac,m: G — auty (M) is required. To this end, we refine the model of the left transla-
tion described in the proof of Theorem 4.1.

We first observe that the cohomology H*(BU;Q) is isomorphic to a polynomial
algebra with finite generators, say H*(BU;Q) = Q[hy, ..., h;]. Consider a commuta-
tive diagram of fibrations

G=——=G

. i

GXUEU4>EG

?i/ iﬁ

BG

h

~

a/U

B

in which h: G xy Ey — G/U is a homotopy equivalence defined by h([g,e]) = [g].
This diagram yields a Sullivan model (AW, d) for G/U which has the form (AW, d) =
(A(h1,..., k21, ..o k), d) with dx; = (Bt)*cj; see [11, Proposition 15.16] for the
details. Moreover, we have a model (AVqg, d) for G of the form (A(z1,...,2zx),0). Since
h o i is nothing but the projection 7: G — G/U, it follows that the natural projection

n: (/\(hla .. '7hl7x17- .. 7Ik)ad) - (/\(Ila B axk)vo) (51)

is a Sullivan model for the map 7.

Let 8: G x (G xy Ey) = G xy Eg be the action of G on G xy Ey. Then the
left translation tr: G x G/U — G/U coincides with § up to the homotopy equiv-
alence h: (G xy Ey) — G/U mentioned above. Thus, in order to obtain a model
for the linear action, it suffices to construct a model for 3. Recall the fibration
G — G xy Ey = BU and the universal fibration G — Eg = BG. We consider here
a commutative diagram

1xf

P G x (G XU EU) - G x EG (52)
/ 7 f Ot/
G XU EU \L EG w’
_ / BU —- e BG
BU 5 BG

in which 7/ and 7 are fibrations with the same fibre G x G, and the restrictions
alfibre: G X G — G and Blapre: G X (G Xy Ey) — (G Xy Ey) are the multiplication
on G and the action of G, respectively. Let i: (AVpg,0) — /\(‘7;37], d) be a Sullivan
model for Be. In particular, we can choose such a model so that

/\‘7;]:/\(Cl,...,Cm)®/\(h1,...,hl)®/\(T1,...,Tm)
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and d(7;) = Bu(c¢;) — ¢;. By the construction of a model for pullback fibration men-

tioned in [11, page 205], we obtain a diagram

’
v

3 _NZ = AW’ (5.3)
/ Iﬁu/ v y
AV | NG
N —-
1 -
AVBU AVBa

in which vertical arrows are Sullivan models for the fibrations in diagram (5.2).
Observe that the squares are commutative except for the top square. Let ¥: A Z —
Apr(G x (G xy Ey)) be the Sullivan model with which Sullivan representatives
in (5.3) are constructed. The argument in [11, page 205] allows us to choose homo-
topies, which make the maps v, 5, v’ and « Sullivan representatives for the corre-
sponding maps, so that all of them are relative with respect to AVpg. This implies
that W o Sov ~ Vo' oa rel AVgg. By virtue of the Lifting Lemma [11, Proposi-
tion 14.6], we have a homotopy H : Bov~uv odrel AVgg. This yields a homotopy
commutative diagram

AV! @nvpe AV —> AV
&®1i i;}
/\W/ ®/\VBG /\‘73\[} w v’ /\Z

in which horizontal arrows are quasi-isomorphisms; see [11, (15.9), page 204]. In fact,
the homotopy K: A Vay @nvue AV — AW @ A(t,dt) is given by K = (Bou) - H.
Observe that E ou =u'. Thus we have a model a® 1 for E and hence for the left
translation.

The model & ® 1 can be replaced by a more tractable one. In fact, by recall-
ing the model (AVpy,d) for BU mentioned above, it is readily seen that the map
s: AVsy — AVpy = A(hi,. .., h;), which is defined by s(¢;) = (Be)*(¢;), s(hi) = hy
and s(7;) = 0, is a quasi-isomorphism and is compatible with AVpg-action. Here the
Sullivan representative for Br: BU — BG is also denoted by (B:)*. Thus we have a
commutative diagram

1® —
/\V/ ®/\VBG /\VBU é /\V/ ®/\VBG /\VBU

(:=5®1i l&@l

AW @pvyg AVBU Sos AW ®avig AVsu

in which the DGA maps 1 ® s are quasi-isomorphisms. As usual, the Lifting Lemma
enables us to deduce the following lemma.

Lemma 5.1. The DGA map ¢ :=a®1: AV @pavge AVeu = AW @aviee AVBU is
a Sullivan representative for the left translation tr: G x G/U — G/U.



366 KATSUHIKO KURIBAYASHI

In order to construct a model for tr more explicitly, we proceed to construct an
appropriate model for a: G X Eg — Eg.

Lemma 5.2. There exists a Sullivan representative 1 for o such that a diagram

ANz1,...,21) @ A\VBg = AV

/

ANz, .. z) A1, ..., 21) @ A\VBg = AW

¥

is commutative and Y(z;)) =z, @1@1+10z, 01+ X, ®X,C, for some
monomials X, € N(x1,...,x;), X, € AY(z1,...,2) and monomials C,, € NTVpg.
Here i1 and iy denote Sullivan models for m and 7', respectively.

Proof. We first observe that d(z; ® 1) =0 and d(1 ® ;) = ¢; € A(c1,...,a) = AVsa
in AW’. Tt follows from [11, 15.9] that there exists a Sullivan representative ¢ for «
which makes the diagram commutative. We write

ba)=2;0101+10z,01+ Y Xp@X,Cot+ Y X,0X,+) X!/®C)
n

n n

with monomial bases, where C,, C)/ € A" Vpq, X, X € A(z1,...,2)®1®1, X, €
1@ AT (21,...,2) @1 and X, ® X, € A(z1, ..., 1) @ AN(z1,...,2) @ 1.

The map @Z: A(x1, ... x) = N1, ..., 21) @ A(xq,. .., 2;) induced by 9 is a Sul-
livan representative for the product of G. This allows us to conclude that X,, and X;
are in AT (z1,...,x;). Since ¥ is a DGA map, it follows that

dr; = P(dw;) = do; + Y X, ® d(X],)Cn + > X @ d(X},).

This implies that Y, X, ®d(X/)C, =0 and Y, X, ®d(X})=0. Since the
map d: /\~+ (x1,...,21) = A(21,...,21) @ A\VBg is a monomorphism, it follows that
>0 Xn®X,, = 0. We write C)] = cf: Cp, where k, > 1. Define a homotopy

H: AN(x1,...,21) @ AVpa = A(x1,...,21) @ A(21,...,21) @ AVpa & AL, dt)
by H(¢;) =¢; ®1 and

H(z)=z;0101+10z,01+» X, ®X,C,y

n

> X @z, @4 Chedt+ Y X ®1edrC, ot

Put 7:/; = (eo ® 1) 0. We see that @Z ~ 1) rel AVpqg. This completes the proof. O

6. Proof of Theorem 2.2

We prove Theorem 2.2 by means of the model for the left translation described in
the previous section.
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Proof of Theorem 2.2. We adapt Theorem 4.1. We recall the Sullivan model (AW, d)
for G/U mentioned in Section 5. Observe that (AW, d) has the form
(AW, d) = (A(h1, ..., h 21, .. x), d)
with dz; = (Bt)*¢;. Let I: (H*(BU),0) — (AW, d) be the inclusion and
E: (AW, d) — (A(h,..., )/ (day,. .., dx;),0)=— (H*(G/U),0)

the DGA map defined by k(h;) = (—1)7("iDh,; and k(z;) = 0. Recall the DGA E =
AAW @ (AW),)/I and the DGA map ji: E — AVg mentioned in Section 4, where
we use the model (: AW — AVg ® AW for the action G x G/U — G/U constructed
in Lemmas 5.1 and 5.2 in order to define fi; see (4.1). Consider the composite

9: (H*(BU):H*(G/U)) = N(H*(BU) @ H,(G/U))/I

9L A (AW @ H(GJUN JTZE A (AW @ (AW),)/I = E.

Let 4: E — Q be an augmentation defined by u = € o f1, where €: A Vg — Q is the
augmentation. Then we have 6(M,) C My, where M, is the ideal of the Lannes’
division functor (H*(BU):H*(G/U)) defined before describing Theorem 2.2 in Sec-
tion 2, and My denotes the ideal of F defined in Section 4. In fact, since i*(h;) =
(=1)7UrDE o I(h;) and (h;, kfb,) = (Chs, b, for by € H*(BU), it follows that
O0(h; @ by — u(h; ®bs)) = hy @ kb, — (i*hy, b.)

= h; @ k%, — (=1)7U"D (kR b))

= hi @ kb, — (=1)7U"D(Chy, b)

= h; @ k*b, — (h; @ k*D,.).

Consider an element 2z := z;, ® 1, — (=1)70%Dg; @ k¥ (uy) € Q(E/Ms). For any
a € AW, {a, d*k*up) = (kdo, ug) = 0. Therefore we see that, in Q(E/Mz),
Oo(z) = dai, ® 1, — (1) Dda; @ K (uy.)
= 0((Bt)"(ci,) ® Lo = (B1)"(¢j,) ® ugw) = 0.

The last equality follows from the assumption that (Bt)*(¢;,) ® 1. = (Bt)*(cj,) @ ugs

modulo decomposable elements in (H*(BU): H*(G/U))/M,. By using the notation
in Lemma 5.2, we see that

H*Q(1)(2) = (Cwiys 1) — (G, KPus)
= (2, ®1,1,) — an @ X! Ch, kfuy,)
=, — ZX X)) Cnyuts) = T,
Observe that k(X ) = 0. By virtue of Theorem 4.1, we have the result. O

Remark 6.1. As for the latter half of Theorem 2.2, we have a very simple proof of the
assertion. In fact, the composite of the evaluation map evg: auty(G/U) - G/U and
the map \: G — aut;(G/U) is nothing but the projection 7: G — G/U. Suppose that
(Bu)*(¢iy)ye -+, (Bt)*(¢;,) are decomposable. We consider the model n: (AW, d) —
(AVg,0) for m mentioned in (5.1). Then we see that HQ(n)(z;,) = x;, for the map
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HQ(n): HQ(AW) — HQ(AVg) = V. Observe that x;, € HQ(AW) since (Bt)*(¢;,)
is decomposable. The same argument as the proof of Theorem 4.1 enables us to
conclude that there is a map p: x{_; S8 =1 — G such that

Tw O Py ﬂ*(xlesaegc”il) — m.(Go)
is injective. Thus A, o p, is injective in the rational homotopy.
Remark 6.2. In the proof of Theorem 2.2, we construct a model for G of the form

(A(z1,...,2),0). By virtue of [11, Proposition 15.13], we can choose the elements

xj so that c*(¢;) = z;, where o*: H*(BG) L>H*(E@,G) % H*(G) denotes

the cohomology suspension.

In the rest of this section, we describe a suitable model for F(G/U, (G/K)qg;e o p)
for proving Theorems 2.5 and 2.6.

Let G be a connected Lie group, U a connected maximal rank subgroup and K

another connected maximal rank subgroup which contains U. We recall from Section 3
a Sullivan model for the connected component F(G/U, (G/K)g;eop).Let t1: K — G

and 15: U — K be the inclusions and put ¢ = ¢1 0 15. Let oy : (AW, d) = QA(G/U)
and @g: (AW,d) = QA(G/K) be the Sullivan models for the homogeneous spaces
G /U and G/K, respectively, mentioned in the proof of Theorem 2.2; that is,

(AW’ d) = (A(h1,...,hiy o1, ... 1), d) with d(z;) = (Bu)*(c;)
and

(/\W,d) = (Ale1,...,€5,21,...,2k),d) with d(z;)= (Bu1)*(c).
By applying the Lifting Lemma to the commutative diagram

(Bua2)*
ANVBK AVBu AW’

| fev

AW oK QA(G/K)WQA(G/U%

we have a diagram

H*(GU) <—2— AW’ ——= QA(G/U) (6.1)

v e foaw)

H*(G/K) <—— AW —= QA(G/K)

in which the right square is homotopy commutative and the left that is strictly com-
mutative. In particular, k(x;) = 0, I(z;) = 0 and @(e;) = (Bta)*e;.

Let w: AW — AW be a minimal model for (/\/V[v/,d) and k*: (H*(G/U))* —
(AW')# the dual to the map k. As in Remark 3.5(ii), we construct a DGA E’ by using
(AW’ d) = (B,dp) and (AW, d). We then have a sequence of quasi-isomorphisms

'y::l@}’cn ’ w®1 —~ ~
B —— ANAW & (A\W'),) /T — ANAW @ (A\W'),)/I = E.

Moreover, we choose a model ¢’ for the action G x G/U 3 G/U % G/K which is
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defined by the composite AW S AVe ® AW S AVa @ AW’ where ( is the Sullivan
representative for the left translation tr mentioned in Lemmas 5.1 and 5.2. Then the
map ¢’ deduces a model

fi: E'/M, — AVg (6.2)
for \: G — F(G/U,(G/K)g;eop) as in Theorem 4.1. Observe that
A @) = (—1)709D (1@ p)uw(or), Keg) and u=cof,  (6.3)

where e: A Vg — Q denotes the augmentation. In the next section, we shall prove
Theorem 2.5 by using the model : E'/M, — AVg.

7. Proof of Theorem 2.5

Let G and U be the Lie group U(m + k) and a maximal rank subgroup of the form
U(my) x -+ x U(myg) x U(k), respectively. Without loss of generality, we can assume
that my > --- > ms > k. Let K denote the subgroup U(m) x U(k) of U(m + k),
where m = mq + - - - + mg. Then the Leray-Serre spectral sequence, with coefficients
in the rational field for the fibration p: G/U — G/K with fibre K/U, collapses
at the Fs-term because the cohomologies of G/K and of K/U are algebras gen-
erated by elements with even degree. Therefore, it follows that the induced map
p*: H*(G/K) — H*(G/U) is a monomorphism. In order to prove Theorem 2.5, we
apply Theorem 4.1 to the function space F(G/U,G/K,p).

Let P ={S1,...,S5,} be a family consisting of subsets of the finite ordered set
{1,...,s}, which satisfies the condition that z < y whenever x € S; and y € S; ;.
Define f'P to be the number of elements of the set {S; € P | |S;| =1}. Let k be a
fixed integer. We call the family P a (iy,...,i;)-type block partition of {1,...,s}

if #P =i for 1 <1<k Let Q)

i, denote the number of (i1, ...,ix)-type block
partitions of {1,...,s}.

We construct a minimal model explicitly for the Grassmann manifold G/K =
U(m+k)/U(m) x U(k). Assume that m > k. As in the proof of Theorem 2.2, we
have a Sullivan model for U(m + k)/U(m) x U(k) of the form

(AW, d) = (A(T1, -+ s Tonses Cls - - -1 Gy oy ooy C0), d)

rm

. _ .
with dr =37, cicj.
Lemma 7.1. There exists a sequence of quasi-isomorphisms

/\Wé/\w(l)é"'é/\W(s)é"‘é/\W(m)

in which, for any s, (A\W,y,d(s)) is a DGA of the form

/ / -
AWigy = NMTog1s- s Timtky Cly -+ 3 Chy Cayqs -+ Cry)  With
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disym = ¢+ 101+ + 16 (s41)

i1+t i ik
+ Z (=1 leh ,lkcll Tk Cles
i14+2ig+--Fkip=s
i1t tig o (s—1) i
+ Z (=" Qi 1kcll SO G (s-1)
i1+2i0+-+kip=s—1
-t (—a)a-1 +a

fors+1<I<m+k, wherec; =0 fori <0 ori>k.

Proof. We shall prove this lemma by induction on the integer s. We first observe that
drs = ¢y — c1¢1 + ¢ In AW (1) because Ql(ll) = 1. Define a map ¢: AWy — AW by
o(e) = ¢, go(c;) = c;. and ¢(m3) = 75 — T1¢1. Since drp = ¢} + ¢ in AW, it follows
that ¢ is a well-defined quasi-isomorphism. Suppose that (AW, ds)) in the lemma
can be constructed for some s < m — 1. In particular, we have

— i1+ +ig () i1 ik
di)Tss1 = g1 + Y > (=" FQiy a1 T O Gy
0<j<s i1 +2in++hip=j

Claim 1.
(3+1) _ () (s (s+1—k)
Qlla Sl Qil_lai27“ ) Qhﬂz 1.0 th Sig—1"
Claim 1 implies that
7 7 s+1 (2 Tk
d(s)Ts-‘rl = C;-‘,—l - Z ( 1) e nglj_ ,)zkcll o 'ckk'

i1+ 2ig+-+kig=s+1
We define d(s1)741 in AW(441) by replacing the factor ¢, which appears in d(4)741
with ¢, — d(5)Ts41, namely,
d(s+1)Ti41 = Cly1 +CC1 0+ ConClit1)—(s+2)
D DR G R S C R o
i142ig+ - +hig=s+1

+oo+ (—a)a + e
Moreover, define a map ¢: A W, y1)y — AWy by ¢(ci) = ci, p(c}) = ¢ and p(7141)
= Ti41 — Ts41C1+1—(s+1)- 1t is readily seen that ¢ is a well-defined DGA map. The

usual spectral sequence argument enables us to deduce that ¢ is a quasi-isomorphism.
This finishes the proof. O

Proof of Claim 1. Let {P,;} denote the family of all (i1, ...,4x)-type block partitions
of {1,...,s+1}. We write P, = {Sy),.. S(l »}- Then {Pl} is represented as the

disjoint union of the families of (iy, ... 7zk)—type block partitions whose last sets Sﬁb(l)
consist of j elements, namely, { P} = Ilicj<k{F; | [Snq)| = j}. It follows that

. s+1
HB | |Sn(l)‘ :.7}’ QEI’JF Z]j)l G101k
We have the result. O

Recall the minimal model (AW(,,),d) for G/K mentioned in Lemma 7.1. We
see that degdry,+1 = degci’c; = 2(m + 1) and that da =0 for any element « with
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degar < 2m + 1. This yields that ¢]* # 0 in H*(G/K;Q). As was mentioned before
Lemma 7.1, the induced map p*: H*(G/K) — H*(G/U) is injective. Therefore, we
have (p*c1)® # 0 for s < m.

Let iz E'/M, — AVg be the model for the map A\: G — F(G/U, (G/K)qg;eop)
mentioned in the previous section; see (6.2) and (6.3). The following four lemmas are
keys to proving Theorem 2.5. The proofs are deferred to the end of this section.

Lemma 7.2. 6o(Tim4(m—s+1) @ ((0*c1)™)s) = (=1)"Crsy1 if m # s.
Lemma 7.3. ﬁ(Tm+(mfs+1) ® ((p*cl)m)*) =0 me 7é S.
Lemma 7.4. §o(Tim+41 ® ((p*c1)®)s) = (—1)°sCm—st1-

Lemma 7.5. (741 @ ((p*c1)%)s) = T—s+1-

Proof of Theorem 2.5. By virtue of Lemmas 7.2, 7.3, 7.4 and 7.5, we have

So((= D)™ T sy @ (7)™ — Ty @ (7 e1)*).)
= (M) e~ T (1) s = 0
and
) s @ (@)™~ S s © (7))
ey
— s Tm—s+1;

where s < m — 1. Theorem 4.1 implies that
(A@)i: mi(Go) = mi(F(G/U, (G/K)q,eop))

is injective for i = deg 1o, . ..,deg 7. We see that the map (A\g); factors through the
map (Ag,q/v)o it mi(Gg) — mi(aut1(G/U)g) and that the inclusion SU(m + k) — G
induces an injective map 7. (SU(m + k)g) — 7+ (Gg). This implies that {3,...,2m —
1} € vd(SU(m +k),G/U). Since dry = 3, , ; cicj in (AW), it follows that dr is de-
composable for [ > m 4 1. Therefore, Theorem 2.2 yields that (Ag,q/v)q ¢ is also
injective for ¢ = deg Ti+1, .. -,deg Trm4+r. We have

vd(SU(m + k), G/U) = {3,...,2m —1,2m +1,...,2(m + k) — 1} = n(SU(m + k)).

The latter half of Theorem 2.5 is obtained by comparing the dimension of ratio-
nal homotopy groups. In fact, it follows from the rational model for aut;(CP™~!)
mentioned in Example 3.4 that

m.(outy (CP™ 1) ® Q) = H.(Q(E/M.), b)
~Qy® L,y @ (zh)s, ...,y @ (™ 2),}.
This implies that
dim 7; (aut; (CP™ 1)) @ Q = 1 = dim m;(SU(m)) ® Q

for i = 3,...,2m — 1. The result follows from the first assertion. This completes the
proof. O
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We conclude this section with proofs of Lemmas 7.2, 7.3, 7.4 and 7.5.

Proof of Lemma 7.2. We regard the free algebra A(cy,...,¢;) as a primitively gen-
erated Hopf algebra. Observe that (cf). = 4((c;)+)*. Recall the 0-simplex u in AE’
mentioned in (6.3). We have u(c; ® (p*c1)«) =01if j # 1 and
u(er @ (p*er).) = (=17 CODEE (p* (c1).) (0 0 w(er))
= (=D((p"(c1))k o pow(er) = (=1)((p*(c1)s)p"cr) = —1.
For the map k, see diagram (6.1) and the ensuing paragraph. Thus it follows that

50(Tm+(m75+1) 02y ((p*cl)m)*)

1
=c"Cm_st1- D(m)(p*cgn)* =c"Cm—st1- ED(m) (p*cl)ln

1
= S emst1 ((p*cl)*®1®~-~®1+1®(p*cl)*®1®---®1

+...+1®.-~®1®(p*01)*)

1
e (I e)e @ @ (). @ 1)

=u(cr ® (p¥er)s) - uler ® (P er)s)em—st1 = (—1) " Cm—st1. O
Proof of Lemma 7.3. Recall the quasi-isomorphism ¢11: A W1y — AW(y) in the
proof of Lemma 7.1, which is defined by o(7141) = Te41 — Tiy1¢G41—(s+1)- Let w

be the composite @100y AW =AWy — AW. Tt is readily seen that
W(Trm4(m—s+1)) does not have the element ci* as a factor if s # m. By using the
DGA map ¢ in Lemma 5.1, we have

ﬁ(Tm+(mfs+1) ® ((p*cl)m)*>
= (=1)7P V(1 @ ) Cw(T(mst1))s K (PE)a) = 0.

See (6.1) for the notations. Observe that H*(G/K) = H*(AW) = Qecy, . .., cx) for
x < 2m. This completes the proof. O

Proof of Lemma 7.4. From Lemma 7.1, we see that in AW(,,),

— i1+ ig (M) i1 ix
dTmy1 = E (=" Qi o gla
i1+2i2+---+kip=m
iy+-tig ) (m—1) iy ik
+ E : (-1) Qi G Cee
11 +2i0+--+kiz=m—1

i1t tig (0 i i

t+ot E Y "Qi G e

i1 42004+ kip=l
+ e
Suppose that ci' - - ¢ ci41 ® ((p*c1)®)« # 0 in Q(E/M,), where iy + 2iy + - - - kiy,
= [. Then we have

(1) I=mand ci' ---¢jf = cf_lcm_sﬂ, or

(2) 1#m,l=sand ' ---ciF =c5.
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It follows that

(_1)Zl++’LkQ(m) C§710m75+101 — (_1)8—1+1(S _ l)CiCm75+1

’Ll,...,’ik
if (i1,...,ix) = (s —1,0,...,0,1,0,...,0) with 4,,_s11 = 1 and that
Q) L emesi1= (-1 1 ciemogpr i (ir,...,ix) = (5,0,...,0).

This fact allows us to conclude that

60(Tm+1 @ ((p*e1)®)x) = (=1)°(s = D)em—st1 + (=1)°cm—st1 = (=1)*sCm—s+1.
We have the result. O

Proof of Lemma 7.5. In order to compute ﬁ, we determine

<(1 ® @)Cw(Tm-i-l)v k‘u(p*c‘i)*).

With the the same notation as in the proof of Lemma 7.3, we have w(7y,41) = -+ +
(=1)°Tpm—sy1€] + -+ -. Lemmas 5.1 and 5.2 imply that

C(Tmferlci) =9 1(Tmfs+1 ® cf)
= (Tiest1 ®1®@1+1® T_sy1 ® 1+ ZX” ® X! Cp)es.

Thus it follows that

ATt ® (p7e1)*)s) = (=171 © @)Cw(mme), K (p7ef))

= (=1 (1@ 9)¢(Tm—sr167), K (p"cF)s)

= Tin—s+1(2(¢1), K (7€)} + (@(Tim—si1c]), KF ("))
+ZXn<<P(X;LCnCT)>ku(p*ci)*>

= Tm—st1(kp(c1), (07¢1)w) + (ko (Tm—st1¢1), (p7¢1)s)
+ Z X (ke (X, Cnet), (p7cl)s)

= Tm—s+1-

The last equality is extracted from the commutativity of diagram (6.1). This com-
pletes the proof. O

8. Proof of Theorem 2.7

This section is devoted to proving Theorem 2.7. The inclusion ¢: auti(X) — Hp x
induces the map Be: Bauty(X) — BHpy x with Bio BAg x = B. Therefore, if By
is injective on homology, then so is BAg,x.

We shall prove the “only if” part by using the general categorical construction of a
classifying space due to May [21, Section 12] and by applying a part of the argument
in the proof of [22, Theorem 3.2] to our case.

We recall here the notion of a O-graph briefly; see [22, page 68] for more detail.
Let O be a discrete topological space. Define a O-graph to be a space A together with
the maps S: A — O and T: A — O. The space O itself is regarded as a O-graph with
the arrows S and T the identity map. Let OGr be the category of O-graphs whose
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morphisms are maps h: A — A’ compatible with the maps S and T. Observe that
the pullback construction with respect to S and T" makes OGr a monoidal category.
In fact, for O-graphs A and A’, AOA’ is defined by {(a,a’) € A x A" | Sa =Td'}.
Let X and ) be a left O-graph and a right O-graph, respectively; that is, X is a space
with a map T: X — O and the space ) admits only a map S: Y — O.

Let M be a monoid in OGr the category of O-graphs and B(), M, X) denote
the two-sided bar construction in the sense of May [21, Section 12], which is the
geometric realization of the simplicial space B, with B; = YOMY/0X. We regard a
topological monoid G as that in OGr with O = {z} the space of a point. Then the
classifying space BG we consider here is regarded as the bar construction B(z, G, x).

Proof of the “only if” part of Theorem 2.7. Let ': Hy x — F(X,X) be the inclu-
sion and e, : F(X,X) — F(X, Xg) the map induced by the localization e: X — Xg.
Since X is an Fy-space or a space having the rational homotopy type of the product
of odd-dimensional spheres by assumption, it follows from [2, 3.6 Corollary] and [11,
Proposition 32.16] that the natural map [X, Xg] — Hom(H*(Xg; Q), H*(X;Q)) is
bijective. We see that eo ¢ ~ e for any ¢ € Hpy x. Therefore, the composite e, ot/
factors through the connected component F (X, Xq;e) of F(X, Xg). We have a com-
mutative diagram

HEX oot
LT F(X, Xq;e) %autl(XQ)
—
aut;(X)

in which the induced map e* is a homotopy equivalence.

Define O to be the discrete space with two points x and y. Let M be the monoid in
OGr defined by M(z, z) = aut1(X), M(y,y) = aut1(Xg) and M(z,y) =F (X, Xg;e)
with M(y, x) empty. Arrows S, T: M(a,b) — O are defined by S(z) = aand T'(z) = b
for z € M(a,b). Moreover, we define another monoid M’ in OGr by M'(x,z) =
Hu x, M (y,y) = aut1(Xg), M'(z,y) = F(X, Xg;e) and M'(y,z) = ¢ with arrows
defined immediately as mentioned above.

Consider the inclusions i: auty(X) — M, j: auty(Xg) - M, i': Hy x — M’ and
j'auty (Xq) — M’. They induce the maps between classifying spaces which fit into
the commutative diagram

o BHy x —2% B(O, M, 0) o
/ X

BG B BT Bautl(XQ),

>\G,X J
Bautl(X) ? B(O, M7 O)

where 7: M — M’ is the morphism of monoids in OGr induced by the inclusion
v aut1(X) — Hu x. The proof of [22, Theorem 3.2] enables us to conclude that the
maps Bj and Bj’ are homotopy equivalences. The map Q((Bj)~! o (Bi)) coincides
with the composite (e*)7!oe,: aut;(X) — F(X, Xg;e) — aut;(Xg) up to weak
equivalence; see [22, Theorem 3.2(i)]. Moreover, the map e, : auty(X) — F(X, Xg;e)
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is a localization; see [14]. These facts yield that 7, (2B7) ® Q is an isomorphism and
hence so is m,.(Bi) ® Q. Thus the localized map (Bi)g is a weak equivalence. This
implies that (Bi).: H.(Baut1(X); Q) — H.(B(O, M, 0);Q) is an isomorphism. The
commutative diagram (7.1) enables us to conclude that H,(B1w;Q) is injective if so
is H.(BAg,x; Q). This completes the proof. O

As we pointed out in the introduction, [16, Proposition 4.8] follows from Theo-
rems 2.5 and 2.7. In fact, suppose that M is the flag manifold U(m)/U(mq) x --- X
U(my), and G = SU(m). Then as is seen in Remark 8.1 below (Aga)«: 7 (BG) ®
Q — 7« (Baut1(M)) ® Q is injective if and only if

(BAg.m)*: H*(BG) — H*(Bauty(M))
is surjective.

Remark 8.1. Suppose that M is a homogeneous space of the form G/H for which
rank G = rank H. The main theorem in [28] due to Shiga and Tezuka implies that
mai(auty (M)) ® Q = 0 for any 7. Thus H*(Baut; (M ); Q) is a polynomial algebra gen-
erated by the graded vector space (sV)*, where (sV); = m_1(aut; (M)). Therefore,
the dual map to the Hurewicz homomorphism

=*: H*(Baut,(M); Q) — Hom(m, (Baut;(M)), Q)
induces an isomorphism on the vector space of indecomposable elements; see [11,
page 173] for example. Thus the commutative diagram

H*(BG; Q) <2t Baut, (M); Q)

= |-

Hom(m,(BG), Q? <—— Hom(m,(Baut; (M)),Q)
(BAG. 1))

yields that the map (BAg,ar)* is surjective if G is rationally visible in auti(M). We

also see that the induced map (Bv).: H;(BG) — H;j(BH,c/u) is injective for each

triple (G, U, i) in Tables 1 and 2 if j € vd(G, G/U).

9. The sets vd(G,G/U) of visibility degrees in Tables 1 and 2

In this section, we deal with the visibility degrees described in Tables 1 and 2 in
the introduction.

For the case where the homogeneous space G/U has the rational homotopy type
of the sphere, the assertions on the visibility degrees follow from the latter half of
Theorem 2.2. In fact, the argument in Example 2.4 does work well to obtain such
results. The details are left to the reader. The results for (11) and for (17) follow from
Theorems 2.5 and 2.6, respectively. We are left to verify the visibility degrees for the
cases (1), (5), (6), (6)’ (16) and (19).

Case (1). Tt is well-known that (Bu)*(p;) = (—1)*(x?p}_; + p}) for the induced
map (Bt)*: H*(BSO(2m + 1)) — H*(B(SO(2) x SO(2m — 1)), where p} is the ith
Pontrjagin class in H*(B(SO(2m — 1)) 2 Q[p},. - ., P\,_1]); see [23].

We can construct a Sullivan model (AW, d) for the Grassmann manifold M :=
SO(2m 4 1)/S0(2) x SO(2m — 1) for which AW = A(X, P}, - s Do 15 T2 Tay - - o, T2m)
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and d(7e;) = (=1) (x?*pl_; +p.) for 1 <i<m. We see that there exists a quasi-
isomorphism w: (A(x, Tam), dT2m = —x*™) — (AW, d) such that w(x) = x and

2(m—1)

w(Tem) = X To 4+ X Ta(mo1) + Tom-

In view of the rational model Ji: E'/M,, — NVg for Agar: SO(2m + 1) — auty (M)
mentioned in (6.2) and Theorem 4.3, it follows from Lemma 5.2 that

fi(Tom @ (X)) = (=17 D(C 0 w(ram), (x*)-)
=02 I+ 4 X*To(m—1) + T2m, (X*))

T2(m—1)»

where ( is the Sullivan representative for the action SO(2m — 1) x M — M described
in Lemma 5.1. We have the result.

The same argument does work well to prove the result for the case (16).

Case (19). Let ¢: Spin(9) — Fy be the inclusion map. Without loss of generality,
we can assume that the induced map

(Bu)": H*(BFy;Q) = Q[ya, y12, Y16, y24) = H*(BSpin(9); Q) = Qys, ys, y12, Y16]

satisfies the condition that (Bu)*(y;) = y; for i = 4,12,16 and (Bt)*(y24) = y3, where
deg y; = i. This fact follows from a usual argument with the Eilenberg-Moore spectral
sequence for the fibration £LP? — BSpin(9) B BFy. By virtue of Lemmas 5.1 and 5.2,
we see that there exists a model for the linear action Fy x LP? — LP? of the form

C: (A(2hs) ® A(ys), d) = (A(z3, 211, 215, T23) ® AN (xhs @ A(ys),d')

with ((zhs) = 223 ® 1 ® 14+ 1 ® xhy ® 1, where d(zhy) = y3, d'(z;) = 0 for j = 3,11,
15, 23. In fact, for dimensional reasons, we write ((xh3) = 1 Q253 @ 1+ x93 @1 ® 1+
cxr15 ® 1 ® yg with a rational number c. By definition, we see that { =1 ® 1, where
1 denotes the DGA map in Lemma 5.2. Since the image of each element with degree
less than 24 by (Bt)* does not have the element ys as a factor, it follows that ¢ = 0.
Observe that AVppg,-action on AVpgpin(9y is induced by the map (Bt)*. The dual to
the map (Ay)i: m(Fy) ® Q — m;(auty (Fy/Spin(9))) ® Q is regarded as the induced
map H(Q(1)): H*(Q(E/M,),d) — Va = Q{xs3, 211,215, T3} in Theorem 4.1. We
see that Q(E/My) = Q{ys @ L,y © L, s ® (5s)as s ® (1)}, do(whs © (42).) =
3ys @ L, So(zhs ® 1) = So(whs ® (y3)«) = 0; see Example 3.4. Furthermore the direct
computation with (6.2) shows that Q(x)(xhs ® 1.) = £xag and Q1) (x5 ® (ys)«)
= 0. This implies that vd(Fy, LP?) = {23}.
Case (5). The inclusion ¢: SO(4) — G5 induces the ring homomorphism

(Bu)": H*(BG2) = Qya, y12] — H*(BSO(4)) = Qlp1, x],

where degp; = 4 and deg x = 4. It is immediate that (B¢)*(y12) is decomposable for
dimensional reasons. From Example 3.4, we see that 7. (aut; (HP?)) 2 Q{y ® 1.,y ®
(x1).}, where degy ® 1, = 11 and degy ® (x'), = 7. It follows from Theorem 2.2
that Vd(GQ,GQ/SO(4)) = {11}.

Case (6). Let T? be the standard maximal torus of U(2). We assume that Gy D
U(2) D T? without loss of generality. Then the inclusion W(Gs) D W (U(2)) of Weyl
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groups gives the inclusions

Q[th t2]W(G2) - > Q[tl’ tz]W(U@)) - > @[th t2]

H*(BG,) H*(BU(2)) H*(BT?).
The result [29, page 212, Example 3] implies that there exist generators yy, y12 of
H(BGQ) such that H(BGQ) = Q[y4,y12] and Yq = t% — tltg + t%, Y12 = (tlt% - t%tz)Q
in Q[ty,2]" (2. Since the Chern classes c1,cy € H*(BU(2)) are regarded as t; + to
and t1ts, respectively in Q[t1,to]V (V) it follows that

(Bu)*(ya) = ¢} — 3¢ and  (Bu)*(y12) = i3 — 4c3,

where ¢: U(2) — Gy is the inclusion. Put é; = —%cf + co. Then it is readily seen that
(Bu)*(—%ys) = &2 and
* 16 24 22 =3
(B[’) (y12) = _ﬁcl - 56102 - 30162 — 402.

By the direct computation implies that

. . 3
(BY)"(=394) ® L = (B0)" (y12) ® (—5)(0‘1‘)*
=G ® 1+ §(—ic6 - gc‘*éz — 313 —483) ® ().

=R, —c®1, =0

modulo decomposable elements in (H*(BU(2)): H*(G2/U(2)))/M,. It is immediate
that the element (Bt)*(y12) is decomposable. By virtue of Theorem 2.2, we have
vd(Ga,G2/U(2)) = {3,11}. The same argument works well to deduce the result for
the case (6)’.
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