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HOMOTOPY SPECTRAL SEQUENCES OF POINTED
SIMPLICIAL SPACES

MICHAEL PALUCH
(communicated by J. F. Jardine)

Abstract
Using simplicial machinery, which is analogous to that devel-
oped by Bousfield-Kan, we describe a first quadrant homotopy
spectral sequence for a termwise connected pointed simplicial
space X in terms of differential relations on the normalized
homotopy of X and establish the existence of a smash product
pairing.

1. Introduction

As stated by Bousfield-Friedlander [2, Appendix B] “many constructions in alge-
braic topology can be achieved by first forming an appropriate bisimplicial set and
then applying the diagonal functor.” For example Goerss-Jardine [8, IV.5.1] use
this technique to formulate the homology Serre spectral sequence. Following this
approach one readily deduces that the Eilenberg-Zilber chain map V [13, page 234;
15, page 64] induces a pairing on the homology Serre spectral sequence; more-
over, this pairing abuts to the homology cross product pairing (see [13, Ch.9.4;
15, XII1.8]).

Let X be a pointed simplicial space. For simplicity we assume that X is termwise
connected; i.e., X,, is a connected space for each n > 0. By [2, Theorem B.5] there is
a first quadrant spectral sequence with Eit(X ) & 7, (m X)) converging strongly to
s+t diag X . Using the basic properties of V (see [9, page 133], where it is called the
Eilenberg-Mac Lane map) one readily deduces that V induces a pairing Eg’ JX)®
E2,(Y)— E. , ,+(X AY). Here we also assume that Y is a termwise connected
pointed simplicial space. Our key result (Theorem 4.6), which relies heavily on the
seminal work of Bousfield-Kan [3], asserts that there is an induced spectral sequence
pairing. We deduce its existence by analyzing the homological properties of a family
of pointed simplicial spaces which serve as universal examples of relations on the
normalized homotopy of X. The idea of using these examples to demonstrate the
existence of the homotopy spectral sequence smash pairing is due to Pete Bousfield.

In Section 2 we discuss some well-known results relating bisimplicial abelian
groups and first quadrant double chain complexes, and we reformulate the spectral
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sequence of a first quadrant double chain complexes in terms of a family of differ-
ential relations. In Section 3 we construct the homotopy spectral sequence of X
and compare it to the the spectral sequence derived from the spiral exact sequence
of Dwyer-Kan-Stover [5] and to the Bousfield-Friedlander spectral sequence [2].
Finally, in Section 4, we show that V induces a smash pairing of the homotopy
spectral sequence.

Throughout this note we use the term “space” to mean “simplicial set,” and we
assume that the reader is familiar with model categories as defined by Quillen [10].
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2. The homology spectral sequence of a simplicial space

2.1. Simplicial abelian groups and chain complexes

Let s Ab denote the category of simplicial abelian groups, and let S (resp. S.)
denote the category of spaces (resp. pointed spaces). For A € s Ab, let N, A denote
the normalized complex with

N,A=A,Nkerd, N---Nkerd,

and differential 0 induced by the remaining face operator dy. The complex N, A is
naturally isomorphic to the complex N, A defined in positive degrees by

N/ A= A,/imsg+ - +ims,_1

and in degree 0 by NJA = A, with differential 9 = Y7 (—1)'d;: NJA — N} _,A.

Neglecting the binary operation of a simplicial abelian group induces the forgetful
functor s Ab — S,, and, as is well known (e.g. [8, page 153]), there is a natural
isomorphism H,(NA) 2 7, A. The forgetful functor has a left adjoint Z which sends
a pointed space X to the simplicial abelian group generated by the simplices of X
with the base vertex of X and its degeneracies put equal to zero. For a pointed space

X, we can use Z to obtain the reduced homology IL(X) = H*(NZX); moreover,
the adjunction map X — Z X induces the Hurewicz homomorphism h: . (X)—
H.(X) (e.g. [8, IIL3]).

2.2. Bisimplicial abelian groups and double chain complexes

Let bis Ab denote the category of bisimplicial abelian groups. One can think of
a bisimplicial abelian group B as a collection of abelian groups B,, , for m,n > 0
together with horizontal and vertical simplicial operators (a”,a?)*: Bym — Bpg
for (@, a%): ([p], [q]) — ([m],[n]) € A x A such that each horizontal operator com-
mutes with each vertical operator. Here A is the skeletal subcategory of finite
ordered sets and non-decreasing maps consisting of objects [n] = {0,1,...,n} for
n 2 0. For B € bis Ab, the double normalized complex N, N, B is supported in the
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first quadrant and is given by
NyuNuB = B Nkerd? N---Nkerd?, Nkerd? N---Nkerd’,

with horizontal and vertical commuting differentials ", 9V induced by the remaining
face operators dft, d3. Let tot B denote the total normalized complex with (tot B),, =
@B~ NiN,—iB and differential dyot|n, v, 5 = 0" + (—1)"0".

The complex tot B has an increasing canonically bounded [14, page 132] filtra-
tion with F, (tot B),, = @go N;N,,_; B. Thus the associated first quadrant spectral
sequence with

E,4(B) = He4(NsN.B) = N, Hy(B)
EZ(B) = Hy(N.H,(B)) = m,Hy(B)
dy: E;t(B) - Eg—r,t+r—l(B)7
where NyH:(B) = H¢(Bs) Nkerd; N---Nkerd,, converges strongly to the homol-
ogy of tot B. By the Eilenberg-Zilber-Cartier theorem [4, 2.9] there is a natural

isomorphism H,(tot B) = H,(N diag B), where diag B is the diagonal simplicial
abelian group given by (diag B),, = By n-

2.3. Differential relations

As in [3, 3.1] we shall find it more convenient to work with an explicit formulation
of the homology spectral sequence of a bisimplicial abelian group rather than the
implicit construction obtained from the filtration (cf. [1, page 14]).

Let B be a bisimplicial abelian group. For m > r > 1, let

67’ - NmHn(B) X NmfanJrrfl(B)

denote the relation defined by (z,y) € ¢, if and only if there is a zig-zag of elements
connecting = and y, in the sense that there are elements x; € N,,—; N, +;B for 0 <
i < r such that 0 = 9%z, 0 = O"w; + (—1)™ =" =19Vx; 1 for 0 <i <7 —1, x = [x]
and y = [ahmr,l]. We view 0§, as the graph of a multivalued function

d: NmHn(B) ~ Nm—an+r—1(B)a

and write d,x =y if (z,y) € J,. Further details regarding relations can be found
in [15, Appendix B]. Working in this spirit we define, respectively, the domain,
image, kernel and indeterminacy of d, by
domd, = {z € N\, H,(B) | dvx =y for some y € Ny, Hp i r1(B)},

imd, ={y € Npp—rHpyr—1(B) | dz = y for some z € N,,, H,(B)},

kerd, = {x € N,,H,(B) | d,x = 0},

indd, ={y € Nyp—rHp1r—1(B) | 4,0 = y}.
A straightforward calculation shows that these relations have the following proper-
ties:

(i) di corresponds to the differential of N, H,(B),

(ii) d, is natural in B,
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(iii) d, is additive, i.e., d, is a subgroup,
(iv) domd,11 = kerd,,

(v) indd,41 =imd, and

(vi) imd, C kerd,..

Moreover
E{,(B) = (N;H;BNkerd, 1)/ (NsH;BNimd,_), for r > 1,

and the relation d, induces the differential d,: Ef ,(B) — E{_, ;. 1(B) of the
homology spectral sequence.

2.4. Convergence relations

The target of the homology spectral sequence carries an induced filtration defined
by

F,H.(N diag B) = im[H.(F), tot B) — H,.(N diag B)].

Let e,: N,H{(B) ~ Hy,+(N diag B) denote the relation obtained by putting
e, = y whenever there is a cycle b = (b, ..., by) € F,(tot B), 1+ such that z = [b,]
and y = [Vb], where V: (tot B), — N, diag B is the Eilenberg-Mac Lane shuffle
map [4, page 217; 9, pages 133-134]. These relations have the following properties:

(i) ey is natural in B,
(ii) e, is additive,
(iil) eg: NoH(B) ~» H, (N diag B) is the homomorphism induced by the canonical
map By — diag B and the natural isomorphism NoH;(B) = H¢(By),
(iv) ime, = F,H,4+(N diag B),
(v) inde, =ime,_1,

(vi) dome,, contains only infinite cycles in the sense that e,z =y = d,x =0
for all r,

(vii) kere,, contains only infinite boundaries in the sense that e,z =0 = Jg > 1
such that x € imd, for all ¢ <r < n.

Using these properties we deduce that each relation e, induces an isomorphism
E;(B) = FoHyyi(N diag B)/Foo1 Hpg(N diag B).
2.5. The homology spectral sequence
For a pointed simplicial space X, let Z X denote the bisimplicial abelian group
generated by the simplices of X with the base point and its degeneracies put equal

to zero. Let {E"(X; Z)} denote the first quadrant spectral sequence obtained from
Z X . We have

E}(X;Z) = Heo(NoN. ZX) = N,Hy(X)
E2,(X;Z) = Hy(N.Hy(Z X)) = 7, Hy(X)
dT : E;t(Xv Z) - E;—r,t+r—1(X; Z)a
converges strongly to the reduced homology of diag X.
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3. The homotopy spectral sequence

For a pointed cosimplicial space, Bousfield-Kan [3] constructed a homotopy spec-
tral sequence generalizing the spectral sequence of a horizontally filtered second
quadrant double chain complex. Here we present a simplicial analog of their con-
struction. Let s S, denote the category of pointed simplicial spaces.

3.1. Partial matching spaces

For a space K and a pointed space Y the external half-smash product K x Y is the
pointed simplicial space given by (K X Y),, = Vg, Y. The functor K x —: S, — s S,
has a right adjoint Mk which sends X to the equalizer

MgX — ] hom(Kn, Xn) =[]  hom(K,, Xn).
[nlea [m]—[n]eA

Simple calculations show that Map,) X = X, and Mpa[,X = M, X is the usual
matching space defined by

M, X ={(zo,...,2n) | ;€ Xp_1 and d;z; = dj_12; for 0 <i < j < n}.

Furthermore, the inclusion dA[n] < A[n] induces the map d = (do,...,d,): X,, —
M,X.

For a model category C, Reedy [11] showed that the category s C of simplicial
objects over C carries the structure of a model category. In the Reedy model struc-
ture a map f: X — Y of pointed simplicial spaces is (i) a weak equivalence if the
map f, is a weak equivalence of spaces for each n > 0, (ii) a cofibration if it is injec-
tive and (iii) a fibration if the induced map d: X,, — Y, [[,; y M, X is a fibration
of spaces for each n > 0. If X is a fibrant pointed simplicial space, then X,, € S, is
fibrant for each n > 0.

Theorem 3.1 (Reedy). The category sS. is a proper simplicial model category,
where the simplicial structure is defined termwise.

Although Reedy does not actually consider proper model categories, in the sense
of Bousfield-Friedlander [2, 1.2], the proof that s S, is proper is not difficult, cf. [2,
3.5; 8, page 219].

3.2. The Reedy model structure and the external half-smash product

For a pointed space X, the pointed simplicial space A[0] x X is “constant”, i.e.,
(A[0] X X), = X for all n > 0. The map d*: A[0] — A[1] for i = 0,1 is a trivial
cofibration, yet the induced map

X =A0]x X — A[l]x X €s8S.

is not a trivial cofibration of pointed simplicial spaces. Thus the external half-smash
product functor — x —: S x S, — s S, does not necessarily carry trivial cofibrations
of spaces and cofibrations of pointed spaces to trivial cofibrations. The following
relates the external half-smash product functor and the model structures of S x S,
and s S,.
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Lemma 3.2. For a cofibration (resp. trivial cofibration) f: X — Y € S, and a cofi-
bration i: K — L € S, the induced map

(KxY)Ugx x (LxX) = LxY

is a cofibration (resp. trivial cofibration) of pointed simplicial spaces.

Proof. For a cofibration (resp. trivial cofibration) f: X — Y € S,, the induced map
A0l x f: X — Y € s8S, is a cofibration (resp. trivial cofibration) of pointed simpli-
cial spaces. The proof now follows from [12, Corollary 7.4]. O

For a model category C and objects X,Y € C, let [X,Y] = Hompgoc(X,Y). If X
is cofibrant and Y is fibrant, then [X,Y] = Homc(X,Y)/ ~, where ~ is a suitable
homotopy relation on maps.

3.3. External smash products

For pointed spaces X,Y the external smash product X AY is the pointed sim-
plicial space given by (X AY),, = X, AY. Note that if K — L € S is a cofibration
and X = L/K, then there is a cocartesian square

KxY ——LxY

| ]

x — X AY

of pointed simplicial spaces in which the horizontal maps are cofibrations for each
pointed space Y. The functor X A —, like the external half-smash product functor
K x —, has a right adjoint Cx which sends a pointed simplicial space Z to the end

CxZ — H hom, (X,, Z,) = H hom,, (Xy, Zm),
[njea [m]—[n]ea

where hom, (—, —): S, x S, — S, is the pointed mapping space functor and X, is

)

the “discrete” pointed space of n-simplices of X. The functors Cx and Mx are
related by the cartesian square of pointed spaces

CxZ —— MxZ

|k

*4)20,

where b: A[0] — X corresponds to the base point.

Let K — L € S, be a cofibration. By Lemma 3.2 the induced map MpZ —
Mg Z € S, is a fibration for each fibrant pointed simplicial space Z, and as indicated
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by Goerss-Hopkins [7, 3.1.1] there is a cartesian diagram

Cr/xZ Lz MpZ
* CxZ MygZ

of pointed space in which the vertical maps are fibrations. Moreover, K A — pre-
serves cofibrations and trivial cofibration. Thus K A —: S, S s S, : Ck are Quillen
adjoints, and for Y a pointed fibrant simplicial space, there is a canonical isomor-
phism

[KAX,Y]=[X,CkY]. (1)

3.4. Universal examples for d,. and ¢,

We now define pointed simplicial spaces Dy, ,, and S™" which will serve as
universal examples for relations d.: Npmp X ~» Ny g1 X and e, : NpymX ~>
T+t diag X for a termwise connected pointed simplicial space X. For non-negative
integers m,n, let S™"™ = S A S™ and let Dé)n =59 Form>1and n >0, let
D), ,, denote the cofiber of

Vm,0]4 AS™ — A[m]; AS™.

Here V[m, 0] C 0A[m)] is the standard 0-horn spanned by the faces diim, . - ., dmtm,
and S™ = A[n]/0A[n].

Using the Quillen adjoints Alm]4 A —: S, 5= sS,: —,, where —, is the evalua-
tion at [n] functor, one readily proves

Proposition 3.3. For a fibrant pointed simplicial space X and n > 1, there is a
canonical isomorphism Np,m,X = [D} . X|. Moreover, the morphism

m,n’

(D} . X]— [D}

m,n’ m—1,n>

X]

induced by d°: Alm —1]/V[m —1,0] — A[m]/V[m,0], for m >0, or by d°: S° —
A[1]/V[1,0], for m =0, corresponds to the differential

0: Npymn X — Npyp—1mn X

of the normalized complex.

Let j: D} — D}, . denote the map induced by d°. For m > 0, d° factors as

m—1n

Alm —1]/V[m — 1,0] — S™1 — A[m]/V[m,0], and hence the map j factors as

-/
- J
— gm 1,n D71n,n7

1
Dmfl,n
with j' a cofibration. Clearly the cofiber of j' is S™", and we may view D}n’n as
the extension of S™" by S™ 1" that determines 0: N,,m, X — Npp_17pX.

For m >r > 1 and n > 0, we use the familiar zig-zag of differentials of a first

quadrant homology spectral sequence and define Dy, ,, € sS. as the analogous
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extension of S™" by S™~""*+7=1 In more precise terms D’ . is the pointed sim-

m,n

plicial space with base vertex % and non-degenerate simplices
{tsp | (s,t)=(m—i,n+i)or (m—i—1,n+1) for0<i<r},

where s, € (Dy, ,,)s is a t-simplex. Horizontal and vertical face maps are defined
by

« ifi>0 x if >0
dhL . J— A -
grmtne {Lmil,n+i lfj =0 monn {[/mi/nJril lf] =0.

There is a cofibration
j/: Sm—r,n—i—r—l _ D:nm (2)

and a weak equivalence Dy, /8™~ ""*r=1 — §™n Indeed, by the explicit descrip-
tion of the non-degenerate simplices of Dy, ,,, we see that (Dy, ,)s is isomorphic
to

n Aln+k n4r—
\/ sV Vo oas v \/ st @)
o: [s]—»[m] o: [s]>[m—E] o: [s]>»[m—r]

SRXT—

where o: [s] — [n] ranges over the surjective maps for each s > n > 0.

3.5. Homotopy cofiberings of pointed simplicial spaces
We say that

AL x by (4)

is a homotopy cofibering in s S, if there is a commutative square

A—1sx

fl s

* — Y

in s8S,, and for some factorization A %, B 2 & of the canonical map f, with i a
cofibration and p a weak equivalence, the canonical map Bl X — Y is a weak
equivalence. Since s S, is a proper model category [2, Appendix A], it is not hard to

verify that if (4) is a homotopy cofibering and if A L X 4 X is a factorization of
g with j a cofibration and ¢ a weak equivalence, then the canonical map X/A — Y
is a weak equivalence.

For 7 > 1 the cofiber of the inclusion i: D}

r . r—1
o — Dinon 18 Dy 1, and we have
a homotopy cofibering

I -1
Dm,n - D;z,n - D:nfl,nJrl' (5)
For m>r>1,let j: D}, _, ... 4 — D}, €s8S, denote the composition of the

projection D}, ..\, 4 — ST "1 and (2).
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Lemma 3.4. There is a commutative diagram in s S, in which the diagonal maps
are homotopy cofibering

Smfr,nJrr 1 DT+1

\DT / [
e

m—rn+r—1 Sm,n .

Proof. For r > 1 the cofacial operator d°: [n 47 — 1] — [n + r] induces a pointed
cofibration S"“ V< Aln+7]/V[n+r,0], and for m > r we obtain a push-out
square

1
Dm r,n+r—1 >Dmn

| |

Alm—r] Aln+r] r+1
VIm—r,0] ~ V[n+r,0] Dm+n

in which the vertical maps are pointed cofibrations. The proof of the lemma follows
by a simple calculation and the observation that

(Afm —7]/Vm —r,0]) A(A[n+r]/V[n+r,0]) — *

is a weak equivalence. O

3.6. Differential relations in terms of D!,

Let v: sS. — Hos S, be a localization functor which is the identity on objects.
For a pointed termwise connected simplicial space X, we use Proposition 3.3 to
identify N,,7,X and [D}, ., X], and we define the pointed relation

m,n’
di: Nypymp X ~» Ny ympy1—1X, form =212 1,

by d;x = y if and only if there is amap f: Dm — X € HosS, such that f o~(i) =

n

v and f or(j) =
In general a Weak equivalence S"T* — S" A S € S, does not exist; neverthe-
less, using the geometric realization functor | —| and its right adjoint, the sin-

gular complex functor sing [9, §14], as well as the standard homeomorphism [15,
page 107] |S™| A |S?| =2 |S™Ft|, one can construct a canonical zig-zag of weak equiv-
alences STt — ...« S" A St € S,. Thus we may identify [S™ A St diag X| and
Tyt diag X. Since diag: sS,. — S, carries cofibrations and weak equivalences to
cofibrations and weak equivalences respectively, a total left derived functor £ diag
exists; moreover, we may assume that £ diag X = diag X for each X € s8S,.

For a termwise connected pointed simplicial space X, we define

en: NpymX ~» mpydiag X, for 0 < n and 1 < ¢,
by e,z = y if and only if there is a map f: S™* — X € HosS, such that
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Theorem 3.5. For a termwise connected pointed simplicial space X, the relations
d; and e, are the unique relations which coincide with the relations of Sections 2.3
and 2.4 whenever X is the underlying pointed simplicial space of a bisimplicial
abelian group and which have the following properties:

(i) di: NpmmX ~> N1, X is the differential of the normalized chain com-
plex Nym,X and ey: Nogm X ~~ mp diag X s the homomorphism induced by
the canonical map Xo — diag X,

(ii) d; and e, are natural in X,

(#ii) d; and e, are additive,

(i) ime, Cime,i1,

(v) domd;1; = kerd; and inde, =ime,_1,

(vi) indd;+1 = imd; and kere, is the image of the differential relation

di: Nppem X — NpmeX,
(vit) dome, contains only infinite cycles.
Proof. Property (ii) is obvious. For di, property (i) follows by Proposition 3.3.
Using the natural isomorphisms S° A S* = S*, Df , = A[0] x S* and [SO A S, X] =
[S9, Xo] = Nomg X, we obtain (i) for eg. For n > 1,
Drln,n M Din,n & Drln—l,n+l—1 € HOSS*

are maps of co-groups and £ diag: [S™!, X| — 4 diag X is additive. Property (iii)
follows for d; by the general theory of simplicial groups (e.g. [9, §17]). By the work
of Dwyer-Kan-Stover [5, 5.5 and 5.8], we deduce that there is an exact sequence

(D)0, X] 925 [smet-tt x) £, o diag X — 0 (6)

for each n+¢ > 1, and (iii) readily follows for e,. By the proof of [5, 6.3], we see
that that £ diag: [S™!, X] — m,4 diag X factors as
[S™, X] 45 [§mHHTL X A B 97 X s diag X,
where k: §%! — Sk=LI+1 ig obtained from the homotopy cofibering
gk—11 L’Di,l 7, gkl
This proves property (iv). Using (5), Lemma 3.4, (6), as well as the homotopy
cofibration sequence

DL, X, gnt . spL |, € HosS.,

we deduce properties (v) and (vi). To prove property (vii) we factor the map
i D}L’t — St as

1 2 n n,t
Dn,tHDn,t_)"'_)Dn,t_)S .

To prove these relations coincide with those of Sections 2.3 and 2.4, we use the
fact, which follows from Reedy [11], that the category bis Ab has the structure of
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a model category in which a map f: A — B is a weak equivalence (resp. fibration)
whenever the underlying map f € sS, is a weak equivalence (resp. fibration). In
particular the total derived functors £Z: HosS, < Hobis Ab: R exist and form
an adjoint pair. Here R is a total right derived functor of the forgetful functor. Since
each bisimplicial abelian group is fibrant and each simplicial space is cofibrant, there
are natural isomorphisms

[ZD},, .. Bltobis b = [DL, ., BlHoss.
[Z.5™", BlHobis Ab = [S™", BlHoss.
for each B € bis Ab. Using the explicit description of the non-degenerate simplices
of Dﬁn’n and the identity S™! = S™ A S?, we see that respective the homotopy differ-
entials of Section 3.6 agree with those of Sections 2.3 and 2.4. By a straightforward

calculation using the pointed simplicial spaces Dﬁ,m and S™! we deduce unique-
ness. O

3.7. The homotopy spectral sequence
We define the homotopy spectral sequence of a termwise connected pointed sim-
plicial space X to be the first quadrant spectral sequence {E"(X)} with

Ey(X) = N,mX
E{(X) = Nym X Nkerd,; /Nym; X Nimd,—y for r > 1.
The differential d,.: E{ ,(X) — E{_, ,,,_1(X) is the homomorphism induced by the

differential of Section 3.6. For 7 > s we have a surjective homomorphism EY ,(X) —
Eii‘l(X) Thus the E*-term is given by E25(X) = colim,~ EY ,(X). Let
F,m, diag X = ime, N, diag X.
By Theorem 3.5, F' is an increasing filtration of m; diag X and e,, induces an iso-
morphism
Ex (X) = Fpmpydiag X/ F, 17,4 diag X.

Thus the homotopy spectral sequence {E"(X)} converges strongly to 7. diag X.

Corollary 3.6. For a pointed termwise connected simplicial space X, the adjunc-
tion map X — Z X induces a map h from the homotopy spectral sequences {E"(X)}
to the reduced homology spectral sequence { E™ (X, Z)} At the E'-level h: Ny,m, X —
Ny H,, (X) is induced by the Hurewicz homomorphism and

h: {E"(X)} — {E"(X,2)}

abuts to the Hurewicz homomorphism h: my diag X — ﬁt(diag X). In particular, the
Hurewicz homomorphism is a morphism of filtered groups.

Let X be a termwise connected pointed fibrant simplicial space. Dwyer-Kan-
Stover [5, 8.2] derive a homotopy exact couple and a spectral sequence with

Ey (X)) =mCs: X = Nym X
from the family of fibrations Ca[n41)/vn+1,00X — Csn X, induced by the cofibra-
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tion d°: S™ — Aln+1]/V[n + 1,0] for n > 0, and show that exact couple extends
naturally to all termwise connected pointed simplicial spaces.

Proposition 3.7. For a termwise connected pointed simplicial space X, the homo-
topy spectral sequence of Section 3.7 and the Dwyer-Kan-Stover spectral sequence
are naturally isomorphic.

Proof. For a termwise connected pointed fibrant simplicial space X, the Dwyer-
Kan-Stover spectral sequence is derived from the fibration sequence

Caim+1)/0a[m+11X — Capma1)/0vim+1,00X — Ca[m]/oaim)X-

Using (1) we deduce that this spectral sequence can be derived from the exact
couple

It follows that the associated differential relations are the same as those of Sec-
tion 3.6. Thus the two spectral sequences are naturally isomorphic. O

For a termwise connected fibrant pointed simplicial space X, let (P,X),, € S.
denote the t'1-Postinkov sections of X,, and let (F; X ), denote the fiber of the canon-
ical map (P X),, — (P;—1X)n. By [2, B4] there is a homotopy fibration diag F; X —
diag P, X — diag P;_1 X. Thus there is an exact couple

T+t dlag PtX T+t dlag Ptle

\ /
//
_ -
=

st diag [ X,

with 7e4, diag F; X = 7 (mX) [2, B5]. The corresponding spectral sequence is a
special case of the Bousfield-Friedlander spectral sequence. By [5, 8.4] the Dwyer-
Kan-Stover spectral sequence is naturally isomorphic to the Bousfield-Friedlander
spectral sequence.

Corollary 3.8. For a termwise connected simplicial space, the homotopy spectral
sequence of Section 3.7 is naturally isomorphic to the Bousfield-Friedlander spectral
sequence.

4. Pairings

4.1. The shuffle map V

For m,p>0 with m+p>0 an (m,p)-shuffle is a permutation o of
{0,...,m+p—1} such that o(i)<o(j) for 0<i<j<m-—1 and for
m<i<j<m+p—1. Let X(m,p) denote the collection of (m,p)-shuffles. The
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signature or sign of o € ¥(m,p) is the sign of the permutation o; it is given by
sgn(o) = (~1) % 7O,

For simplicial abelian groups A and B, the collection of shuffle maps induces
an injective quasi-isomorphism [4, 2.9 and 2.15; 9, page 134] V: N,A® N.B —
N. (A ® B) which sends a € N,,A,b € N,B to

Z SEN(0) S (mtp—1) " Sa(m)@ @ So(m—1) " * So(0)b-
o€X(m,p)
The map V is graded commutative in the sense that
TV(a®b) = (-1)""V(b® a),

where 7: A® B — B® A the twist map and a € N,,A,b € N,B. Moreover, for
maps of simplicial abelian groups f: A — A’ and g: B — B’ we clearly have

(f@g)oV(a®b)=V(f(a) ®g(b)).
Thus V induces a natural graded commutative pairing

Hy(A) ® Hy(B) 5 Honyp(A® B).
Note that this pairing also is associative.

For bisimplicial abelian groups A and B the composition

v v
NpHnA® NyHgB — NisypHn(A) ® NopipHo(B) — NipipHyq(A® B), (7)

where V9 is the graded shuffle map given by
Vg(a ® b) = (—l)np Z sgn(a)sa(mﬂ,,l) © Sg(m)a ® So(m—1) """ SU(O)b,
ocex(m,p)

is an associative and graded commutative pairing.

Theorem 4.1. The pairing (7) induces a pairing of spectral sequences

Errn,n(A) ® E;,q(B) i) E;m+p,n+q (A ® B)
with the following properties:
(i) the pairing on E' is the pairing (7),
(ii) the differential d, satisfies the Leibniz relation
d(zANy)=drz ANy + (=) "z A dy
forxz e Efn’n(A),
(iii) the pairing on E™* is induced by the pairing on E",
(i) the pairing on E*° is compatible with the filtration of Section 2.4,
(v) the pairing is associative and graded commutative with sign (—1)(m+m)@+a)
forr >1.

Proof. The proof of the theorem follows readily from the observations that the
pairing of two cycles is a cycle, the pairing of a boundary and a cycle is a boundary,
and the shuffle maps carry F,,,(tot A); ® F,(tot B)s to Fryqpn(tot(A Q@ B))sye. O
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4.2. The induced pairing
Using the natural isomorphism

I~ Alm A n
Dy A Dy g = (V[r[n,(]J] A V[E(]J]) A(S™ NS89 for m,n,p,q >0

and the Hurewicz isomorphism theorem, we obtain an isomorphism

- A[m] x Alp]
D, D}t AD! 1= NyipZ :
Domtpavtar D N Dyl = Noncy (V[m,O] x Alp] UV[m, 0] x Alp]
Let
D ypnie — DL ADL, € HossS, (8)

denote the element corresponding to the image of (—1)"P[t,,] ® [¢,] under the shuffle
map

N (v?%) PN (vﬁ%}) B (wm,m AR OVin T AM) |

Let X and Y be fibrant pointed simplicial spaces. Using the natural isomorphism
of Proposition 3.3 and (8) we obtain a natural map

Nop7tn X A NpmigY 5 NopTonsg (X AY).

Proposition 4.2. For fibrant pointed simplicial spaces X,Y , V* is a bilinear asso-
ciative graded commutative pairing of complexes in the sense that

7.V (z Ay) = (=1) eIy (y A 2)

diV* (z Ny) = V* (diz Ay) + (=1)"T"V* (z A dyy),
where T: X ANY — Y A X is the standard twist map and x € Nyp,m, X,y € NpmY';
moreover, the Hurewicz map carries this pairing to the pairing of (7).

Proof. Using the familiar properties of the relative form of the (graded) Eilenberg-
Zilber-Cartier map (cf. [13, pages 232-234]) one readily deduces that V* is a bilin-
ear, associative and graded commutative pairing of complexes. To prove the last
assertion we use the fact that for each (m, p)-shuffle o, the map

Sa(erpfl) e So—(m) : ngn(X) - m+pgn(X)a

corresponds to

s7(m). L go(mtp=1) A 4q

D)o D,,,— ZX € HosS,
under the canonical isomorphism [D}, ,Z X] = N,,, Hy(X). O

By Proposition 4.2 we obtain an induced associative and graded commutative
pairing
B2,(X) @ E2,(Y) = B2, (X AY) (9)

which is compatible with the homology pairing of Theorem 4.1.

In order to show that there is a pairing on the homotopy spectral sequence it
suffices to analyze the homotopy spectral sequences of Dy , A Dy ; in a limited region
of the first quadrant.
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Lemma 4.3. For m >0, the pointed spaces m,,(SP9 A S*t) and 7, SPT59%t qre
weakly equivalent.

Proof. Let T'9 denote the skeletal subcategory of pointed sets and pointed maps
consisting of objects n™ = {0,1,...,n}, for n > 0, pointed by 0. Consider the func-
tor F: T? — S, defined by F(n™) = m,, (V7,59"). Here we view the pointed set
T (VI S911) as a “constant” pointed space. The functor F prolongs to a func-
tor F': S, — S, with F(K) the pointed space whose set of n-simplices is F(K), =
T (K A ST for K € S,.. By [2, Proposition 4.9] each weak equivalence f: K —
L € S, induces a weak equivalence f.: F'(K)— F(L). Since the pointed spaces
SPTs and SP A S® have the same weak homotopy type, the proof of the lemma
follows. O

v

Consider the homotopy cofibering §P—™a+r=1 L, Dy, L, 8P4 of Lemma 3.4.

Lemma 4.4. The map (i’ Ni')y: mo(Dyy , A DY) — m (ST A S5Y) is an isomor-
phism for0 <K n<qg+t+r—1 and onto form=q+t+r.
Proof. This follows from the Hilton-Milnor theorem [1, page 131] and (3). O

Let Cyl(i Ai') € S, denote the mapping cylinder of i’ A4’ constructed in the
usual manner [15, page 23] using the termwise simplicial structure. Using (3) one
readily deduces that there is a short exact sequence

T (Cyl(&' A1), D}y A DY) = w1 (D}, ADL ) = mpoy (SPTA 5)
of simplicial abelian groups for each n > 2.
Proposition 4.5.
Y/ ifm=p+sandn=q+t,
Z‘f{p-l-s—7“<m<p-i-$ and

g+t<n<qg+t+r-—1,
Z®Z ifm=p+s—randn=q+t+r—1.

E} (D, ADL) =<0

Proof. By Lemmas 4.3 and 4.4 we see that
E. (D  ADL,) = H, (SPTS, m, ST for n < g+t + 7 — 1.
Using the relative Hurewicz isomorphism theorem we obtain an isomorphism
Tq+t+r (Cyl(ll A 7:/), D;vq A D;t) = Hq+r+t(Cyl(i/ AN ’l:/), D;,q A D:,t)'

By the long exact homology sequence of (Cyl(i' Ai'), Dy . A Dy ;)) and the weak
equivalence Cyl(i’ Ai') ~ SPUA S we get B2, . (D) ADL,)=Z®L.
O

Theorem 4.6. For termwise connected pointed simplicial spaces X and Y, there is
a natural pairing of spectral sequences

E;)q(X) ® E;")t(Y) - E"(XAY), r>2
such that
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(i) di(x Ay) = (drz Ay) + (—1)PT(z A dyy),
(ii) the pairing on E? is the pairing (9),
(iii) the pairing on E” induces the pairing on ETT1,

(iv) the pairing is associative and graded commutative with sign (—1)(m+m)(@+a)
forr>1,

(v) the pairing on E* is compatible with the filtration of Section 3.7.

Proof. Tt suffices to consider the cases

X=D" Y =D, forr>1,and X = §t=mm Yy = §s—nn,

j2 st

By Lemma 4.5, its proof and Proposition 4.2 we have a commutative diagram

TptsTgrt(Dp g A Dg,t) —_— 7Tp+sgs+t(D;,q A D)

| |

7TP+S—7"7Tq+t+7"—1(D;,q A D;t) — 7Tp+sfrHs+t+r71(D;T),q A Dg,t)

in which the left vertical map is obtained from the homotopy pairing (9) and the
right vertical map is obtained from the homology pairing of Theorem 4.1. Properties
(i)—(iv) follow readily. The last property follows from Lemmas 4.3 and 4.4. O
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