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Abstract. Systems of linear evolution equations can be written as a single equation
u(t) = Au(t),

(*)

where u is a function with values in a product space En and A = (A;j )nxn is an operator
matrix. Often the entries A;1 are polynomials Pii (A) with respect to a single (unbounded)
operator A onE (see, e.g., [1], [2], [3], [6], [11]). In order to solve (*) one has to determine
the properties of the operator matrix A. In particular one has to find an appropriate domain
D(A) such that A is closed. This will be discussed in the first part of this paper. Then it
is important to compute the spectrum a(A) of A. One expects a kind of spectral mapping
theorem based on the spectrum a(A) of A and the structure of the matrix (p; 1 ). We show
in Part 2 in which sense such a spectral mapping theorem holds. An application to stability
theory, i.e., the computation of an estimate for the spectral bound s(A) concludes this
paper. In a subsequent paper we discuss which operator matrices (Pij (A)) generate strongly
continuous semigroups on En and give applications to systems of differential equations.

1. How to define an operator matrix? We study n x n matrices A whose entries are
polynomials p;1(A) in a fixed- possibly unbounded- operator A on some Banach space E.
For bounded A it is obvious that the operator matrix A defines a bounded operator on
the product space £ := En. The situation for unbounded A is more complicated. In fact,
the matrix A only induces a formal map

but leaves open a wide choice of possible domains. If one wants "nice" properties of A, such
as closedness for example, then a more careful analysis is necessary.
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Let us consider the following simple example. Take a closed, unbounded operator A with
dense domain D(A) in E. If
A=

(A-A)
0

0

'

then it might seem reasonable to choose D(A) = D(A) x D(A). However, with this domain
the operator (A, D(A)) is not closed. To see this take x E E\D(A) and let (xn) c D(A) be
a sequence converging to x. Set Yn :=
for all n EN. Clearly y

fl.

(~=).Then Yn converges toy= ( ~)

and Ayn = 0

D(A) and hence (A, D(A)) is not closed. As we will show later a

more reasonable domain for A is D(A) = { (

~)

E E 2 : x- y E D(A) }.

From this and other examples we see that in general the appropriate domain D(A) of an
operator matrix A will not be "diagonal", this means, the product of domains in E. This
causes a number of difficulties and will be carefully studied in the sequel.
Throughout this paper A denotes a linear, densely defined operator with domain D(A)
in some (complex) Banach space E. We also assume that the resolvent set p(A) of A is not
empty. Before defining operator matrices and their domains we need a functional calculus
for certain functions on the spectrum a(A) of A.
Let C[x] be the ring of polynomials in x over C, C(x) its quotient field and C0 [x] := {p E
C[x]: p(O) = 0}. For an element f = ~ E C(x) we define[!]:= deg(p) -deg(q) where deg(p)
is the degree of the polynomial p. For each >. E C we define the linear polynomial 6. by
6.(x) := x- >.. The polynomial ~0 is denoted simply by~·
We now consider a class of functions for which a functional calculus for unbounded operators exists.

Definition 1.1. For a given linear operator A we consider the following classes of functions:

g = 9(A)

:=

{! E C(x) : f holomorphic in a neighborhood of a( A)},

N = N(A) := {! E

g : [!]

~ 0}.

Then g is a commutative algebra and N a subalgebra of g, Since g = Co[x] E9 Nit is
possible to decompose every f E g into a unique sum of an "unbounded" part in C 0 [x]
and a "bounded" part in N. As we have shown in Theorem A.2 it is possible to define
f(A) with domain D(f(A)) := D(Am) form = max{O, [!]} for all f E g, Then f(A) is a
closed, densely defined operator on E. Moreover the following holds (for the details see the
Appendix).
The functional calculus <I> : f f-t <I>(!) := f(A) is an "algebra homomorphism" from
into the set of all linear, densely defined, closed operators on E. Moreover, for
unbounded A, the operator f(A) is bounded if and only iff E .N.

g

Concerning matrices we need some further definitions. The ring of all n x n matrices with
entries from a set Lis denoted by Mn(L). Thus Mn(C[x]), Mn(C(x)), Mn(9), Mn(N) and
so on are all well defined. Clearly Mn(9) and Mn(N) are subrings of Mn(C(x)) and we
have Mn(9) = Mn(Co[x]) ffi Mn(N). Hence, every matrix in Mn(9) can be written as a
unique sum of an "unbounded" part in Mn(C 0 [x]) and a "bounded" part in Mn(N). For
an element M = 2:;;'= 0 ~k · Mk of Mn(C[x]) we call Mm E Mn(C) the principal coefficient
matrix of M.
It is our aim to define a closed operator M(A) for matrices M = (mik) E Mn(9). First
assume ME Mn(N). Then by Theorem A.2 the operator matrix M(A) defined by M(A) :=
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(mik(A)) is bounded on£.
Now take ME Mn(Y) and m := maxik[mik] > 0. Let A E p(A) and U;.. := diag(G', ... ,fX').
Then U;.. has an inverse in Mn(N) and M = U;..(MUJ: 1 ) =: U;..B;.. where B;.. E Mn(N).
Hence, B;..(A) is bounded on£. On the other hand U;..(A) with domain D(U;..(A)) = D(Am)n
is invertible and therefore closed. In the following definition we use this decomposition in
order to define A:= M(A) as a closed operator on£.

Definition 1.2. Let A be a densely defined operator with non-empty resolvent set p(A).
For a matrix M = (mik) E Mn(Y) decomposed as M = U;.. · B;.. for some A E p(A) (see
above) the operator matrix A;.. is defined by

with domain
D(A;..)

{x E £: B;..(A)x E D(U;..(A))}.

:=

Here D(U;..(A)) = D(Am)n where m := max{O, [mik]; i, k = 1, ... , n}.
We show that the above definition is independent of A E p(A) and yields a closed operator.

Proposition 1.3. Let A E p(A) and A;.. be defined as in Definition 1.2. Then

(i) (A;.., D(A;..)) is a closed, densely defined operator and
(ii) (A;.., D(A;..)) =(AIL, D(AJL)) for all J-t E p(A).
Proof: (i) The operator U;..(A) is invertible in .C(£) and therefore closed. Thus the product
of the operator U;..(A) with the bounded operator B;..(A) is closed (see Chapter 111.5, [7]).
Since D(A 1)n C D(A) for alll EN, l > maxi,k[mik] we have shown (i).
(ii) Take J-t E p(A) and define C;..,JL := diag((e-r,··· ,(e-)m). Apparently C;..,JL and its
inverse CJL,A are elements of Mn(N). From Theorem A.2 it follows that U;..(A)CJL,;..(A) =
UJL(A) and C;..,JL(A)B;..(A) = BJL(A). Hence,

A;..= U;..(A)B;..(A) = (U;..(A)CJL,;..(A)) · (C;..,JL(A)B;..(A))

= UJL(A)BJL(A) = Aw
I
Thus, for all M E Mn(9) we can define the operator matrix A = M(A) by M(A)
U;..(A)B;..(A) for some A E p(A). By «<>n we denote the functional calculus

«<>n: M

~-+

M(A),

ME Mn(Y).

We remark that «<>n assumes its values in the set of all linear, densely defined, closed operators
on£.

Remark. Using the same construction we can also define non-quadratic operator matrices.
For example let R = h, ... , rn) E (C[x])n. If A E p(A), then
R

=

m

~;..

~

r1
rn)
. ( <,;..
em ' · · · ' em
<,;..

EC(x]

form:= max{[rl], ... , [rn]}. Since ~.X(A) is closed and
operator

R(A)

:=

~.x'(A) (;~(A), ...

(if(A), ... , if>(A)) is bounded the

;r

,

(A))
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with the domain
D(R(A)) := {x E En:

(;~(A), ... ,

;r

(A))x E D(Am)}

is closed.
The next result is central for the following. It shows that in some sense the functional
calculus <I>n is an "algebra" homomorphism.
Proposition 1.4. LetS, T, L, ME Mn(9) and setS:= S(A), T := T(A), £ := L(A) and
A:= M(A). Then

+ M)(A)
(L + M)(A)

(i) (L

~£+A,

(ii)
=£+A if L E Mn(N),
(iii) (S · M · T)(A) ~ S ·A· T,
(iv) (S·M·T)(A)=S·A·T ifS,s-l,TEMn(N).
Proof: (i) and (iii) follow immediately from Theorem A.2. Since £ is bounded for L E
Mn(N), (ii) is an easy consequence of (i).
It remains to prove (iv). It suffices to show that
(SM)(A) =SA if S, s- 1 E Mn(N)

(1.1)

and (MT)(A) = AT if T E Mn(N). The second assertion is clear by (iii) and Definition
1.2, thus consider (1.1). Let A= U · B, where U = U>. = diag((A- ,\)m, ... , (A- ,\)m)
and B = B>. E £(E) as in Definition 1.2. We only have to show that S · U = U · S, i.e.,
D(U) = D(US). Since s- 1 E Mn(N) the operatorS is invertible in £(E) and we obtain
SD(U) c D(U) and s- 1D(U) c D(U). Hence, D(U) = s- 1D(U) = D(US). I
Lemma 1.5. Let M E Mn(Q). Then there exist invertible matrices S, T E Mn(N) such
that SMT = D + N. Here DE Mn(C 0 [x]) is diagonal and N belongs to Mn(N).
Proof: After multiplication of M with suitable permutation matrices we can suppose
[m11] = maxi,k[mik]· By Proposition A.3 there are elements 0:2, ... , O:n, fJ2, ... , f3n E N
such that o:km11 + mk 1 EN and f3km 11 + mlk EN for k = 2, ... n. Set

S,

~ C: : ~} ~ (! ~
T,

:]

E

M.(NJ

and M 1 := S1MT1 = (m~~)). Then mg), m]i) EN for j =f. 1.
Now we apply the same procedure to the truncated matrix (mg))i, 1= 2 and obtain matrices
S2 and T2 E Mn_ 1 (N). Next define
S2

:=

(~

1

2 ) E Mn(N)

and

T2

:=

(~

J

2 ) E Mn(N).

Iterating this (n - 1)-times yields matrices
S := Sn-1 · ... · S1 E Mn(N)

and
T := T1 · ... · Tn-1 E Mn(N).
Let L := (lij) = SMT; then by construction lij EN for i =f. j. Therefore we can decompose
L E Mn(Q) = Mn(Co[x])EBMn(N) into a sum L = D+N where DE Mn(Co[x]) is diagonal
and N belongs to Mn(N). Since det S = det T = ±1 both SandT are invertible in Mn(N)
which completes the proof. 1
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Corollary 1.6. Let M = (m;k) E Mn(9) and define A:= M(A). If l 2 max{O, [m;k] : 1 ::;
i, k::; n}, then D(A 1)n C D(A) is a core of A. In particular in the situation of Proposition
1.4 we have

(i') (L + M)(A) =£+A,
(iii') (SMT)(A) =SAT,
(iv') (SMT)(A) =SAT if s- 1 , T E Mn(N).
Proof: First we show that G := D(A 1)n is a core of A. Let SMT = D + N as in the
previous lemma. Define S := S(A), T := T(A) and V := diag(d1(A), ... , dn(A)) where
D = diag(d 1, ... , dn)· Then by Proposition 1.4 we have SAT = V + N(A). Since T is
bounded, invertible and commutes with diag(R(-\, A) 1, ••• , R(>., A) 1) for>. E p(A) we obtain
that G = T- 1 G is contained in the domain D(V) of D. Using the fact that V is diagonal
and N(A) is bounded it is clear that G is a core of V + N(A) =SAT. This implies that G
is a core of AT. Next we show that TG is a core of A: Take x E D(A), then there exists a
sequence (Yn) C G such that Yn ---+ T- 1 x and (AT)yn ---+ (AT)T- 1 x =Ax as n---+ oo. Now
define Xn := Tyn, then (xn) C TG, Xn---+ X and Axn = ATyn---+ Ax. Therefore TG = G is
a core of A.
Next consider (i'), (iii') and (iv'). Since D(A 1 )n CD(£+ A) and D(A 1 )n C D(SAT) for
l E N big enough we obtain from Proposition 1.4 the assertions (i') and (iii'). To prove (iv')
note that SA is closed whenever S is invertible with bounded inverse. (see [7], Chapter

III.2). I
In the next step we want to obtain more precise information on the size of the domain
D(A). It is clear that D(A) depends only on the unbounded part of A = M(A). So let us
assume ME Mn(C 0 [x]). Then it is possible to write M = L;;'= 1 ~k · Mk where Mk E Mn(C)
and m = max;,k[m;k]· After the canonical identification of En with E ®en we obtain
A= L;;'= 1 Ak ® Mk· Now the following holds.
Proposition 1.7. Let M = L;;'= 1 ~k · Mk E Mn(C[x]) and A:= M(A). Then

n
m

D :=

D(Ak ® Mk)

c

D(A)

c

D(A ® Mm)·

k=1
If the principal coefficient matrix Mm of M is invertible, then D(A)

= D(Am )n.

Proof: Assuming 0 E p(A) we decompose
m

A=(Am®Id)·(LAk-m®Mk) =U·B
k=1

as in Definition 1.2 and obtain D(A) = {x E E : Bx E D(Am)n}. First we show that
BD C D(Am)n. For x E D it follows that (Id ® Mk)X E D(Ak)n for all k = 1, ... , m.
Therefore (Ak-m ® Mk)x E D(Am)n and Bx E D(Am)n. To show the second inclusion take
x E D(A). Then we have
m-1

L (Ak-m ® Mk)X +(Jd ® Mm)X
k=1

Therefore (Id ® Mm)x E D(A)n, i.e., x E D(A ® Mm)·

E D(Am)n.
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Assume now Mm to be invertible and x E D(A). By the same arguments as above we
obtain (Id ® Mm)x E D(A)n and conclude, after left multiplication by (Id ® M;;; 1 ), that
x E D(A)n. Let x E D(A 1)n for some l = 1, ... , m- 1. Then from
m-1

L (Ak+l-m ® Mk)X +(A

(A 1 ® Jd)Bx =

1®

Mm)X

E D(Am-l)n

k=l

it follows that (A 1 ® Mm)x E D(A)n. As above we deduce x E D(Al+ 1 )n and by induction
D(A) = D(Am)n. I
Example. Take
M

= (~

~) = e · (~ ~) +C ( ~ ~)
---........-..'

---........-..'

=:M2

=:M1

and

An easy computation shows
D(A) = { (

Since D(A ® M 2)
D

= D(A)

~)

E E2

:

x E D(A), Ax+ y E D(A)}.

x E and D(A 2 ® M 2) n D(A ® M 1 )

= D(A 2 )

x D(A), we have

= ( D(A 2 ® M2) n D(A ® Ml)) =f. D(A) =f. D(A ® M2).

2. The spectral mapping theorem for operator matrices. In this part we will
calculate the spectrum a(A) of the operator A with domain D(A) as defined in Part 1.
Moreover we give a formula for the resolvent R(>.., A) if>.. E p(A) and derive an estimate for
the spectral bound s(A) of A.
The main tool in the sequel is the operator-valued determinant ~(A) which we define
first. Recall that for the fixed operator A on E we have

g = {!

E C(x):

f

holomorphic in a neighborhood of a( A)} and N

= {!

E

g: [/] : : ;

0 }.

Definition 2.1. Consider M E Mn(Q) and its determinant detM which is an element of

g. If A= M(A), then we call the operator
~(A):=

(detM)(A)

on E the determinant of A.

Next we will show that for bounded A the operator matrix A is invertible in £(E) if and
only if ~(A) is invertible in £(E). More generally we consider bounded operator matrices
with commuting entries.
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Lemma 2.2. Let B = (Bik) E C(E) be an operator matrix with commuting entries. Then
B is invertible in C(E) if and only if detB is invertible in C(E).
Proof: Let detB be invertible in C(E). Then s- 1 = (detB)- 1 Adj(B) by [8], Proposition 8,
p.334, where Adj(B) denotes the co-factor matrix of B.
Conversely assume B to be invertible with inverse s- 1 = (Jik) E C(E). First we show that
all entries of Band s- 1 commute. Take j, l E {1, ... , n} and define 'D 1 := diag(Bjt, ... , Bjt)
E C(E). Since the entries of B commute we have VIE= BDl. This implies s- 1vl = vls-l'
i.e., every entry of s- 1 commutes with Bjt· Thus every entry of B commutes with all entries
of s- 1 . Using this we obtain V 2B = BV2 where 'D2 := diag(Jjt, ... , Jjt) for some fixed
j,l E {1, ... ,n}. This yields B- 1 'D2 = 'D2B- 1 , i.e., the entries of s- 1 commute. Now by
[8], Proposition 7, p.334 we conclude Id = det(B)det(B- 1 ) = det(B- 1 )det(B), i.e., detB is
invertible with inverse det(B- 1 ). 1
For A unbounded the situation is more complicated. Take, for example, M
and A = (

~ ~d) .Here ~(A) =

=(

-Idis invertible while the "formal" inverse ( 1°d

f

~)

~ ~)

is unbounded and hence A does not have a bounded inverse. The following theorem shows
how to deal with this situation.

Theorem 2.3. Let A be a linear unbounded operator on E. ForM E Mn(Q) and A :=
M(A) the following assertions are equivalent.

(a) A is invertible in C(E)
(b) M is invertible in Mn (N)
(c) (i) de!M EN and
(ii) lim 0 ...., 00 M- 1 (a) exists in Mn(C).
Proof: (a) {::=} (b): Let SMT = D+N be a decomposition as in Lemma 1.5. Since Sand
Tare invertible in Mn(N) the bounded operator matrices S(A) and T(A) are also invertible
with bounded inverse. From this and Proposition 1.4 we deduce that A is invertible if and
only if S(A)AT(A) = (SMT)(A) is invertible in (E). Therefore we may restrict ourselves
to consider A= M(A) where Misgiven by a sum M = D + N. Here N is contained in
Mn(N) and D = (dik) E Mn(Co[x]) is diagonal.
Take some fixed number .X E p(A). Then U := diag(~~ 1 , ••• , ~~n) where Ilk := [dkk] for
k = 1, ... , n is invertible in Mn(N). By definition of U we have B := MU- 1 E Mn(N) and
D(U(A)) = D(A). Hence, A= B(A)U(A) by Proposition 1.4 (iii). Since U(A) is invertible
in C(E) this implies that A is invertible if and only if B(A) is invertible. Using the fact
that all entries of B(A) are bounded and commute we obtain from Lemma 2.2, that B(A) is
invertible if and only if ~(B(A)) = (det(B))(A) is invertible in .C(E). By Theorem A.2 (v)
this is equivalent to dettBJ EN. Thus the inversion formula for matrices implies that B(A)
is invertible in C(E) if and only if B is invertible in Mn(N). The only thing that remains to
be proved is that B is invertible in Mn(N) if and only if M = BU is invertible in Mn(N).
Let B- 1 E Mn(N). Then M- 1 = u- 1 B- 1 E Mn(N). For the converse implication note
that [mkk] = Ilk where mkk denotes the k-th diagonal entry of M. If M- 1 exists it is given
by M- 1 = (detM)- 1 · (mik) where (mik) = Adj(M). Here Adj(M) denotes the co-factor
matrix of M (see[8], p.334). Since [detM] = L~= 1 vk and [mik] ~ LJioi,k llj we conclude
B- 1 = U · M- 1 E Mn(N).
(b) {::=} (c): First assume (b). The assertion (c.i) follows from the multiplicativity of the
determinant while (c.ii) is clear by the definition of N. If (c) is true, then M is invertible in
Mn(Q) by (c.i). The second hypothesis now implies M- 1 E Mn(N). 1
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From the proof of Theorem 2.3 we also obtain an explicit matrix representation for the
resolvent R(J.Lo, A).

Corollary 2.4. For J.Lo E p(A) the resolvent R(J.Lo, M) is an element of Mn(N) and

R(J.Lo, A) = R(J.Lo, M)(A).
In the above counter-example

N but M- 1 (a) = (

~

A= ( ~ 10d) we have detM = -1 which is invertible in

_1a) has no limit for a

-+

oo. Still, condition 2.3(c) seems to be

artificial and not very useful. In order to arrive at a concrete description of the spectrum
a( A) we first state some consequences of the above considerations.

Corollary 2.5. Let A be a linear unbounded operator on E. ForM E Mn(Q) and A :=

M(A) the following assertions are equivalent.
(a) J.Lo E p(A)
(b) (i) D..(J.Lo- A) is invertible in£(£) and
(ii) Q := limo: ..... CXJ R(J.Lo, M)(a) exists in Mn(C).
If one of the assertions (a) or (b) is valid, then Q = limn ..... CXJ R(J.Lo, M)(an) for every sequence
(an) C C with limit oo.

Proof: We have to show that D..(J.Lo- A) is invertible in £(E) if and only if det(I'~-M)
This is valid by the definition of the determinant D. and Theorem A.2 (v). I

EN.

Lemma 2.6. LetS E Mn(C(x)). Then the matrix Sis invertible in Mn(C(x)) if and only
if there exists some a E C such that the complex matrix S(a) is invertible in Mn(C).
Proof: Let S be invertible, i.e., det(S) =I= 0. Then there are infinitely many a such that
(det(S))(a) =I= 0. Since det(S) has, as a non-zero rational function, only finitely many zeros
and poles we may assume that S(a) is defined. Using det(S(a)) = (det(S))(a) =I= 0 we obtain
the assertion. Conversely assume that there is some a E C such that the complex matrix
S(a) is invertible. Then from 0 =I= det(S(a)) = (det(S))(a) we conclude that det(S) =I= 0,
hence Sis invertible in Mn(C(x)). I
In order to handle condition 2.3( c.ii) we now give a different characterization of this
property.

Lemma 2. 7. Let J.Lo E C such that Q := limo: ..... CXJ R(J.Lo, M)(a) exists. For ..\ 0 E C the

following assertions are equivalent.
(a)

(i) (..\ 0

-

M) is invertible in Mn(C(x)) and

(ii) limo: ..... CXJ R(>..o, M)(a) exists.
(b) >..of. {J.Lo- >..- 1 : >.. E a(Q), >..=I= 0}.

Proof: The lemma holds for >.. 0 = J.Lo, hence assume >.. 0 =I= J.Lo·
(a) => (b): We have to show (J.Lo- >.. 0 )- 1 f. a(Q). Using the resolvent equation one easily
verifies that (J.Lo - >.. 0 ) + (J.Lo - >.. 0 ) 2 R(>.. 0 , M) gives the inverse of (J.Lo - >.. 0 )- 1 - R(J.Lo, M).
Hence assumption (a) implies that
(J.Lo-.Ao)+(J.Lo-.Ao) 2 lim R(>..o,M)(a)= lim ((J.Lo->..o)- 1 -R(J.Lo,M)(a))- 1
a--+ oo

a--+ oo

= R ( (J.Lo - >..o) - 1 , Q)
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exists. This shows (flo- >. 0 )- 1 ~ a(Q).
(b)::::} (a): By hypothesis ((flo- >. 0 )- 1 - Q) is invertible, hence (flo- >. 0 )- 1 - R(flo, M(a))
is invertible in Mn (C) for a sufficiently large. Now the identity
(flo- >.o)- 2 ((flo- >.o)- R(flo, M)(a))- 1

-

(flo- Ao) = R(>.o, M(a))

combined with Lemma 2.6 and the continuity of the inversion implies (a). 1
The above lemma yields a characterization of a(A) in the form of a spectral mapping
theorem. To be more precise, we show that a(A) consists of a set a 1(A) obtained via a
"spectral mapping" from the spectra a(A) and a(M(a)) and an "exceptional" set.
Theorem 2.8. Let M E Mn(Q) and A := M(A). If for some flo E C the limit Q :=
lima__, 00 R (flo, M(a)) E Mn(C) exists (e.g., flo E p(A)), then the spectrum a(A) of A is
given by

where

a1(A): =

U

a(M(fl)) = a(M(a(A))

1-'Ea(A)

and

Proof: The existence of Q for flo E p(A) was already shown in Corollary 2.5. Lemma
2.7 in combination with Corollary 2.5 shows that >. E a(A) if and only if A E a 2 (A) or
~(A- A) is not invertible in £(E). This last property is equivalent to 0 E a(p>.(A)) where
P>. := det(A- M) E Q. By the spectral mapping theorem for elements in Q (see Theorem
A.2 (vi)) we obtain
a (P>.(A))

But 0 E

U,..Ea(A)

= P>.(a(A)) = {det (>.- M(fl)): fl

E a(A)}.

a(>.- M(fl)) is equivalent to A E U,..Ea(A) a(M(fl))

= a1(A). I

As a first observation we state that the spectrum of A consists either of the whole complex
plane C or of the set a 1 (A) and at most finitely many "exceptional" points in a 2 (A). In
fact, la2 (A)I :::; n- 1 since Q is never invertible. In the following corollaries we give more
precise information on the location of a2(A).
Corollary 2.9. If the principal coefficient matrix Mm of the unbounded part of M is
invertible, then a2(A) = 0 and therefore the following spectral mapping formula holds:
a(A) =a (M (a(A))).

Proof: It suffices to show that lima__, 00 R(O, M)(a) = 0. Using simple matrix theory it
follows from the hypothesis that [detM] = n · m. On the other hand, every element of
Adj(M), the co-factor matrix of M (see [8]), has degree at most n · (m -1) and we conclude
that
}~.~ R(O, M)(a) = ( (detM)- 1 Adj (M)) (a) = 0. I
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Corollary 2.10. If a(A) is bounded and lim 0 ___, 00 R(J.Lo, M(o:)) exists for some J.Lo E C, then
a(A) is also bounded. More precisely, a(A) is the union of a(M(a(A))) and finitely many
isolated points.
Proof: This follows from the observation that a 1 (A) is compact whenever a(A) is bounded.
Corollary 2.11. If a(A) is unbounded and Q := lim 0
J.Lo E C, then
a(A) = a1 (A).

___, 00

R(J.Lo, M(o:)) exists for some

Proof: Let Ao E a 2 (A), i.e., (J.Lo- Ao)- 1 E a(Q). Since a(A) is unbounded there exists
a sequence (Ak) C a( A) converging to oo. Then Qk := R(J.Lo, M)(Ak) exists for all except
finitely many k and converges to Q. By Theorem 5.1, p.107 [7] we can find a sequence
(J.Lk) C C such that Jlk E a(Qk) = a(J.Lo- M(Ak))- 1 and Jlk ---> (J.Lo- Ao)- 1 . Therefore
(J.Lo- J.L"k 1 ) E a(M(Ak)) C a 1 (A) and (J.Lo- J.L"k 1 ) converges to Ao fork---> oo. I

This last corollary is particularly useful since it allows us to determine the spectrum of

A by calculating the eigenvalues of the matrices M(J.L), J1 E a(A), without worrying about
the "exceptional" spectral values in a 2 (A).
Next we consider some typical examples. ForME Mn(C[x]) we use as usual the notation
A= M(A). Moreover we assume that A is unbounded.
Examples. (1) Let
M

=

(e1

e)
~

E M2(C[x]).

Since
1

R(A,M)= A2-A(~2+~)

(

~

-1

-e)
e

for A E C\{0} there is no A E C such that lim0 ___, 00 R(A,M)(o:) exists. Using Corollary 2.5
we conclude that a(A) = C.
(2) Let

Since the principal coefficient matrix

is invertible we obtain from Theorem 2.8 that

a( A) = {

±JJ-1

6

+ J-1 3

:

J1 E a(A)} .

(3) Let q E C[x], q(x) = L:~=O akxk. For E E C define

M,
Then for

E

i= 0 we have

:= (

~

E:n)

and

A_ := M,(A).
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Note that for unbounded a(A) we have -~n E a 1 (Ae)· This can be shown by using the
binomial series expansion of~ for /A/ < 1. Iff= 0, then

a(Ao) = al(Ao) = {

±/'i[ili: J.L E a(A)}.

For applications to stability theory the spectral bound

s(A) := sup{Re A : A E a( A)}
is of special interest (see [10]). Matrix techniques in combination with the above corollary
yield an interesting and simple upper estimate for s(A).

Proposition 2.12. Let Mo, ... , Mm E Mn(C) be normal matrices. If M = L:Z'=o ~k Mk
and A:= M(A), then
m

s(A) ::S sup
JtEu(A)

m

L

sup Re (J.Lkak) ::S
k=O akEu(Mk)

sup
akEu(Mk)

L s(akAk).

(2.1)

k=O

Proof: For the numerical range V(S) := {(Sy,y): 1/y/1 2 = 1} of a matrix S E Mn(C) it
is known that a(S) C V(S). But for normal matrices S one has co(a(S)) = V(S), where
"co(.)" denotes the convex hull (see [9]). From these facts we obtain
m

m

k=O

k=O

This implies that
m

sup Re (a(M(J.L))) ::S sup
JtEu(A)

JtEu(A)

L supRe (J.Lkco(a(Mk)))
k=O
m

=

sup

L supRe (J.Lk(a(Mk)))

JtEu(A)

k=O

sup

L
k=O

m

=

JtEu(A)

sup

Re (J.Lkak)

akEu(Mk)

m

::S

L

sup s(akAk).
k=O akEu(Mk)

We have used here the abbreviations K +L = {z+w: z E K, wE L} andRe (K) = {Re (z):
z E K} for any two subsets K, L of C. I

Appendix: The functional calculus. In the following we will provide some results
concerning the functional calculus. Let A be a densely defined operator on some Banach
space E with non-empty resolvent set p(A). We recall the definitions from part 1:

g = Q(A)

:=

{! E C(x) : f is holomorphic in a neighborhood of a(A)},

N = N(A) := {! E Q(A) : [!] ::S 0} and

Co[x] := {! E C[x] : /(0) = 0}.
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Since g = C 0 [x] EB Nit is possible to decompose every f E g into a unique sum f = p + q
where p E C 0 [x] and q EN. For polynomials there is a well known functional calculus ll> 1
specified by
<P1 : P r-> <P1(p) = p(A), p E C[x],
where, by definition, D(p(A)) := D(Am), with m = [p]. Similarly, there is a functional
calculus <P 2 for functions inN where <P 2 : N ~ C(E) is the homomorphism given by

r
q =-EN.

s

For details we refer to [4].
Next we combine these two maps in order to obtain a functional calculus <P on Q.

Definition A.l. Let

f = p + q E g where p E C0 [x] and q EN. Then we define
<P(f) := <P1(p)

+ <P2(q) = f(A)

with domain D(f(A)) = D(Am) where m = max{[f],O}.
Theorem A.2. The map
<P : f

r->

<P(f) = f(A),

f EQ

is an "algebra homomorphism" in the the following sense.
(i) <P(f +g) = <P(f)
<P(f +g) = <P(f)

+ <P(g)
+ <P(g)

for all J, g E Q, in particular,
if g EN,
for all J, g E Q if[g]::; [f].

(ii) <P(fg) = <P(f)<P(g) = <P(g)<P(f)

Moreover, if A is unbounded, then
(iii) <P(f) E C(E) {:::::}
(iv) <P(f) = 0 {:::::}

f

f

EN,

= 0,

(v) <P(f) is invertible in C(E) {:::::}
in particular, <P(f)- 1 E <P(N),

j

EN,

(vi) O'(<P(f)) = f(O'(A)) U O'J where

O'J = {

~f(oo)}

if[!]> 0
if [!] ::; 0 .

The routine proof can be found in [5]. For the proof of Lemma 1.3 the following result is
needed.

Proposition A.3. Let b, c E C[x] and [b] 2: [c]. Then there exists f E N such that
+c EN.

bf

Proof: To simplify the notation we assume that 0 E p(A), i.e., that j EN where j(x) :=
ljx. If b = 0, then c = 0 and we may choose f = 0. Therefore assume b =1- 0.
Define J := -~ E C(x). Since [b] 2: [c] we have []] ::; 0. For C > 0 big enough j has no
poles in {x E C : lxl 2: C} and we can expand j into a Laurent series ](x) = L:~o akx-k
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for [x[ ;::: C. Let f be the expansion of J up to order m := [b]- 1, i.e., f := L~o o:k}k and
d := j- f. Then fEN and [d]:::; -(m + 1) = -[b]. Moreover we have
bf

+ c = b(}- d)+ c = b] + c

Since [bd] :::; 0 and bf + c E Q we conclude that bf

- bd

= -bd.

+ c EN. 1
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