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We establish properties of and propose a conjecture concern-
ing 3" (S(x +m))?, where S is a piecewise polynomial cardinal
spline in L%(R).

1. INTRODUCTION

Let S(z) be a piecewise polynomial cardinal spline of or-
der n in L?(R) as considered in [Schoenberg 73]. Assume
that all scalars are real.

Then S(z) enjoys the representation

S(x)= Y bB(x+k),

k=—00

where

j=0
is the B-spline of order n, and

oo

10312 = D Iow ) < 0.
k=—00
We are interested in
o) = 3 (S + )
k=—00

In the case n = 1, the function ®(x) is equal to a positive
constant ¢y. More generally, ®(x) is a piecewise polyno-
mial of degree 2(n — 1), periodic with

D(z+1) =0(z),
and in C"%(R).

Proposition 1.1. The function ®(x) has the development

D(z) =co+2 ick cos 2k, (1-1)
k=1
where
00 inT 2n no
== [T (YT () s
N (1-2)
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with b(€) = 372 bre'>™ €. The series converges point-
wise, and if n > 4, it converges absolutely.

Corollary 1.2. If n > 2, then on the interval [0,1) the
maximum of ®(x) is taken on at only one point, which is
0 when n is even and 1/2 when n is odd.

Further considerations of symmetry lead to the follow-
ing result.

Proposition 1.3. The function ®(x) can be expressed as

n—1

O(x) = Zakxk(l —xz)* (1-3)
k=0

whenever 0 < x < 1.

Note that

o oo

n—1 2
w= 3 5w = 3 (L o))

k=—00 k=—oc0 “j=0

and it is clear that ag > 0.
Considerations of smoothness imply the following.

Proposition 1.4. For n > 2, the coefficients aj, satisfy

(m-1)/2

Z (—1)7 (m ._j)amj =0

j (1-4)
j=0

for m odd and less than or equal to n — 2.

Roughly speaking, the coefficients a; are certain com-
binations of {? norms squared of various differences of the
coefficients {by }.

Direct computations give us the following.

Proposition 1.5. If n > 2, then
i = (17 (A" b
If n > 4, then
4y s = (1) (n—1)(n - 3)|[{A" b}
If n > 6, then
s = (~1)" " (n = 1)(n - 2)

x {(”_4)4(”_5) A" 2bm + A" by}

B0 vy

and if n > 8,
ap—g = (=1)""(n=1)(n - 2)(n—3)(n—5)

y {(n—G)(n—?)
36

% H{Aniﬁibm _’_4An74bm+1 +An74bm+2}H2

Eo =2 A,
(n—4)(n—6)

= (ot - 6o

Here A denotes the standard forward difference oper-
ator. For its definition and that of its higher powers, see
the discussion immediately following identity (5-2).

Proposition 1.5 together with Proposition 1.4 allows us
to determine all the coefficients in the cases n < 9. These
coefficients are all listed in Section 6. As a consequence
we have the following.

Proposition 1.6. If 2 <n <9, then

()" tap, >0 fork=1,...,n—1.

Presumably, an explicit formula for a,,_5 if n > 10 will
allow us to come to the same conclusion in the cases
n =10 and n = 11.

Conjecture 1.7. If n > 2, then

(-1)"tay >0 fork=1,....,n—1.

The properties of splines exploited here can all be
found in [de Boor 78, Schoenberg 73]. We bring atten-
tion to the fact that for the sake of convenience we use
variants of the classical B-splines that are not normal-
ized.

Our interest in ®(x) arises from a question related to
statistics in which the independent variable, here x, is
usually denoted by ¢. If {¢(t + k) }rez is an orthogonal
basis for a subspace V of L?(R), namely if ¢(¢) satisfies

/oc o(t)P(t + k)dt = oo 1,

then ®(t) = >, ., (¢(t + k))? is the variance of the Gaus-
sian process

X(t) = /_OC > ot + k(s + k)dW (s),

X ez



where W is Brownian motion and

> o(t+k)p(s + k)

kezZ
is the kernel of the orthogonal projection onto the sub-
space V.

This process plays a role in density estimation by pro-
jections of wavelet type. More concretely, under con-
ditions on the smoothness of the density and on the
resolution levels of the estimates, the sup norm over
a fixed interval of the discrepancy between the density
and its estimate has the same distributional behavior in
the limit as the sup norm over increasing intervals of
the Gaussian process X (t), and the limiting distribution
of its sup norm is determined by its variance ®(t). See
[Giné and Nickl 10, Proposition 5 and Section 4.2.3] for
more details.

If ®(t) has a unique maximum on [0,1), then
[Piterbarg and Seleznjev 94,  Theorem 1]  yields
the limiting distribution of supy<,<7 |X(t)]. See
also [Konstant and Piterbarg 93, Theorem 3.1] and
[Giné and Nickl 10, Theorem 2]. That ®(t) indeed does
have a unique maximum on [0,1) was established in
[Giné and Nickl 10, Lemma 1] in the cases in which
o(t) =>",, by B(t +m) is such that {¢(t + k) }rez is an
orthogonal basis for the subspace V =V, consisting of
piecewise polynomial cardinal splines of order n = 2, 3, 4.
In this article we note that when the subspace V' consists
of piecewise polynomial cardinal splines of order n, the
above-mentioned unique maximum property of ®(t)
remains valid even if ¢ is replaced by any member S
of V. We extend this result to all n, record several
additional properties of ®, and propose a conjecture
concerning its nature.

2. PROOF OF PROPOSITION 1.1 AND ITS
COROLLARY

To prove Proposition 1.1, we use the normalization
A~ o0 .
for = [ fae e ds
—00

for the Fourier transform f(¢) of the integrable function
f- The smoothness and periodicity properties of ® allow
us to express it as

<I>(m): Z ckeiZTrk.’L‘.

k=—00

(2-1)

The above series converges pointwise, and if n > 4, then
it converges absolutely.
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The fact that ® is an even function of x, which follows,
for instance, from (3-5) below, implies that ¢, = c_; and
allows us to rewrite (2-1) as the cosine series (1-1). In
view of the Poisson summation formula, the coefficients
¢ may be expressed as

" Sk — &)5(e)de.

o =S8 S(k) = (2-2)
To see the explicit formula for ¢, write
(&) = b(€)B(e), (2-3)

where

B(g): Z bkez?ﬂkf.

k=—00

The periodic function B(f) enjoys

b(k — &) = b(=€) = b(9),
because the coefficients {by, } are real. Since
sinT&\"
s
with a = (n—1)! (see, for example, [Schoenberg 73,
(1.4), (1.5), and (1.7) in Lecture 2]), it follows that

st-080 =a ()" () o,

which yields (1-2) and completes the proof of Proposi-
tion 1.1.

To prove the corollary, observe that if n is even, then
in view of (1-2), the coefficients in (1-1) satisfy ¢, > 0 for
all k. From this it follows that in this case, ®(0) > ®(x)
forall z, 0 <z < 1.

The case of odd n is a bit more intricate. Combine
(2-1), (2-2), and (2-3) to write

o(x) = fj ( / " Bk —§)B(£)I5(§)2d€) ek,

o0

B = ae < (

k=00

Express each term in the sum as

| Bl 9@ i) de

” 1/2 o ) |
:// ( ZB(/C—(§+m))B(§+m)>e12wk¢;n
“1/2 \p=—oo
x |be)[*de
1/2 < ' ) |
:/ ( ZB(k —m—§)62277(km)ZB(£+m)622ﬂrrlm>
—12 ==

x [b(6)|* de,
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so that summing over k and interchanging the order of
summation results in

o(z) :/1/2( i B(k_g)emm)

1/2 k=—-oc0
< (30 Ble+ mpee ) o)
Note that

Z B(€+m)6i2ﬂmz
m=—o0 N A | |

— ( Z B(£+m)e1,27r(§+m)m>e7,27r§x

_ ( Z B(x—i—m)eﬂm”f>ei2”£‘”,

m=-—00

where the second equality follows from the Poisson sum-
mation formula and fact that B(& 4+ m)e27(€+m)7 ig the
Fourier transform evaluated at £ +m of B(y + x) as a
function of y. Similar reasoning shows that

ZOO: B(k — €)ei?mhe = ( zoo: B(I+k)efi2ﬂ'k§>ei27r§z'
k=—00

— k=—00

The last three displayed expressions imply that ® can be
expressed as

/2 o0 4 2

o) = [ | 3 Bla+re = hop . @9
-1/2 k=—0c0

Now, >°_ _ B(x + k)e ™" is simply a constant mul-

tiple of S, _1 2x¢ (), the so-called Euler exponential spline
[Schoenberg 73, Schoenberg 83] expressed in de Boor’s
notation [de Boor 76].

In view of [de Boor 76, item (15), p. 934], for odd n we
know that for all z, 0 < x < 1, we have |\S,_1 2x¢(z)] < 1,
with equality if # = 1/2 and strict inequality otherwise.
This, together with (2—4), implies the conclusion of the
corollary in the case of odd n.

3. PROOF OF PROPOSITION 1.3

Recall that B(z) has support in [0,7], which we may
write as

supp(B(z)) € [0,n],
so that

[0,n — K]
[7]€,TL]

foO<k<n-1,

wm%M@B@+k»€{ if1-n<k<o,

and is identically zero otherwise. Also recall that

B(n — z) = B(z). (3-1)

With these properties of B in mind, consider the func-
tion
U, (x) = Y Bx+k)B(z+k+m)
k=—00
for every integer m. Then ¥, (z) is a piecewise polyno-
mial of degree 2(n — 1), is periodic with

Uy (x+1) =9, (),
is in C"~2(R), and satisfies
U_,(x) =, (x).

It is identically zero when the integer m is outside the
range [1 —n,n — 1].

Furthermore, the function ¥,,(xz) has the following
properties:

U, (—z) =
‘Ilm (1

m (x); (372)
m (x), (3*3)

— ) =

and can be expressed as

n—1
U, (x) = Z cpxt (1 —x)* (3-4)
k=0
whenever 0 < z < 1.
To establish (3-2), write
U, (x)= > Blx+k)B(x+k+m)
k=—00
= > Bn—k—2)B(n—k-m—z) by (3-1)
k=—00
= Z B(k — x)B(k —m —z) by periodicity
k=—00

Z B(k+m —x)B(k —x) by periodicity
k=—00

=, (—x).

Identity (3-3) follows from (3-2) and periodicity.

To prove (3-4), observe that the fact that ¥,, (z) is a
polynomial of degree 2(n — 1) on [0, 1] allows us to write,
with Yo = O,

n—1

Uy () = Y {aa® (1= 2)" + a7}
k=0
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whenever 0 < z < 1. In view of (3-3), it follows that If we use the abbreviation
n—1 n—1 R
Z’Yk(l - x)%il = Z’kazkil B = Z b bgs-m
k=1 k=1 k=—o0
for all z € [0,1], from which we may conclude that v; =  then the last identity for ®(x) can be expressed more
s =r,.1 =0. succinctly as
Note that n—-1
W,y (2) = 2" V(1 — 2)" B(x) = Y n B Ui (). (3-5)
m=0
For other values of m, that is, for m=0,...,n— 2,

Identiti 34 d (3-5) imply (1-3).
U, (z) is not so easy to determine. entities (3-4) and (3-5) imply (1-3)

Proposition 1.3 is a consequence of relation (3-4). Take

x in [0,1] and write 4. PROOF OF PROPOSITION 1.4
o0 00 2
B(z) = Z { Z ka($+j+k)} If.—l <x<0,then 0 <14 x < 1, and for such x we may
write

j=—00 N k=—00

k=0
:kz;bkszZB(x+]+k)B(m+]+l) Note that
= Zbkbg ZB(x +i)Bx+j+1-k) 2 (—x) = (=1 TRk (—x),
k.l j

so that the coefficients of odd powers of = in (4-1) are the
negatives of those of the corresponding powers in (1-3).
hl - Since ®(z) is in C"~2(R), it follows that these coefficients
_ Z €m{ Z bibi s }‘Ifm (2), must be 0. (For the r.ecord, note that the coefficients of

the even powers of  in (4-1) are the same as of those of

= by g (x)
K\l

m=0 k=—o00
the corresponding powers in (1-3).)

where
. For the reader’s convenience and future reference, we
€, = {1 it m =0, list in Table 1 the coefficients of z* in ®(z) when 0 <
2 otherwise. x<1lfork=1,2,...,2(n—1), in the case n = 10.
k Coefficient of z*
1 ap
2 —ay +as
3 —2ay +as
4 +as —3as +ay
5 +3a; —4day +as
6 —ags +6ay —bas +ag
7 —4ay +10as —bag +ay
8 +ay —10as; +15a4 —Ta; +asg
9 +5as —20ag +21ay —8ag Qg
10 —as +15a4 —35az; +28ag —9aq
11 —6ag +35a; —56ag +36ag
12 +ag —2la; +70ag —84aygy
13 +Taz —b56ag +126ag
14 —ay +28ag —126ayq
15 —8as +84aq
16 +asg —36aq
17 +9aq
18 —ag

TABLE 1. Coefficients of z* in ®(z) when 0 <z < 1 for k=1,2,...,2(n — 1), in the case n = 10.
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The coefficients of all the odd powers k that are less
than or equal to n — 2 must vanish. In the cases n = 9, 10,
this of course implies that

ay =0,
—2ay +as =0,
+3as —4ay4  +as =0,

—4a4 +10a5 —6ag +a7 = 0.

In the general case we have (1-4).

Note that it follows from these constraints that when
n = 2m or 2m + 1, all the coefficients a1, ...,a,_1 in the
expression (1-3) for ®(z) can be deduced from the top

m terms ap_—1,...,0n_m-

5. PROOF OF PROPOSITION 1.5

)(z) to denote
the derivative of order k£ of S. Also, because we will be
working with B-splines of various orders simultaneously,
the B-spline of order n will be denoted by B, (z), and
extensive use will be made of the identity

In what follows, we use the notation S*

Bfll)(x) =(n-— 1){Bn,1(33) — By 1(z— 1)} (5-1)

Furthermore, we will need to know some of the values
B, (k). To this end, recall that the B-splines enjoy the
recurrence relation

B,i1(z) =zB,(z)+ (n+1—2)B,(z — 1)

with

Bi () 1 ifo<z<1,
xTr) =
! 0 otherwise.

Thus the values B,, (k) can be computed directly from the
definition or the recurrence formula. For easy reference,
,7; see Ta-
ble 2. Finally, unless it makes sense otherwise, all values
of z should be assumed to be in the range 0 < z < 1.

we include a table of these values forn =1, ...

n k=0 1 2 3 4 5 6 7
1 1 0

2 0 1 0

3 0 1 1

4 0 1 4 1

5 0 1 11 11 1

6 0 1 26 66 26 1 0

7 0 1 57 302 302 57 1 0

TABLE 2. Some values of B, (k).

The evaluation of a,,_;, | = 1,2, 3,4, relies on the cor-
responding expressions for ®2(=1)(z).

Because S*)(2) = 0 for 0 < 2 < 1 whenever k > n, for
I < n/2 we may write

— 2(n—1)
=) () = e:( - ) 5-2
@=S ) 5-2)
X g S=+0) (2 — m) S D) (1 — m),

where

1 ifj=0,
€ = .
2 otherwise.
Next, using the notation
Ab = b, — b4

and by induction

m

Ay =Y (1) @) it

J=0

we may write

S“’”j)(x—m) = Z ka,(l"’j)(x—i—k—m)
k=—00
1)
_ (Tl 1)' Z A"~ ]ka 1‘+/€ m)
G- =
n—1 !j ! i
J " k=0
when 0 < z < 1. Hence if 0 < x < 1, then
S=it) (g — m)S(n—jz) (x —m)
n—l Jji—1 j2—1 o .
= ( (_(1 _1 1 Z Z A g bm+k1 jzbm+k2
J k1=0ky=0

X le (iE + kl)Bj2 ((E + k2)

Now choose j; =1 — 7, jo =1+ j; sum over m; use the
fact that

00
Z (Aam ﬁm - Z O‘erlAﬂma
m=-—o00 m=-—00
so that
Z A" l+]b A a b7r1+k2
m=-—o00
s .
= Z (_1)]Anilberkl+jAnilbm+kz;
m=-—o00



and let
Cm = Anilbm
to get
Z Sn l+j )S<71717j)(1‘—m)
_ ((n = 1))
I+j—D—j—1)
oo l—j—-1l+j-1
X Z Z Z Cm+k1+jcm+kz
m=—00 =0 ky=0

X Bi_j(z + k1) By (x + k).

Combining with (5-2), we have

RS B B
—~ I \n—1+j)(+j -1 —j-1)

(_]‘)jchrkl +iCm ko

X Bi_j(z 4+ k1)Biyj(z + k2).

For | =1 we have

1 ifo<ze<l,
Bi(z) = .
0 otherwise,
and thus
00
(I)(Q(nfl))(x) _ (2271_—1”)(( Z o
=@2n-1) > (A" 'b,)?
m=-—00
Since

(1" 200~ D)la1 = @ (0) = OV o)

we may conclude that

1)n—1 H{An—lbm}HQ )
If I > 1 we may take

P2(n-1)) (0)

ap-1 = (_

:“€_<2<n—l>> ((n— 1)
,OJ n—Il+j)(l+7j-DI{1—-j—1)!

X BH—j (kg)

(5-3)

(=) e by +jCmtks Bi—j (k1)
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For | = 2, reading off the appropriate values of B;(k)
from Table 2 results in

®(2(n-2) ()
- (2(:__?) n—1)! Z Cm+1Cm+1
()

00
X § {Cm+lc7n+1 +Cm+lcm+2}7

m=-—0o0

which can be simplified to

@(2<n72>>(0) ) o0
oy Y 2 om0
o0
X Z {Cmcm ‘|‘Cm,0m+1}.

This should be compared to

o0

X E Cm Cerl } .

m=—0Q

Solving for a,_o results in

o= () =D =3) Y &
which can be reexpressed as
ts = ()" - D - ) [{A I G
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For | = 3, reading off the appropriate values of B;(k)
from Table 2 results in

(I)(?(n*3))(0)
_ (2(71 — 3)) ((n—1))?

n—3 212!

0
X E {20777,+lcm+1 +2cm+lcm+2}

9 2(n —3)\ ((n —1)!)?
n—2 3!
X Z {Cm+20m+1 +4cp 12642 + Cm+20m+3}
i 2(n —3)\ ((n —1)!)?
n—1 4!
o0
X Z {Cm+20m+1 + 1lep2cmi2

+ 1]-Cm+26m+3 + Cm+26m+4},

which can be simplified to

d(2(n=3))(0)

oy T

-1 -2 -
% {wmzoc {QC%L + 2¢y, Cm+1}
-1 -3 =
. 2% _z: {40%1 + QCmchrl}
Lon=d -9

4]

X Z {110371 + 1267ncm+1 +Cmcm+2}}-

This should be compared to

@(2(7%3))(0)
(2(n — 3))!

n—2
T R SV ()

n—1
+ (_1)71—5 (n N 5) Qp—1

- <1>"3{an3 S i (SRR

X Z (Cm _CmﬁLl)2

m=-—-00

(n~1)(n —2)(n - 3)°

— (_1)71_3an73 _ 5

o
X Z {203,1, —2¢mCm+1}

(n—1)mn-2)(n—3)(n—4)
+
4!
X Z {6¢2, — 8¢ cmi1 + 2CmCpial,

while paying particular attention to the term involving
Cm Cm +2- Solving for a, _3 results in

(1" Pay3 = (n—1)(n—2)

X {(n—l)4(71—2) f: ‘{26%1 + 2¢m i1}

n—1)(n—3 -
_ 2(;)# é {40?,1, + 2¢p Cm+1}
—3)2 =
+ % ngioo{chn - 2Cm Cerl}

n—3)(n—4 >
+$ Z {160,2,,,+320n,,cm+1}}‘

m=-—-00

To make sense of this, let

X = i 2031, Y = i 2Cm Cmt1,

m=—00 m=—00

and let «,...,0 be the appropriate coefficients so that
the expression in large braces above reduces to

(X +Y)+ 02X +Y)+y(X -Y)+6(X +2Y).
We want to reexpress it as
AX+Y)+B(X-Y).
This implies that

2A =20+ 36+ 30

2<n—1>(”—’2>+3<<n—1)(”—3>>

4 3
Jr3(7173)3(7174)
(n—4)(n—75)

2



and

2B=(p+2y—-§

(n—1)(n—-3) (n — 3)?
T 3 2y
7(n73)(n74)
3
_ (n—3)(n—4)
3

Thus the last expression for a,, _3 reduces to

(_1)n73an—3
=(n—1)(n— 2){(”_4)4(”_5)(X +Y)

(n—3)(n—4)

(X—Y)}.

Since
X+Y = Z {20727, +26m,6m+1}
m:o;oo
= Z (C’m, +Cm+1)2
= ||{An73bm + Anisbmjtl}H?v
X-Y = Z {QC%L - 2C7n,cm+l}
m:ogoo
= Z (C’m - cm+1)2 = ||{An72b7n||27

and (—1)"% = (-1)""!, we may express a, 3 Suc-
cinctly as

an_3 = (—1)""1(n—-1)(n—-2)

(5-5)

4 H{Anigbm +An73bm+1}”2

+(n—3)6(n—4)

I{A" 2y }? }

For | = 4, reading off the appropriate values of B;(k)
from Table 2 and simplifying as in the cases [ = 2,3 re-
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sults in
(I)(Q(nfél)) (0)

=n-1)Mn-2)(n-23)

2(n —4))!
y {(n ~1)(n—2)(n— 3)

313!
X Z {1803,1 + 16¢p,Cm41 + 2cmcm+1}
m=—00
(n—1)(n—2)(n—4)
412!

-2

o
X Z {220371, + 24ey, Cn+1+ 2¢cp, Cm-‘r2}

N 2(71 —1)(n—4)(n—5)
5!
X Z {66072,2 + 52¢p Cmt1 + 20mcm+2}
m=-—0o0
=D =5)n—6)
6!

x> {302¢}, + 359cm i1 + B8Cm Cm 42

m=-—00
+ Cm Cm+3 } }

This should be compared to

(I)(Q(n_Ll))(O) _( n—4a _1\n—H n—3
@y Y et D (n

e (0 e+ 0 (1 Dans
(1)”4{an_4 — (" B 3) (—1)" ' (n—1)(n—2)

n—>5

(n—5)
4

Z {207277 - 2cmcm+2}

m=-—-00

X (n4){

2
§ {66,,” —8cmem +1+ 2Cm Cm 42 } }

m=-—0o0

+ (Z : 2) (=1)" L (n —1)(n — 3)

(n—3)

%

X Z {GCfn —8CmCm+1 +2cmcm+2}

m=-—0o0

-1 >
—~ (Z ~ 7)(1)”1 > {202, = 30cu cnia
+ 126m Cm+2 — 2cm cm+3}}7

while paying particular attention to the term involving

Cm Cm+3-
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Solving for a,,_4 results in

(_1)7174a”_4
n—1 2 oo
= ( 4) Z {18672”, + 16cm i1 + 2, C7n+2}
n —
n—1
— (n_5>(n—1)(n—2)

X Z {2262, + 24cm Cm i1 + 2¢mCmya )

(Do

00
X Z 2{6667271 +52¢, ¢py1 + 2¢y, C'm+2}

m=—00

(0T Bt
_ (Z—;)(n—sf

00
X Z {66377 _Scm0m+1 +2Cmcm+2}

n—1
n—"7
o0
x> {624, + 688¢y €1+ 12865 Gy y2 )

m=—00

To make sense of this, let

0 0
2
X = E 2Cm , Y= E 2Cm Cm 11,

m=—o0o m=—00
00
Z = § 2¢, Cm+2,
m=-—oo

,( be the appropriate coefficients so that
n—4

and let a,...

the last expression for (—1)""*a,_4 above reduces to

a(9X +8Y + Z) + p(11X +12Y + Z)
+ (66X +52Y +22)+6(X — Z)+e(3X —4Y + Z)
+((312X + 344Y 4 647).

We want to reexpress it as
AOX +8Y +Z2)+ BBX —4Y +2)+ C(X — Z).
This implies that

184 = 18 + 248 + 120 + 720¢
(n—1)(n-2)(n—3)(n—5)(n—6)(n—"17)
2 b

while
4B = 8A — (8 + 120 + 527 — 4e + 344()

(n—1)2(n—2)(n—3)(n—4)(n—5)
15

and
C=A+B—(a+B+2y—0+c+64(Q)

(n—1)(n—2)(n—-3)(n—4)(n - 5(n -6
30

Finally, the fact that

9X +8Y +Z
= [{(A" by, + 4A" by 1+ A" by 0 1P,
3X —4Y + Z = ||{A" ?b,, }|%,
X = Z = |{A" by — A" by 0}

together with the observation that (—1)" 4 = —(—1)""!
allows us to express a,,_4 succinctly as
an-a = (=1)""(n = 1)(n - 2)(n - 3)(n - 5) (5-6)

% {(n_G’?))én_’?) ||{An—4bm+4An—4bm+1

(n—1)(n—-4)
60

||{A"74bm _ A"4bm+2}”2}.

+ A" o P I{A™ 26, 3

(n—4)(n—6)

+ 30

In view of subsequent applications, it is useful to note
that
A" by = A" by 2 P = [{A" by +A" b1 3.

6. PROOF OF PROPOSITION 1.6
n = 1. In the case n = 1, ®(z) is simply the constant

Slw)=ag= Y bi = |{b}l*.

k=—00

n = 2. The case n = 2 follows from formula (5-3) for gen-
eral a,_1. Namely,

ao = [{bi}[I* and a; = —[[{Ab}H.

n = 3. The case n = 3 follows from (5-3) and
ay = 0, (671)
which is valid when n > 3. Namely,

ag = |[{bx + b1 }|®, a1 =0, and ay = [{A%}]*



n = 4. The case n = 4 can be deduced from (5-3), (6-1),
and the general formula (5-4) for a,_s, which is valid
when n > 4. Specifically,

ap = ||[{bx + 4bg11 +bso}||> and a; =0,

while

az = —3||{A%b }? —[{A%D

and a3 =

n = 5. The case n = 5 can be deduced from (5-3), (5-4),
(6-1), and the general formula
2&2 = as, (6*2)

which is valid when n > 5. Specifically,
ag = |[{bx + 11bgyq + 1bgyo +bpys}||* and a; =0,
while

az = 4{A%0 }?,

az = 8[[{A%b }?,

ay = [[{A"b: }.

n = 6. The case n = 6 can be deduced from (5—
(6-1), (6-2), and the general formula (5
which is valid when n > 6. Specifically,

) (574)a

-5) for a,_s,

ag = |[{br 4 26bp+1 + 66bk 42 + 26,13 + brya |,
a; = 07

while

az = =5[[{A%; + A%} — 10[{A D},
ag = —15|{A% P, a5 = —[[{A b}

asz = 2&2,

n = 7. The case n = 7 can be deduced from (5-3), (5-4),
(5-5), (6-1), (6-2), and the general formula

3(23 = 4(14 — as, (6*3)
which is valid when n > 7. Specifically,

ag = |[{bx + 57bg11 + 302bg12 + 302bj 13 + 57bk1y

+ bvo 37,
a; =0,
while
as
ay = 37

az = 60[|{AY, 4+ Atbr, 1} + 72|{A%h %,
ay = 45| {A%; + A1} + 60({A%b }]|?,
as = 24[|{A%b }|?,

ag = [[{A%b: } .
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n = 8. In the case n = §, in addition to the formulas used
above, we also make use of (5-6), which is valid when
n > 8, to get

ar = —|{ATb }|1%,
ag = —35|[{A°b |,
as = —126||{A%b;, + A%by. 1 }|* — 140[[{ A% }||?,
as = —35||{ A%y + 4A%5 1 + Atbyo}?
— 294/ {ASb. }||* — 168||[{ A%y + ASby, 1 }|]%,

3&3 = 4CL4 — as, 2(12 = as, a; = O7

and it is clear that both a3 and as are negative.

n =29. In the case n =9, in addition to all the formulas
used above, we make use of

4a4 S 10&5 — 6&6 + a7, (6*4)

which is valid whenever n > 9, to get
ag = [{A%B}?, a7 = 48|{ATb }?,
ag = 280||{A%by, + A®by, 1 }||? + 280||{ATb }|?,

as = 224||{A%by, +4A°b, 1 + APb o3P
+ 896|[{ATbr }|? + 672||{A%by, + ASby i1 )2,

4ay = 10a5 — 6ag + a7,
ay = 0,

3a3 = 4@4 — as, 2&2 = as,

from which it should be clear that all the coefficients ay,

k=2,...,8, are positive.
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