
Bounds for the Density of Abundant Integers
Marc Deléglise
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We say that an integer n is abundant if the sum of the divisors

of n is at least 2n. It has been known [Wall 1972] that the

set of abundant numbers has a natural density A(2) and that

0.244 < A(2) < 0.291. We give the sharper bounds

0.2474 < A(2) < 0.2480.

INTRODUCTIONLet x be a positive real number, and n an integer.Let �(n) be the sum of the divisors of n, and setf(n) = �(n)n ; A (x) = fn : f(n) � xg: (0–1)A number in A (x) is called x-abundant, or simplyabundant if x = 2.Davenport proved that A (x) has a natural den-sity A(x), and that A(x) is a continuous function ofx; see, for example, [Davenport 1933; Elliott 1979,Chapter 5; Tenenbaum 1995, III.1 and III.2].Behrend [1933] proved that 0:241<A(2)<0:314,and Wall [1972] improved this to 0:244 < A(2) <0:291. We prove here the following:
Theorem 0.1. The density A(2) of the set of abun-dant numbers satis�es0:2474 < A(2) < 0:2480:This answers a question asked by Henri Cohen: Isthe proportion of abundant numbers more or lessthan a quarter? The method used is essentiallythat given by Behrend, the computer allowing usto do more computations. This method in factgives the density A(x) for every x.Perhaps it could be worthwile to try an analyticmethod. Cohen, Deshouillers, Martinet showed in
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138 Experimental Mathematics, Vol. 7 (1998), No. 2[Martinet et al. 1973] that the Mellin transform ofA(x) is the functiong(s) = 1sYp�2 1�1� 1p�s�1 Xl�0 1pl�1� 1pl+1�s:Hence, by inversion, we have for every � > 1A(x) = 12i� Z �+i1��i1 x�sg(s) ds;but the computation of this integral seems to bedi�cult; taking x = 2 and � = 2 we computed thesum between 2 � 10000i and 2 + 10000i, and gotthe approximate value 0:242. For large values ofIm(s) the computation of g(s) is di�cult.
1. EXPRESSING A(x) AS A SUMWe denote by (pn)n�1 the increasing sequence ofprimes. Let k be a �xed integer. We consider thesetAk(x) = fn : f(n) � x; gcd(n; p1p2 : : : pk) = 1g:

(1–1)This set has a density [Elliott 1979; Tenenbaum1995], which will be denoted by Ak(x).Let n be an arbitrary integer. We denote byn1 the product of the prime factors of n amongfp1; p2; : : : ; pkg and we write n = n1n2. The func-tion f is multiplicative and f(n) = f(n1)f(n2) isgreater than or equal to x if and only if f(n2) �x=f(n1). This proves that A (x) is partitioned asfollows: A (x) = [n1=p�11 :::p�kk n1Ak� xf(n1)�:Considering the densities we have:
Proposition 1.1.A(x) = Xn1=p�11 :::p�kk 1n1Ak� xf(n1)�; (1–2)where the sum is taken over all n1 that are a prod-uct of primes belonging to fp1; p2; : : : ; pkg.

To see this, it is su�cient to prove the followinglemma.
Lemma 1.2. Let p be an integer greater than 1 and(A�)��0 a sequence of disjoint sets having densitiesd�. Set A = S��0 p�A�. Then A has a densityd(A ) and d(A ) =X��0 1p�d�:
Proof. WriteA = � [0���r p�A�� [� [�>r p�A��The second set in this union is formed of multiplesof pr+1. Its upper density is bounded by 1=pr+1andX0���r 1p�d� � d(A ) � �d(A ) � X0���r 1p�d� + 1pr+1where d and �d denote the lower and upper densi-ties. We let r !1 and we get the result. �
2. TRIVIAL BOUNDS FOR Ak(x)

Proposition 2.1. For every k � 0 and every x > 0we have Ak(x) � Fk (2–1)and Ak(x) = Fk if x � 1; (2–2)where Fk =Qki=1(1� 1=pi).
Proof. Clear, since Ak(x) is formed only with in-tegers coprime with p1p2 : : : pk, and comprises allthese integers if x � 1. �
3. LOWER BOUND FOR A(x)Let z be a arbitrary positive real parameter. If in(1{2) we just keep the integers n1 = p�11 : : : p�kk � z,we get a lower bound for A(x). HenceA(x) � n1�zXn1=p�11 :::p�kk 1n1Ak� xf(n1)�:



Deléglise: Bounds for the Density of Abundant Integers 139We still get a lower bound if we just keep those n1such that f(n1) � x; henceA(x) � n1�zXn1=p�11 :::p�kkf(n1)�x 1n1Ak� xf(n1)�:By (2{2), all the Ak(x=f(n1)) are equal to Fk;hence A(x) � Fk n1�zXn1=p�11 :::p�kkf(n1)�x 1n1 : (3–1)This lower bound is almost trivial and couldhave been shown slightly di�erently. We choose anupper bound z and a set fp1; p2; : : : ; pkg of smallprimes. We compute all the integers m less thanz, composed of prime factors from fp1; p2; : : : ; pkg,and x-abundant. Every multiple of an abundantnumber being abundant, all the products of thenumbers m thus obtained by some prime factorsout of fp1; p2; : : : ; pkg are still abundant numbers.The lower bound for A(x) is the density of this set,FkPm 1=m.
4. UPPER BOUNDS FOR Ak(x)As in the previous section, we introduce a real pos-itive parameter z and writeA(x) = n1�zXn1=p�11 :::p�kk 1n1Ak� xf(n1)�+ z<n1Xn1=p�11 :::p�kk 1n1Ak� xf(n1)�:In the second sum, each value of Ak is boundedfrom above by Fk; thus the second sum is boundedfrom above byFk z<n1Xn1=p�11 :::p�kk 1n1 =Fk 1�n1�1Xn1=p�11 :::p�kk 1n1�Fk n1�zXn1=p�11 :::p�kk 1n1=1�Fk n1�zXn1=p�11 :::p�kk 1n1 ;

soA(x) � n1�zXn1=p�11 :::p�kk 1n1Ak� xf(n1)�+1� Fk n1�zXn1=p�11 :::p�kk 1n1 : (4–1)It remains to bound the values of Ak that appearin the sum (4{1). If we just use the trivial upperbound Ak � Fk we will get A(x) � 1, so we needa nontrivial upper bound for Ak(x). This is thesubject of the next section.
5. MEAN VALUES OF f(n)r AND UPPER BOUNDS FOR

Ak(x)Let fk be the multiplicative function that takes thevalue 1 for p� with p � pk and the value f(p�) forp > pk. We �x an integer r and we consider g = f rkand the mean value of g computed on the �rst nintegers: Mn = 1n nXm=1 g(m):Let � be the convolution product of g and theM�obius � function:�(m) =Xdjm ��md � g(d): (5–1)The M�obius inversion formula givesMn = 1n nXm=1 g(n) = 1n nXm=1Xdjm �(d)= 1n nXd=1 �(d) hnd i � 1n nXd=1 �(d)nd� 1Xd=1 �(d)d = �k(r):The function �(d)=d is multiplicative, so �k(r) isalso equal to the value of the Euler product�k(r) =Yp �1 + �(p)p + �(p2)p2 + � � �+� : (5–2)



140 Experimental Mathematics, Vol. 7 (1998), No. 2Using the de�nition equation (5{1) of �, we have�(p�) = g(p�)�g(p��1)= �1+1p+� � �+ 1p��r��1+1p+� � �+ 1p��1�rwhen p > pk and � > 0, otherwise �(p�) = 0.We return to the sumnMn = nXm=1 g(m):Let Bn be the number of integers m between 1 andn such that fk(m) � x, or equivalently g(m) � xr.We collect the terms of this sum in two classes,�rst those terms for which g(m) � xr, that arebounded from below by xr, and the other terms,that are bounded from below by 1. We getxrBn + n�Bn � nMn � n�k(r);dividing by n and letting n!1 we getBk(x) � �k(r)� 1xr � 1 ;where Bk(x) is the density of the set of all m suchthat fk(m) � x. This set is the disjoint union ofthe p�11 : : : p�kk Ak(x), and we deduce the followingupper bound, proved by Behrend [1933].
Proposition 5.1. For every integer r � 1 and every k,Ak(x) � Fk�k(r)� 1xr � 1 : (5–3)Table 1 gives the upper bounds for �95(r) � 1 forr = 1; 2; 4; 8; 16; : : : ; 4096.r �95(r)�1 � r �95(r)�1 �1 0.000284 64 0.01892 0.000568 128 0.03954 0.00114 256 0.08668 0.00228 512 0.21316 0.00458 1024 0.72632 0.00925 2048 12.34096 1:37� 1017

TABLE 1. Upper bounds for �95(r) � 1.

When x is very close to 1, almost every integeris x-abundant and the trivial upper bound (2{1) isbetter than the upper bound (5{3). Table 2 showsthis phenomenon. It gives for some values of x thebest upper bound for Ak(x) obtained by formula(5{3) choosing the right value for r. The value r =0 on the �rst line means that, for this x = 1:0001,the trivial upper bound (2{1) is the better one.x r A95(x) � x r A95(x) �1.0001 0 0.0897 1.005 2048 4:35� 10�51.001 1 0.0254 1.01 2048 1:68� 10�91.002 1024 0.0096 1.02 4096 9:21� 10�20
TABLE 2. Some upper bounds for A95(r) obtainedusing Table 1.

6. UPPER BOUNDS FOR THE EULER PRODUCTS

V

k(r)In this section we give some e�ective upper boundsused to get upper bounds for the Euler products�k(r). In all this section we write�(p�) =�1+ 1p+� � �+ 1p��r��1+ 1p+� � �+ 1p��1�r=Xdjp� �(d)�f�p�d ��r :This is the � function de�ned by (5{1) for k = 0.We gave in [Del�eglise and Nicolas 1994] a methodto quickly compute a good approximate value of anEuler product Qp g(1=p), when g is a holomorphicfunction around 0 whose �rst Taylor series coe�-cients are not too large. This method could havebeen used to get some very accurate values for the�rst �k(r). For very large values of r the accu-racy would not be so good. Since we just need anupper bound for each �k(r), we will just use thetrivial method: �nd upper bounds for the partialproducts, and for the tails of the products.
Lemma 6.1. Let r be an integer � 1 and p � 2r.Then �1 + 1p�r � 1 < 1:3 rp:
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Proof. We have(1 + 1=p)r � 1r=p = exp�r ln(1 + 1=p)�� 1r=p< exp(r=p)� 1r=p� e1=2 � 11=2 < 1:3: �
Lemma 6.2. Let r an integer � 2 and p � 2r. Then� 11� 1=p�r�1 < 169 < 1:78:
Proof. Let u = 1=p. Theny = � 11� 1=p�r�1 < � 11� 1=p�r � � 11� u�1=2u;henceln(y) = 12u ln� 11� u� � 2 ln� 11� 14� = ln 169 ;since the function (1=u) ln�1=(1� u)� is increasingfor 0 < u � 12r � 14 . �
Lemma 6.3. For every integer r and every prime p,X��0 �(p�)p�� 1 + (1 + 1=p)r � 1p + r� 11� 1=p�r�1 1p4 � p2 :
Proof. SetY = 1 + 1p + � � �+ 1p��1 ; X = Y + 1p� :We get, for � � 1,�(p�)p� = 1p� (Xr � Y r)= 1p2� (Xr�1 +Xr�2Y + � � �+ Y r�1)� rp2�Xr�1 � rp2�� 11� 1=p�r�1:

Using this upper bound for � � 2 in the sumX��0 �(p�)p�we get the conclusion. �
Lemma 6.4. For every integer r � 1 and every p �max(2r; 15) we haveX��0 �(p�)p� < 1 + 1:31 rp2 :
Proof. The preceding three lemmas give, for everyr � 2,X��0 �(p�)p� � 1 + 1:3 rp2 + 1:78 rp4 � p2= 1 + rp2�1:3 + 1:78 1p2 � 1�� 1 + 1:31 rp2 if p � 15:For r = 1 this upper bound is still true, becauseX��0 �(p�)p� =X��0 1p2� = 1 + 1p2 � p4 : �
Lemma 6.5. For every integer r with 1 � r � 10000we have Yp>106�X��0 �(p�)p� � � 1 + r107 :
Proof. Set u = Yp>106�X��0 �(p�)p� �:Using Lemma 6.4 we getln(u) � 1:31r Xp>106 1p2 :The sum of 1=p2 can be computed as explained in[Del�eglise and Nicolas 1994, pp. 331{332], or it canbe found in [Glaisher 1891]:Xp 1p2 = 0:452247420041 : : : :



142 Experimental Mathematics, Vol. 7 (1998), No. 2Interval Interval Interval Interval[1; 101] 1 [1; 106] 24799 [109; 109 + 107) 2476049 [1014; 1014 + 107) 2476150[1; 102] 24 [1; 107] 2476741 [1010; 1010 + 107) 2476372 [1015; 1015 + 107) 2476212[1; 103] 249 [1; 108] 24760673 [1011; 1011 + 107) 2476154 [1016; 1016 + 107) 2476247[1; 104] 2492 [1; 109] 247610965 [1012; 1012 + 107) 2476199 [1017; 1017 + 107) 2476098[1013; 1013 + 107) 2476213 [1018; 1018 + 107) 2476304
TABLE 3. Frequency of abundant numbers in di�erent intervals.Hence, subtracting Pp�106 1=p2, we haveXp>106 1p2 = 0:0000000677 : : :and ln(u) < 0:9 r107 < 10�3;and �nally u = elnu < 1 + r107 ;using the estimate et < 1 + 109 t for t < 0:001. �We get an upper bound for the Euler product (5{2),writingYp>pk�X��0 �(p�)p� �= Ypk<p�106�X��0 �(p�)p� � Yp>106�X��0 �(p�)p� �:The �rst product is bounded by Lemma 6.3 andthe second by Lemma 6.5.Table 1 gives the upper bounds for �95(r) � 1for r = 1; 2; 4; 8; 16; : : : ; 4096. These are the valuesused for bounding the values Ak that appear informula (4{1).

7. NUMERICAL RESULTSWe have bounded A(2) using (3{1) and (4{1) withx = 2, k = 95 (which is the number of primes lessthan 500), and z = 1014. For the upper estimateeach term Ak� xf(p�11 : : : p�kk )�

in (4{1) is bounded using formula (5{3) with r =1; 2; 4; 8; : : : ; 4096 and the trivial bound (2{1); wekeep the best result obtained. This requires theenumeration of all the p�11 : : : p�kk not greater thanz, which is done by a backtracking procedure. Thetotal number of these n less than 1014 whose primefactors are less than 500 is 23581230171.The computation was performed on an HP900-730 workstation, using about 100 hours of CPUtime. It yields0:2474 < A(2) < 0:2480; (7–1)in particular A(2) = 0:247 : : : .
8. OTHER EXPERIMENTAL RESULTSWe computed the number of abundant numbersless than N for N = 1; 10; 102; : : : ; 109, and alsothe number of abundant numbers in the intervals[N; N+107) for N = 109; 1010; : : : ; 1018. The re-sults are given in Table 3 and seem to show thatthe next digit of A(2) is a 6.We thank the referee for remarking to us that thenumber of abundant numbers given above in theintervals of size 107 are compatible with a binomiallaw with parameters mp = 2476200 and s = 1365.
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