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Abstract: Let @ C RN be a bounded open set with smooth boundary and p = 2N/(N —2) be
the critical Sobolev exponent. In this note we extend the results of [10] and [21] concerning
nodal solutions (i.e., a solution which changes sign) for the Dirichlet problem: —Au =
|u|P~2u+Au on Q and u = 0 on 9, when N > 6 and X € (0, A;) with A; the first eigenvalue
of —A in H} (). Similarly, for the problem —Au = |u|P~?u + A|u|[7"%u on © and u = 0 on
O we obtain a nodal solution when A > 0, (N +2)/(N —2) < ¢ < 2N/(N —2) for N = 3,
4,5and 2 < ¢ < 2N/(N —2) for N > 6.

Introduction and main results. Let @ C R" be a bounded open set with
smooth boundary 92 and N > 3. Consider the Dirichlet problem:

—Au = |u|”_2u+)\u on 2, u=0 on 01, ()

where p = 2N/(N — 2) is the best exponent in the Sobolev embedding and A > 0.
Define \; to be the first eigenvalue of —A in H}(Q). Using ideas introduced by
Aubin ([1]) for the Yamabe problem, Brezis-Nirenberg ([6]) proved that in contrast
to the non-existence situation yield by the Pohozaev’s identity ([15]) for A < 0, in
case N > 4 and X € (0, ;) then problem (%) always admits a positive solution.

Notice that if A > A, every solution of (%) must change sign in . Existence
in such situations has been established in [9]. The dimension N = 3 appears more
delicate and existence is only possible when A > A, > 0 for a suitable constant
A, depending on the domain Q (see [6]). We refer to [4] and [18] for a detailed
bibliography related to various interesting aspects of this problem.

In this note, we will be concerned with solutions of (%) which change sign in Q.
Following the notation introduced in [2], we shall refer to these solutions as nodal
solutions. The existence of a pair of nodal solutions for (*) has been obtained in
[10] and [21] for N > 6 and A € (0, Ay).

Here we give a different proof of these results together with a mild extension. As
in [10] and [21], we use variational methods. However, our proof relies more on the
specific choice of the P.S. sequence then on the appropriate minimax principle. We
hope that our point of view will shed some new light on the multiplicity question
for problem (*). We have:
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Theorem 1. For N > 6 and A € (0, ), the Dirichlet problem (x) admits a non-
trivial solution u = u(x) satisfying

Q
where v(u) is the first eigenfunction of the weighted eigenvalue problem
—(A+XNv=plulv on Q, v=0 on 09,

©ER.

Clearly u = u(z) defines a nodal solution for (). The dimensions N = 3,4,5,6
are more delicate. In fact, it has been pointed out in [2] that for a ball Q ¢ RV
with N = 4, 5,6, problem (x) cannot admit radial solutions which change sign when
A > 0 is sufficiently close to zero. This non-existence result was motivated by an
analogous one obtained by Jones in [13] and concerning the related problem

—Au = |ulP2u+ Mu|?"%u on Q, u=0 on 99, (%)q

where g € (2, 2%) and A > 0. A positive solution for (x), was established in [6]
for N > 4. While, for a ball Q, Jones (see [13]) has obtained infinitely many radial
solutions when q € (%ﬁ—%, %) and N =4,5 or q € (2, ]3—_1\_/2) and N > 6.

Here we shall prove that, under similar assumptions on ¢, problem, (x), always
admits a nodal solution. More precisely, given a smooth function u # 0, denote by
vg(u) the first eigenfunction for the weighted eigenvalue problem

~Av = p(Julf"2 +u/7%)v on Q, v=0 on IN.

We have,

Theorem 2. Assume that q € ({32, 22) for N = 3,4,5 and q € (2, #%5) for
N >6, A > 0. Then problem (x), admits a non-trivial solution u = u(z) satisfying

/(|u|p_2 + A" uv, (u) = 0.
Q

Again, the case where N = 3,4,5 and ¢ € (2, %) is more delicate, and this type
of result may not hold for every given A > 0. In this direction, Jones (see [13]) has
shown that for a ball 2, problem (%), cannot admit radial solutions which change
sign when ¢ € (2, ﬁ) and A is sufficiently close to zero. The same conclusion also
holds when q = ¢ (see [14]).

2N

Notice that 1f we replace p in (%) and (x)g by r and require 2 < r < §55 =p
(subcritical case), then by means of the Ljusternik-Schnirelman theory one obtains
infinitely many pairs of solutions for (). However, this approach fails in the limiting
case r = p = x—5 because of the lack of compactness for the corresponding varia-
tional prlnmple and infinitely many solutions for (%) and (*), have been obtained

only for special domains with symmetries (cf. [12], [10] and [13]).
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So far, the multiplicity question for the critical exponent problem remain as
elusive as ever. '

Acknowledgements. The author wishes to thank C.V. Coffman for useful discus-
sions.

1. Proof of Theorem 1. As well known, weak solutions of (x) (resp. (%),) are
the critical points for the functional

1 A 1
Iu:—/ VuZ———/ u2——/ ul?
=g [1wep=5 [ [

1 A 1
F(U)=§/|VU|2——/|U|Q——/|U|’”7 u € Hy ().
Q qJq PJo

A regularity result due to Brezis-Kato (cf. [5]) then guarantees that such weak
solutions are, in fact, classical solutions. Denote by || - | the standard norm in
H}(Q). Our first goal is to obtain Theorem 1 in the subcritical case where we
replace p with p — €, € > 0 small. To shorten notations set pe = p—¢€, 0 < € < \L_z,
and H = H}(Q) with scalar product (, ). Define

L) =5 [l =3 [P = [
2 Ja 2 Ja Pe Ja

so I = I.—q. Associated to I. and I are, respectively, the manifolds

resp.

P(, UEH;

Ae={u##0:(Il(u),u) =0} A={u#0:{I"(u),u) =0}
It is easy to see that I. and I are bounded below, respectively, in A, and A. Set

Cljezllil(ffﬁ and clznkfI. (1.1)

For €* > 0 small enough, one can provide a constant ag > 0 so that the following
lower bounds holds:

Cl,e ZO’O (12)

Ve € [0,€e*] (we identify c; =0 with ¢;). It is well known that the minimization
problems in (1.1) achieve their infimum, say at u;, and u; respectively (cf. [16]
[6]). Namely,

b

upe € Ac and I (uj) =c1. (1.3)c

and
up € A and I(up) =¢;. (1.3)

Also, we can choose u; > 0 and u; > 0 on .
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Lemma 1.1. ¢; — ¢ ase — 0.

Proof: Easy computations show that
ere < 0+ DF O - A+ 17 (1.4)

Ve € (0, 555), where || denote the Lebesgue measure of Q2. Consequently, from
(1.2) and (1.4), we derive
I(] < ||u1’€||p€ < I(Q (15)

Ve € (0,e*), with I{; and K5 positive constants. Set

. (IIVul,cH% - /\Ilul,ellg)#—z
=

llur,ell5

Hence, t.u; . € A and

[Vu,ell3 — Allul,eH%)#
[l el

< Ly (190 = Ay 7=
=N Jurel?,

P(pe—2
= —IQIW D |ug ellp.”

1
c < I(teul,e) = N(

So, from (1.5) we conclude
< (- - —)llul el +0(€) = c1,e + 0(e).

Next, we obtain the reverse inequality. Set

o= (Dl Al

[ b

so, Teuy € Ae. Therefore,

1 Vu — Al|u 2
c1,e < Ie(Teur) = (3 — _)(” 113 llull3 )

2 P a5

L1l e s
T2 pe u ‘ =c; + 0(e).
(3 pe)(”m”m) flullp | +0(e)

This concludes the proof.

Remark 1.1. It can be shown that for a subsequence ¢, — 0 as n — o0, it
follows
lure, —uill =0 as n — +oo.
Set
(w) = [IVull3 = Mull3, e H.

We have,
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Lemma 1.2. For every r € (2, 2%5) and u € L"(Q), u # 0, there exist a unique
v =v(u) € H such that

a) / lu|""?v? =1 and v>0;
Q

b) Y(v) = inf{Y(w), w € H : [, |u]"72w? =1} := p; (u). (1.6)

Furthermore, the map L™(Q) — H}(Q), u — v(u) is continuous for every u # 0.

Remark 1.2. Clearly (p1(u),v(u)) corresponds to the first eigenpair of the
(weighted) eigenvalue problem

—(A+Xv=ypul""%v on Q, v=0 on 9. (#)

Proof: A simple application of the direct method of calculus of variations shows
that the infimum in (1.6) is achieved. Also, any point w € H where such infimum is
achieved cannot change sign in Q. This gives the uniqueness of v(u) and, therefore,
its continuity for u # 0.

Remark 1.3. It is not difficult to show that v(u) is continuous also with respect

to the parameter r. Namely, if {u,} is a sequence in LP(Q2), p € (2, 1\2,—11/2-), which

converges to u* € LP(Q), u* # 0, and p, € (0,p) satisfies p, — p, then ||V (v, —
v)||2 — 0 as n — 400, where v, and v are defined according to Lemma 1.2 with
U = Uy, r = pp and u = u*, 7 = p, respectively.

To obtain the statement of Theorem 1 in the “subcritical” case, we shall use the
Ljusternik-Schnirelman theory for even functionals (cf. [16]). To this purpose, let
A C H be a closed, bounded set which is Z,-symmetric (i.e., u € A = —u € A). As
well known, the Krasnselski genus i(A) is well defined for the set A. Fix p > 0 and
let S, = {u € H : ||u|| = p}. Define

H = {h: H — H odd, homeomorphism }
and set
Fy = {A closed, Zy-symmetric : i(h(A)NS,) > 2, Vh € H}.

We have

Proposition 1.1. For every € € (0, ﬁ), there exists a non-trivial solution u, of
the Dirichlet problem

—Au = |u|”‘_2u +Au on Q, u=0 on 0N (%),

[
Q

where v(u,) is defined according to Lemma 1.2 with u = u, and r = p.. Moreover,

satisfying

p‘_zucv(uc) =0,

I(uc)= Aig]f._z s1/1‘p I..
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PI‘OOf. Set
Co e = l]]f Sll[) IG'

2_ 2 _1 .
Since the map h : u — (“Vu”u”p):”u” )Pel—Z u defines an odd homomorphism between
Pe

S, and A, we have that i(ANA.) >2,VA € F,. In particular, ca . > ;..
Step 1. For every A € F3, there exists u € A N A, such that

/ Iulpe_zu ve(u) =0,
Q
where ve(u) is defined by Lemma 1.2 with r = p.. To see this, notice that the map
h:ANA.—-R
given by
h(u) = / JulP~2u v, ()
Q

defines an odd homeomorphism. Since i(A N A¢) > 2, necessarily 0 € h(A N A,).
Step 2. If u € Ac and [, [u|P*"?u vc(u) = 0, then I(u) > cz.. To obtain this,
we follow an idea introduced by C.V. Coffman in [11] for an eigenvalue problem of
ordinary differential equations.

Set ve = ve(u) and let w, = w.(u) € H be a minimizer for the problem

po = inf{y(w), Vw € H : [ [ulP">vew =0 and [, [u[P<?w? = 1}.
Since u € A and [, |u|[P<"2vcu = 0, we obtain

_ a3 = Al

B [[ullp:

Let A = span{v,, w}. Clearly, A € F; and Vw € A, w # 0, we have

> ”_VM
= JolupPw?

=1.

12> po

Take wy € A so that I.(wg) = maxa I > co . Since A is a linear space, we derive
that wy € A.. Furthermore,

1>

[[Vwoll3 — Alwoll3 o <||wol|pe ),,(_2.
Jo lufpe=2w?® = A lullp,

Consequently,

() = (5 = 2l 2 (5 = -)llwo

Igz = Ie(wO) Z C2.¢-

Notice that this also gives

coe = inf{l (u), Yu € A¢: fQ |u|P<=2v,u = 0}.
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Step 3. There exists a sequence {u,} C Hg(Q) satisfying

a)  cae < Ic(un) < coct 3

b) L (ua)ll < 35

o) Jo lunlP v (un)u, = 0.
To see this, we use the fact that I, satisfies the (P.S.) condition [cf. [16]) together
with a strengthen version of the deformation theorem obtained in [7]. It gives a
homeomorphism v : H — H and a constant é, € (0, %) with the property that
I(y(u)) < I(u) and if u € H satisfies I.(u) < co.e + 6, and I (y(u)) > coe — bp,
then |[I/v(u))|| < % (see [7] Corollary 4). Since I is odd, it is possible to choose
v to be odd as well. From the definition of ¢, we can find A, € F, such that
supy, < coe + 6. Clearly 7(A,) € F2, and from Steps 1 and 2 we can find
un, € Y(An) N Ac such that [, Jun|P<7?vc(uy)un = 0 and I(uy,) > ca.

By the result above, we conclude

1
U
M) < -

To conclude the proof of Proposition 1.1, observe that, by the (P.S.) condition, this
sequence is relatively compact in H.

Remark 1.4. From Proposition 1.1 it follows that

4

Cle <Coe, €EC (0, N_——i)

Moreover, the proof of Step 2 also gives that {1, us .} is the second eigenpair for
the eigenvalue problem (#) with © = us ¢ and r = p..
Our next goal is to provide a crucial estimate for ¢y .. We start with the following:

Calculus Lemma. For every 1 < ¢ < 3, there exist a constant C' (depending on
q) such that for o, B € R we have

q _ _ _ -2 q—2 Clal |ﬂ|(1—1 1[ lal 2 |B|
o+ o1 = ot b1 = g g4 a2 < { G BT =

For q > 3, there exists a constant C (depending on q) such that for every o, 8 € R
we have

[lo+ BI* = la* = |81 = qaB(lal*= +18]%)| < C(lal'~26 + a?|3]'"2).

This lemma is proved in [8] (see Lemma 4).
Our assumption of the dimension [V, is needed only to provide the following:

Proposition 1.2. For N > 6, there exist 0 > 0 and ¢y > 0 such that
1 o~
c2.e < Cpet+ NS'I -0

Ve € (0,€), where S is the best constant in the Sobolev embedding in RY (see [1]
and [20]).

Proof: To establish the given estimate, we shall use the external functions for the
Sobolev embedding in RY. A similar approach is used in [10] and [21]. Let u; be
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as defined in (1.3). Without loss of generality, assume that 0 € Q. Let d > 0 be
such that

B,(0)={z e RY : |z| < d} C Q.
Given 6 > 0, set

N-2

us(z) = 677 /(6% + |2?) "3

and take v € C§°(Bq(0)) with y(z) =1Vaz : |z| < 3d and 0 < y(z) < 1 Vz € Q.
Define

Us(z) = y(z)us(x) € C5°(2)

and set A5 = span{uy,Us}. Clearly As € Fy, so ¢y < sup 4, .. For s,t € R we
have

1 s|Pe
Ii(su + 109) < 5219 = s ) = B

pe +3t/ |ua [P~ Us
Q

1 tPe
-+ §t2(”VU5“% - /\”ug”g) — %”U& gz — st/ u1U5(|su1 Pe=2 4 |tU5|Pe—2)
€ Q
+c[/ |sui| |tUs[P<~! +/ |su1|Pe-1|tU6|], (1.7)
(Isus|>[Us ]} (lsws [<]eUs 1}

where we have applied the calculus lemma with a = suy, 8 = tUs and q = p. < 3.
In order to estimate the term in the square bracket, observe that u; € L>(Q) and

/ |su1| ]tUslp‘_l < |5|Pe—H|t|%5'NT_l”u1”Z;_%/ —(i;[r_l.
{Isus |21tUs1} o 2|

Hence, for a suitable constant ky > 0 we obtain

N

/{l 1> |eU |}|8’U,1| |tU6Ip(_1 S kO(lSIpf + ltlpc)6 2_1’ Ve € (0,6*).
suq|>|tUs

In a similar way one derives

PO§TT . Ve e (0,€").

/ s [P~ HUs| < KollslP* + |1
{lsu1|<[tUs|}

Notice that ko can be taken as small as pleased by taking B4(0) in a small neigh-
borhood of 912.

Further careful estimates for the external function Uy yield:
i) |VUs||3 < B+ a,6" =2, with B = [ |VUs=1|? (see [6]);
i) ||Us||Be > 64 — aos™7 Pe, with A = [ |Us=|P;
and, for N > 5,

iii) ||Usll3 > a16% — apé™ =2 (see [6]), where ap and a; are suitable positive
constants.
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Notice that S = B/A2/?. Since 6" 7-(1+9UP<~! ¢ L1(RN) corresponds to a mollifier,
5
we also obtain

/Ué’"lm <6 T, Vee(0,€) and §€(0,1)
Q

(Co > 0 a constant). A similar estimate follows for the integral [, Usub ™" since

the function I_II’{’_" belongs to L!(Q). So,

/ Usulc < coé¥, Ve € (0,€"),
Q

and the constant ¢y can be assumed as small as needed by taking By(0) in a small
neighborhood of 0€).
Substituting in (1.7) and using the fact that u; solves (x), we derive

t2
Pe _
+ 2(

B - /\aléz)

1
I(su; +tUs) < §sz||u1||§ — I be

Sp‘
IS
D

tp( —2 -
B %‘“ + k(s + 2)67F + ka(JsfPe + [t]7)6 7T (14 V0),

€ (0,€*), 6 € (0,1) and suitable small constants k; > 0 and ks > 0. Thus for
6* > 0 sufficiently small, we can find constants Ry > 0 and 6 > 1 (independent of
6 and €) such that

I(su; +tUs) <0, Vs,t:Vs2+1t2> Ro6™¢% |

€ € (0,€*) and 6 € (0,6%).
On the other hand, if V/s2 + 2 < Ry6~, then

I (su; +tUs)

s® |7 £ 1 Nz
< — p_ Pe —(B -\ 62 — —||Pe &€ ——= —pbe
= 9 ”ulllp Pe ”ul”p( + 2 ( a ) pel l A+ k‘36 2

1 1 /llwlpys2 10 1 (B=)a182)7= No3_
<G-)rm) G- REERWE S

2 Pe “ul”pc 2 De ((5€A) Pe—2

for a suitable small positive constant k3. Thus, for positive constants «, 8 and +~,
we derive

N-2

1 1
I (su;+1tUs) < NHUI”Z + —NS_ZM +ae(14+67P) 4+ a(67P = 1) — 762 + k362

—ple
b

€ (0,€*), 6 € (0,6*). Since N > 6, and it is always possible to arrange k3 < 7v/2,
we obtain that, for a fixed 8y € (0,6*), it is possible to find €y € (0, €*) small enough
so that

N-—86

"/—kg(so 2

—ple 1
> -
2 2'77

for every € € (0,¢€).
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Set ap = a1+ 6;°) and 20 = 276%; from the estimate above we obtain

coe <suple < I(uy) + %S% +oz(,e+oz(<50_ﬁ'C -1)—20

As,
1
<cret+ NS% +[c1 — 1, + ape+ 01(‘50_ﬁc - 1)] - 20.

The conclusion now follows since the term in the square bracket tends to zero as
e—0.

We can finally conclude:

Proof of Theorem 1: It is not difficult to see that ¢z ¢ is bounded uniformly in
€. Hence,

[Vuells < I, Vee€ (0,6), fora suitable constant I > 0.

For z € Q, define u}(z) = max{u.(z),0} and u_ () = max{—u(z),0}. Clearly,
uf # 0 and u¥ € H. In addition,

IVu|| < K, Vee (0,€). (1.8)
Thus, we can find €, — 0 as n — 400, ut, u~ € H such that
+ +

u>z — u* weakly in H as n — 4o0.

We claim that ut # 0 and u~ # 0. To shorten notation, set uf = uf  ¢; , = c1,,
Pn = Pe,, In = I, and A, = A . Since u, satisfies (%), we have that uf € A,.
In particular,

L(uf) > ¢ . (1.9)

From Proposition 1.2, we also know that
1
Lo(uf) 4+ Ln(u) = In(un) = €26, S c10 + 557 —0

for n large. Necessarily,

I(u) < %S% —0 (1.10)
for n large. From (1.8) and the fact that ut € A, we derive

Ky < |luf], < Ko (1.11)
with suitable positive constants Ky and K.

Arguing by contradiction, assume, for example, that u* = 0. From (1.10) and
the fact that u¥ € A,,, we obtain

1 1 1
FIVuzlls - p—nlluilliz S §ST —o+o(l) (1.12)

and
Vut]5 = flutllor = o(1). (1.13)
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Consequently,
—9yy B=Bn
Slluflls < IVutllz = lwf 5z +o(1) < Hudlipz =219 lunll} + o(1).
Since ||uf ||, is bounded away from zero (see (1.11)), we conclude
lf Iz > 12758 + 0(1) = 5+ o(1).

That is,
N
a5z > 8= +o(1).
This contradicts (1.12) since from (1.13) we have

N

1 ox
N5 tol) < IIUnI”" = -IIV w3 - —Ilunllp" +o(1) <

vz

Sz —o+o0(1).

2=

Similarly, one shows that u~ # 0.
Set u = ut — u~. Clearly u changes sign in Q (in particular u # 0) and

Uy = u,, — u weakly in H.
Consequently, (I'(u),w) = 0, Vw € H; i.e., u is a (weak) nodal solution for (x).

In fact, a subsequence of u, converges strongly to u in H. To see this, notice that
u € A, hence I(u) > ¢;. Set u, = u+ w,, with w, — 0 weakly in H. We have

1
cin+ N—S%’" —o > I, (u+wy,)
1 1 A 1 1
= §|IVUH§ - p—nllunﬁ - -2-IIUII§ + 5||an||§ - p—nllwnIIZZ +0(1)
1 , 1 ,
2> c1+ 5[ Vwnllz = —lwall7; + o(1).
DPn

Since |c; , — ¢1] = o(1), we derive

1 1
SVl = —lhwalz < 5% = o+ o), (1.15)

Furthermore,

0= (L} (un), un) = (I'(w), u) + [[Vwnll3 = |lwal}7 + o(1);

that is,
Vwnllz = llwallB = o(1). (1.16)

As above, one sees how conditions (1.15) and (1.16) imply that the sequence ||Vw,||»
cannot be bounded away from zero. Hence, {w,} must admit a subsequence which
strongly converges to zero.

2. Proof of Theorem 2: Theorem 2 is derived in an analogous way. Define

1 0 A 1
:—/[Vu|“——/|u|q~—/ [ulP<, w€ H,
2 Ja qJa Pe Ja
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(so F = F.—) and
Fe= {u # 0, (Fé(u),u) = O}v I'= {u # 0, <F(u)’u> = 0}'

Easy computations show that F and F' are bounded below in ' and T, respectively.

Set
0<71,€:iI{1fF5, 0<m =i111fF. (2.1)

Alternatively, one can characterize y;  and 7v; via a mountain-pass principle (notice
that both I'c and I' divide H in exactly two components) and obtain that the
minimization problems in (2.1) achieve their infimum (cf. [16], [6]). Let

Uy € re: Fe(ul,e) = M,e (22)6

and
up €0 F(uy) =71. (2.2)

We can also assume u; > 0 and u; > 0 in Q.
Lemma 2.1. v, — 7; ase — 0.

Proof: It is not difficult to show that for € > 0 and suitable constants C; > 0 and
Cy > 0, one has
C‘l S ”ul,e”p( S CZ-

Similar estimates also hold for ||Vu; ||2 and ||u;||q- Notice that for every u # 0,
there exist unique t.(u) > 0 and #(u) > 0 such that

t(u)u €T and t(u)u€eTl..
Furthermore, t.(u) — t(u) as € — 0. Set s¢ = t(uy ), so scuy, € I'. We have

4! S F(Scul,s)

1 1 1 1 1 1
=5~ p—c)S?HWl,eH% + (E - E)Sfllwl,ellg + A(}—) - a)sgllul,ellg
1 1 1 1 (2.3)
= Fe(u1,e) + (5 - p—e)(sz = D)||Vur o5 + A(p—c - 5)(8? — D)jur,ellg
1 1., , 11
+ (— = =)t |[Vure)lz + A(= = —)sd||up |2
(pc p) Vs éll2 (p pe) ellurelld

Since
(8P = Dllur,ellpe + A(s? = Dlfu,e][§ = o(1)

and ||y e|lp., ||u1,ellq are bounded above and below uniformly in €, we conclude

[se — 1| = o(1).

Hence, from (2.3), we derive
71 < 7.+ o(1).

To obtain the reverse inequality, set te = t(u;) > 0. Thus, tiu; € I'¢, te — 1 as
€ — 0 and

1 1
T,e < Fc(tcul) = F(téul) + ;“tculllg - p_”tcul ||£:
€

= F(u1) + o(1) = y1 + o(1).

As for Lemma 1.3, we obtain:
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Lemma 2.2. Forevery 2 < g < r < 1—\,2—]—_\’5, A>0and u € L™(Q), u # 0, there
exists a unique vy = vy(u) € H(Q) such that

I N P R R ¢
Q

b Il = int ([Pl s [ (a2 Aufr" = 1},

Furthermore, the map L"(2) — H, u — vq(u) is continuous.

In order to obtain the equivalent of Proposition 1.1, we need the following:

Lemma 2.3. For s > 2 and z,y € R, we have

(2 =) |yl*~>. (2.4)

DN | =

1 S

- — yl®) >

(lal* ~ 1) >
Proof: Inequality (2.4) is equivalent to

1 1
—(t5—1)> =(t? - >
S =D 251, Vo,

which is trivially satisfied.

Proposition 2.1. For € > 0 small enough, there exists a nontrivial solution u, of

the problem
{ —Au = |ulP%u + Mu|9™%u on

u=20 on 9N
satisfying
/ Vg,e(ue)uc(lucPe? + Au|?7?) = 0,
Q

where vq (ue) is defined in Lemma 2.2 with u = u. and r = p.. Furthermore,
F. = i .
(ue) Alélyf-'g Sl;p F,

Proof: Set

2¢ = Inf supF,.
7 € Aefz Ap €

For u # 0, let t.(u) > 0 be the unique value such that ¢.(u)u € T.. Clearly,
t(u) =t(Jul) = te(—u) and

F.(t(u)u) = max F(tu).

The uniqueness of ¢.(u) and its properties give that the map u — ¢(u) is continuous
for every u # 0 in H. Consequently, the map u — ¢.(u)u defines an odd homeomor-
phism between S, and I which gives i(ANT) > 2,V A € F,. Therefore, VA € F>,
the set ANT . must contain an element u satisfying

/Q(,ulpf_2 + )"u,q_z)vq,e(u)u =0,
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where vg (u) is given by Lemma 2.2 with r = p,.
Claim. For every u € T, satisfying

/sz(|u|p‘—2 + Mul?)vg (u)u =0,
we have F(u) > 72.. Indeed, let

pa.e = it { [Vl : fo(lulr=24+Xul?=)w? = 1, fo(julP =+ Xul#=)uq.(ww = 0}.
(2.5)

Since u € I'¢, we have
[Vull3

H2 e < =
Ja(lulP + AJu |9)

Let we = wc(u) be a minimizer for (2.5) and define A = span{vg,, w.}. Clearly,
A€ Fs and

2
1>p Vw3

> , A, . 2.
R (T e A 20

For wy € A satisfying F(wo) = sup 4 Fe > 72,¢, we have wy # 0 and wg € T'. From
(2.6) we derive

/Q(lfll”‘_2 + A" )wg > [[Vawoll3,

which implies

9wl _ [l

1
- pe—2 q=2y(, 2 _ 2

Applying Lemma 2.3 with s = p. and s = ¢, respectively, we conclude

1 A 1 A Vwol|? Vull2
Lol + 2 [l = - [ =2 [ ue > [Foellz 1%,
Pe Ja q Ja Pe Ja q Ja 2 2

that is,

Fe(u) Z Fe(wo) Z 72,6-

At this point the conclusion follows as in Proposition 1.1. We leave the details to
the reader.

Lemma 2.4. Given 2 < q < % and a smooth function u,, there exist positive

constant ¢y and 6 (depending on q and u,) such that
/ulUg_l S Co&l;i’_z+0.
Q
Proof: We distinguish the following cases:

1)2 < g < 21{,\/__22, in such a situation one easily checks that Ug_l e L'(Q),
therefore

(N-2)

/ w U™ <677 @D (¢ > 0 constant) .
Q
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i) ¢ = 2(]6,__21), we have

— N U1
wor ot
/9 ° {lzl<dy (62 + ||2) %

thus, in this case, we obtain

/ ulUg_l < 026%"|1n 8| (c2 > 0 constant).
Q

i) ¢ > 2(13]__21), easy computations show that, in such a situation, the function

5%—‘2(‘1—1)‘NU5 € L' (R") define a mollifier. Consequently,

N-—2
/ ulUg_l < g6V leD) (c3 > 0 constant)
Q

and N — —(N;Z)(q— 1) > _N2—2‘

Proposition 2.2. Let q satisfy the assumptions of Theorem 2. There exist o > 0
and €y > 0 such that

1
Y2, S Ve T 55% —0o for0<e<e. (27)

Proof: As for Proposition 1.2, we shall obtain (2.7) by estimating sup 4, F. where
As = span{uy, Us} € Fy and u, is defined in (2.2). Apply the calculus lemma to
both terms [, [su; 4+ tUc|? and [, |su; +tU|P, s,t € R. For € > 0 and 6 > 0 small,
the following holds:

N
q

Pe

5° o |s]Pe
F(su; +tUs) < 3“VU1||2 — — ||
Pe

fluallg

+ Bpovez - 2w
2 82 De )

t|4
gz — A%—“U&“Z + St‘/Q Vu; - VUs

=2
")

- A St/ u1U5(|su1|q_2 + |tU5|q_2) — St/ u1U5(|su1|p‘_2 + |tU5
Q Q
+ Rs(|t]* + [s]%) 4+ ([t[P + [s[)Ss

and Rs = Rs(q), Ss = Ss(€) are estimated as follows.
In case N > 6 (i.e., 2 < p, ¢ < 3), as for the previous section, we have

Rs < ko6™ 7 and Sy < ko™

for a suitable constant kg > 0.
In case N =5 (i.e., pe > 3, € > 0 small), then one easily checks that

N-—2
2 .

S < k()(SQ_6
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For Rs we have estimates as above in case %’:—g < g < 3. While for ¢ > 3, using a
similar analysis of that of Lemma 2.4, one derives

N

Rs < ko(677 7 4 82),

where 3 > 1 is a constant depending on ¢ only.
In case N = 3, 4, then p > 3 and the given assumptions on g also give ¢ > 3. So,

< K62 for N =4
6 >
kob for N =3

and
Ko6%logé for N =4

Rs < koS 7P +
kob for N=3

(ko > 0 constant). In conclusion, S5 = 0(6¥) and Rs = 0(6¥) for N > 3, ¢
satisfying the given assumptions and € > 0 small.

Next, notice that [, |Vu; - VUs| < cob T (see [6]) and, as observed in the
previous section,

-1 N-—2
/u‘f Us < o™z,
Q

where the constant ¢y > 0 can be arranged as small as needed by taking Bgy(0)
in a small neighborhood of 9. Furthermore, under the given assumptions on g,

U¢ € L'(RY) and §7°72-NU¢ defines a mollifier. Hence,

N-2

/UggcaN- 7
Q

with )
RY (14 [af2) 55

Set 7= N-— &_2—2—)'1. This, together with Lemma 2.4 and the estimates above, yields

2 Ab€

DPe

|3|Pc

|s]
Vel = ==l .

q 2
il = A=l + 5B -

s
Fe(su; +tUs) < 5 P 5 .

|t

N

)\ —2 —2
= JOB (s £ sl 4 [T+ [sPe +7) (875 +0(875))

(k1 > 0 small constant). Therefore, for 6, > 0 and €, > 0 sufficiently small, we can
find Rp > 0 and 8 > 0 such that for 6§ € (0, é.) and € € (0, €.), we have

F.(su; +tUs) <0, Vs, t:vs2+12> Ro6~¢P.
On the other hand, if V/s2 + 2 < Ryé~ P, then

Ly
Fe(sul + tU,s) S F(Ul) + 53 - —I—)—A - ECIthé

tP |2 Noa
§§+A(%———)+k25’ 7,

s|P |s]”
+ - '
( )l b

p De
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for a suitable v > 0 and k, > 0 an arbitrary small constant. That is,

N-2

Fo(sup +tUs) <v1+ Se + (1 + 6“0“) + 16791 - 8) + ko677 7 (2.8)

where S, = maxtzo{%B - ATfp - %tqér} and ¢; > 0, 6, > 0 are suitable constants.

Let t5 > 0 be the unique point where S, is achieved. Hence,
B— A2 = \C §7t172. (2.9)

Set tg = (%)ﬁ; we have 0 < t5 < ty and t5 — to as 6 — 0. Write ts = to(1 — c5)
with ¢s > 0 and ¢s — 0 as § — 0. From (2.9) we obtain

B(1—(1—-c5)P™2) =X CtI*(1 — ¢c5)6™;

that is,
B(p —2)cs(140(67)) = A Cti726™ + 0(67)

which gives
cs = DE™ + o(67).

q—2
with D = ’;—E:Q_T). Consequently,

11 1 1 1
S.=(5- ;)th - A(E - ;)Ctgér = Ns% —2D,6" 4 o(67)

for suitable D, > 0. Hence, for é, > 0 sufficiently small, we derive

N
2

S, < =87 —D,§",

1
N
for every 0 < 6 < 6. Substituting in (2.8), we conclude

1 —2
sup Fe < v + NS% —D,6" 4+ cre(1 + 6‘0") + 016_0*6(1 - &)+ k2§NT"'Y"
As

for € > 0 and 6 > 0 small. Since we can always arrange that ky < %D* for a fixed
0 < 6y < 8., we can find a small €y so that

e N2 o 1
D, — k26576, ° > §D*
for every 0 < € < €. Notice that our assumptions on ¢ guarantee ¥ -72>0.

Thus, for € € (0, €) and 20 = £ D, 6y, we conclude

1 —fh.¢ _
Yo, SsupFe < vp e+ 55%1— — 20 + [ecr (1465 + (1 — 6€)er 670 + 1 — T1,e)s

L
and the term in the square bracket tends to zero as e — 0.

With the obvious modifications, the conclusion of Theorem 2 now follows as in
Theorem 1. The details are left to the reader.
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