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Abstract. Solutions in R”*! of the linear, parabolic, nonhomogeneous partial differential

equation
64) 64)
323 ouipag Y b -1

i=1 j=1

and the related homogeneous equation are investigated. By entire solutions is meant solu-
tions of these equations defined in all of R**1. Schauder-type a priori estimates are developed
for entire solutions with prescribed behavior at infinity. These estimates lead to an existence
theory for entire solutions with certain behavior required at infinity. Uniqueness of these
solutions follows from the maximum principle.

1. Introduction. We investigate here solutions in R**! of the linear, parabolic, nonho-
mogenous, variable coefficient, partial differential equation

£¢:=a-D2¢+b-D¢+c¢——6¢/8t

_ 2. 9¢ 9¢ (NH)
>3 wizns 63: +Y gy T =

=1 j=1
and the related homogeneous equation,
Lo=0. (H)

Following the prevailing terminology in the literature, we refer to solutions of these equations
defined in all of R®*! as entire solutions. We shall develop Schauder-type a priori estimates
for the entire solutions with prescribed behavior at infinity. These estimates, of perhaps
independent interest themselves, lead to an existence theory for entire solutions with certain
behavior required at infinity. Uniqueness of these solutions follows from the maximum
principle.

The coefficients a, b, c of £ are assumed to be Holder-continuous in R"*! U {oo}: and as
T — oo, the matrix a approaches the n x n identity matrix I, the vector b approaches the
1 x n zero vector and the scalar ¢ approaches zero. Thus £ approaches the heat operator
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near infinity. We also assume that £ is uniformly parabolic in R**1, and ¢ < 0. With these
assumptions, we shall establish a one-to-one correspondence between the entire solutions of
(NH) that are O{|z|? + It| )™/2 and the polynomial solutions to the heat equation of total
degree no greater than m in z.

Several authors, for example [1, 2, 6, 8-11, 13-15] have investigated existence and/or
uniqueness questions for entire solutions of linear elliptic equations. Results analogous to
the ones presented here have been obtained for elliptic equations by H. Begehr and G.N.
Hile in [2].

The Schauder estimates for entire solutions are obtained from analogous estimates for
bounded domains as found in the book of Friedman [5].

2. Norms and a Schauder estimate for entire solutions. For vectors v, w in R**1,
we let v - w denote the dot product of v and w, and |v| the Euclidean norm of v. For n x n
matrices A = (a;;), B = (b; ;) in R**™, we define

A-B= ZZai,jbi,j, and |A‘ = (A . A)l/z.
i=1 j=1

(The inequality |A - B| < |A||B| holds.) We let Z = (z,t) = (1,22, " ,Zn,t), § = (y,8) =
(¥1,Y2,"** ,Yn,8), and z = (z,7) = (21, 22, , 2n,7) denote variable points in R"*!, The
symbol 0 will denote the origin in R®*!, and Q will denote a bounded (n + 1)-dimensional
domain in R"*! bounded by F x {t = Tp} and Fr x {t = T} where Fr and F are domains
in R*,T > Ty, and by a manifold (not necessarily connected) S lying in Top < ¢t < T. If
Z = (z,t) and § = (y, s), then we shall define

d(z,5) = V(lz — yI* + |t - s])

where || is the Euclidean norm. The function d(z, §) is a metric on R**!. Holder-continuity
will be defined with respect to this metric. For ¢ = ¢(Z) a real valued function defined in 2,
we let D¢ and D2 ¢ represent the 1 x n vector of first derivatives of ¢ and the n x n matrix
of second derivatives of ¢, respectively. Thus,

D¢ = (¢:1:1,¢:1:2a' o a¢:1:n), D2¢ = (¢:1:,':cj)n><n-

Let a = (@i j)nxn, b = (b1,b2,- -+ ,by), ¢ be functions defined in Q with values in R**", R",
R, respectively. The matrix a is always assumed to be symmetric. We consider the second
order linear partial differential operator £, defined by

L¢:=a-’D2¢+b-’D¢+c¢—8¢/8t

3¢> 09
N e a +Zb ~ %
i=1 j=1
Associated with the operator £ are the homogeneous equation

Lé=0 (H)

and the nonhomogeneous equation,
Lo =f, (NH)
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where the right-hand side f is assumed to be a real valued function in . We let D" denote
any partial derivative of order m with respect to z1,z2,--- ,z,. We will write D, for D}
and D; will denote 8/8¢. For functions u : @ — R, [ul§} will denote sup{|u(z)| : z € Q}.
We shall denote the S, the set SN {(z,t) : t < 7}. For any T = (z,t) in Q, let dz =
inf{d(Z,y) : y € FUS,;}. For any points Z, § in Q, let dz 3 = min{dz,d;}. For a real
number a, 0 < a < 1, integer m, and function u :  — R, let

war=wp«%@wﬂg%i%gﬂ;@genL

|d™u|§ = sup {(dz)™|w(Z)| : 7 € Q}, |dulg = |d"u|§,
o _ ymtalul®) —u@l
H,/(d™u) = sup {(dz,y) GG Z,7 € Q},
ld™ul = |[d™ulg + HY (d™w), |ulg = |d°u|f, |dulf} = |d"ulg,
and
|u|¥+a = |u|2 + Z ldDz“|2 + Z |d2D§u|2 + |d2Dtu|27

where summations are over all possible derivatives.

By a classical solution of £¢ = f, we shall mean a solution ¢ with ¢, D, ¢, D¢, D2¢
continuous. Friedman has shown (Theorem 11 on page 74 of [5]) that if a; j, b;, c and f are
Hélder-continuous with exponent « in  and ¢ is a solution of L¢ = f then ¢, D ¢, D24,
D, ¢ are all locally Holder-continuous with exponent « in 2. The following lemma appears
as Theorem 5 on page 64 of [5].

Lemma 1. Consider the equation L¢$ = f in QU Fr, and assume
A) the entries of the matrix a are locally Holder-continuous with exponent a,0 < a < 1,

in ) and there is K1 > 0 such that

lai ;| < K1, |dbil} < Ky, |d%¢|? < K,

il

B) there is K; > 0 such that for all Z in Q and real (1 x n) vector &,

n

Y ai; (268 = Kale)?,

1,j=1

C) the function f is locally Hélder-continuous with exponent o in Q and |d2 f|$} < oc.

Suppose further that ¢ is a classical solution of L¢ = f and that ¢ is bounded on ). Then
there exists K = K (K1, K3) such that

1612 o < K(18I3 + |d2FID).

We will derive an analogue of Lemma 1 for the case 2 = R™. For this purpose it is useful
to define the following norms where again o0 € R, 0 < a < 1, and now wu is a function defined
on all of R**!, Let

|l w llo=sup {(1 + |t| + |2[>)~/?|u(z,t)| : € R**1},
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- [u(Z) — u(y)|
(1 + |t| + lx|2)( a+a)/2f .
d(z,7)>
“ u ”(a’,a)z sup - Itl N Ix|2) 1/2
z,g R, 0<d(z,§) < ————

Ilwlloa=llvllo + 1| #li(ga), and

I lull lo,a =l @ llo,1 +Z | Det llo-1,a +Z | Diu lo—2,a + | Dett [lo-2,a;

where the summations are over all partial derivatives. For brevity we shall denote (1 + || +
|z[2)'/2 by [&].

Let B, = {u : u is continuous and || u ||, < 0o} and By o = {u :|| ¢ ||s,o< 00}. The norms
| u |lo and || © ||(s,a) may be viewed as analogous to the norms |[d™u|{! and HE(d™u) where
the distance dz, which vanishes as T approaches 0f2, has been replaced by the quantity
(14]t]+]z|?)~'/2, which likewise vanishes as Z approaches the boundary point at infinity of
R™*1. The condition 0 < d(z,7) < (1 + |t| + |z|?)1/2/2 is a technical convenience, assuring
that § approaches infinity along with Z, and more or less in the same direction.

We gather some miscellaneous observations regarding the spaces B, and B, , into the
following lemma:

Lemma 2. Let o, T € R, 0 < a, 8 <1, and let u and v denote functions defined on R™
(either both scalar valued, both vector valued or both matrix valued).

a) Ifo < 7 then B, C By and || u ||-<|| u ||o-

b) Ifo <T7and0<B3<a<1,then B;o C Brp and || u ||:s<|| ¢ ||o,a-

¢c) Ifu€e B, andv € B, thenu-v € Byyr and || u-v ||o4-<]| © |loll v ||+-

d) Ifu€ By o andv € By o thenu-v € Boyr o and || w0 |lo4r,a<]|  |lo,all ¥ ||7,a-
)

If ¢ is a real valued function in C*(R**!) with each D,¢ € B,_, and D¢ in B,_s,
then || ¢ ||(o,1) is finite and

€

1l S M@) (D 1l Dot llo—1 + Il Digs llo-2 ).

f) Let {um}S°_; be a sequence of functions in By o, with all the u,,’s having values
in the same space R, R, or R®*", and suppose that we have a uniform bound
| um |lo,a< M for all m, where M > 0. Then there is a subsequence {um, } and a
function u in B, o, with || ¢ ||5o< M, such that u,, — u in the norm of any space
B; or B, g witht > 0,0< < 0.

g) Let f € B, o where o > 0. Then f is locally Holder-continuous with exponent c.

h) The spaces B, and B, are Banach spaces.

Proof: a) Since [Z] = (1 + |t| + |z|2)}/2 > 1, then
lulle > sup {[z]"u(z,t)] : 2 € R***} = [lull,.

b) Since ([z]/d(z,7)) > 2, and [Z] > 1, then

ﬂ—)ﬁl'u(i‘) —u(y)|: 2,5 € R"*, 0 <d(z,7) < [z]/2}

Iy 2 sup {[8] (5

= {lull(r,8)-
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c)
llu - vllo4r = sup {[2] 7" |u-v(2)| : T € R***}
< sup {[z]77|u(Z)] : Z € R*** } sup {[3] " |v(§)| : § € R**'} = [luflo|v]|,-
d)

flu - v”(a+‘r,a) =

]—a—‘r+a|u(‘i‘)'v( ) ( ) v(gj)l
d(z,y)"

: Z,5 € R™Y, 0 < d(z,9) < [2]/2}.

sup {[Z

Now

(z]-o-7+o [u(z) - v(Z) — u(y) - v(@)]

4(z,5)°
<o (DN ) o) w

-7

< Nullolvliray + lull(,o)lv(@)][2]
< llullollvllr,ay + llulle,0) ([l (@)] + [2] 77 [v(2) — v(@)|([2]/d(z, §))*)-
The last inequality uses the fact that ([Z]/d(Z,7))* > 2“ > 1. After taking sups, we get
[w - vllgtr.0) < llellollvll(ra) + lull(ollvllr + lull@,allvllra-
We add this to inequality c) to get
lu- vll4r,a) + - vllotr < llulloallvlrq-
e) By the mean value theorem
¢(Z) — ¢(y) = (0¢/0z1,- -+ ,04/0zn,0¢/0t)(2) - (T — §),
where Z is some point on the line connecting  and 7 in R**!. Thus
|6(2) = 6(@)| < D_(106/0z4(2)||z: = wsl) + |De(2)]]t ~ 5.
Multiplying both sides of the above inequality by [Z]771%/d(Z, %)%, 0 < a < 1, yields
[2]77F16(2) — $(®)I/d(z,9)* < [2]77F* Y (10¢/0zi(2)l|z: — wil /d(&, §)*)
+ 27T De(2)|t - sl/d(Z, 5)*
< [@77% D (110¢/0xillo—1[2]° 71 /d(Z, 9)*71) + (2] 77| Dedllo—2[2]" "2 /d(Z, )72 .
We claim that if d(Z,y) < [Z]/2, then [Z]/4 < [Z] < 2[Z]. Geometric considerations shf)lvs)z

that for any fixed p > 0 and z € R*"*!, {§ : d(z,7) < p} is convex; so in particular
{y: d(z,7) < [z]/2} is convex and, therefore, z satisfies d(Z, z) < [£]/2. Now

[2]* = 1+d(0,2)* <1+ (d(z,0) + d(%,2)* < 1+ ([z] + [2]/2)* = 1 + 9[z]*/4 < 4[z]%,
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since 1 < [Z]. This shows

2] < 2[z]. (2)

For any real number r > 0 we have by elementary algebra the inequality

151+\/‘<\/—
147

therefore, for any z € R**! we have that

1< @0 5 3)
(2]
%0 ) [z] _ 1+ d(z,0)
d(z,z) < 5 < 2
We have
1+d(z,0) — 1+d2(j’0) <1+d(z,0),
so by (3)
}_'*'M51+d 0) < v2[z] and [g;—]_1+(12j6<\/_[z]
so by (2)

[4] [\]f < [2] < 2[a]. @)
This establishes the claim.
Equation (4) allows us in (1) to replace [Z] by [Z] multiplied by a suitable constant, so we

have
[#]77+216(2) - $(9)1/d(,5)°
< M) (A2 10001 + (AL 1D -2)
= [.’L‘ tilo—1 [ ] t o—2
a)(Z 10¢/92:l” ™" + I Dedllo2) -
Thus for all § in {7 : d(Z,y) < [Z]/2} we have

3] 16() — ¢(0)I/d(@, D < M(0)( D 196/0zillo-1 + 1 Dedllo—2)-

Taking sups yields

I8l < M(@)( Y 106/0illo—1 + | Dedllo—2)

for all 0 < a < 1. In particular,

18l oy < M(@)( 3 106/0zills—1 + | Dedllo~3)-
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f) We have ||um|ls,a < M where

lemlls,a = sup {[:E]_"|um(:2)| : £ e R

5]
+sup {[2]77 " |um (Z) — um(§)I/d(Z,y7)* : 7, § € R™', 0 < d(z,7) < [z]/2}, ®)

80 {u, } is a uniformly bounded equicontinuous (with respect to the Euclidean metric) family
on any compact subset of R**1. By the Arzela-Ascoli theorem, there is a subsequence, which
we relabel {un, }, coverging uniformly with respect to the Euclidean norm on compact subsets
of R"*! to some continuous function u. Taking limits in (5), we see that the inequality holds
for u; i.e., u € B, o and ||u||g.o0 < M.

To examine convergence in B; g we need to investigate

I, (Z) := [Z] " lum(Z) — u(Z)|

and

Im(&,9) =[] |(um(Z) — w(@)) — (um(§) — w(@))|/d(z, §)",
where 0 < d(Z,§) < [Z]/2. Let R be a large positive number.
Case 1: [Z] > R. If [z] > R, then

In(Z) < [2]777[2] (lum (Z)] + [(Z)]) < R77 (lumllo) + llulls) < 2M R

Similarly
In(@,5) < B (luml o) + Null ) < 2ME7T.

Case 2: 1 < [Z] < R. Since {Z : 1 < [Z] < R} is a compact set,
Iy(%) < max {[Z]77 : 1 < [2] < R}|um(Z) — u(@)| < N(7)|um(Z) — u(2)), (6)

where N(7) = 1, when 7 > 0 and N(7) = R™" when 7 < 0. We break Case 2 into two
subcases:

Subcase 2i): 1 <[Z] < R, 0<d(z,y) <4. Using 7> 0,0< 8 < a, and [Z] > 1, we get
Im(Z,7) < ([umllo,0) + 1l (o,0))6% 7 < 2M5P.
Subcase 2ii): 1 < [z] < R, d(Z,y) > 6.
T (2, 9) < max {1, RZ7H}67 (jum (2) — u(@))] + [(um (7) — u(@))])- (7

Given € > 0 choose R large enough to make 2M R°~" < € and then choose é small enough
to make 2M6*# < €. Finally choose, by uniform convergence of u,, on the compact set
{Z : 1 < [z] < R}, m large enough to make the expressions (6) and (7) less than e. This
makes I, (Z) and Jp,(Z) less than € for all Z, § so ||[um — ull; 3 — 0 as m — oc.

g) Let Q be a bounded region in R®*! such that for any  and 7 in §2, we have 0 <
d(z,9) < [z)/2. For all 3,7 in © we have that (|f(z) — £(7)|/d(Z,5)%) < MI|fl(s,ay, Where
M = M(Q,0,a) is an upper bound of [Z]”~* on Q. Thus f is locally Hélder-continuous
with exponent c.

h) Let {u¢} be a Cauchy sequence in B,. Then, {us/[Z]?} is uniformly Cauchy in the
| - lloo norm and so there is a continuous function v defined on R®*!, with the same range
R™, R"*1 or R™*™ as the ug, such that u,/[Z]° — v uniformly; i.e., [|ue/[Z]° — v|lco — O,
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llue/[Z]° = v[Z])7 /)7 |lco — O, ||ue — v[E]?||s — 0. Let w(Z) = v(Z)[Z]°. Then uy — w in
the norm of B,. Since ||w||s < ||ug — wl||s + ||uells is finite, w € B,. This shows that B, is a

Banach space. Next we show that B, o is a Banach space. Let {us} be a Cauchy sequence
in B, o. For all € > 0 there is an integer N such that for m,n > N,

sup {[f:]_"lum(m,t) —unp(z,t)|:Z € R"+1}+

—otal[um(Z) = un(Z)] = [um(g) — un(9)]|

(F, §ER, 0<d(z,§ s[ﬂ
d(z,y)> Y (9) )

2

sup {[fi:]

<e.

We already know that there is a continuous function w such that uy(Z) — w(Z) in the
norm of B,. If we define

Ue(2,9) = (ue(®) — ue()/([8] ¥ d(, §))
we have that {U,} is uniformly Cauchy in {(z,7) € R**! : 0 < d(Z,§) < [Z]/2} and there is

some function W defined on {(z,7) : 0 < d(Z, ) < [Z]/2} such that Uy — W uniformly in
{Z,9): 0 < d(z,y) < [Z]/2}. We see that

W (z,9) = (w(@) - w(@))/([#]~*d(,§)*),
since u¢(Z) — w(Z) pointwise and U,(Z, §) converges pointwise to

(w(z) - w(@)/ (2]~ d(z,5)*) = W(z,9).
To see that w € B, o, we observe that ||ug — w||s,a — 0 so

lwllo,e < llue — wlloa + lJuello,e < oo

Theorem 3. (Schauder estimate). Let ¢ be a classical solution of the nonhomogeneous
equation L¢ = f, with ||¢||s finite for some o € R. Suppose that for some a, 0 < a <
L, || fllo=2,a is finite and that for some nonnegative constant M,

lalloas lbll-1,a, llell-2,0 < My. (8)

Assume also that the matrix a is symmetric and that there is a constant My > 0 such that
for all Z = (z,t) in R**! and real (1 x n) vector £,

n n
3N ai(2)6Es > Mgl
=1 j=1
Then there is a constant M = M (M, Ma,n,a, o) such that
ellloe < Ml + 1 llo-2,a)-

Proof: Consider the set

S={z=(z,t):|z|] <5 and |t| < 5}.
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We obtain an estimate for ¢ on S. Let
Q={z=(z,t):|z] <9 and |t| < 21}.

We check that the hypotheses for Lemma 1 are satisfied in 2 and begin by showing that
la; I} < N(Mi,a). Observe that |a; ;|§ = sup{|a; ;(Z)| : Z € Q} < [laij|lo. Since for all Z,
g in € the values of dz, dy and dz 5 are no greater than 9, we have

ai ;(Z) — a; ;(9)]
d(z,9)>

+ sup { Iai’j(z;;;i’j(g)l . %,7 € Q and d(z,§) > [;f:]/z})
< N(a)(llaijll0,0) + llaijllo) < N(My, ).

H(a; ;) < Qa(sup{lai’j(i) — :Z,§ € Qand 0 < d(z,9) < [z]/2}

We will now show that |db;| < N(M;,a). We have
|dbil§ < 9sup{[bi(z)| : Z € 2} < 9||B]|—1.

HE(db;) < 9”“(81110 {%ﬁfﬂ' :Z,5 €9, 0<d(z,7) < [z]/2}

< M()(|IBll(-1,0) + lIbll-1) = M ()|l 1,4,

and by hypothesis
M(a)||b||_1’a < M(a)Ml = N(Ml, a).

In a similar fashion, we can show that |d%¢c|? < N(M;, ), |d2f|$ < M(0,a)||fllo—2,a < o0,

and that |g]§ < M(0)l|¢ll,-
By Lemma 1 and the preceding estimates, there is M = M(M;, M3,n,a,o) such that

#1540 < M(IIS +1d° 1) < M(|éllo + 1 fllo-2.0)- (9)
Now if |z] < 5, |t| < 5 and 0 < d(Z, §) < [Z]/2 then we have

Ide, dg,dj,gsg, and 1S[II_}]SV(1+5+25)<6,

so we may write (9) as

14(z) — ¢()

a(z,)°
=11—0 = =11+a—0o IDz(,‘b(.’i) — D;,;Qﬁ(ﬂ)'
+ 3 (a1 1D.9(@)] + (@l G )

2o D25 4 (s reme ID2O(E) — DZO(D) (10)
+ 3 (127 D26 (@) + a1 o)

|D:p(z) — Di(7)]
d(z,y)>

[Z]77|¢(z)] + [2]*7°7

+ @ Dup(@)] + o

< M(liglle + 1 Fllo-2,0)-
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We will presently show the inequality (10) to hold in all of R**! and then taking sups in
(10) we will obtain

”¢”¢7 + “‘{b“(a,a) + Z (HDa:(b”a—l + “Dz¢“(a—1,a))
+ Z (ID2¢llo—2 + I1D2¢ll(s-2,0)) + IDedllo—2 + 1 Dsdll (02,00 (11)
S M(”¢“a + “f“a—2,a)-

We now derive the inequality (10) for a point Z from {(z,t) : |z| > 5 or |t| > 5}. For this
point Z we shall define p = p(Z) = [£]/6. Let

Q(z) = {z = (2,7) € R*' : p < max{|z], VIrl} < 10p}.

We show that Z € Q(Z). If Z ¢ Q(Z) then either |z| < p and |t| < p?, or |z| > 10p or
[t| > 100p2. Suppose that |z| < p and |t| < p?. Then

201 + [t] + |2]?)
36 ’

|z%] + |t < 20% <

and hence 17|z|2 + 17]t| < 1. This is impossible since either |z| > 5 or |t| > 5. Now suppose
that |z| > 10p. Then
100(1 + [t] + |z]?)

2 s > 9lz|2
which is a contradiction. If |t| > 100p2%, then
100(1 + [t] + |z[?
> 1000 )

36
Again this is a contradiction and so & € Q(Z).

We now check that the hypotheses for Lemma 1 are satisfied in Q(Z). We first note that
for z,y in Q(Z) we have, d;, dy, dz g < 10p(Z). Also for all z = (z,7) € (,

1/36 < p2 < (1 4+ |r] + |2|?) < 1+ 100p% + 100p? < 22502,
s0 1/6 < p < [z] < 15p. We show that |a; ;| < M(M1,a). We have
laijla = lai e + Ha'(ai ),
las ;16 = sup{lai;(2)| : 2 € Q} < [lasjllo < Ma,
H(ai,5) < (100)° (sup{llas jll 0,00 (217 : 7 € 2}

+ sup{lai;(2) = ai; (@)|/([21/2)° : 2,5 € Q and d(z,7) > [2]/2})

< N(a)ﬁ’a(Hai,jHo,a)p"“ + sup{la; ;(2) — ai ;(9)|/(p/2)* : Z,5 € Q and d(Z,7) > [5]/2}),
since for Z € Q we have p < [Z] < 15p. Hence

HZai ;) < N()llaijllo,a < N(@)My = M(My, @).
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We now show that we have |db;|} < M.
lbs (5
|db;|St < 10psup {M 1 Z € Q} < M|jb||-1,

H(db;) < M(a)||b]|-1,0 < M(@)M;, = M(M;,q).

Similarly we can show that |d%c[} < M.

We have now shown that part A of the hypotheses of Lemma 1 is satisfied. We proceed
to show that part C is satisfied. It follows from Lemma 2g that f is Hélder-continuous with
expoent a. We show that |d?f| < N(0,a)p% || fllo—2,a < 0c. We estimate

|d*fls = |d*fI5 + Hg (d*F).

ld?f|§ < (10p)% sup{|f(2)| : Z € 2} < (10p)? sup{|| fllo—2[2]" " : 2 € Q}
- { (100)%(15p)" 2| fllo-2 o022

<M(@)p’||fllo-2
002 2 flons o<z Ml

I £ll(o=2,0)(159)7 727 + || flla=2(15)° 727>, o>2+a
1 ll(o=2,000" 727 + | fllo—2p" 727, c<2+4a
< N(U,G)P”Hf“a—z,a-

HZ(d*f) < M(a)p"‘“{

Finally we show that |¢|$} < N(0)p?||¢]lc < cc. We have by hypothesis
¢llo = sup{[2]"?|¢(2)| : z € 2} < o0.
For z € 2, we have p < [Z] < 15p, so

(150)°ll¢lls,  ifo >0

€ — Z):z €N z|° c:2Z€N
|plo = sup{|¢(2)| : z € @} < sup{[z]”||¢]lo : 2 € 2} < { 1l o <0

SO
615 < N(0)p” lIdlls < 0.

We apply Lemma 1 to Q(Z) and get
161510 < M(My, Ma,n,@,0)(|8]5 + 14°f13);
thus

615 + D 1dDz6l5 + Y [d*DZgla +|d*Degle < Mp° (I8llo + I fllo—2,0),

where summations are over all possible derivatives. Since [Z] = 6p, it follows that p > 1/6.
We claim that if d(Z,§) < [Z]/2 = 3p, then § € Q(Z). We note that 6p% > 1 as follows from
6p% = [(1+ |[t| + |z|?)/6] > 1, since either |z| > 5 or |t| > 5. We now show that § € Q. From
(Z] = 6p, we get that

1+d(£,0)2 =1+ |t| + |z|* = 3607,
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SO
36p2 — 1 =d(z,0)% < 36p%, 36p% —6p? < d(z,0)% < 36p?

and hence
V30p < d(z,0) < 6p.

We now have the conditions 0 < d(Z,%) < 3p and v/30p < d(Z,0) < 6p, which give us by
the triangle inequality that

(V30-3)p < d(y,0) <9,  2p<d(5,0) <9p

SO
4p” < |y + |s| < 81p%.

Thus |y| < 9p,|s| < 81p%, and either |y| > 2p or |s| > 4p?, giving § € Q(Z). Also, p < dj,
dy, dz,3 < 15p, which gives [Z]/6 < dz, dg, dz 3 < 15(Z]/6. As (10) follows from (9), we now
have (11), which gives

Ills + Y 1D2bllo-1,0 + D ID2Bllo-2,0 + IDedllo-2.a < MI$lls + [ fllo-2)-  (12)

By Lemma 2e,
16le,) < M@)( 3 1Dabllo1 + 1Dl -2)

so we can add ||@|(,,1) to the left-hand side of (12) to get

16llo, + D IDzllo-1,0 + D IDF8llo-2,0 + [ DeBllo—2,0 < M(Ilo + I fllo-2,0),

i.e.,
l8lller < M(llllo + 1 fllo-2,a)-

This proves Theorem 3.

3. The nonhomogeneous heat equation. Before further discussing entire solutions
of the general parabolic equation, it is useful both as motivation and as a mathematical aid
to study entire solutions of the equation

In R"*!, let k denote the heat kernel

e 1=/ 14mp)n/2 . >0
k(.’L‘, t) =
0, ¢t <0,

and for a real valued function f on R**1 let

Kf(z) = /R k@ - 7@ dyds.
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Recall that
1, t>s

R”

k((.’ll,t) - (y»s)) dy = {

0, t <s.

Lemma 4. Let f be a real valued function in R®*! in the space B_, where 2 < T < n+ 2.
Then for T € R"*! the integral K f(Z) exists and

IKf (@) < (2" M(n, )| fll -
Proof: We first show that
IKf(E)] < M(7)|Ifll-- if d(z,0) <1 (13)

We have
AN < Wfllr [ K@= D+ Is|+ )72 dys,

and

/ k(@ 7)1+ |5 + [yl?) /2 dy ds < /
Rn+1

|s|=7/2 ds + / ds. (14)
t—2>2 |t—s|<2

Since |t| < d(%,0)? < 1, it follows that

(14) g/ |s|‘T/2ds+/ ds = M(r).
s<-1 [t—s|<2

This establishes (13).
We now show that
KCF (Az, A%t)] < X277\ fl|—- M (n,T) (15)

if d(z,0) = 1, A > 0. We have

e—Az—y*/(4(A*t=s))
[4m (A2t — s)|/2 |f(y, )| dy ds.

KCf Az, X28)] < /

Rn+1
A2t>s

Let y = Az and s = A?r. Then
K FOw N0 < Nl [ ke = 2)(1af? + Ir) T 2 dzr
We derive an upper bound for
/ k(Z — 2) (2|2 + [r])~"/2 dz dr.
-

Let
Q1 = {(z,7) €R™ 1 |22 +|r| > 1/2}, and Qe = {(z,7) € R™' : |2]> +|r| < 1/2}.

In Q1, 1+ |2|% +|r| < 3(|2|> +|r]), so

/ k(z — 2)(|z]2 + |r])""/?dzdr < 37/2/ k(Z—2)1+ |22+ |r]) /2 dzdr < M(7)
131

Rn+1
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as was shown in the derivation of (13).
In Qo, |2)% + |r| = d(0,2)? <1/2 and || + |t| = 1, so

d(z,0) < d(z, 7) + d(0, 2) < d(z,0) + d(0, 2) + d(0, 2),
hence
1<d(z,2)+1/V2 <1+ V2,
1/20 < (1 —1/v2)?2 <d(z,2)2 = |z — 22+ |t — 7| < (1 + V2)? < 6.
Thus either |z — 2|2 > 1/40 or |t — r| > 1/40. If |t — r| > 1/40, then

1

n/2 _
————|t—-rl"/2 < 40™* = M(n).

k(Z—9) <

Suppose that |z — 2|2 > 1/40 and let m = [n/2] + 1, where [n/2] is the greatest integer no
larger than n/2. Then

m! At —r™
< M(n).
[t —r|*/2 |z — 2|2m ~ (n)

k(Z—-9) <
Therefore,
1 1
/ k(Z — 2)(|2]2 + |r))" "2 dzdr < M(n)/ (P®+7)""2p" Vdrdp < M(n,T).
Qs p=0Jr=0

This establishes (15).
Suppose now that § € R**! and d(0,4) = A > 1. Then we can write (y,s) as (Az, A%t)
where z = y/X and t = s/A2. Observe that d(z,0) = 1. We have from (15) that

[ 2KF @) < 2| f = M(n, ) < 207972 || -, M (n, T).
If d(0,%) < 1 then, by (13)
1+ |s| + |y DK f ()] < 20D || - M (7).

Thus the inequality of Lemma 4 is verified in all cases.

Lemma 5. Let f be real valued on R**! and in some space B_; 4,0 < a <1, and 7 > 2.

Then Kf(Z) has a continuous derivative with respect to t and continuous second derivatives
with respect to the x;’s at each point of R**1, and K f satisfies

Z f—6—¢+f=0.

Moreover, K f vanishes at infinity.

Proof: By making 7 smaller if necessary, we have by Lemma 4 that K f exists and vanishes
at infinity. Let R be some large number and let

Sr ={(y,s) : ly| < R and |s| < R}.
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We investigate the region
Q={Z:|z| <R/3 and |t| < R/3}.

Let 7 € Q. We write

ki@ = [ kz-9)f@)dyds+ / K@ - 9)£(7) dy ds.

Sr R +1\Sgp

It follows from results of Dressel ([3] and [4]) and Friedman (Theorem 11 on page 74 of
[5]), that if f is Holder continuous with exponent a, the first integral has continuous second
derivatives with respect to the z;’s and a continuous derivative with respect to ¢ and it

satisfies \
. 02¢ O¢ _
; 522 ot T

for Z € Q. For z € 2, the second integral gives upon differentiation under the integral sign
any number of times with respect to the z;’s and/or with respect to ¢ a linear combination
of expressions of the form

/ k(z—19)f H z— y)“(‘) (t— s)za(i) dy ds,
Rn+l\s i=1

where a(i) are nonnegative integers. To justify differentiation under the integral sign, we
shall show that if a is a nonnegative integer, integrals of the form

M@= [ k@ D@ i/ o) dyd

converge uniformly in Z for Z € Q, i.e., there is a function F(Q,y) = F(R,§) such that
|F(R,9)| = k(2 — DIF @)l —y|*/]t - s|*
for all z € Q(R) and
/ |F(R,7)|dyds < oo.
Rr+1\Sp
We shall assume that 7 > 2 + 2¢, where € > 0. Let 8 =n/2 + a + ¢. We shall write

I(z) = J1(Z) + J2(T) + J3(Z)

where
n@= [ ke- D@l -yl -l dyds
|s|<R
ly|>R
Ja(®) = / k@ - DI @l — 9121t — s|* dy ds,
|s|>R
ly|>R
and

Jx(z) = / k(@ — )@z — yI*/It - o|* dy ds.
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We first consider J1(Z). If |s| < R and |y| > R and Z € , then
t—s| <l|s|+]t| <R+ R/3=4R/3, |z —y|l =yl —|z| 2yl - R/3 > 2|yl/3.

Noting that
M (4)t-s|)P
[t= o772 Jo =y

k(Z —g) <
for some constant M, we have

Ilat: yll" bz - 7)< |t y||:k(5“17)||f||~f(1+|s|+|y|2)—r/2

z—yl* (4|t—s —
< () EZ M QD < a0, R = F(R,D),

and since a — 28+ n < 0, then

[ [ e dyds <o
|s|ISRJ|y|>R

Next we consider J2(Z). If |s| > R and |y| > R and Z € Q, then
|t —s|l > |s| —|t| > R— R/3=2R/3 and |z —y| 2 |y| —|z| 2 |y| - R/3 = 2[y|/3.
Further since |t — s| < [t| + |s| and |t| < R/3 < |t — s|/2, it follows that |s| > |t — s|/2. Thus

y|* yl* - —r
Y ke~ @) < TG = - bl + 1)
— yl™ — ﬁ (2e—1)/2
< Tyl (4]t —s])” |sf
T ft—sletn/2 |z — g2 |t sl
and since o — 26+ n < 0, 7 > 2 + 2¢, then

/ |5|(2e=)/2 / (ly))*~2P dyds < oo
Is|>R ly|I>R

Finally we consider J3(Z). If |s| > R and |y| < R and Z € R, then
|t —s[>|s| - |t| > R— R/3=2R/3 and |z —y| < |y|+ |z < |y| + R/3 < 4R/3,

< M(ly))*=2|s| =7/ .= F(R,7),

SO
2 —yl* e o z—yl* o
s k(z — )| f(@)] < |—|:s-|aiT/2|s| /2

< M(2R/3)"*"?R®|s|7"/? =: F(R, ),

/ |3|“T/2/ dyds < oo
ls|>R ly|<R

Since differentiation under the integral sign is allowed for z € Q(R), the integral

[ k@-pi@adyas
Rr+1\Sp

since 7 > 2, then

satisfies
~9%¢ 94 .
6:1: Fn =0 in .
Thus since R can be arbitrarily large K f satisfies
~ 9% _ 9¢

=0 Rn+1
Loz " p /=0
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Theorem 6. Let f be real valued on R**! and in some space B_; 4, T > 2,0 < a < 1.
Then there exists exactly one entire classical solution ¢ of the equation

Z 2¢ 6¢+f—0

i=1 i

vanishing at infinity, namely the solution ¢ = Kf. Moreover, if 2 < 7 < n + 2, we have for
this solution the bound

ll#lll2-r.a < M(n, , )| fll-r.a-

Proof: Uniqueness of the solution follows from the fact that the difference of two solutions
would satisfy the heat equation and vanish an infinity, thereby being identically zero by the
maximum principle of [12]. Lemma 5 states that ¢ = K f is a solution vanishing at infinity.
To derive the bound on ¢, we apply Theorem 3 to the case of the heat operator to obtain

lélllz—r.a < M(ll¢llz-r + [Ifll-r.a)-

However, Lemma 4 implies

I¢lla—r = K fll2-r = sup {[#]"*"7|Cf ()| : T € R™*'}
= M(n,7)sup {[z] "D f||--[z]*"7 : 2 € R} = M(n, 7)||f]--.

Hence
I@lllz—r.a < M(n,7)||fll-7,a-

4. An a priori bound for the general parabolic equation. We consider the equation
Lo:=a-D2p+b-Dp+chp—0p/0t = f (NH)
and derive an a priori bound for entire solutions analogous to Theorem 6. The conditions

on the coefficients will guarantee that the operator £ approaches the heat operator near
infinity at a certain rate. Let I denote the n x n identity matrix. We require:

(C1) There exist constants 6, &, M; with § > 0, 0 < a < 1, My > 0 such that
la = Ill-s,a, 1bll-1-5,05 llcll-2-5,0 < M.

(C2) The matrix a is symmetric. For all (z,t) € R**! and real 1 x n vectors ¢,

n

Z Zai,j(f)fifj > Mglfl2 for some My > 0.

i=1j=1

(C3) c<0.
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Theorem 7. Suppose conditions (Cy), (C2), (C3) hold on the coefficients of L and that
f € B_; 4 for some 7,2 < 7 <n+2, and « the same as in (C1). If ¢ is an entire classical
solution of (NH) and ¢ € By_,, then

l#lllz—r.a < M(n,a,6, 7, M1, M2)|| f]|-1,a- (16)
Proof: We have

lallo.a < lla—Illoa + Hllo,e < lla = Ill-6,a + llo,a by Lemma 2(b), (17)

= la —I||-s,a + [Illo < My + V7.

We also have
ol -1,0 < [0l -1-6,0 < M1 (18)

and
llell-2,a < llell-2-6,a < M. (19)

Hence Theorem 3 can be applied with ¢ = 2 — 7 to get the estimate

@lllz-r.a < M(My, M, n,0,7)([[$ll2—r + | fll-7.a)- (20)

It is, therefore, sufficient to derive instead of (16) the estimate

”¢”2—T < M(Ml’M%n’ a, 677)||f||—T,a' (21)

Suppose that (21) is false. Then there exist sequences {am}, {bm}, {em}, {fm}, {dm},
m = 1,2,3,--- such that all a,,, by, ¢, satisfy the conditions (C;), (C2), (C3) with the
same constants M;, M, a, § such that f,, is in B_; 4, and also each ¢y, is in Bo_, and

am * D2¢m +bm - Dodm + CnPm — 8¢m/8t = fm (22)

and with
lgmllz—r =1, | fmll-r,a <1/m. (23)

The inequalities (17), (18), (19) are satisfied by @y, by, cm, respectively, and (20) holds for

all pairs (¢m, fm). We also have that {am —I}, {bm}, {em}s {Ffm}s {dm}; {Dzdm}, {D2bm}
and {D;¢m} are all uniformly bounded with respect to the appropriate norms in the spaces
B—6,aa B—1—6,a, B2—6,aa B—‘r,ou B2——1‘,cn Bl——'r,cn B-—'r,a and B—T,a- By Lemma 2(f) there
exist functions a — I, b, ¢, f, ¢ contained in the same spaces as the corresponding sequences,
with ¢, Dy¢, D3¢, D:¢ continuous and with ¢ in Bs_, [we have uniform convergence].
After passing to subsequences [preserving (23)], we have with respect to the norms involved

(am —I) — (a — I) in By, and hence a,, — a in By,

bpmp — b in B_;, ¢, — cin B_o,
fm — f in B_2, ¢m — ¢ in Ba_r4s,
Dém — D¢ in Bi—ris, D2¢m — D26 in B_rys,

and
Di¢pm — Di¢ in B_r4s. (24)
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So by (23)
1fll-2 = im || fm|| -2 < lim || fru|| -~ < lim(1/m) = 0.

Therefore, passing to the limit in (22), we find that ¢ is an entire classical solution of the
homogeneous equation

a-D*¢+b-Do+cp —p/0t = 0. (25)

Clearly the conditions (C2) and (C3) on a and c are fulfilled, so the maximum and minimum
principles [12] may be applied to the solutions of (25). Since ¢ € By_,, ¢ vanishes at infinity
and so by applying the maximum and minimum principles to arbitrarily large spheres in
R"*+1, we conclude that ¢ = 0. Hence from (24),

¢m — 0 in Bo_r45, Dép — 0 in By_r1s, D2¢y, — 0 in B_,5.  (26)

We rewrite (22) as
D2 — 06 /Ot + gm =0 (27)

where
gm=(am_I)'D2¢m+bm"D¢m+cm¢m_fm (28)

and observe that

“gm”—f
< [{am — I)”—6”D2¢m”—r+6 + ||bm||—1—6||D¢m||l—r+6 + ||cm||—2—6“¢m”2—1'+6 + ”fm”—r
< M1(||D2¢m||—r+6 + ||D¢m”1—r+6 + “¢m”2—-r+6) + l/m.

By (26), the right-hand side goes to zero as m — 00 80 ||gm |- — 0 as m — oo. Note that
(am - I) ) D2¢m (S B—T—é,a, bm : Dd’m € B—‘r—é,aa cm(bm € B—-r-—é,a
so from (28), gm € B—r. Note further that if we let A represent > ., 8%/0z2, then (27)

i
implies
Ad’m - 6¢m/at +gm = 0.

Since ¢, € By_r, ¢, also vanishes at infinity. Hence, Theorem 6 may be applied and we
have ¢, = Kgm. However from Lemma 4,

I¢mll2—r < M(n,7)||gm|l-+ — 0

which contradicts (23).

5. Existence of solutions. We now demonstrate the existence of entire solutions of the
nonhomogenous equation

Lo:=a-D*p+b-Dp+cod—0p/0t = f (NH)

that vanish at infinity. Again we assume conditions (C1), (C2), (C3) on the coefficients of
L.
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Theorem 8. Suppose conditions (C7), (C2), (C3) hold on the coefficients of L and that

f € B_, o for some 7 > 2. Then there exists a unique entire classical solution ¢ of (NH)
such that ¢ vanishes at infinity, and moreover if 2 < T < n + 2 we have the bound

”|I¢H||2—T < M(nva)6a T, M17M2)”f“—7'va'

Proof: The uniqueness of the solution follows from the maximum principle since the dif-
ference of two solutions would solve the homogeneous equation and vanish at infinity. In
order to establish the existence of a solution, we consider the Banach space B defined by

B = {¢ € B2—‘r,1 : Dx¢ € Bl—‘r,ay Di(b € B—‘r,on Dtd’ € B—-r,a}

with norm

18117.a = lllllz—ra = I$llz-r,1 + D IDeBlli-ra + Y I1D3éll-ra + I Dl -ra

where the summations are over all partial derivatives. That B is a Banach space follows
from Lemma 2(h). We consider the family of linear operators £,, 0 < r < 1, defined by

noo92
C, = (1—1‘)[;%— gt] +rL,
setting a, = (1 — r)I + ra, b, = rb and ¢, = rc, we have
Lod=a, -D>¢+b, -Dp+c.d—0¢/0t.
We will show that £, maps B into B_; ,. We first note that
larll—s0 = lIr(@ = D) + I|—ga < rlla = Il-sa + Vi < M + v/,
We also have

[brll-1-6,a = 7[lbll-1-6,0 < M1 and [lcr[|-2-6,0 = Tllc]l-2-5a < M1,

SO

1£rdll—r.a < (M1 + V)ID?ll—r.a + M1l Dll1—r,a + Mill§ll2—r,a + [|106/0t] -7 o
< (M1 + Vn)|9ll3 o
Hence, £, maps B into B_; , and in fact £, is a bounded linear operator from B to B_; 4.

We also get from (C3) that ¢, = r¢ < 0 in R**!, and from (C;) we have for z € R**! and
¢ areal n x n vector

ar(2)€ - € = (1= 1)|€]* + ra(@)€ - € 2 (1 —r)[€|* + rMe|¢]* > min{1, Ma}E[*.
Hence, Theorem 7 can be applied and for all € B and 0 < r <1, we have

ll¢||:,a = ””¢“”2—T,Ot < M(n’ a, 6’ T, Mlv M2)”£"‘¢l|—‘r,a'
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According to Theorem 5.2 in [7], the Schauder continuation method applies. Theorem 6
asserts that the operator

P9 _2%
Z

maps B onto B_; ,. Hence, any £,,0 < 7 <1 does the same and in particular £; = £ maps
B onto B_; 4.

Before we study the behavior of entire solutions of (NH) at infinity, it will be useful to
study the behavior of entire solutions of the heat equation. We shall show that the class of
entire solutions of the heat equation in B,, is the same as the class of polynomial solutions
of the heat equation of degree at most m in z. We shall for brevity use the notation

n 62
A:;—a-;:—?-

Lemma 9. (a) If P(z,t) is a polynomial solution of the heat equation of degree no greater
than m in x and ¢ any nonnegative integer, then

(i) P has degree at most [m/2] in t and therefore P € Bp,,
(ii) P € Bm.1,
(iii) DyP € Bm-1.1,
(iv) DEP € By,

b) If ¢ is an entire classical solution of the heat equation and ¢ € By, for some nonegative
integer m then ¢ is a polynomial of degree at most m in x and degree at most [m/2] in t.

Proof: (a)i) The derivative

will for fixed ¢ be a polynomial of degree at most m -- 2 in z, and since 0¢ /9t also solves

the heat equation,
¢ 8¢
-y (X5

is a polynomial of degree at most m—4 in z and (8™ ~2¢)/(8t™~2)(x, ) is a polynomial of
degree at most m — 2[m/2] = 0 or 1 in z, so (8I™/A+14)/(0tl™/21+1)(, ) is identically zero.
This implies that for fixed z, (8I™/2¢)/(8t!™/2]) is a constant and thus ¢ is a polynomial
of degree at most [m/2] in t.

ii) Any derivative OP/dz; solves the heat equation and either constant or of degree at most
m—1in z and degree at most [252] in ¢, so | Dy P(, t)|/[Z](™~") is bounded and, therefore,
D,P € By_1. DiP solves the heat equation and has degree at most ([%] —1) < [mT‘2] int
and degree at most m — 2 in z so DyP is in By,_3. By Lemma 2(e), P(z,t) € B(m_1).

iii) Apply part ii) to each OP/0z;.

iv) Apply part ii) to each DLP.

b) Observe that ¢ € B,, implies |¢(Z)| < ||¢|lm[Z]™ for € R**1. Let ¢ € B,, be an entire
solution of the heat equation. Using Theorem 3 with f =0,a =1I,, b =0, ¢ = 0, we get
elllm,a < M||¢|lm for any a € (0,1) where M is a suitable constant. In particular all the

norms ||Dz¢||m—1 are finite. D¢ also solves the heat equation so all the norms || D2¢||m—2
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are finite. We continue in this fashion and get that || DT**1¢||—, is finite. Thus any D7**1¢
is a solution of the heat equation and

DI ¢(2)] < 1DF 1l (1 + |¢] + |2)*) 72,
i.e., D™*1¢ vanishes at infinity. Hence, DI**1¢ is identically zero. This implies that any

D7'¢ is constant as a function of z, and for fixed ¢, ¢ is a polynomial in z of degree at most
m; and hence, for fixed z, ¢ is a polynomial of degree at most [m/2] in ¢. Thus

[m/2]
dla,t)= Y 2fe(t) =) t'gi(x).
[g1<m =0

We show that the functions g;(x) are polynomials in z. Note that

$(z,0) = go(z) = Y a*£(0)

[€]<m

80 go(z) is a polynomial in z of degree at most m.

= Z A(z4) £ (0) = g1 (z) = %?(x,())

[€]<m
so g1(z) is a polynomial in z of degree at most m — 2. Similarly for 1 < i < [m/2],

(B)9(r,0) = 3 (A)()(0) = ilgi(z) = T2

|§]<m

(z,0),

so gi(z) is a polynomial in z of degree at most m — 2i. Thus

[m/2]

= Z ¢t Z 7'51:5

i=0  [¢|<m—2i

where 7¢ are real constants.

We introduce a new condition on the coeflicients of the operator L.

(D1) There exist constants §, a, A, m, with § > 0,0 < a < 1, A < 0, m a positive integer,
such that

”a - I“—-m—ﬁ,a, ”b”—m—l—G,a, “C“—m—2—6,a <A.

When we replace (C1) by (D1) the coefficients a; j, b; and c as well as the Holder quotients
la:,;(Z) — a5 (9)|/d(Z, §)*, |b:(Z) — bi(9))|/d(Z, §)* and |c(Z) — c(7)|/d(Z,§) are required to
decay faster at infinity by a factor of [Z]™™.

Theorem 10. a) Suppose that conditions (D), (C2), (C3) hold on the coeflicients of L, and
that f € B_; o for some T > 2. Then, for any polynomial solution P of the heat equation,
there exists a unique entire classical solution ¢ of (NH) such that ¢(z,t) — P(z,t) — 0 as
(z,t) — oo.



SCHAUDER ESTIMATES AND EXISTENCE THEORY 273

b) If ¢ is an entire classical solution of (NH) with ¢ € By,, then there exists a unique
polynomial P(z,t) of degree at most m in x with AP — (0P/8t) = 0 such that ¢(z,t) —
P(z,t) — 0 as (z,t) — oo.

Proof: a) Uniqueness is a consequence of the maximum principle. We have

LP= Zazp"?f( Za2+at)

=a -D*P+b-DP+cP—0P/0t—1-D*P +0P/0t=(a—1I)-D*P+b-DP +cP,

ICPl-2-sa < (@ = 1) - D*Plla—sc + b DPl|l2-sa + Pl -2-s
< 1@ = Dll-m-6ID*Pllm-2. + 18l-m-1-5,aIDPllm-1,0 + llcl| 251 Pllm

so LP € B_3_5,4. Noting that for small e > 0, f — LP € B_(24¢),a C B_7 4 and that (D)
implies (C1), we have by Theorem 8 a unique entire classical solution of £y = f — LP such
that ¢ — 0 as Z — oco. We set ¢ = 9 + P to obtain the desired solution of (NH).

b) Uniqueness of P is clear for if P, and P, were two polynomial solutions of the heat
equation satisfying the required condition, then the difference P, — P, would vanish at
infinity giving P, = P».

To show existence of P, we observe that if ¢ is a classical solution of (NH) with ¢ € B,,,
then by Theorem 3, ¢ € By, 1, Dg¢p € Br—1,a, D2¢ € By,—2 4. Further

A —%‘:i=.c¢—(£—(A—_))¢ f—(a=1)-D*—b-Dé— i

We claim that K(A¢ — %?) has a continuous derivative with respect to ¢ and continous
second derivatives with respect to the z; at all points Z in R**!, and that

(8- Dycag- 20 =ag- 2
and further that (A¢ — %‘;’3) vanishes at infinity. To establish the claim we need to show

that (A¢ — %‘f) is in B_g_ o for some v > 0 so that the hypotheses for Lemma 5 are
satisfied. We have

las - 2

3¢ I-2-7

< Ilf||~z—7,a +ll(a—=1I) D*ll—2—y,a + - Dol —2—y,a + llcpll—2—.a

< fll—2=v,a + 1@ = Dll=m—y,allP*¢llm—2,a + 1Bl ~m-1-,a | DSllm—1,a
+ llell-m-2-v,all@llm,a

< fll-2=v.a + AlID?*¢llm—-2,0 + Al DPllm-1,0 + Allpllm,a < 00

for small enouth 'y, since f € B_; o and 7 > 2. The claim is now established. The function
= ¢ — K(A¢ — ) therefore, satisfies the heat equation A¢ — —‘té = 0 in R**!. Since
¢ € By, and IC(Ad) 8t) in By it follows that P € B,, and so by Lemma 9b, P is a

polynomial in z and ¢ with degree at most m in z. Further since ¢ — P = K(A¢ — %?), it
follows that ¢(z,t) — 0 as (z,t) — o0.
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Corollary 11. Suppose that conditions (D), (C3), (C3) hold on the coeffieints of L. Then
the entire classical solutions of (H) which are in B,, form a finite-dimensional vector space.
There is a one-to-one correspondence between this space and the space of all polynomial
solutions to the heat equation of degree no greater than m determined by Theorem 10.

We finally remark that the space of all polynomial solutions to the heat equation of

degree no greater than m is spanned by Widder’s heat polynomials [16]. There is one heat

polynomial for each monomial x?(l)zg(z) ...22™ 5o the dimension of the space of entire

classical solutions of (H) which are in B,, is the same as the dimension of the space of all
polynomials in 1,2, - ,x, of degree no greater than m.
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