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Let d(n) denote the corank of I 4+ A over the field with two el-
ements, where A is the adjacency matrix of the discrete torus
Crn x Cy, and I is the identity matrix. We shall prove that
d(2n) = 2d(n) and d(2" + 1) = d(2" — 1) + 4. For the proof of
the latter result, we use an elliptic curve. Our motivation for this
study is the “lights out” puzzle.

1. INTRODUCTION

Let I" be a finite undirected graph, V(I') the vertex set of
I, and F(T') the set of maps from V(T') to Fy, the finite
field with two elements. Then F(T') is a vector space of
dimension |V(T')| over Fa. We call an element of F(I") a
configuration of I', which we often identify with a column
vector in IFIQV(F)I, fixing an order in V(T).

Let A(T") be the adjacency matrix of T, I the identity
matrix of degree [V (I')|, and A(T") the linear transforma-
tion on F(I") defined by

(AD)) ) = f) + ) flu),

where u ~ v means that vertices u,v are adjacent. In
case I' has loops or multiple edges, we explicitly write
the definition of A(I") as

AMHE) =f)+ > Auwflu),
ueV ()
where Ay, is (mod 2 of) the (u,v)-component of A(L).
We may consider that
AM)f =T +AD)f
under the identification F (V') = IF‘QV(F)‘.
Define H(I") = ker A(T") and
d(I") = dimp, H(I') = corankg, (I + A(T")).

As is well known, A(T) is an analogue of the Laplacian
(see, for example, [Cartier 72, Cartier 73]), and so H(T")
is the space of “harmonic” functions on I'.
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n | d(n) n | d(n) n | d(n) n | d(n) n | d(n) n | d(n)
1 0 51 20 || 101 0 || 151 0 || 201 4 || 251 0
2 0 52 0 || 102 40 || 152 0 || 202 0 || 252 208
3 4 53 0 || 103 0 || 153 20 || 203 0 || 253 0
4 0 54 8 || 104 0 || 154 0 || 204 80 || 254 224
5 8 55 8 || 105 12 || 155 48 || 205 48 || 255 284
6 8 56 0 || 106 0 || 156 16 || 206 0 || 256 0
7 0 57 4 || 107 0 || 157 0 || 207 4 || 257 | 288
8 0 58 0 || 108 16 || 158 0 || 208 0 || 258 232
9 4 59 0 || 109 0 || 159 4 || 209 0 || 259 0
10 16 60 48 || 110 16 || 160 256 || 210 24 || 260 224
11 0 61 0| 111 4 || 161 0 211 0| 261 4
12 16 62 80 || 112 0 || 162 8 || 212 0 || 262 0
13 0 63 52 || 113 0 || 163 0 || 213 4 || 263 0
14 0 64 0| 114 8 || 164 0| 214 0 || 264 352
15 12 65 56 || 115 8 || 165 52 || 215 8 || 265 8
16 0 66 88 || 116 0 || 166 0 || 216 32 || 266 0
17 16 67 0| 117 4 || 167 0 || 217 40 || 267 4
18 8 68 64 || 118 0 || 168 32 || 218 0 || 268 0
19 0 69 4 || 119 16 || 169 0 || 219 4 || 269 0
20 32 70 16 || 120 96 || 170 48 || 220 32 || 270 24
21 4 71 0| 121 0| 171 76 || 221 16 || 271 0
22 0 72 32 || 122 0 172 0 || 222 8 || 272 256
23 0 73 0 || 123 4 || 173 0 || 223 0 || 273 4
24 32 74 0 || 124 160 || 174 8 || 224 0 || 274 0
25 8 75 12 ]| 125 8 || 175 8 || 225 12 || 275 8
26 0 76 0 || 126 104 || 176 0 || 226 0 || 276 16
27 4 T 0 || 127 112 || 177 4 || 227 0| 277 0
28 0 78 8 || 128 0 || 178 0 || 228 16 || 278 0
29 0 79 0 || 129 116 || 179 0 || 229 0 279 44
30 24 80 128 || 130 112 || 180 48 || 230 16 || 280 64
31 40 81 4 || 131 0| 181 0| 231 44 || 281 0
32 0 82 0 || 132 176 || 182 0 || 232 0 || 282 8
33 44 83 0 133 0| 183 4 || 233 0 || 283 0
34 32 84 16 || 134 0 || 184 0 || 234 8 || 284 0
35 8 85 24 || 135 12 || 185 8 || 235 8 || 285 12
36 16 86 0 || 136 128 || 186 88 || 236 0 || 286 0
37 0 87 4 || 137 0 || 187 16 || 237 4 || 287 0
38 0 88 0 || 138 8 || 188 0 || 238 32 || 288 128
39 4 89 0 139 0 || 189 52 || 239 0 || 289 16
40 64 90 24 || 140 32 || 190 16 || 240 192 || 290 16
41 0 91 0 || 141 4 || 191 0 || 241 0 || 291 4
42 8 92 0 || 142 0 || 192 256 || 242 0 || 292 0
43 0 93 44 || 143 0 | 193 0 || 243 4 || 293 0
44 0 94 0 || 144 64 || 194 0 || 244 0 || 294 8
45 12 95 8 || 145 8 || 195 60 || 245 8 || 295 8
46 0 96 128 || 146 0 || 196 0 || 246 8 || 296 0
47 0 97 0 || 147 4 || 197 0 || 247 0 || 297 44
48 64 98 0 || 148 0 || 198 88 || 248 | 320 || 298 0
49 0 99 44 || 149 0 {| 199 0 || 249 4 || 299 0
50 16 || 100 32 || 150 24 || 200 64 || 250 16 || 300 48

TABLE 1. Values of d(n) = d(Ch,n).

’
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We make this situation into a puzzle as follows. (This
is called the o-game in [Sutner 89, Sutner 90].) Each
vertex corresponds to a lighted button. A configuration
f € F(I') represents the on/off state of the buttons: a
button corresponding to v € V(I') is thought to be “on”
if f(v) =1, “oft” if f(v) = 0. Pushing a set of buttons
corresponding to a subset S C V(I') changes f to f +
A(I)xs, where xg € F(I') is the characteristic function

of S:
) 1 ifves,
v) =
s 0 ifvds.

By the definition of A(I"), pushing a single button v
reverses its state as well as that of the buttons that are
adjacent to v. A subset S C V(I') is said to be a solution
to fif f+A(T")xs = O, where O is the zero configuration.
A configuration is said to be solvable if it has a solution.
Since a configuration is solvable if and only if it belongs
to the image of A(T), we see that exactly 1/241) of the
configurations of I' are solvable. The purpose of this
puzzle is to determine whether a given configuration is
solvable and to find a solution if it is solvable.

Let P, be the path with n vertices and P, , = P, x P,
the Cartesian product. In the case I' = P, ,,, we call this
puzzle the m x n lights out puzzle. The case P55 is the
original lights out puzzle and d(Ps5) = 2. See [Joyner
02, Chapter 6].

Similarly, in the case I' = Cy, , = C), x C,,, where
C,, denotes the cycle graph with n vertices, we call this
puzzle the m x n torus lights out puzzle. The subject of
this paper is the sequence d(n) = d(Cy, ). No general
explicit formula for d(n) is known, and the behavior of
d(n) seems mysterious; see Table 1.

The dimension d(n) itself as well as the characteriza-
tion of n such that d(n) > 0 has been investigated by
several authors from various viewpoints: automata the-
ory, graph theory, harmonic analysis, and so on. See,
for example, [Barua and Ramakrishnan 96, Goldwasser
et al. 02, Hunziker et al. 04, Zaidenberg 08a, Zaidenberg
08b, Zaidenberg 09].

Our results are the following.

Theorem 1.1. We have d(Capm, 2n) = 2d(Chy ) form > 1,
n > 1. In particular, we have d(2n) = 2d(n).!

Theorem 1.2. We have d(2"+1) = d(2"—1)+4 forr > 1.

Combining Theorem 1.2 with Corollary 3.6 below, we
obtain the following.

I This is stated without proof in [Brouwer 08].

Corollary 1.3. The statement d(n) > 0 holds for positive
integers of the formn=2"+1,n#1,7.

This gives an alternative proof of [Goldwasser et al. 02,
Theorem 14], via a known relation between lights out and
torus lights out (see Section 4).

The characterization of n with nonzero d(n) is cer-
tainly an interesting problem, but the dimension d(n)
itself is a much more interesting subject, as our theorems
show.

The content of this paper is as follows. We prove The-
orem 1.1 in Section 2, by constructing an explicit isomor-
phism

H(Crn) © H(Crin) = H(Com,2n)-

We prove Theorem 1.2 in Section 3,
multiplication-by-2 map on the elliptic curve

using the

(z+y+2)(zy+ 2%+ 2% =0.

In Section 4 we present a conjecture, motivated by a
known relation between lights out and torus lights out.
Assuming this conjecture, we give alternative proofs of
Theorems 1.1 and 1.2. In Section 5 we make three fur-
ther observations on the sequence d(n). Table 1 gives
some values of d(n).

2. DOUBLING

Let Z denote the ring of rational integers. We identify
the vertex set V(Cy, ) with Z/mZ x Z/nZ, adjacency
relations being

(i,4) ~ (@ +1,5),  (6,5) ~ (0,5 £1).

We also identify a configuration f € F(C, ) with an
m x n matrix (a;;) such that a;; = f((4,7)). In the rest
of this section, we always assume that

i€Z/mZ, jEL/NL, keZ/2mZ, | € L/2nZ.

Let us write fm,n = f(cm,n)a Am,n = A(Cm,n)v and
Hoimn = H(Cpn). We introduce Fo-linear maps

+

Lm,n : fmm - -7:2171721’“
777:‘7:1,71 : -7:2m,2n - fm,na
as follows:
Lot (aig) = (brr),
where
by — ag/2/2, k=1=0 (mod 2),
0, otherwise,
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and
b (@) = (br1),
where
by = {a(kl)/2,(l1)/2, k=1=1 (mod2)
0 otherwise,
and
o (brr) = (aij),  aij = bajoj,

T (bk1) = (@ij),  aij = baiy12j+1-

Note that 2i € Z/2mZ and so on are well defined.
We also define

+ +
Dm,n = A2m72" © Lm,n

For example, D}f, . sends (as;) to

aoo aoo + ao1 ao1 ao1 + ao2
aoo + aio 0 ao1 + an 0

aio aio + a1 ail a11 + a2
a1g + ago 0 a1l + asy 0

This map is essentially the same as the “doubling” map
in [Zaidenberg 08b, 2.35].
Lemma 2.1.

() tomn Dr

mon are injective.

) Nimage(t,, ) = {O}.
) Nimage(D,, ) = {O}.
SRV

(i) image(,

(iii) image(D;:

(IV) Agm 2n © ,Di = Lm n
)

The restriction of D,
Hom,2n is the identity map,

(vi) 7"’fa‘i,n(H2rn,2n) C Humn-

ot + Dy © Ty tO

(V m,n

Proof:  Statements (i) through (iii) are clear. For
statement (iv), let f = (ai;) € Fmpn, (bu) =
Boman(Di n(F) and (c) = thn(Amn(f). By the
description of D}, above, we see that by = 0 unless
(k,1) = (2¢,2j) for some (i, j), in which case

bri = aij + ai—1j + Qiv15 + Gij—1 + Qi

By the definition of ¢}, ,, we see that ¢z = 0 unless
(k,1) = (2i,27) for some (i,7), in which case ¢y is equal
to the (7, 7)-entry of Ay, »(f), namely

Ckl = Qij + Qi—1,5 + Qiy1,5 + Qi j—1 + Qi j41.

Thus we have by = cg; for any (k,l). Similarly for the
“minus” case.

For (v), note that D)}, , o} +D,. om
(Lhm 0T n + tim © T ). For f =
have

r?z,n = A217172110
(bkl) S f2m,2na we

(om0 T+ b © T ) (f)

boo 0 bo2 O
0 b1 0 b3
—|b2o O b2 O
0 b3 0 b33
If f S H2m)2n, ie., Agmygn(f) = O, then
bri = br—1,0 + brt1,0 + bri—1 + bri41,
and hence

+ + -
(A2m,2n o (Lm,n © 71—m,n + Lm7n ©

Tomn)) (F) = T.

To prove (vi), let f € Hapm, 2. We have

0= AZm,Zn(.f)
= Qoman (Dn (7 () + Dy (7, (1))
= L;rrz,n(Am,ﬂ( (f))) =+ L;z,n(Am,ﬂ(Tr;L,n(f)))v

by (iv), (v). Hence by (ii), we have

A (T, (£) = A (7 (£)) = O,
which completes the proof. |
Proof of Theorem 1.1: We shall show that

,Djr_L,n(Hm,n) S D;L,n(Hmm) = H2m,2n~

First, we claim that for f € Fy, 1,

f€Hmn <= D}, (f) € Ham2n

g D;Ln(f) € H2m,2n~

Indeed, we have

fE€Hmn <= Apma(f)=0
=t (Dmn(f) =0
<~ A2m,2n(Dr:5,n(f)) =0
<~ DL (f) € Hamon

by Lemma 2.1(i), (iv). In particular, we have

D;ir_L,n(Hm,n) + D;L,n(Hm,n) - H2m,2n-
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Second, we have
Dq—;,n(Hm,n) N D;,n(Hm,n) = {O}

by Lemma 2.1(iii).
2.1(v), (vi) that

Finally, it follows from Lemma

H2m72n C D;,rhn (Hmm) + D;17n (Hmm)

This completes the proof. 0

3. AN ELLIPTIC CURVE

The spectrum of A(Ch, ) is well known when mn is
prime to the characteristic.

Lemma 3.1. Let K be an algebraically closed field whose
characteristic is prime to mn, and (,, (respectively ¢, ) a
primitive mth (respectively nth) root of unity in K. The
adjacency matric A(Ch, ) is diagonalizable over K, and
the eigenvalues are, multiplicity taken into account,

G4+, +¢7, 0<i<n—1,0<j<m-—1.

Let Fy be the algebraic closure of Fy. Since

d(Cp,n) = corankg, (I + A(Cy.n))

)

= corankg, (I + A(Cyn.n)),

we have the following.

Corollary 3.2.
[S(m,n)|, where

For m,n odd, we have d(Cy, )

S(m,n)
={(wy) eFy xFy |z+a +y+y ' +1=0,
g™ =y" =1}

See [Hunziker et al. 04, Zaidenberg 08b] for the proof
of Lemma 3.1 and Corollary 3.2.

Corollary 3.3. Suppose m,n are odd.

0 (mod 4), mn #0 (mod 3)

(i) d(Cpmn) = orm=n=0 (mod 3),
2 (mod 4), otherwise.

. )0 (mod 8), m#0 (mod 3),

(i) dln) = {4 (mod 8), n =0 (mod 3).

Proof: Put

So(m,n) ={(z,y) € S(m,n) |z # 1, y # 1}.

If (z,y) € So(m,n), then the four pairs

(CC,y), (xilay)v (xayil)v (xilayil)eso(mvn)

are distinct. Hence |Syp(m,n)] = 0 (mod 4). Further-
more, if (z,y) € So(n,n), then the eight pairs

(xivyi)v (yiami) € S()(?’L,Tl)

are distinct. Hence |Sy(n,n)| = 0 (mod 8). Let w € Fy
be a third root of unity. Noting that in Fo, 2 + 271 =0
(respectively x + 2~ = 1) if and only if x = 1 (respec-
tively z = w,w?), we have

So(m,n),
ifmn#0 (mod 3),
SO(mv n) U {(Lw)v (17("')2)’ (wv 1)7 (("')25 1)}7

ifm=n=0 (mod 3),

S(m,n) =
(1) =0 o m) U (1, w), (L)}
iftmZ0=n (mod 3),
So(ma Tl) U {(wv 1)a (wza 1)}7
ifm=0#n (mod 3).
The claim follows easily. O

Let us now consider the equation
r+a t+y+y t+1=0

over [Fy. Clearing denominators and homogenizing, we
obtain a projective curve

E:(x+y+2)(zy+22)+22=0

defined over Fo. It turns out that E is an elliptic curve.
We list basic properties of E. Some of them are known
and used in [Zaidenberg 08b, Section 3.3]. We follow the
notation of [Silverman 86]; in particular, E[n] denotes
the set of n-torsion points. We write S(n) = S(n,n).

Lemma 3.4.

(i) E is an elliptic curve with identity element O =
[1,1,0].

(ii) E[2] ={0, P}, where P, =[0,0,1].

(i) E is ordinary; i.e., E[2"] is a cyclic group of order
2" for each r > 1.
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(iv) E(Fy) = E[4] = E[2] U{[1,0,0],[0,1,0]}, and there
18 mo point of E at infinity.

(v) The congruent zeta function of E/Fq is

(1 - aT)(1 - aT)

2(B/E0T) = T —ar)

where o + @ = —1 and aa = 2. Consequently,

|[E(Far)|=2"4+1—a" —a".

(vi) For n odd, we can consider S(n) as a subset of
E(F2) by (z,y) = [x,y,1]. Under this identifica-
tion, S(2" — 1) = E(Far) \ E[4].

(vii) Let [a,b,1] € E(F,) \ E[4).

(a) —[a,b,1] = [b,a,1].
(b) ab # 0 and [a,b,1] + Py = [a~ 1,671, 1].

Proof: The verification is straightforward. (iii) F is or-
dinary because |E[2]| = 2.

(v) a+a = —1, since |E(Fq)| = 4.

(vii)(a) The line through [a,b,1] and O is —z +y +
(a — b)z = 0. The third intersection point of this line
with E is [b, a, 1].

(vii)(b) The line through [a, b, 1] and P; is bz —ay = 0.
The third intersection point is [b~!,a=1,1]. Therefore,
[a,b,1]+ Po=—[b"Ya 1] =[a" b7 1] by (a). O

Remark 3.5. The curve E is isomorphic to 15A8 in Cre-
mona’s database [Cremona 97].

Corollary 3.6. (Cf. [Zaidenberg 08b], Lemma 3.5.)
d(2r —1)=2" -3 —a" —a", where a, & are the roots of
2 4+t+2.

Proof: This follows from Corollary 3.2 and Lemma
3.4(iv), (v), (vi). O

Proof of Theorem 1.2: Consider the multiplication-by-2
map
[2]: E— E.

This is a 2-isogeny, since F is ordinary. The image of
E(F3) \ E[4] under this map is E(Fs) \ E[2]. We claim
that

2] (B(Fyr) \ E[2]) = S(2" — 1) US(2" +1).

Let P = [z,y,1] € E(F2) \ E[4] and suppose that
2]P € E(Fy) \ E[2]. Let ¢ be the 2"-power Frobe-
nius automorphism of Fy, which also acts on E(Fs) as

an endomorphism. From

it follows that
P? -~ Pc E2] = {0, P},

ie., [2%, 9% 1) = [z,y, 1] or [22", 4% 1] = [2,y, 1]+ P> =
[z=1 y~1,1]. We have (z,y) € S(2" — 1) in the former
case, and (z,y) € S(2"+1) in the latter case. This proves
the claim.

Since S(2"—1) and S(2"+1) are disjoint and deg[2] =
2, we have

152" = D] +[52" +1)| = 2|E(Far) \ E[2]],

ie.,

d(2" — 1) +d(2" +1) =2(d(2" — 1) +2),

from which the theorem follows. 0

4. LIGHTS OUT AND TORUS LIGHTS OUT

It is known that
d(Crn) >0 <= mn =0 (mod 3) or d(Pm—1,n-1) >0

(cf. [Zaidenberg 08b, Corollary 2.12]). We sought a quan-
titative version of this fact, but could not find any in the
literature. Here we present the following conjecture.

Conjecture 4.1. For a positive integer k, let vo(k) denote
the largest integer v such that 2V divides k. We have

d(Cmm) = 2d(Pm71,n71) + 26m,n7
where 6 n = On,m and
o ifmn #0 (mod 3), then dp,, =0;

o ifm#0 (mod 3), n=0 (mod 3), then

e ifm=n=0 (mod 3), then

Smm = {1’ lva(m) — va(n)| > 1,
2 feim) —m) <1



Goshima and Yamagishi: On the Dimension of the Space of Harmonic Functions on a Discrete Torus 427

In particular, we have

) 2d(Pa-1n-1), n %0 (mod 3),
dn) = {2d(Pn1,n1) Y4, n=0 (mod 3).

We have checked the validity of this conjecture for
2 <m <n <65 and for m = n < 345. If this conjecture
is true, then most of our observations on d(n) will have
counterparts for d(P,—1 ,—1). For example, Theorem 1.1
and Corollary 3.3 would settle Sutner’s conjecture [Sut-
ner 89, p. 52]. See also [Hunziker et al. 04, p. 475].

We have another formulation of this conjecture in
terms of Chebyshev—Dickson polynomials (cf. [Zaiden-
berg 08b, Appendix B]). In the rest of this section, we
always work in the polynomial ring Fa[x]. Let T),, E,, €
Fy[z] be the Chebyshev-Dickson polynomials of respec-
tively the first and second kinds:

Thi1(z) = 2Ty (x) + Tho1(x),
Eni1(z) = 2E,(2) + Ep_1(x),

To(z) =0, Ti(z) ==
E()(ZIZ) = 1, El(ZIJ) =XT.
Here are some basic properties of Chebyshev—Dickson

polynomials. See [Zaidenberg 08b, Appendix B] or [Hun-
ziker et al. 04] for reference.

Lemma 4.2.

(i) degT), = deg E,, = n.

(i) Tn(x) = 2Ep ().

(iii) E,(0) =0 < n=1 (mod 2).
(iv) BE,(1)=0 < n+1=0 (mod 3).
(V) BEgpryy(2) = 22 "1 E,_1(2)%".

(Vi) Ear_o(@) By () = (22 L = 1)2,

The following two results explain the importance of
Chebyshev—Dickson polynomials for our subject.

Theorem 4.3. [Sutner 00]

d(Pin,n) = deg ged(Em (2), En(z + 1)).

Theorem 4.4. [Barua and Ramakrishnan 961 d(C, ) >
0 holds if and only if deg ged(T,, (x), Ty, (x + 1)) > 0.

Our conjecture is a quantitative version of the latter
theorem.

Conjecture 4.5. d(Cy, ») = 2degged(Th (z), T (z + 1)).
Proposition 4.6. Conjectures 4.1 and 4.5 are equivalent.

Proof: Put

Emn = deg ng(Tm( )a Tn(ZIJ =+ 1))
—deg ged(Ep,—1(2), Ep—1(z +1)).

By Theorem 4.3, we have to verify €, , = 6m,n. For
f,9 € Falz], let vf(g) denote the largest integer v such
that f* divides g, and let
a=v,(En_1(z)), b=v,(E,_1(z+1))
and
c=Vep1(Em-1(2)), d=vep1(En1(x+1)).
By Lemma 4.2(ii), we have

€m,n = min{a + 1,b} — min{a, b} + min{c,d + 1}

— min{c, d}
0, a>bc<d,
=42, a<b, c>d,

1, otherwise.

By Lemma 4.2(iii), (iv), (v), we have

a=2"0m 1
- ov2(m+l =0 (mod 3),
B 0, otherwise,
. ov2(m)+1 -y =0 (mod 3),
B 0, otherwise,
d=2vm _1
Putting these together, we obtain e,, , = dm n. |

We give alternative proofs of Theorems 1.1 and 1.2,
assuming Conjecture 4.5.

Theorem 1.1 follows from To(x)
consequence of Lemma 4.2(ii), (v).

By Lemma 4.2(ii), (vi) and noting that (z+41)%" —
1) =22 — z, we have

T27‘+1($)T27‘,1($)T2r,1(CE + 1) = ($2T

= Ty (x)?, which is a

(z+

— $)2T2r,1(x + 1),
and
QJ)ZTQr_l(ZIJ).

By taking “2deggcd” of both sides, we obtain Theo-
rem 1.2.

T2r+1(212 + l)Tzr_l(ﬂf)TQr_l(ﬂf + 1) = (3327‘ -
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5. FURTHER OBSERVATIONS

We make three observations on d(n).

5.1 Prime Powers
Conjecture 5.1. d(p*) = d(p) if p is a prime.

We have checked the validity of this conjecture directly
for p* < 5%, and also for p* < 2'6 assuming Conjecture
4.5. In [Goshima and Yamagishi 09], assuming Conjec-
ture 5.1 for p = 5, we gave a nice criterion for the solv-
ability of the 5 x 5% torus lights out puzzle.

5.2 Additivity

Additivity in the naive sense
ged(m,n) =1 = d(mn) = d(m) +d(n)

sometimes holds but does not hold in general. For exam-
ple, d(15) = d(3) + d(5), but d(63) > d(7) + d(9). The
“partnership graph” by Zagier seems to give the most
precise formulation; see [Zaidenberg 08b, Section 3.4].
Note that we have

ged(m,n) =1 = d(mn) > d(m) + d(n),

by Corollary 3.2 and Theorem 1.1.
can see this as follows. There is a natural graph cov-
ering map Cpnmn — Ci,m, which induces an injec-
 Hoom — Hmn,mn-
Hpn — Hmnmn- If ged(m,n) = 1, then we can show
that i1 (Hm,m), t2(Hn,n) are linearly independent, and
hence we have

Alternatively, we

tion 7 Similarly, we have iy :

Hm,m @ Hn,n = Z1(7—lm,rn) S¥ ZZ(Hn,n) C Hmn,mn-

5.3 Primes p with d(p) > 0

As we have just seen, if d(n) > 0 then d(kn) > 0 for
all £ > 1. What is interesting therefore is the case that
d(n) > 0 but d(n’) = 0 for all proper divisors n’ of n.
Such an n is called MAD in [Brouwer 08]. For exam-
ple, a prime p with d(p) > 0 is MAD. By Corollary 1.3,
Mersenne primes except for 7 and Fermat primes have
this property. A natural question arises: do there exist
other primes with d(p) > 0?7 Some examples are given

in [Brouwer 08]:

11 13
683 — 3+1, 9731 = 2 3“,
217 1 220 1
43691 = 3+ , 061681 = 1;_ ,
19 23
174763 = 2 3+ 1, 178481 = 2 17 1,
223 + 1 229 + 1
2796203 = , 3033169 = ,
3 177
232 1 228 1
6700417 = 64—|1— , 15790321 = - .

See also [Hunziker et al. 04] for the first four. It would
be interesting to be able to characterize such primes.
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