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Abstract. For every 2 < p < 3, we show that u € WP(B?;5%)
can be strongly approximated by maps in C°°(B?%;5?) if, and only if,
the distributional Jacobian of u vanishes identically. This result was
originally proved by Bethuel-Coron-Demengel-Hélein, but we present a
different strategy which is motivated by the W2P-case.

1. INTRODUCTION

Let B? be the unit ball and 52 be the unit sphere of R3. Given 1 < p < oo,
consider

wtr(B3; §?%) = {u e WHP(B3;R?) : u(z) € S? a.e.}. (1.1)

Although W1P(B3;52) is not a vector space, it inherits the usual distance
from W1P(B3;R?); namely,

lu—v|lwie = |[u—2v|ze + |Vu — Vo|zp  Yu,v € WHP(B? 82).  (1.2)

Using standard extension and convolution arguments, it is easy to see that
every u € WHP(B3; §?) can be approximated by maps ¢ € C*(B?;R?) with
respect to the W1P-distance. If we assume in addition that p > 3, then by
Morrey’s estimates such approximations converge uniformly to u, and we can
project this sequence back to S? to obtain an approximation in C*°(B?; $?).
Although Morrey’s estimates are no longer true in the critical case p = 3,
this argument still works as a consequence of the theory of vanishing mean
oscillation (VMO) functions.

Theorem 1.1 (Schoen-Uhlenbeck [10]). Let p > 3. Then C°°(B3;5?) is
dense in WP (B3; §%).

The reader may wonder what happens if 1 < p < 3. It turns out that such
a conclusion is still true if 1 < p < 2, but surprisingly it fails if 2 < p < 3.
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Theorem 1.2 (Bethuel-Zheng [4]). Let 1 < p < 3. Then, C>(B3;5?) is
dense in WHP(B3;52) if and only if 1 <p < 2.

The reason for the lack of density in the case 2 < p < 3 is the existence
of “topological singularities” of maps in W1P(B3; §2). For instance, given a
smooth map ¢ : S — S2, let

u(z) = g(ﬁ) vz € B3\ {0}. (1.3)

In this case, u € W1P(B3; 52) for every 2 < p < 3, but u cannot be strongly
approximated by smooth maps ¢ : B> — S? in WP if deg g # 0.

Indeed, assume by contradiction that there exists a sequence (¢,) in
C>(B3; 5?%) strongly converging to u in WP(B3;S52). By Fubini’s theo-
rem, for almost every r > 0,

¢©n — u  strongly in W'P(9B,; 5?).

If 2 < p < 3, then by Morrey’s estimates ¢,, — u uniformly on 9B, for any
such 7 (note that 0B, has dimension 2) and thus

deg (#nlop,) — deg (ulop,) = degg. (1.4)

Since, for every n > 1, deg (¢nlop,) = 0, this would imply that degg = 0,
which is a contradiction. When p = 2, by continuity of the degree under
VMO-convergence (see [8]) assertion (1.4) still holds and we can conclude as
before.

In the above example, u has a topological singularity at 0. This raises the
question of how to find such singularities for a general map v € WP (B3; 5§2).
Their location and strength can be detected using a simple yet powerful tool
introduced by Brezis-Coron-Lieb [7]: the distributional Jacobian “Jac.”

Given p > 2 and a map u € WP(B3; 52), consider the vector field

D(u) = (u CUgy N Ugg, U Ugy N\ Ugy, U Uy, /\um), (1.5)

where u,, € LP(B3;R3) denotes the partial derivative of u in the weak
sense. Since u € W12 N L*>®, we have D(u) € L'(B?;R?). We then define
the distributional Jacobian as

Jac (u) = 1 divD(u) in D'(B?); (1.6)

more precisely,

(Jac(u).() = —3 | D). V¢ V(e C5o(B?).
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For instance, if u is smooth (in which case there are no singularities), then
one has

Jac (u) = ug, - Ugy A ug, = 0.

On the other hand, if u is given by (1.3), then
4
Jac (u) = = (deg g) &,

where g denotes the Dirac mass at the origin.

Since smooth maps are not dense in W1?(B3; $?) when 2 < p < 3, one
should be able to identify those maps in WP (B3; 5?) which can be approx-
imated by functions in C°°(B3;5?). It turns out that the only obstruction
to density of smooth maps is of a topological nature.

Theorem 1.3 (Bethuel [1]). Let u € Wh?(B* 5%). Then, there exists a
sequence (¢,) C C®(B3;5?%) such that

©on — u  strongly in WH2, (1.7)

if and only if
Jac(u) =0 in D'(B3). (1.8)

The counterpart of Theorem 1.3 in the case 2 < p < 3 is the following.

Theorem 1.4 (Bethuel-Coron-Demengel-Hélein [3]). Let u € WhP(B3; S?),
where 2 < p < 3. Then, there exists a sequence (p,) C C*®(B3;S?%) such
that

©n — u  strongly in WHP, (1.9)
if and only if
Jac (u) =0 in D'(B). (1.10)

Although Theorem 1.4 is usually attributed to Bethuel [1], such a result
was never mentioned in [1]. Actually, Bethuel’s proof of Theorem 1.3 uses a
removing dipole technique and strongly relies on the fact that p = 2. The
proof of Theorem 1.4, instead, is based on a different strategy from another
work of Bethuel [2].

More generally, we consider a smooth bounded domain Q ¢ RN with N >
2. The distributional Jacobian still makes sense for maps in WP (Q; SN—1)
as long as p > N —1. The counterparts of Theorems 1.3 and 1.4 are presented
in the theorem below.
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Theorem 1.5 (Bethuel [1], Bethuel-Coron-Demengel-Hélein [3]). Let u €
WLPLQ; SN=1) where N—1 < p < N. Then, there exists a sequence (@) C
C>(Q; SN=1) satisfying (1.9) if and only if

Jac(u) =0 in D'(Q). (1.11)

In addition, one can estimate the WV ~1_distance between any given map
u € WHV=1(Q; S¥=1) and the class of smooth maps in terms of L(u), the
length of the minimal connection of u (see definition (2.4) below).

Theorem 1.6 (Bethuel [1]). If u € WHN=1(Q; SN=1), then
inf {|Vu— Vol v 5 9 € (@87} < C(Lw)™ .  (112)

The main goal of this paper is to use a different strategy from [1, 3] to
prove Theorem 1.5 for N — 1 < p < N. An advantage of our approach is
that it can be adapted to higher-order Sobolev spaces and in particular to
W2P: see [6]. As a by-product we also prove the following new counterpart
of Theorem 1.6 when N —1 < p < N.

Theorem 1.7. If N —1 < p < N, then for every u € WhP(Q; SN=1),
inf {u— gllws ; 9 € C@ SV} <COIVullppw,  (113)
for some open set A C Q such that
[A[YP < C L(w)[|Vul| r(g). (1.14)

We now explain the main idea in the proof of Theorem 1.7. We first cover
the domain Q with finitely many balls (Br(xz)) and then we modify u
on B, (z;) according to whether

/ \VulP < MV ™P or / |VulP > M\ P, (1.15)
B2T($i) BQr(xi)

for some parameter A\ > 0 suitably chosen. In the first case, we call B, (z;)
a good ball, otherwise B, (x;) is a bad ball. This type of condition was intro-
duced in a remarkable work of Bethuel [2].

If B,(x;) is a good ball and A > 0 is sufficiently small, then most of the
values of u(B,(z;)) lie in a small geodesic disk of SV~!. In this case, a
projection into this disk and a convolution allow us to replace v on By (z;)
by a smooth map. In contrast, if B, (x;) is a bad ball, then u]aBr(m) need not
be contained in a small geodesic disk, but if the radius r is larger than the
length of the minimal connection L(u), we can slightly decrease the radius r
if necessary so that u|y B, (z;) 18 homotopic to a constant. In this case, using

iel’
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an idea of Bethuel-Zheng [4], it is possible to use such a homotopy to replace
u by a smooth map, while keeping the energy on B, (z;) under control.

The detailed constructions on good and bad balls are presented in Sec-
tions 4 and 5 below. In the next section, we define the distributional Jacobian
for maps in W1P(Q; SN=1) with p > N — 1, and we explain some of its main
properties. In Section 7, we prove Theorems 1.5 and 1.7.

2. THE DISTRIBUTIONAL JACOBIAN

Let N > 2 and Q c RY be a smooth bounded domain. Given a map
u € WHN=L(Q:; RN) N L*°, we consider the L!-vector field

D(u) = (D1, ...,Dy), (2.1)

where
D; = det [um, ey Uy Uy Uy e ,uxN]. (2.2)

We then associate to the map u the distribution
1
Jac (u) = N div D(u); (2.3)

more precisely,
1N
e .0 = —3 3 [ DG, Ve CF@).
j=1

Given u € WLN=1(Q; SV=1) we define the length of the minimal connection
of u as

L=~ swp (Jac(u),0), (2.4)
WN (¢eCge(Q)
(IV¢||Lee <1

where wy denotes the measure of the unit ball By ¢ RY. The reason
for calling L(u) the length of the minimal connection of u comes from the
geometric meaning of L(u) (see equations (2.7) and (2.9) below). If u is
smooth, then

Jac (u) = det [Um, . ,uxN] =0.

More generally, if u is smooth except at finitely many points a1, ..., ar € €Q,
then (see e.g. [7])

Jac (u) = wy Z dida, in D'(Q), (2.5)
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where d; = deg (u,a;) denotes the degree of u with respect to any small
sphere centered at a;. Since we are not making any additional assumption
about u on 012, it may happen that Zle d; # 0. However, by using points
from OS2 one can always rewrite (2.5) as

k
Jac (u) = wy Y (6, — 0,) in D'(Q), (2.6)
i=1
where p1,...,pp,n1,...,nj € Q (note that points on 92 are harmless from

the point of view of test functions with compact support in ). In particular,

one always has L(u) < Y2 |p; — ni|. Brezis-Coron-Lieb [7] proved that
these points can be chosen and rearranged so that

k
L(u) =) |pi = nil- (2.7)
i=1

For a general map u € WN=1(Q; S¥=1) not necessarily with finitely many
singularities, one has the following characterizations of Jac (u) and L(u).

Theorem 2.1 (Bourgain-Brezis-Mironescu [5]). Givenu e WHN=1(Q; SV-1),
there exist sequences of points (p;), (n;) C Q such that Y ;2| |pi —ni| < o0
and

Jac (u) =wn Y (8p, — 6n,) in D'(Q). (2.8)
=1

Moreover,
L(u) = inf { Z Ipi — ni| 5 (pi), (ni) C Q satisfy (2.8)}. (2.9)
i=1

In contrast with the case of finitely many singularities, the infimum in
(2.9) need not be achieved in general; see [9].

We end this section by showing the well-known fact that L(u) is continuous
with respect to the strong convergence in WHN=1(Q; SN-1),

Proposition 2.1. Let (u,) C WYN=1(Q; SN=1) be a sequence such that
Up — u in WHN=L Then
L(uy,) — L(u). (2.10)
Proof. Note that for every u,v € WEN=1Q; RY) N L™ we have
|(Jac (u) — Jac (v), ()] < |D(w) = D()|[ 1 [ V¢~ ¥V € CF°(). (2.11)
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Thus, a standard argument gives

|L(u) = L(v)| < ID(w) — D(v)]|:- (2.12)
If (u,) is a sequence converging strongly to u in WHN=1 then by dominated
convergence D(u,) — D(u) in L' and the conclusion holds. O

3. A FUBINI-TYPE ARGUMENT

In Sections 4-5, we present the main ingredients in the proof of Theo-
rem 1.7. The construction in those sections relies on an argument based on
Fubini’s theorem which we shall explain below. But first, given 1 < p < oo,
let us introduce the following class of functions:

there exist ay,...,ar €  such that
RMWP(Q) = v e WhP(Q; sV 1)

v is smooth in Q\ {ay,...,ax}
(3.1)
For later use, given v € RP(Q2), we denote by S(v) the set of points of
where v is not smooth (by definition this set is finite).
As we have already explained, smooth maps are not dense in W (Q; SN-1)
if N —1<p< N. However, we have the following.

Theorem 3.1 (Bethuel-Zheng [4]). If N—1 < p < N, then RYP() is dense
in WHP(Q; SN-1),

This result is particularly useful since it reduces the problem of studying
maps in W1P(Q; S¥=1) into a problem where all maps have finitely many
singularities. This is for instance one of the main ingredients in the proof
of Theorem 2.1 above. For the sake of Theorem 1.7, one could avoid Theo-
rem 3.1, but the proof becomes less transparent.

We show, in this section, that if v € R1P(Q) and if B, (z0) is a sufficiently
large ball contained in 2, then it is possible to find a sphere dBs(x) such
that v|sp, (z) 18 homotopic to a constant.

Lemma 3.1. Let N—1<p < N. Givenv € RYVP(Q), let r > 0 be such that
r > 4L(v). (3.2)
Then, for every xog € Q with Bay(x¢) C § there exists s € (377", 27“) such that

C
deg (vlop, o)) =0 and [IVllLr@p. o)) < 375 IVOllLr(o@o)): (3-3)
moreover, there exists 1 € C§°(Bay(x0)) such that 1 =1 on Bs(xg) and
[(Jac (v), (1 = ¥)¢)| < L©)[[VCllL=@) VC € CF(Q). (3.4)
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Proof. By scaling and translation we can assume that r = 1 and x¢ = 0.
Let p1,...,p; and ny,...,ng in Q be such that

k
Jac (v) = wn Z (8p; — 0p;)  in D'(Q), (3.5)
i=1
and
k
L(v) =) lpi — nil- (3.6)
i=1

Denote by [p;, n;] the segment joining p; to n;. Let
T={te(3.2): 0B8N [pinl =0 Vie{l,... k}}.

Since L(v) < 1/4, it follows from the area formula that |77 > 1/4. On the
other hand, by Fubini’s theorem,

/dt/ yvuypg/ Vol?.
T 8Bt B2

Thus, there exists s € T such that

/ |VolP < 4/ |VolP. (3.7)
OB; Bo

Moreover, since s € T, the number of points p; and n; inside the ball By
(including multiplicities) are equal, thus, deg (v|gp,) = 0. It remains to show
(3.4). To prove this we use the fact that 0B, does not intersect any of the
segments [p;,n;]. Thus, for some ¢ > 0 small, the annulus Bs,. \ Bs does
not intersect any of those segments. Let 1) € C§°(B2) be such that ¢ =1 in
B,. Denoting by I € {1,...,k} the set of indices such that [p;,n;] is not in
B¢, we then have

(Jac (v), (1 =)y =D [Clpi) — C(na)] V¢ € CF°(Q),

i€l
and thus

|(Jac (v), (1 = ¥)¢)| < L)Vl =) V¢ € G5 (). .
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4. REPLACING © ON BAD BALLS

Given A > 0 and a ball B,(x) such that Bg,.(z¢) C 2, we say that B, (x¢)
is a bad ball for a map v € WHP(Q; SVN-1) if

/ |VolP > NP (4.1)
BZT(xO)

We explain below how to replace v by a smooth map on bad balls. This
construction is possible if the radius r is large enough compared to the length
of the minimal connection L(v). At this stage, the choice of the parameter
A > 0 plays no role whatsoever in the proof.

Proposition 4.1. Let N—1 < p < N. If B,(w0) is a bad ball for v € R'P(Q)
and if

r > 4L(v), (4.2)
then one can find w € RYP(Q) such that

(B1) w is smooth in By(xo);

(B2) w=wv in Q\ Bar(z0);

(B3) L(w) < L(v) and S(w) C S(v);

(B1) [[w =l rq) < CrlIVw — Vol 1oy, (20)) 5
(Bs) [IVw = Vvl Le) < ClIVllLe(Bs, (20)-

Proof. We shall use a strategy similar to the proof of [2, Lemma 1].

We may assume that ||Vv||1p(B,, (2,)) > 0, for otherwise v is constant in
B, (x0) and there is nothing to prove. By scaling and translation, we may
also suppose that » = 1 and z¢p = 0. Since r satisfies (4.2), by Lemma 3.1
there exists s € (%, 2) such that

deg (v|o,) =0 and |[|[Vv|[ram,) < OV Lr(B,)- (4.3)

Let
3 v(x) if z € Q\ Bs,
o(x) =
v(slfc—') if x € Bs.

Then, o € RYP(), ¥ is continuous in B, \ {0} and, by the choice of s,
IV o) = ClIVVlLraB,) < ClIVV[ Lo (B,)-
Using the triangle inequality, we then get
VO — Vol o) = IV — Vol o(s,)

3 ~ (4.4)
< IVl Lo,y + IVVllLo(B,) < ClIVV|Lr(B,)-
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Note that @ is continuous in a neighborhood of 9B, but v is not necessarily
smooth there. By convolution and projection we may modify v to make it
smooth near 0Bg. For this reason, we shall henceforth suppose that we do
have © € R1P(Q).

By (4.4), the map o satisfies (B5) but ¥ need not satisfy (B) because of its
possible singularity at 0. We now use the fact that deg (v|gp,) = 0 to remove
that singularity. Indeed, by the Hopf theorem, v|sp, is homotopic to a
constant. One can thus find a continuous homotopy H : [0,1] x 0Bs — SN~!
such that H(t,-) = po if 0 < ¢ < £ for some pg € S¥~! and H(t,") = v|sp, if
% <t < 1. Making a convolution of H and projecting the resulting map back
to SN=1, one can even assume that H belongs to Coo([O, 1] x GBS;SNA)
(recall that H was just assumed to be continuous and needed not be even in
WP). Since H is constant on [0, 1], for every 0 < & < ¢, the map

13
o(x) if € Q\ Be,
We () = |z| . )
H(€,$) if x € Be,

belongs to W1P(Q; SN¥~1) and is continuous in B. Since w. — ¥ strongly
in WhP as ¢ — 0, we can take £ > 0 sufficiently small so that

|Vwe — V|| 1oy < IVl Lo (By)- (4.5)

Combining (4.4)—(4.5) we deduce that w, also satisfies (Bs). Since w. = v
outside the ball By, by Poincaré’s inequality,

|w = vl zr) = lw = vlLr(By) < ClIVw = Vol r(B,),

and, thus, (By4) also holds. In order to check property (Bs) we can use (3.4).
Indeed, since w, is smooth on By, Jac (w:) = 0 on B,. Thus, if ¢ € C§°(B2)
denotes the function given by Lemma 3.1, then

(Jac (w:), ¢) = (Jac (we), ¥¢) + (Jac (we), (1 = ¢)¢) = (Jac (we), (1 —¥)C),

for every ¢ € C§°(€2). Since v = w, on Q\ By and ¢ = 1 on By, it follows
that

(Jac (we), ¢) = (Jac (v), (1 = ¥)().
Taking the supremum over all test functions ¢ with ||V(||L~ < 1, we deduce
from (3.4) that L(w.) < L(v), which is the desired inequality. O

Remark 4.1. Strictly speaking, in the previous proof we have not used the
fact that B,(zg) was a bad ball, but we do it now. In fact, since B, (xg) is a



CLOSURE OF SMOOTH MAPS IN W1P(B3; §2) 891

bad ball,

N 1
Bor(ao) 7 = (wn(2n) )" = () oy

< CTHVUHLP(Bm(mO))a
where the constant C' > 0 depends on the choice of A\. We can thus rewrite
property (Bs) in the way it will be used in the proof of Theorem 1.7:
(B5) [[Vw =Vl ) < C|[Volrr(a), for some open set A C By, (1) such
that |A]Y/P < CTHVUHLP Bar(20)):

5. REPLACING © ON GOOD BALLS

Given A > 0 and a ball B, (x) such that Ba,(z) C 2, we say that B, (x¢)
is a good ball for a map v € WhP(Q; SN-1) if

/ |VolP < V=P (5.1)
Bay(0)

In this section we explain how to replace v by a smooth map on good

balls. This construction strongly relies on a suitable choice of the parameter
A

Proposition 5.1. Let N —1 < p < N. There exists A = A(N,p) > 0 such
that if B, (z0) is a good ball for v € RYP(Q) and if

r > 4L(v), (5.2)

then one can find w € RYP(Q) such that
(G1) w 1is smooth in By(xo);

(Ga) w=w mQ\Bgr(mo)

(G3) L(w) < L(v) and S(w) C S(v);

(Ga) Hw—UHLP(Q < Orl|Vw = Vol oy, (20)) 7

(G5) [[Vw=Vv| ) < C|VV|lLra), for some open set A C Ba(x0) such
that |A|1YP < Cr||Vol| 1o(B,, (20)) -

G
G
G

Proof. We can assume that
IVl 2o By, (20)) > 0 (5.3)

for otherwise v is constant in B,(z¢) and the conclusion is obvious. By
scaling and translation, we may also assume that » = 1 and ¢ = 0. Since r
satisfies (5.2), by Lemma 3.1 there exists s € (2,2) such that

deg (v|op,) =0 and |[[Vv|ram,) < ClIVV| Lr(By)- (5.4)
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Since p > N —1, it follows from Morrey’s estimates that v|sp, is a continuous
function and there exists A\; > 0 (depending only on N and p) such that, if

IVollzraB,) < Ats (5.5)

then v(0By) is a subset of SNV~1 of diameter at most 1/3. We then choose
A so that

CANY/P = )\,
where C' is the constant in (5.4). We denote by D;/3(€o) a closed geodesic
disk of SN~! of radius 1/3 containing v(0B;) and centered at &. Let ® :
SN=1 — §¥=1he asmooth function such that ®(z) = , for all z € Dy 5(&o),
||| Le <2 and

(SN € D (&) (5.6)
Let
b= {U n 24 B, (5.7)
dov in Bs.

Then, ¥ € RYP(Q) and

/ Vo — Vil :/ 1= & (o) | Vol < c/ Vo, (5.8)
Q Bs U

where
A= {a: € B,\ S(v) : v(z) & 02/3(50)}. (5.9)
Since v is continuous on By \ S(v), A is an open set. We now show that
AP < Vol . (5.10)

For this purpose, consider the function
f(x) = [3d(v(z),&) — 1] vz € By,
where d denotes the geodesic distance in SV~!. Note that
f>1on A, f=0o0n0dBs and |Vf|<3|Vy|ae.
Thus, by Chebyshev’s and Poincaré’s inequalities,
1] </ P < c/ VP < 31’0/ o <o [ voP,  (5.11)
Bs B B, By

which gives (5.10). Although ¥ need not be continuous in Bj, its image is
contained in a geodesic disk of SN~1. A standard argument allows us to
replace ® o v by a function which is smooth in Bj.
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We present a detailed proof for the convenience of the reader. We first take
a family of nonnegative smooth mollifiers (p-) C C5°(RY) and ¢ € C§°(Bs)2)
such that supp ¢ C Bgjp and ¢ =1 on B;. Consider

ve = (1 = )®(v) + ([pe * ®(v)] in B,. (5.12)

Denote by V the convex hull in RY of the geodesic disk D1 (£y). By (5.6) we
have

P(v(z)) €V and [p.xP(v)](z) €V Vz € B,.
Thus,
ve(z) €V Vz € Bs.
On the other hand, we have |y| > 1/2 for every y € V. Therefore,

1
lve(z)| > 5 Vz € Bs. (5.13)
In particular,
%‘ — ®(v) in WP (5.14)
3

Take € > 0 sufficiently small so that

V() —v@w)| < [ [vop. (5.15)
B, | Ve | A

If the integral in the right-hand side vanishes, take A C Bj to be any open
set of measure at most ||[Vv|?, (By) for which the right-hand side is not zero;

this is possible in view of (5.3). Let w be the function given by

v in Q\ Bs,
w = Ve in Bs- (516)
|ve

This function satisfies (Bs) and, by Poincaré’s inequality, also satisfies (By).
The proof of the inequality L(w) < L(v) follows the same lines as in the

previous lemma. Indeed, since the image of |Z—E| is contained in a small
€

geodesic disk, all singularities of w in By have degree zero. Thus, Jac (w) =0
in B,. Thus, if ¢ € C§°(B2) denotes the function given by Lemma 3.1, then,
for every ¢ € C3°(Q),

(Jac <w€)7 C) = <Jac (U)v (1 - WC%
which implies L(w) < L(v). O
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6. REPLACING uw ON BALLS NEAR THE BOUNDARY

The reader probably has noticed that even though the constructions per-
formed on bad balls and on good balls are different, the conclusions of Propo-
sitions 4.1 and 5.1 —taking into account Remark 4.1— are the same. The
goal of this section is two-fold: to merge both statements and to take into
account the possibility of performing the same construction on balls which
need not be entirely contained in €.

Note that the underlying notions of good balls and bad balls can be
adapted to balls which are not entirely contained in €2 in a straightforward
way. Actually, there are essentially two types of balls B,.(z() one should
really take care of: those such that Ba,(z¢) C 2, which have been studied
in Sections 4 and 5 above, and those such that xzg € 952, which will be our
main concern in the proof below. Indeed, the general construction can be
always reduced to one of these types.

Proposition 6.1. Let N —1 < p < N. There exists 6 = 6(2) > 0 such that
if v € RY(Q) and if

d>r>4L(v), (6.1)
then for every xg € Q there exists w € RYP(Q) such that

(M) w is smooth in B,(z0) NQ;
w=wv in Q\ Bg(zg);

such that |A|Y/P < Cr|IVvll e (Bg, (zo)n0) -

Proof. If By.(z9) C §2, the conclusion follows from Proposition 4.1 (and
Remark 4.1) or from Proposition 5.1 depending on whether B,(zg) is a
bad ball or a good ball. We may then restrict ourselves to the case where
Bo(z9) N9 # . We shall reduce the problem to a situation where the
ball is centered at some point of 9Q. Indeed, since Ba,(xg) NN # 0, there
exists yo € 0N such that |yo — zo| < 2r and, thus,

B,.(z0) C B3r(yo) and Bs,(yo) C Bsr(z0)-

It thus suffices to construct a map w € RYP(Q) such that w is smooth in
B3 (y0) N Q, w = v in Q\ Bg,(yo) and satisfies (Ms)—(Ms).

In what follows, we assume that Bg,(yo) N OS2 is flat and thus Bg,(yo) N2
coincides with a half-ball. By a translation and a scaling argument, we may
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suppose that yg = 0 and r = % By the Fubini-type argument of Lemma 3.1,
one finds s € (%, 2) such that

IVl oo,y < ClIVY|lr(Bs), (6.2)

and 0B, does not intersect any of the segments [p;, n;], where the points p;
and n; denote the singularities of v arranged so as to satisfy (3.6).
If B; is a bad ball for v, in the sense that

[ wep=a,
BaNQ

for some parameter A > 0 to be chosen later on, then we proceed as in the
proof of Proposition 4.1 and define

() v(z) if z € Q\ Bs,
v = v(s‘ﬁ—') if v € B,NQ,
which is continuous except possibly at 0 and satisfies
VO — Vol o) < ClIVY|lr(Bin0)- (6.3)

Since u|gp,na is necessarily homotopic to a constant map (recall that 0B;N<2
is a half-sphere, which is topologically trivial), one can remove that singu-
larity at 0 as in Proposition 4.1 without losing property (6.3). Thus, we get
a map w € R"(Q) which is now smooth on B, N Q and

[Vw — Vol rra) < ClIVV|lr(Bano)-
Since B; was assumed to be a bad ball, as in Remark 4.1 we have
|Bo N QYP < Oy V| 1o (Byr).

and thus w satisfies (M5) with A = Bg,(yo) (which corresponds to Bs after

translation and scaling). Property (My) just follows from Poincaré’s inequal-

ity. Finally, since 0B; does not intersect any of the segments [p;, n;|, one

deduces that L(w) < L(v). Thus, w satisfies all the required properties.
On the other hand, if B; is a good ball for v, in the sense that

/ VolP < A,
BaNQ

then in view of (6.2), |[Vv|rr@B,n0) < CAY/P. Therefore, by Morrey’s
estimates we can fix some A > 0 sufficiently small (depending on N and p)
so that v(0Bs N ) is contained in a small geodesic disk of SN¥~1. One can
then proceed exactly as in the proof of Proposition 5.1 by taking a family
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of convolutions (p.) supported in By N §2; this way the function v, remains
well defined and the conclusion follows.

We now deal with the case where Bg,(yo) N 0f2 is not necessarily flat. By
choosing § > 0 sufficiently small (depending on ) it is possible to find a
diffeomorphism ® such that the image of Bs,.(yo) N is contained in the
half-ball By, and the image of Bg,(yo) N § contains the half-ball Bf . We
can then apply the previous construction to the map v o ®~!. The proof of
the proposition is complete. ]

7. PROOFS OF THEOREMS 1.5 AND 1.7

Proof of Theorem 1.7. Let us assume momentarily that we have proved
(1.13) for maps u € RYP(2). We show that this implies a similar estimate
for every
u e WhHr(Q; N1,

Indeed, given u € W1P(Q; SN¥~1) we consider two separate cases, depending
on whether L(u) = 0 or L(u) > 0. We first assume that L(u) = 0. Taking
a sequence (u,) C RYP(Q) such that u,, — u strongly in WP then by
continuity of the length of the minimal connection,

L(uy) — L(u) = 0.
By (1.13) applied to u, and Lebesgue’s dominated convergence theorem,

inf { Jun — pllwrs ; 9 € C*@ESNT} 0.

Therefore, there exists a sequence (¢,) C C*(Q; SNV~1) such that ¢, — u
strongly in WP, Hence, u satisfies (1.13) with A = (). On the other hand,
if L(u) > 0, then we first take an open set A; C 2 such that

[Vl ogayy > 0 and AP < L(w)||Vul ooy

and then, by Theorem 2.1, one can choose v € R'P() such that
lu = vllwir@) < IVullzeca,)-

We may also assume that v satisfies

L(v) <2L(u) and [[Vv|rs) < 2[|Vullre)-
Since by assumption estimate (1.13) holds for v, there exists

p e Q8N
such that
v = ellwir) < 2CVol[Le(ay),
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where Ay C (2 is an open set satisfying |As| < CL(v)||Vv| rrq)- We then
have

lu = ellwir < lu—vllwie + [lv = @llwre
< |IVullzeay) + ClIVYl Lo(a,)
<NVl peeary + C(IIVull Lo ag) + Ve = Vol £oa,))
< |IVullpocay) + C(IVull Locag) + IVl ocay))
< (1+20)[|VullLr(a,u4,)
where
| A1 U AP < |ALYP + | Ag|P < L(w)||Vull 1o () + CL() ||V 1r(0y
< L(u)||Vull o) + 4CL(w) | Vul| Ly )
= (1 +4C)L(w)|| Vul| Lo (-

Thus, u also satisfies an estimate of the type (1.13).

In view of the above it suffices to establish (1.13) for maps u € RYP(€).
Let § > 0 be the quantity given by Proposition 6.1, depending only on 2.
We consider two separate cases.

Case 1. 4L(u) < 6. Let r > 0 be such that 4L(u) < r < §. We can cover {2
with balls (B, (z;))ies in such a way that, for every i € I, x; € Q and each
ball Bg,(z;) intersects at most 6 balls Bg,(x;), where 6 depends only on the
dimension N. We can thus split the set of indices I as I = [; U--- U Ig4
so that for any ¢ = 1,...,0 + 1 and any distinct indices ji,j2 € I; we have
Bsy(xj,) N Bsr(zj,) = 0.

Starting from wug = u, we construct maps ug,...,up,; € W5HP(Q; SN1)
inductively as follows. Given k > 0 and u; we apply Proposition 6.1 to the
map uy and to each ball B, (x;) with ¢ € I, until we exhaust I, 1; denote
by w41 the map obtained by this procedure. Since the balls (Bsy(z;))

1€1g 11

are disjoint, by properties (My)—(Ms5) we have
uks1 — ukllLe(@) < Cr||[Vugsr — Vgl r(q) (7.1)
Vg1 — Vugllze) < CllVurl e sy, (7.2)

for some open set Ej, C Q such that |Ej|'/P < Cr||Vug||Lr(q); Ex is the
union of all sets A arising from Proposition 6.1.

By induction, it follows from (7.1)-(7.2) that for every k = 1,...,0 +1
we have

lur — ull L) < Crrl|Vullp2e o) (7.3)
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[Vur, = Vull o) < CrllVullpe(sy). (7.4)

where Fj, = U?;& E;. We first prove (7.4). Since the conclusion is clear if
k =1, we may assume that (7.3) holds for some k& > 1. We then have
Vg1 — Vullpo) < [[Vukt1 — Vugl o) + Vg — Vull o)
(by (7.2)) < C|Vugl ez, + IVur = Vull (o)
(by triangle inequality) < CHVUHLp(Ek) + (1+O)||Vug, — VuHLp(Q)
(by induction) < CHVUHLp(Ek) +(1+ C)CkHVUHLP(Fk_l)
< [C+ (14 C)Ci IVull Lo(p,_uEy)-
This establishes (7.4). Combining (7.1) and (7.4), one gets (7.3). Note, in
addition, that the set F}, satisfies |Fj|'/? < Crr||Vul (). Indeed, proceed-
ing by induction we have
[P [P < [F VP 4 | By M7
(by estimate on |Ey|) < |Fi|"/? + Crl|[Vug| e )
< Cyr[|Vul ey + CTHVUkHLp(Q
< Crer|[Vull o) +Cr (IVull o)+ Vur — Vaul o))
< Cir||Vull o) + Cr (| Vull o) + CrllVul o(ry))
< (Cr + C(1+ Cp))rlIVul o),

)
(by induction)

(by triangle inequality)
(by (7.4))

which gives the estimate for the sets |Fy|. Since the balls (B, (x;));er cover
Q and we have swept away all the singularities of u from these balls, the
map ug41 is smooth. We have, thus, obtained for every r > 4L(u) a map
o € C®(Q; SN1), namely ug1, such that

lr — ull e (o) <C7“HVUI|L2P (7.5)
IVir = Vull ) < ClIVullLo(a, (7.6)

where A, C Q is an open set such that |A4,|'/? < C’r||VuHLp I L(u) =0,
it follows from dominated convergence that ¢, — u strongly in WP and
thus (1.13) holds with A = (). Otherwise, L(u) > 0, in which case we can
take r ~ 4L(u).

Case 2. 4L(u) > §. We show the conclusion holds by taking A = Q. Indeed,
by an easy variant of Poincaré’s inequality, there exists o, € SV ! such that

v = aullLr@) < ClIVull L), (7.7)
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where the constant C' > 0 does not depend on u; thus,
lu = aullwre@) < (14 O)[[Vul|Lpq)
On the other hand, by Holder’s inequality,
1—-
L(u) <9 HVUHLp(Q
Thus,

N
N

L) [Vall gy > LTS ("5/"*)?‘
Qs joE

where Cy > 0 is a constant depending on N and ().
In both cases, we have obtained estimate (1.13). The proof of the theorem
is complete. O

VP =GP, (7.8)

Proof of Theorem 1.5. The implication (<) follows from Theorem 1.7 if
N —1<p< N or from Theorem 1.6 if p = N — 1. To prove the converse,
let (¢n) € C*(;SV~1) be a sequence such that

©n — u strongly in WP,

For every n > 1, we have Jac(yp,) = 0; thus, L(p,) = 0. In view of
Proposition 2.1, this implies L(u) = 0 or, equivalently, Jac (u) = 0 in D'(Q2).
O
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