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We consider the problem of when an L-space homology sphere
gives rise to lens spaces. We will show that when a knot in
an L-space homology sphere Y vyields L(p,q) by an integral
Dehn surgery, then the slope p is bounded by the genus of the
knot and the correction term of Y, and we will demonstrate
that many lens spaces are obtained from an L-space homology
sphere whose correction term is equal to 2. 6

1. INTRODUCTION

Let K be a knot in a homology sphere Y. If an integral
Dehn surgery over Y is homeomorphic to a lens space,
then we say that K admits lens surgery on Y or simply
lens surgery. The main problems on lens surgery are
to determine when a lens space is obtained from Dehn
surgery of a knot and when a knot K admits lens surgery.

J. Berge has defined the notion of a doubly primitive
knot [Berge 90]. A doubly primitive knot K is defined
to be a knot in S? such that K lies on the boundary of
a genus-2 Heegaard surface X of S3; for the Heegaard
decomposition V; Uy Vs, K induces primitive elements in
both 71 (V1) and 71 (V2). Berge conjectured that any knot
admitting lens surgery on S® must be a doubly primitive
knot. This conjecture remains open.

Berge divided the doubly primitive knots into several
types, but it is unknown whether his classification is com-
plete. One of our motivations has been to classify lens
spaces obtained from the Poincaré homology sphere in
analogy to Berge’s classification, but we have thus far
found no proof of completeness.

Throughout this paper we denote by Y, (K) Dehn
surgery with slope r of a knot K in a 3-manifold Y. We
define a lens space L(p,q) to be the —p/q Dehn surgery
of the unknot U, namely L(p,q) = S° , (U). When we
perform Dehn surgery on Y along K with slope r, the
dual knot of K in Y,.(K) is defined to be the core circleof
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the newly attached solid torus, and we denote the dual
knot by K.

For the classification of knots yielding lens spaces, the
Alexander polynomial is used effectively. Indeed, the au-
thor showed in [Tange 07b] that the doubly primitive
knots that yield —L(p,q) can be distinguished by the
Alexander polynomials. There exist examples that can
determine knot type from the form of the Alexander poly-
nomial.

For example, if K C S% admits lens surgery and A (t)
is equal to 1, then K is the unknot (see [Kronheimer et
al. 07]). Secondly, if K C S% admits lens surgery and
the degree of Ak (t) is 1, then K is the trefoil knot (see
[Goda and Teragaito 00]).

In this way, it seems that the condition that a knot
admits lens surgery determines the isotopy type of knot
from the Alexander polynomial. The degree of the
Alexander polynomial, which is equal to the Seifert genus
of the knot in this case, is the first invariant arising from
the polynomial and must be studied first.

P. Kronheimer et al. proved in [Kronheimer et al. 07]
that if —L(p, q) is obtained from Dehn surgery of K in S3,
then the slope satisfies the lower bound 2¢g(K) — 1 < p.
On the other hand, J. Rasmussen has proven in [Ras-
mussen 04] that the slope for lens surgery on S? satisfies
the upper bound p < 4¢(K) + 3. We will provide a lower
bound and an upper bound for the slopes of lens surgery
on L-space homology spheres.

We call a rational homology sphere Y an L-space when
HF (Y,s) 2 Z holds for any spin® structure s. The only
known examples of L-space homology spheres are S3 and
connected sums of several copies of the Poincaré homol-
ogy spheres with the standard orientation or with the
reverse orientation.

The lower bound of the slope for lens surgery on an L-
space homology sphere is stated as 2g(K) — 1 < p by the
same argument as the proof of [Ozsvdth and Szabéd 03,
Theorem 7.2] and [Kronheimer et al. 07, Corollary 8.5].
The upper bound is given in the following theorem.

Theorem 1.1. Let Y be an L-space homology sphere. Sup-
pose that Y, (K) is a lens space and K is a nontrivial knot
inY. Then g(K)+2d(Y) > 0, and the following bound

holds:
49(K)(9(K) +1)

9(K) +2d(Y)

p<

(1-1)

This is proven in Section 3. If Y = S2, then the bound
recovers a result in [Rasmussen 04]. From the lower and
upper bounds we obtain the following corollary:

Corollary 1.2. Let Y be an L-space homology sphere. If
Y,(K) = —L(p,q) and this is nontrivial surgery, then
2d(Y) <g+3.

Proof: From the upper and lower bounds for the slope,
we have
49(K)(g(K) +1)
9(K) +2d(Y)
49(K)(9(K) +1)
29(K) -1

29(K)—1<

& g(K) +2d(Y) <

<2d(Y)<g+3+

29 —1°

Here if g = 1, then from Theorem 1.1 we have 2d(Y") >

—land 1 <p< ﬁ. Thus we have d(Y) = 0 or 2.
Therefore 2d(Y) < g + 4 holds. If g > 2, then TP’_l <1

holds. In this case we have 2d(Y") < g(K) + 4. O

There exist lens spaces coming from L-space homology
spheres other than S3. For example, —L(22,3) is the
22 Dehn surgery on the Poincaré homology sphere with
the standard orientation. In the case that an L-space
homology sphere Y satisfies d(Y) = 2, then as we will
demonstrate in Section 5, we can construct many lens
spaces by Dehn surgeries on Y (see Theorem 5.1 and
Lemma 5.2). This construction is the second main result
of this paper.

In fact, these lens spaces can be constructed from
knots in the Poincaré homology sphere 3(2,3,5), and the
dual knots are 1-bridge simple knots in the lens spaces.
Moreover, except for one example, those examples appear
as quadratic families such as Berge’s sporadic families.

On the other hand, when d(Y) # 0,2, it is unlikely
that Y constructs lens spaces by positive integral Dehn
surgeries. As evidence, no homology sphere satisfying
p < 1000 and 2 < |[d(Y)] < 40 can construct any lens
spaces by a Maple computation. We conjecture the fol-
lowing:

Conjecture 1.3. Let Y be an L-space homology sphere
with d(Y') # 0,2. None of knots in'Y constructs any lens
space by positive integral Dehn surgery.

The author proved this conjecture in the case that Y
is the Poincaré homology sphere with the reverse orien-
tation (see [Tange 07a]).

Furthermore, in Section 5, we shall show that there
exists a lens space given as Dehn surgery on both S3
and %(2,3,5). Our example corresponds to the case in
which the parameter ¢ in Lemma 5.2 is 0 and the two



Alexander polynomials coincide in Z[t,t=1]/(t? — 1). It
can be concluded that the dual knots of the two knots
are homologous in the lens space.

2. THE EXACT TRIANGLE AND THE ALEXANDER
POLYNOMIAL

In this section we review invariants concerning lens space
surgery and L-space surgery. Let Y be an L-space homol-
ogy sphere. We identify Spin®(—L(p, q)) with Z/pZ after
the canonical ordering in [Ozsvdth and Szabé 03], with
Spin®(Yy(K)) identified with Z in the obvious way.

If a positive p Dehn surgery Y, (K) along knot K is
a lens space —L(p, q), then we have the following short
exact sequence for every 0 # i € Z/pZ:

0— @ HF(Yo,j) — HF (Y,(K),Q(i))

j=i mod p

— HFH(Y) —0,

where @ : Spin“(Yy(K)) — Spin(Y,(K)) is the cor-
respondence induced from surgery cobordism by a 4-
dimensional 2-handle. For any integer ¢ with ¢« = 0 mod p
we have
0—-HF"(Y)— @
7=0 mod p

— HF ' (Y,(K), Q(i)) — 0.

HF* (Yo, )

From these exact sequences the formulas
d(Y) — d(Y,(K), Q(i)) + d(—L(p, 1), 1) = 2t:(K), (2-1)

are extracted as in [Ozsvath and Szabé 03], where the
invariant ¢;(K) is the ith Turaev torsion of Yy(K). The
Turaev torsion is nonnegative if Y, (K) is an L-space (see
[Ozsvath and Szabé 03]).

Let K be the dual knot of K, and C the core circle of a
handlebody of the genus-one Heegaard decomposition of
—L(p,q), and let h be the integer satisfying [K] = h[C],
where [*] stands for the homology class of .

The set of classes H(p, K) := {£h*} C Z/pZ is an
invariant of lens surgery as stated in [Berge 90]. We
always regard any element h in this set as the integer that
satisfies 0 < h < p. The function Q(i) can be written as
hi+ ¢, where ¢ = (h+ 1+ p)(h — 1)/2 (see [Tange 09a]).
If we change h to another element in H(p, K), we have to
recalculate ¢, but by the same formula we can compute
the same value t;(K).

By taking the summation of (2-1) over i € Z/pZ, we
obtain

p(d(Y) + A(—=L(p,q)) — M(—L(p,1)))
=2 t(K)=2) i’a;(K) = Af(1),

= i>1

(2-2)
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where the Alexander polynomial satisfies Ag(t71) =
Ag(t). The Casson-Walker invariant A for a rational
homology sphere W is computed by Rustamov’s formula:

> (xHEwa(7) - yav.s)
sE€Spin®(W)
|m .z

T AW),

where A multiplies the definition in [Ozsvath and Szabd
05] by 2. The Casson—Walker invariant of L(p,q) is
—s(q,p), where s(g,p) is the Dedekind sum (see, for ex-
ample, [Walker 90]).

In [Tange 09a] we have computed the coefficients of the
Alexander polynomial of the knot admitting lens surgery.
Let [a, B]z be the interval [o, 5]NZ, and [7y], the reduction
of v in Z/pZ satisfying 0 < [y], < p. We define <I>’;7q(h)
to be

#{j € [15 h/]ZHq.j - k]P € [1’ h]Z}v

where h and I/ satisfy

h=1[hl,, B =[h""],, h*=qmodp.

When —L(p, q) = Y, (K), for each class i € Z/pZ the sum

is equal to
—m + ®hite(p),

p.q

(2-3)

. . l_
where m is the integer %.

3. THE UPPER BOUND FOR THE SLOPE OF LENS
SURGERY

In this section we prove Theorem 1.1. We begin with a
couple of lemmas.

Lemma 3.1. Let Y be an L-space homology sphere and
Y, (K) an L-space. The degree of the Alexander polyno-
mial Ak (t) coincides with the Seifert genus g(K).

Lemma 3.2. Let Y be an L-space homology sphere and
Y, (K) an L-space. Then Ak (t) has the form

k
Ag(t) = (=1)F + Z(—l)k_j(t"i )

j=1

for some increasing sequence of positive integers 0 <
ny <ng <--- < ng.
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When Y and Y, (K) satisfy the same condition as that
of Lemmas 3.1 and 3.2, the proof of Lemma 3.2 is imme-
diately derived from an application of [Kronheimer et al.
07] and [Ozsvath and Szabé 05]. The homology of the
top degree of ITF?{(Y, K), which is equal to

max {jITFK (Y, K,j) 0},

is Z. This implies that g(K) and the top degree coincide
by [Ni 06, Theorem 1.1]. Therefore g(K) and the degree
of Ak (t) also coincide.

Here we compute the Alexander polynomials of knots
admitting lens surgery on L-space homology spheres.
From the estimate 2g(K) —1 < p, the Alexander polyno-
mial of K satisfying the condition of Lemma 3.2 has one
of the following forms:

() S ppep @l if 29(K) < ps
(I1) X< @(E) + P12 4 7P/2 if 29(K) = p;
(I11) E\i|<% ai(K)th — (75(17—1)/2 + t—(p—l)/Q)
+ (t(p+1)/2 4 t*(P“)/?) if 29(K) =p+ 1.
We note that a;(K) = 0, £1, or 2 and if a;(K) = 2,

then Ak (t) satisfies (IT) and 2i = p holds.
Next we compute the coefficient a_(q41)(K).

Proposition 3.3. Let Y be an L-space homology sphere.
If Y,(K) = —L(p,q), then a_pc41)(K) is 0 or £1. In
particular, if a_p/(c41)(K) = 1, then p is even and ¢ = 1.

Proof: Using (2-3), we obtain

a_p(er1)(K) = —m+ @, (h)
=-m+#{je[l,l]z
=-m+#{jel,h]z
=-m+®) (h)—1
=a—pe(K)—1.

lg7 +1]p € [L, Az}

|
|[gj]p € (0,7 = 1]z}

Using Lemma 3.2, we see that a_ps(.41)(K) = 0 or 1.
If G_ps(c41)(K) = 1 holds, then a_p.(K) is 2, p is even,

and ¢ is §. On the other hand, c is p+g_1 qgl

we have ¢ = 1. O

. Hence

or

To prove Theorem 1.1 we essentially use the following
proposition from [Rasmussen 04] and two lemmas.

Proposition 3.4. [Rasmussen 04, Proposition 2.4] Assume
that

Lrp
.p) —s(1, <—(——1).
s(a,p) —s(1,p) < 7 (3
Then q is 1, 2, or 3.

Lemma 3.5. Let Y be an L-space homology sphere. If
Y,(K) = —L(p,2), then p*> +8 or p*> —8p+8 is a perfect
square.

Lemma 3.6. If Y,(K) = —L(p, 3), then one of the follow-
ing holds for an integer i satisfying i =0 or 1:

(i) p? +4(3i — 3)p + 12 is a perfect square;

(i) p? +4(3i —4)p + 12 is a perfect square and
p=1mod 3;

(iii) p? +4(3i — 2)p + 12 is a perfect square and
p =2mod 3.
Lemmas 3.5 and 3.6 will be proved in Section 4.

Proof of Theorem 1.1: From Frgyshov’s inequality in
[Rasmussen 04] and (2—-2), we have

p(s(g,p) — s(1,p)) = p(AM(—L(p,q)) — A(—L(p,1)))

We assume that

V(8d(Y) —2)2 4+ 169(K)(g(K) +1) +8d(Y) — 2
—n> 16g9(K)(g(K) +1)
p=
VA4+169(K)(g(K)+1) +8d(Y) — 2
_ 4g(K)(9(K) + 1)'

g9(K) +2d(Y)

Thus by Proposition 3.4, ¢ must be 1, 2, or 3. Next we
consider the case ¢ =1, 2, or 3.

(A) The case ¢ = 1: Then we have h = h/. We may
assume that 2h < p by replacing A with p—h. From
(2-3) we have @;(K) = —m and a;(K) = —m+h
for integers 7, j. By Lemma 3.2, h is 1, 2, or 3. The
integer h is equal to 1 if and only if m = 0. By the
definition of m, we have h? = mp + 1.



(a) The case h = 1: From (2-1) we have d(Y) =0
or 2.
(0) The case d(Y) = 0: Y is S and K is the
unknot.
(2) The case d(Y) = 2: Ag(t) is t~P+D/2
t=(=1)/2 1 1 _¢(p=1)/2 4 4(p+1)/2,
(b) The case h = 2: There is no h satisfying p |
h? —1 and 2h < p.
(c) The case h = 3: From p | h? — 1 and 2h < p

we have p = 8. By (2-1) we have d(Y') = 2 and
Ag(t) =t —t3 4t =14+t -3+ 14

(B) The case ¢ = 2: From Lemma 3.5, the only possibil-
ity for p is 7. Then we have d(Y") = 0 or 2.

(a) The case d(Y) =0: Ag(t)ist™t —1+¢L.

(b) The case d(Y) = 2: Ag(t)ist™* —t 3 4+t71 —
1+t —3 + ¢

(C) The case ¢ = 3: From Lemma 3.6, the possibilities
for p are 11, 13, and 22.

(a) The case p = 11: We have d(Y') =0 or 2.
(0) The case d(Y) = 0: Ag(t)ist 2 —t1 +
1—t+t2.
(2) The case d(Y) = 2: Ag(t)ist ¢ —+5+
2=t Lt 2 =15+t O
(b) The case p = 13: We have d(Y) =0 or 2.
(0) The case d(Y) = 0: Ag(t)ist™2 —t72 +
-2+t
(2) The case d(Y) = 2: Ag(t)ist 7 —t76+
R A e A A A
(¢) The case p = 22: We have d(Y') = 2 and Ak ()
A e A A e e e A
46 _ 410 4 411

None of the cases satisfies inequality (3-1). This proves
inequality (1-1). 0

4. PROOFS OF LEMMAS 3.5 AND 3.6

In this section, h satisfies 0 < h < p and ged(h,p) = 1,
and b’ is the inverse of h mod p with 0 < b/ < p. To
prove Lemmas 3.5 and 3.6, we first recall the following
result in [Tange 09b].

Proposition 4.1. [Tange 09b, Proposition 2.2] Let p, q be
a pair of coprime integers with 0 < q < p. The integer
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h is one of the solutions to x> = ¢ mod p. Let w be the
integer with gh’ = h + pw. Then we have

O, 1 (h) = —2§: {%‘J + (w+1)(K —1). (4-1)

We now prove Lemmas 3.5 and 3.6.

Proof of Lemma 3.5: The integer p is odd, because
ged(p,2) = 1. We can see easily that 2h' = h or
2h' = h+p.

If 2k’ = h, namely w = 0, from Proposition 4.1 we
have @;é(h) = k' — 1. From Proposition 3.3 we have
d—h’c—h’(K) = -m+h —-1=0o0r —1.
integer ¢ with ¢ = 0 or 1, we have m = h’ — 1 + 4. Since
by the definition of m we have mp = hh! — 1 = 2h/% — 1,
I’ is the solution of the quadratic equation

Here for an

222 —pr+ (1 —i)p—1=0.

The discriminant p? + 8(i — 1)p + 8 has to be a perfect
square.

If 21 = h+ p, namely w = 1, from Proposition 4.1 we
have
O-L(h) = -2 VgJ PO 1) = —(p—1)+2(H — 1)

p,2

=-—p+2h —1.

From Proposition 3.3 we have a_p/.—p (K) = —m —p+
2h' —1 =0 or —1. In the same way as above, p? + 8(i —
1)p+8 is a perfect square for an integer ¢ with ¢ = 0 or 1.

O

Proof of Lemma 3.6: The integer p is congruent to 1 mod
3 or to 2 mod 3, because ged(p, 3) = 1. We can see easily
that 3h' is h, h + p, or h + 2p.

If 3h' = h, namely w = 0, from Proposition 4.1 we
have @;é(h) = h' — 1. From Proposition 3.3 we have
a-pre—p(K) = —=m+h' —1 = 0 or —1. Here for an
integer ¢ with 7 = 0 or 1 we have m = h’ —1+1. Similarly,
p? +12(i — 1)p + 12 is a perfect square.

If 3"/ = h+p or h + 2p, namely w = 1 or 2, from
Proposition 4.1 we can derive square conditions as in Ta-

ble 1. Therefore the stated condition holds. 0
w | condition on p square condition
0| p=1,2mod3 | X?=p?+4(3i —3)p+ 12
1 p=1mod 3 X2 =p? 4+ 4(3i —4)p+12
1 p=2mod 3 X% =p>+4(3i — 2)p+ 12
2 | p=1,2mod3 | X?=p>+4(3i—3)p+12

TABLE 1. The square conditions in the case ¢ = 3.
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5. A TABLE OF LENS SURGERIES ON Y WITH
dY)=2

In this section we shall assume that Y is an L-space
homology sphere with d(Y) = 2.
3(2,3,5).
satisfying 2¢g(K) — 1 < p, because if a lens surgery
Y,(K) = —L(p, q) satisfies 2g(K) — 1 = p, then the sit-
uation is slightly subtle and difficult.
construct a lens space from both S% and (2,3, 5) whose
dual knots give the same homology class.

For example, —L(3,1) is given from the unknot K;
in S3 and —L(3,1) is also given from the knot K3 in
¥(2,3,5) as in Figure 1. The duals to these knots are
fﬁ and f(g. The genera of K; and K are 0 and 2,
respectively. To avoid such Dehn surgeries we establish
the condition 2¢(K) — 1 < p.

All the data (p,q, h,g’) in Tables 2-5 are obtained in
the following way. The pairs (p,h) with 1 < p < 5000
are the solutions satisfying the following: a; and t; are
computed by (2-1), (2-3), and 2g — 1 < p; the integers a;
satisfy Lemma 3.2, and the integers t; are nonnegative.
The parameter ¢ satisfies 0 < ¢ < p and ¢ = h? mod p.
Here h; is the minimal value in {hy, h},p — h1,p — b} }.
The fourth integer, ¢’, is defined to be 2g — p — 1, where

g:max{iE{O,l,..quJ}|_m+q):gzrc(h)#o}'

Conjecture 1.3 is based on this computation for d(Y') #
0,2.

Here we say that K C —L(p, q) is a 0-bridge knot if K
is isotopic to a knot that lies on a Heegaard surface of the
genus-one Heegaard splitting, and a 1-bridge knot if K is
not a 0-bridge knot and K is the union of two proper arcs
embedded in the handlebodies of the genus-one Heegaard
splitting.

Moreover, the knot is said to be simple if the arcs are
embedded in meridian disks of the handlebodies. This
definition is based on [Berge 90]. Any triple (p,q,h)
uniquely determines either a 0-bridge knot or a 1-bridge
simple knot in —L(p, q).

For example, Y is
We restrict our attention to lens surgery

In fact, we can

3 1
- 2 3 5
= o099
- 2

FIGURE 1. Lens space —L(3, 1) constructed from both
5% and £(2,3,5).

Theorem 5.1. The lens spaces —L(p,q) in Tables 2-5
are constructed by p Dehn surgery on knots in ¥(2,3,5).
Moreover, the dual knots are 1-bridge simple knots in

_L(p7 q)

Before presenting the proof of this theorem we prove
the following lemma.

Lemma 5.2. Fvery lens space in Tables 2-5 appears in
Table 6 for some ( € Z\ {0}.

Proof: By direct computation we can prove that each pair
(p,q,h) in Tables 2-5 is covered by the twenty families
in Table 6. The computation of the genus of K is due to
Lemma 3.1. O

Proof of Theorem 5.1: To each pair (p, g, h) in Lemma 5.2
we can take the 1-bridge simple knot K in —L(p,q), be-
cause if K were a 0-bridge, then K would be a torus knot
in S3, which is inconsistent with d(Y) = 2.

The —a_ps(c41)(K)*-surgery in the sense of [Saito 07]
yields a homology sphere Y. Thus we can find a knot
K C Y satistying Y,(K) = —L(p,q). The presentation
of m1(Y) is the following according to [Tange 07bl:

P h—1 ~
En(qi+1 Ep(qi+1 —Qple—p
$1,$2‘ H(Ele ( ), ( H T1Ty ( ) T1To s

i=1 i=1
(5-1)
where Ej, : Z/pZ — {0,1} is defined by

1 if1<[k], <h,
By (k) = 1 7[. =
0 otherwise.

Transforming the group presentation (5-1) for each of
the lens spaces in the twenty families of Table 6, we can
easily show that the fundamental group is isomorphic to

(zy | (2y)* =2° =¢°). (5-2)
In Lemma 5.2 we show the existence of the isomorphism
in all cases satisfying ¢ > 1. That the case £ < —1 is sat-
isfied can be also proven in the same way. From these iso-
morphisms and the celebrated resolution of the Poincaré
conjecture by G. Perelman in [Perelman 02], Y is homeo-
morphic to 3(2,3,5). The orientation of 3(2,3,5) is the
usual one because d(Y) = 2. 0

In Tables 7 through 26 we show that the group pre-
sentation (5-1) is isomorphic to 71(2(2,3,5)) in the case
of / > 1 in Lemma 5.2.
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2 yield.

TABLE 2. Lens spaces with p < 711 which homology spheres with d(Y")
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P q| h| ¢ P q| h| g P q| h| g
715 [ 199 | 98 | —4 || 1103 [ 201 | 60 | —4 | 1552 | 849 | 145 | —5
736 | 393 | 51 | —7 | 1129 | 240 | 37 | —6 | 1563 | 640 | 73| —8
739 | 161 | 30 | —6 || 1135 | 234 | 37 | —6 | 1583 | 334 | 110 | —10
767 | 133 | 30 | —4 || 1141 | 421 | 62 | —6 | 1618 | 149 | 75 | —11
773 | 181 | 50 | —4 || 1162 | 253 | 125 | —5 | 1634 | 427 | 73| —5
780 | 172 | 31 | —6 || 1163 | 149 | 38 | —8 || 1641 | 340 | 112 | —10
790 | 171 | 31| —5 || 1168 | 201 | 37 | —51 1653 | 283 | 44 | —6
796 | 165 | 31 | —5 || 1171 | 321 | 63 | —8 | 1717 | 307 | 152 | —6
805 | 211 | 104 | —4 || 1173 | 814 | 95| —8 || 1727 | 389 | 46 | -8
813 [ 211 | 32| —6 || 1191 | 253 | 38 | —6 || 1742 | 283 | 45| —7
823 | 340 | 53 | —6 || 1198 | 631 | 65 | —9 || 1758 | 451 | 47 | —9
828 | 133 | 31| —5 || 1223 | 848 | 97| —8 || 1772 | 925 | 79 | —11
841 | 107 | 54 | —8 || 1226 | 257 | 63 | —5 || 1779 | 337 | 46 | —8
873 | 151 | 32 | —4 || 1243 | 201 | 38 | —6 || 1783 | 427 | 76| —6
878 | 129 | 33 | —7 || 1276 | 291 | 131 | —5 || 1803 | 406 | 47 | —8
893 | 237 | 54 | —4 || 1285 | 336 | 66 | —8 || 1807 | 309 | 46 | —6
919 | 379 | 56 | —6 || 1298 | 223 | 39 | —5 || 1811 | 1247 | 118 | —10
925 | 519 | 112 | —4 || 1331 | 135 | 68 | —10 || 1841 | 561 | 78 | —8
938 | 151 | 33 | —5 || 1376 | 361 | 67 | —5 || 1849 | 360 | 47 | —8
953 | 505 | 58 | —8 || 1377 | 223 | 40 | —6 || 1853 | 189 | 48 | —10
975 | 181 | 34 | —6 || 1379 [ 302 | 41| —8 | 1855 | 319 | 158 | —6
991 | 265 | 87 | —8 || 1403 | 361 | 42 | —8 || 1857 | 352 | 47| -8
999 | 226 | 35 | —6 || 1408 | 273 | 41 | —7 | 1873 | 1289 | 120 | —10

1004 | 233 | 57 | —5 || 1414 | 267 | 41 | —7 | 1887 | 406 | 80 | —10
1021 | 301 | 58 | —6 || 1426 | 783 | 139 | —5 | 1900 | 289 | 47 | -7
1027 | 189 | 35 | —6 || 1437 [ 589 | 70 | —8 | 1933 | 163 | 82 | —12
1027 | 573 | 118 | —4 || 1447 | 317 | 42| -8 | 1963 | 511 | 80 | —6
1033 | 192 | 35 | —6 || 1471 | 771 | 72 | —10 || 1985 | 416 | 49 | -8
1037 | 271 | 89 | —8 || 1488 | 169 | 43 | —9 | 1993 | 408 | 49 | -8
1057 | 239 | 36 | —6 || 1513 | 285 | 70 | —6 || 2001 | 721 | 82| -8
1072 | 121 | 61 | —9 || 1526 | 323 | 43 | —7 | 2031 | 796 | 83 | —10
1088 | 281 | 37| —7 || 1534 [ 315 | 43| —7 | 2035 | 269 | 166 | —6

TABLE 3. Lens spaces with 712 < p < 2035 which homology spheres with d(Y) = 2 yield.
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D q| h| ¢ D q| h| ¢ D q| h| ¢
2067 | 433 | 50 | —8 | 2703 | 661 | 58| —12 | 3357 | 739 | 64 | —12
2101 | 1093 | 86 | —12 || 2747 | 617 | 58 | —10 || 3361 | 1366 | 107 | —12
2126 | 511 | 83| —7 | 2752 | 401 | 193 | —7 3449 | 889 | 106 | —8
2153 | 551 | 52 | —10 || 2773 | 1000 | 97 | —12 || 3473 | 1681 | 110 | —16
2185 | 1179 | 172 | —6 || 2823 | 541 | 58 | —10 |[ 3501 | 214 | 164 | —14
2217 | 487 | 52| —10 || 2843 | 389 | 96| —8 | 3532 | 401 | 65| —11
2221 | 906 | 87 | —10 || 2843 | 1471 [ 100 | —14 || 3542 | 683 | 65 | —11
2222 | 379 | 51| —7 1 2875 | 489 | 58| —8 | 3577 | 1310 [ 220 | —8
2258 | 551 | 53 | —11 | 2001 | 901 | 98 | —10 | 3578 | o911 | 67 | —13
2269 | 589 | 86| —6 | 2011 | 570 | 59 | —10 || 3587 | 2447 | 166 | —14
2276 | 1093 | 89 | —13 || 2021 | 560 | 59 | —10 | 3612 | 613 | 65| —9
2303 | 487 | 53 | —10 || 2026 | 463 | 199 | —7 [ 3664 | 441 [ 109 | —9
2313 | 403 | 133 | —12 || 2047 | 1159 | 100 | —12 || 3697 | 1905 | 114 | —16
2325 | 379 | 52| —8 [ 2002 | 480 | 59| —9 3713 | o911 | 68| —14
2350 | 459 | 53 | —10 || 3008 | 777 | 99| —7 | 3718 | 71| 67| —11
2358 | 451 | 53 | —9 || 3046 | 1471 | 103 | —15 |[ 3730 | 759 | 67 | —11
2377 | 969 | 90 | —10 || 3063 | 781 | 62 | —12 | 3743 | 613 | 66 | —10
2380 | 361 | 179 | —7 | 3077 | 523 | 60| —8 | 3775 | 2001 | 226 | —8
2383 | 688 | 135 | —12 || 3081 | 640 | 61 | —10 || 3777 | 847 | 68 | —12
2400 | 409 | 53| —7 ] 3001 | 630 | 61| —10 | 3829 | 1500 | 114 | —14
2444 | 361 | 89| —7 | 3101 [ 1101 | 102 | —10 |[ 3838 | 651 | 67| —9
2458 | 1275 | 93 | —13 || 3151 | 584 | 206 | —8 | 3851 | 901 [ 112 | -8
2502 | 523 | 55| —9 || 3175 | 1291 | 104 | —12 || 3889 | 872 | 69 | —12
2507 | 409 | 54 | —8 | 3181 | 1652 | 156 | —14 || 3928 | 1080 | 117 | —17
2512 | 513 | 55| —9 | 3183 661 | 62| —10 | 3973 | 651 | 68 | —10
2542 | 1179 | 185 | —7 || 3188 | 781 | 63 | —13 |[ 4030 | 599 | 233 | —9
2587 | 443 | 141 | —12 |[ 3108 | 523 | 61 | —9 | 4033 | 1590 | 117 | —14
2588 | 661 | 57 | —11 || 3209 | 777 | 102 | —8 | 4078 | 991 [ 115 | —9
2647 | 624 | 96 | —14 || 3253 | 716 | 63| —12 | 4107 | 793 | 70 | —12
2653 | 596 | 57 | —10 || 3256 | 961 | 107 | —15 || 4133 | 1051 | 72 | —14
2654 | 687 | 93| -7 3263 | 2123 | 158 | —14 || 4166 | 1053 | 121 | —17
2661 | 1822 | 143 | —12 || 3337 | 1563 | 212 | —8 || 4187 | 269 | 179 | —16

TABLE 4. Lens spaces with 2036 < p < 4187 which homology spheres with d(Y") = 2 yield.

293
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p q h g p q h g
4201 | 1321 | 118 | —12 || 4539 | 937 | 74 | —12
4213 | 828 | 71 | —12 || 4553 | 2054 | 187 | —16
4225 | 816 | 71| —12 || 4578 | 751 | 73 | —11
4240 | 2001 | 239 | —9 || 4589 | 493 | 122 | —10
4278 | 1051 | 73 | —15 || 4609 | 1016 | 75 | —14
4281 | 1288 | 181 | —16 || 4651 | 3164 | 189 | —16
4299 | 1744 | 121 | —14 || 4663 | 2395 | 128 | —18
4348 | 657 | 119 | —9 || 4683 | 793 | 74 | —10
4411 | 2143 | 124 | —18 || 4728 | 841 | 77 | —15
4417 | 912 | 73| —12 || 4732 | 569 | 253 | —9
4429 | 900 | 73 | —12 || 4798 | 1231 | 125 | —9
4433 | 751 | 72| —10 || 4832 | 457 | 75 | —11
4441 | 1561 | 122 | —12 || 4883 | 1201 | 78 | —16
4487 | 989 | 74 | —14 || 4922 | 1829 | 131 | —19
4510 | 661 | 247 | —9 || 4954 | 975 | 77 | —13
4515 | 1831 | 124 | —14 || 4966 | 963 | 77 | —13

TABLE 5. Lens spaces with 4088 < p < 5000 which homology spheres with d(Y') = 2 yield.

p h 2g—p—1

Ay 140° + 70+ 1 +(70+2)! mod p —e]
As | 2002 +150+3 +(5¢+2)*" mod p —l]
B 3002 +9¢+1 +(6¢+ 1) mod p —e]
Cy | 4202 +230+3 +(70+2)*" mod p —l]
Cy | 420> +47¢+13 +(70 +4)" mod p —e]
Dy | 5202415041 +(13¢ 4+ 2)*!' mod p —|
Dy | 5202 4+63¢+19 | £(130+8)*" mod p —¢]
Ei | 542 +15¢0+1 +(27¢ 4+ 4)*! mod p —e]
Eo | 5402 4+390+7 | +£(27¢+ 10)*' mod p —1¢
Fy 6902 + 170 + 1 +(23¢ 4+ 3)*! mod p —2|¢|
Fo | 6902 +290+3 +(23¢ + 5)*! mod p —2¢|
Gi | 852 +190+1 +(17¢ 4+ 2)*' mod p —20¢|
Co | 8507 +490+7 +(17¢ 4+ 5)*! mod p —2¢|
Hi | 990° +35¢+3 +(114 4+ 2)*! mod p —20¢|
Ho | 996% +530+7 +(114 + 3)*' mod p —2¢|
L | 1202 4+160+1 | (1204 1) mod p —20¢|
I | 1202420041 | 4(200+2)*' mod p —2¢|
I; | 12002 +36¢0+3 | +(12¢+2)F" mod p —2/¢|
J | 12002 41040 +22 | £(120+5)F modp | —[20+1]
K 191 15 -2

TABLE 6. The families of lens spaces obtained from homology spheres with d(Y) = 2.
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g <x y | T nyZ 1 [(xQZ-‘rly)ﬁ 20—1 ] nyxQE—ly[(xQE—‘rly)ﬁxQE—ly]Z—lx2>
[ <$ y | T 2E+1y$ Qy[yﬁx ]E7 25+1yx—2y[y6x—2y]e—lx2>
= (yy |22 ya” y[y x y]’Z a2, 272 (Y% %))
= (z,y |z~ 2”13433 ya? a0 2y)
= (z,y | xyx 2y, 2202 y))
= (z,y | (xy)? =2°,¢° = (zy)®) bya 2y = (xy)~"'
TABLE 7. The case A; (¢ > 1).
71_1(}/) ~ <x7y | x4yx4f 1 [(x4f+3y) x4f 1 ] , x4yx4£71y[(x4f+3y)4x4€71y]£71x4>
~ <x7y | x74€+lyx 4y[y4x y Z’ 4£+1yx74y[y4x74y]€71x4>
= (z,y o lya” y[y4x et 2 (gt y))
= (2,y | x_““yx yx (yta )
=,y |ayaty, 2y e y))
= (z,y | (xy)® =2, v° = (zy)®) by a 'y = (zy)~"

TABLE 8. The case A2 (£ > 1).

— ~112 — —
$5£+4 2m52 1y]2 1] (x56+4y)2x56 1y7 [2135?;3752 1y[(a3

_ _112
v) 5e+4y)2m5e 1y]e 1] x5>

—50+6,2,5(-512,5 3 _ 5
T Yy x }a:,y—a:>

y
z,y | (xy®)%2®, y 3 =2°) by s,y =e
y |

(@y )P =y vy =2

TABLE 9. The case B (£ > 1).

6€+5y( 6€7ly)2]2 12€+4y( 6Z71y)2[x6€+5 ( foly)2x6€+5y($6ﬁfly)3]€71, [x65+5y(x6€7ly)2]2x6€+5y>

ylx
6y3)2 6€+5y3(x6y3x6y4) 1’ (x6y3)2x6y>

—1 folyB(yfle y)eil, (x6y3)2x6y>
60— 1y2x 6@4’67 6 3 2x6y>

P =y (%) y>

P=y7? ()’ =277)

TABLE 10. The case C; (£ > 1).
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1

7_‘_1(}/) 6€+5y) ( 60— 1y 64+5 2m12€+4 6€+5yx6€71y)2[m6€+5 6€+5y$6£71y)3]€71,

Y) y(x y(x

2 65+5y>

(z,y | (x

(x6€+5y)2( -1 6£+5y)

2966[ y(yz~%y)2ly(ya~%y)®1 ", oy (2 %%)%y)
2y, y 2 y(ya Oy [y(yaOy)® )

C

(="y") (

( Y )2, y—lxw 1 Q[yQ(ZIJ 6 Q)Sy ] >
( 6y2)2 —1,60—1, —2 1 2

(=77y")
CT

2

2,y | y*(x”
2,y |y’
z,y |y
z,y | y?
zy |y (e
2y |y (x”

12

T

I

1

y
x ,y ey R (y “heh
2, y 13:,62 1y 2( —1 —6£+6y)>

2’ y73x5>

1

(
(
(
(
(
(

12

(y P ty™h)?, y2a®)

TABLE 11. The case C2 (£ > 1).

IIZ

4E+3 4E_1y)2]4a:8£+2y( 4E—1y)2[( 4£+3y(x4é—1y)2)4x4é—1y]£—1, [m4£+3y(x4£—1y)2]4a:4£+3y>

z,y | [z
x y| 4 34 4€+3y3[(x4y3) y]f 1’ [ 4y3]4 4y>
4

z,y | (zty) a3y (aty) T [ty aty)
x yly Yyt [P ty)
z,y | 2® $4y3]4334y>

x ylx y2, (zy)°z?)

1%

12

4@1

1

1%

(
(
(
(
(
(

1

TABLE 12. The case D1 (¢ > 1).

1

™ (Y) 4E+3y[(x4£+3y)3x4£_1y]2(a:4£+3

<Q?, y | T )3m8£+2y{(x4£+3y)3x4£_1y}2[x4e+3y{(x4£+3y)3x4£_1y}3]£_1

4€+3y[( 4€+3y)3 4€71y]2(x4€+3y)4>

Y

)

1

z,y | 2y[(aty) ) (a'y) 2= PP y{(ay) Py Pty { (") Py 1 2tyl(aty) Py (aty)")
z,y | (aty) 2 By ()Y P (aty) ) atyl(aty) Py (aty) )
z,y |y 2 y{(zty) y}2 “la Ty aty[(aty) Py (aty) )

(
(
(
(z.y | 2y{(*y)’y}y ™" 2yl y* (a'y)")
(
(
(

1R 1R

I

z,y | Py{(a"y)*y}?y ", wy(aty)*)

3 1

1

ety (@) 20
4)2$47 $—3y5> <$ Y | y ( 133 ) y_?’a:5>

TABLE 13. The case D2 (¢ > 1).

r,y | w” y(

zy |zt

1
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7_‘,1(}/) ~ <a:,y | [x2£+1y(x26+1nyE—1y)Q]5x2£+1yx4£y(x22+lyx26—ly)2[(x2£+1y(x26+1nyZ—1y)2)5x2£+1y$2£—1y]£—1,
[ 2Z+ly(x2€+1y 2€71y)2]5(x2€+1y)2>
= (z,y | [2%y(a®y?)?Patya® T y(2®y®)?[(2%y (2y?)?) P 2%y? Y, [Py (ay?)?]° (%))
= (x,y | (2%y) 2 Ty (aPy?)?[(2Py) 22y [Py (a%y?)? ) (2%y)?)
= (,y |y ' y(2?y?) Py a2y, [x2y(x2y2)2]5(x2y)2>
= (zy|y” 1ﬂvy %), [Py (a®y?)?P (2%y)?)
= (z,y | z(yz®y)?, (zy)°(z*y)?)
=,y | w(z? ) (@) ) =y a7 (2%7)?, () y?)
= (z,y | 2%yt (2y)°y®) = (z,y | (2?)°y ™2, (29)°y°) = (z,y | 2%y, (2y)°y )
TABLE 14. The case E; (¢ > 1).
Wl(Y) ~ <x7y | [x2é+ly{(x2€+1y)4x2£71y}2]2(x2€+1y)4 4£y[( 2£+1y)4x2€’1y]2
[{x%—i—ly{( 2£+1y)4 26—1y}2}2(x26+1y)4x26—1y]£—1’ [x2£+1y{(x26+1y)4 22—1y}2]2( 2£+1y)5>
= (z,y | [2Py{(2®y) 'y} (2Py) 2> Ty [(2Py) Py { (2Py) 1P P (@) ') [Py {(@%y) )P (27y)°)
= (z,y | (2%y) 2Ty [(@Py) P [(2Py) "y P u{(2Py) Y} (%))
= (z,y | zyl(«®y)*y)y ", [x *y{(2®y) 'y} (2%y)°)
g<33y|9:y9:y yPyt (zy)*(2®y)”)
= (z,y | =ly(z*y)"]?, (zy)° (x y)5>
= (zy | 2=, (7)) = (x| (2y°)’y ™0, (2y°)%y ™) = (a,y | 2%y, (2y)*y°)
TABLE 15. The case Ep (¢ > 1).
™ (Y) o <x7y | [(xSE—i-ly)3x3f—2y]5(x35+1y)QxGE—ly(x32+ly)2x32—2y[{(x32+ly)3x32—2y}5](x3f+ly)2x3f—2y]f—l7

[( 3£+1y)3m3£—2y]5( 3£+1y)3>
z,y | [(#°y)°y)° (2%y) 22> T y(2®y)*y [{ (2y)*y} 1@ y) %], (%) y)° (2y)?)
z,y | (%) 2P Ty (2Py)?yl(2Py) ) [(2P)P ) (2 y)?)

3.\3

(
(
<9cy|xy3 , [(2° )]xy)>
(
(

IR

12

(
zy a7’ 37(y3x ¥)°y®)
1y >2

1%

zy |7y, (2 (z,y | (xy~")2y°, 2°9°)

TABLE 16. The case F1 (¢ > 1).
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7T1(Y) ~ <x7y | [( 3€+1y)5 3£72y]3(x3€+1y)4x6€71y(x3€+1y)4x3£72y[{(x3€+1y)5x3£72y}3(x3£+1y)4x3£72y]€71,
[( 3E+1y) 30—2 ] ( 3E+1y)5>
= (z,y | [(#°y)°y (2%y) 2> Ty (2Py) g [{ (z°9) 1 (2P y) ) 1, (%) 9] (2%)°)
= (z,y| (° y TSy (@) y[(@Py) Tl [(2Py) P (ty))
= (a,y | 2y(z®y)?, [(2%y)°y)* (2%y)°)
= (w,y | a7y, (y5x‘3y)3y5>
= (z,y |2y, (7)) = (wy | (wy™ )20, 2%y°) = (2y | (ay)®y 0, 2%y )

TABLE 17. The case Fo (¢ > 1).

771(Y) o~ <x,y | [($5E+2y)2x56—3y]5m5£+2yx10£—1y$5é+2yx5£—3y[{($5E+2y)2x5e—3y}5$56+2

[(x5€+2y)2x5€73y]5(x5£+2y)2>
z,y | [(2°y)?yPaPya® Pyay? [{ (%) 2y} P2®y? T, [(2Py)2y)° (2°y)?)
z,y | (2%y) "'t 2 yat P [(2Py) ) [(2Py) )P (aty)?)

{
{
= (2,y | 2%yaly, [(2°9)%)°(27y)?)
< 5
{

yx5f—3y]é—l

)

z,y | 2732, (yP2%y)%y?)
zoy | a7y (wy)%y?) = (oy | 272 (2y)?, v (ay)~7)

TABLE 18. The case G1 (£ > 1).

1 (Y)

2

<x7y | [( 5€+2y)5x5€73y]2( 5€+2y)4x10£71y(x5€+2y)4x5€73y[{(x5€+2y)5x5€73y}2(x5€+2y)4x5€73y]€71
[( 5E+2y) 50—3 ]2(x52+2 ) >

z,y | [( w5 Py (a5 y) 2 Py (2P y) y{ (2%y) Py} (@) ] [(2Py) Py (27y)°)
z,y | (1) Py (2Py) y[(2Py) T [(2Py) Y (2 y)®)
5. 1\5

(

(

(z,y | xzy(xSy)“a [(z°y)°y)* (2"y)°)
< 3. 5 ( -2

( (

9y

1R 1R

1

zy | 27?0, (27%y)%y°)
6

zoy |27y, (@720 %y %) 2 (o | 2700, (ay)’y )

I

TABLE 19. The case G2 (¢ > 1).

7T1(Y)

1%

<x,y | [( 96+4y)2 96—5y]3m9£+4yx18£—1yx9E+4yx9£—5y[{(x96+4

[( 9€+4y) 90—5 ] ( 9Z+4y)2>

2x96—5y}3x96+4 9¢—5

y) ya® Pyt

= (z,y | [(2°y)*y2°y2® Ty [{(2%9)?y} 2"y, [(2%)y]P (2%y)?)

= (z,y | («%y) 12 Thyay?[(2%y) Tl (%)) (%))

= (z,y | z*yz’ v [(%y)*y)* («7y)?)

= (z,y ] 277, (Pay)%y?)

= (z,y | 272, (a7 )%%) = (,y | 2752, (ay™)%y°) = (z,y | 2 (aw)?, yP(y)~?)

TABLE 20. The case H; (£ > 1).
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Ut (Y)

2

<x,y | [( 9€+4y)3 9€75y]2( 9€+4y)2x18£71y(x9€+4y)2x9€f5y[{(x9€+4y)3x9€75y}2(x9€+4y)2x9€f5y]€fl’

[( 96+4y) 9¢—5 ]2(x96+4 ) >

= (z,y | [(2%y)*y2(a%y) 2" Ty (2%y) 2y [{ (2%9) >y} (2%y) %y [(2%)3y) (%))
=~ (2,y | (x y) L2y (%) ?y[(2%y) Ty (%) ) (%))
= (z,y | 2'y(2%)?, [(2%y)*y]*(2” ) )
=~ (z,y | 27%%, (yP2y)%y%)
=~ (z,y | 270, (7)) =2 (2, | 27, (2y™2)%°) = (2, | 270, (2y)?y~?)
TABLE 21. The case Hy (¢ > 1).
m (Y) ~ <x7y | [(x10€+3y)2x5€71y(x10£+3yx15£+2yx10f+3yx5€71y)ffl]3x10f+3yx15f+2yx10£+3yx5571y7

[( 10€+3y)2x5€71y( 10f+3y 15f+2yx10€+3y 5€71y)£71]3(x10£+3y)2>
o <x yl y T 5@—4y(yx5£ 1y2x 5[—4y)f—l]3yx5f lny 5@—4y7 [ny—5Z—4y(yx5Z—1y2x—52—4y)f—1]3y2>
o <ZI; y|y 5E lme 5[—4y, [y x—5€—4y(y 50— lny 50— 4y)£—1]3y2>
~ <x y | 202, (vPx 50— 4y22—1)3y2>
= (z,y |27y (Pay®)y?) = (e y [ 2707, (ay™)%y%) = (w,y [ 275 (2y)?, v (2y) %)
TABLE 22. The case I; (£ > 1).
7T1(Y) o~ <$,y | [(x6€+ly)5x3€71y{( 6€+ly)4 gfy( 6€+ly)4x3€71y}€71]2(m6f+1y)4x9€y(x6€+ly)4x3€71y7
[( 6€+1y)5 3@71y{( 6f+1y)4x9€y( 6f+1y)4 30—1 }571]2(x6€+1y)5>
~ <x y| y T —30— 2y{y4 30— 1y5 —30—2 }f l]2y4x3€ 1y5x 3[72y’ [y5x73€ Qy{y4 30— 1y5 3@72y}€71]2y5>
g<x y|y lx3f lny 30— y [y x73€ Qy{y4 30— 1y5x 30—2 }€71]2y5>
= (z,y | 2%y, (yx RPN = (wy [ 270, (vPay ) yP)
= (z,y | 2720, (ey™)%°) = (wy | 273, (2y)y~°)
TABLE 23. The case I (£ > 1).
T (Y) o~ <$,y | [($10£+3y)3$5g_1y{($10E+3y)2$15E+2y(mloe+3y)2$5g_ly}e_1]2(ZE10£+3y)2$15E+2y($10£+3y)2$5£_1y,
[( 10€+3y)3x5€71y{( 10f+3y)2 15f+2y( 10f+3y)2 50—1 }571]2( 10€+3y)3>
g<x y| y T —50— 4y{y2 50—1 3 —50—4 }f 1]2 2 5@ 1y3x 5[74y’ [y3x75€ 4y{y2 50— 1y3 —54—4 }€71]2y3>
~ <x y | y71x5€ 1y3x75€ 4y’ [y3x75€ 4y(y2x5€ 1y3x75€74y)€71]2y3>
~ <x y | = y , (y3x75€ 4y3€ 2)2y3>
= (2,y |27 (Pay™)%°) = (2,y |27, (ay™)%%) = (o, [ 2709, (29)%y™°)

TABLE 24. The case Is (£ > 1).
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<x,y | [( 5€+1 10H7y:1c15“8yfc10“7y)€x5“1y(5810“7y)2]2(x““ywloewyxw“gyxm“?y)é*lx““y(xmé”

y)?,

50—6,2, .50+1 2)€x75€76 3]2( —50—6 2$5€+1y2)€71x75€76y37 x75 2>

Y

(z,y | (7 y)y ™2 a7%7)

TABLE 25. The case J (£ > 1).

zy | 2Oyt ya Tya y (2! Ty) 2y Ty yaSya y (o Tyatty)?, afyattya Tyatya®)

y?)2, z 5y2x6y2f6>

-5,2,.6, 2 6

6,265 262>

(x,y | 2%%2%°, zy?a®y

262>

(z,y | 2°y°, 2y®2ly

TABLE 26. The case K (¢ > 1).

1 (Y) =
x5€+1y 10€+7y 5@+1>
= (z,y | [(x7°> O™ty Yy Yy
~ <CE y | (yZZx—5Z—6y3)2y25—2 —55—6y3 x—5y2>
= (w,y | (@7 )%y ey, 27%?)
= (z,y | (@ )y am YR =
= (z,y |y (ay) %, 270 (2y)?)

m(Y) = ( 2,11
= (z,y | 27 y?a%? (%) ya®y a0y (2°
= (z,y | 2%22%y? a2y (2%9%)%y, 2 %y2aby?a")
= (z,y| x6y2x6y5 RN
= (z,y | 2%y %y, ayfaty?) =
= (z,y | 2y, aylay?) = (z,y | 2%y 70,y (@y)?)
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FIGURE 2. The h-p graph in the case (2,3, 5).

The author expects that lens spaces obtained from the
Poincaré homology sphere are contained in a quadratic
family. The type K may be an annoyance for the clas-
sification, but further calculation may reveal a new se-
quence.

In Figures 2 and 3, the horizontal and vertical axes
represent the parameters h and p respectively. FEach
point in Figure 2 represents a lens surgery over (2, 3,5)
with slope p < 2007, while each point in Figure 3 repre-
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FIGURE 3. The h-p graph in the case S3.

sents hyperbolic lens surgery over S® plotted in the or-
der of the slope from the smallest to that of the same
cardinality as in the plots in Figure 2.

The plots in Figure 2 are less dense than those in Fig-
ure 3. The two right-hand families in Figure 2 are of
types E and F'. The rest of the plots are of A, B, C, D,
G, H, I, J,and K. To draw Figure 3, we referred to the
last table in [Berge 90]. Tables 2 through 5 give a rough
conjecture on the basis of Figure 2.



Conjecture 5.3. Suppose £(2,3,5),(K) = —L(p,q). For
h € H(p, K), one of the following siz cases holds:

(i) L(p,q) = L(540% + 150 + 1,270 + 214 + 3)
for £ € Z\ {0},
(ii) L(p,q) = L(540? + 39+ 7,270% + 330 +9)
for £ € Z\ {0},
(iii) L(p,q) = L(69¢% + 170+ 1,46(% 4+ 19¢ + 2)
for £ € Z\ {0},
(iv) L(p,q) = L(696% 4+ 290 + 3,460 + 27( + 4)
for £ € Z\ {0},
(v) 321 < I <361,

. h2
(vi) 1.15 < & < 1.28.
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