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Abstract. In this paper we demonstrate how concepts of white noise analysis can be used to
give an explicit solution to a stochastic transport equation driven by Lévy white noise.
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1. Introduction

The theory of stochastic partial differential equations (SPDE’s) has become in-
creasingly important in the study of a vast number of random phenomena in natural
sciences and mathematical finance. SPDE’s driven by multiparameter Gaussian pro-
cesses have been investigated by many authors. See e.g. [41], [25] and [23] to mention
a few. However, from a modeling point of view the Gaussian setting is too special,
since phenomena in porous media or pollution growth indicate the influence of noises
of a different nature. SPDE’s perturbed by Lévy processes can be e.g. found in [4],
[32].

The object of this paper is to provide an application of the white noise framework,
developed in [28], [29], to analyze an important type of SPDE‘s driven by multipa-
rameter Lévy processes. More precisely we are interested in solving the stochastic
transport equation driven by Lévy white noise, given by

1
%[t]:§U2AU+W¢(x)oVU+K(t,x)<>U+g(t,x); t>0,z €R
U(0,2)=f(z); zeR™ (1.1)

Here A:Zgzlaa—; is the Laplacian and V is the gradient with respect to z=

(z1,...,74) € R%. Further, o is a constant and K(t,x), g(t,x), f(x) € (S)_1 are given
stochastic distribution processes. The stochastic distribution space (S)_1 is a Lévy
version of the Kondratiev space, equipped with the product ¢:(S)_1 X (§)-1 —
(8)—1, which is a Lévy white noise analogue to the Wick product in the Gaussian
case (see [23]). The process Wy (z) is the d—dimensional ¢-smoothed Lévy white
noise (see Section 2 for definitions). System (1.1) can be e.g. used as a stochastic
model of environmental pollution (see [24]). In this model U(¢,z) can be thought of
as the concentration of a pollutant that disperses at time ¢ and location x in a tur-
bulent medium. %02 is the dispersion coefficient, Wy (z) describes the velocity of the
medium, K (¢,z) is the leakage rate of the substance and g(¢,z) is the rate of increase
of the concentration due to the deposits of the wasting substance. The function f(x)
models the initial concentration.

The theory of SPDE’s driven by Gaussian white noise was initiated by the works
of Gross [17], Daleckii [9], Malliavin [31], Fujisaki, Kallianpur, Kunita [13], Pardoux
[36], Zakai [42] and Walsh [41].
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628 THE STOCHASTIC TRANSPORT EQUATION DRIVEN BY LEVY WHITE NOISE

Even simple types of SPDE’s as the stochastic Poisson equation do not possess
solutions, which are regular stochastic processes, unless the dimension d is chosen to
be low. Walsh [41] introduced a weak solution concept for the study of SPDE’s. The
approach, given by Walsh, is based on solutions u(z,w) in the distributional sense,
that is

the map (z+—wu(z,w)) is a Sobolev distribution for a.a. w. (1.2)

Although the construction of Walsh supplies a useful tool for the study of linear
SPDE’s, its applicability to nonlinear equations is limited. However, one can utilize
ideas of Colombeau’s nonlinear theory of distributions to cope with certain types of
nonlinear SPDE’s (see [7] and [1]).

Another approach comes from white noise analysis (see e.g. [23]), where general-
ized solutions u(x,w) are in the sense that

(w—u(x,w)) is a stochastic distribution for a.a. . (1.3)

An advantage of this method is that one can establish a theory of nonlinear
operations on distributions to handle a wide class of nonlinear SPDE’s by using the
Wick product.

In this paper we will give a solution to system (1.1) in the sense of (1.3). We will
apply the framework in [28] to show that (1.1) admits a unique strong solution U (z,w)
with values in the stochastic distribution space (S)_1, which is a Lévy version of the
Kondratiev space. The proof of this result rests on the use of the Hermite transform
and the Feynman-Kac formula.

In the Gaussian case similar equations to (1.1), involving multiplication by means
of Stratonovich integration instead of the Wick product, were investigated e.g. in [6],
[33] and [37]. See also the work of [38], based on the Hitsuda-Skorohod interpretation.
A more general method was given in [10]. The stochastic transport equation (1.1)
driven by Gaussian white noise was treated in [14]. The latter, that is the Gaussian
white noise analogue to (1.1), arose from a combination of two cases, studied in [14]and
[24]. Our solution is a generalization of [15] to the case of Lévy white noise.

In Section 2 we recall some results and definitions in [28], where a white noise
approach for the study of SPDE’s driven by multi-parameter pure jump Lévy prossses
is presented. Then in Section 3 we illustrate how the framework in Section 2 can be
applied to solve the stochastic transport equation driven by a pure jump Lévy noise
(Theorem 3.1). Finally, in Section 4 we explain the extension of Theorem 3.1 to the
case of a combination of Gaussian and pure jump Lévy noise.

2. A white noise approach for Lévy processes

White noise analysis has proved to be a vital and important area of mathematics.
The pioneering works of T. Hida (see [18] for an account) have stimulated a breath-
taking development of white noise analysis and its applications. Particularly, it has
served as a very useful tool in applications to mathematical physics. See [19] and
the references therein. As another example of a variety of applications white noise
theory has been successfully used in the study of stochastic partial differential equa-
tions (SPDE’s). See e.g. [23], [20] and other researchers. More recently, white noise
methods in connection with Malliavin calculus have fostered interesting applications
to mathematical finance (see e.g. [3], [8] or [35]). See also [2].

In this section we review some white noise concepts for the study of stochastic
partial differential equation driven by multi-parameter Lévy processes, developed in
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[28], [29]. In Section 3 we will demonstrate how this framework can be utilized to give
a solution to the stochastic transport equation driven by Lévy noise. The notational
style of this paper is leaned on [23], where Gaussian white noise is investigated. For
excellent treatments of general white noise theory the reader may consult [19], [27]
and [34].

In this section we first focus on square integrable (d-parameter) pure jump Lévy
processes without drift. In Section 4 we outline a framework for the study of combi-
nations of such processes and multi-parameter Brownian motion.

A Lévy process can be paraphrased as a stochastic process 7(t) on R, with
independent and stationary increments starting at zero, i.e. n(0)=0. Such a process
can be thought of as a random walk in continuous time. The probability law of
n(t) is infinitely divisible and its characteristic function is given by the famous Lévy-
Khintchine formula, that is

Eexp(ian(t))=exp(—tT(N)); AeR (2.1)

with characteristic exponent

1 )
U(A) =iaA+ 50A+/ (1= ™ +idyx gy <13)v(dy),
Ro

for constants ¢ € R and o > 0. The measure v on Ry := R— {0} integrates the function
1Ay? and is referred to as Lévy measure. Moreover, n(t) has a decomposition

t t
n(t)=at +oB(t) + / / YX {1y <1y N (ds, dz) + / / Xy N(ds,dy),  (2.2)
0 RO 0 IRO

where B(t) is the Brownian motion and where

N(ds,dy)= N(ds,dy) —v(dy)ds

is the compensated Poisson random measure of 7)(t). In particular, relation (2.2) shows
that a square integrable pure jump Lévy martingale takes the form

)= | t / N (s dy). (2.3)

For a comprehensive account of the theory of Lévy processes we recommend the books
of [5] and [39].

We start with an explicit construction of a (space-time) Lévy process n(z),z € R?
on the white noise space S(X), which is a multi-parameter version of (2.3). We recall
the definition of S(X) (see for details [28]). Let S(R?) denote the Schwartz space on
R? and let S'(R?) be its dual (the space of tempered distribution). Since S(R?) is
a (countably Hilbertian) nuclear space its topology can be induced by a sequence of
increasing pre-Hilbertian norms [|-[|,, p€ N (see [16]). Moreover, the space S (RY) is a
nuclear algebra, that is S(R?) forms a topological algebra with respect to the pointwise
multiplication of functions. In the following we set X =R?%xR and we define the space
S(X) as a nuclear subalgebra of S(R¥+!) (with respect to the restrictions of the norms

II-ll,) by

0
02441

S(X):{goGS(Rd“):cp(zl,...,zd,O)( gp)(zl,...,zd,O)O} (2.4)
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For the Lebesgue measure AX? on R? and v for a Lévy measure on Ry, we set 7=
A% x v and we define the closed ideal N, of S(X) by

N :={0€S(X): (|9l L2 (z) =0} (2.5)
Then we define the space S(X) to be the quotient ring
S(X)=8(X)/Nx. (2.6)

The space Si (X) is again a (countably Hilbertian) nuclear algebra with the compatible
system of norms

2

:= inf , peN. 2.7
o &%wallp p (2.7)
See [16]. We indicate by S'(X) the dual of S(X). By the famous Bochner-Minlos
theorem there exists a unique probability measure p on the Borel sets of S'(X),
characterized by the property that

/g - ") dp(w) = exp ( /X (e' — 1)d7r> (2.8)

holds for all ¢ € S(X), where (w, ) =w(¢) is the action of we S'(X) on p€S(X). We

call the probability measure p on Q=S8"(X) (pure jump) Lévy white noise probability
measure.

The measure p is non-degenerate and fulfills the first condition of analyticity (see
[28]), entailing the existence of generalized Charlier polynomials Cy,(w) (see [26] for the
definition). The function « defined by a(¢) =log(1+¢)modN,, if p=7 for p(z)>—1
is holomorphic at zero and invertible. Then the exponential €(¢,w):= %
the generating function of the generalized Charlier polynomials C),(w), i.e.

is

26.0)= 3 {Calw),6°), (29)

n>0

for all ¢ in an open neighbourhood of zero in S(X), where ¢®™ Gg(X)@m (n-th com-
pleted symmetric tensor product of S (X) with itself). We can identify the elements of
S(X) with functions f € S(X™) modulo Nyx» such that f = f(z1,...,x,) is symmetric
with respect to the variables x1,...,2, € X. Based on relation (2.9) it can be deduced

that the set {(C,(w),0™):¢™ Eg(X)@’",n €NU{0}} is total in L?(u) and that the
orthogonality relation

/g.(x) (@), 0" ) (), 9™ ) () = Gl (6 ) ey (2.10)

holds, where ¢(") Eg‘(X)@", (™) 6§(X)®m. Using a density argument and the or-
thogonality relation (2.10) one sees the extensibility of the functional (Cp,(w),fy )
from f,, € S(X)®" to symmetric f,, € L2(X™,7*"). Note, that C; (w) =w —1® v, where
1®1)€§'(X) is given by <1®D,q§>:fx ¢(z,y)m(dx,dy) (see [28]). Since the Lévy
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white noise measure p has a Poissonian characteristic functional with intensity , it is
natural to define the stochastic integral of a ¢ € L?(7) with respect to the compensated
Poisson random measure N associated with 7 as

/qu(w)ﬁ(dx,dy);:<w—1®u,¢>>. (2.11)

The latter definition gives rise to an explicit construction of a d—parameter (pure
Jump) Lévy process or space-time (pure jump) Lévy process, denoted by (n(z)),cra,
which we choose to have right continuous paths with existing left limits in each com-
ponent of x=(z1,...,24). That is we select a cadlag version of the random field

7(x) ::/ X[0,21]% ... x[0,2.4) (T) oyﬁ(dx,dy) for x=(x1,...,2q) eRY, (2.12)
X

where [0,2;] is understood to be [z;,0], if 2; <0 and where the Lévy measure v(dy) is
supposed to integrate y2. Note that the dimension d of the parameter set shall admit
the interpretation of either the time, space or space-time dimension of the system.
We proceed to define the multidimensional version of a d—parameter Lévy process.
For m € N we consider the probability space

(S',B, i) 1= (X1, S'(X), x T2y B(S' (X)), ¥y ). (2.13)

1=

The triplet (g‘,B,,um) is called the d—parameter multidimensional Lévy white noise
probability space. We define the m—dimensional (d—parameter pure jump) Lévy pro-
cess n(x) as a m—tupel of independent copies of the 1—dimensional Lévy processes
by the process

n(z,w)=n(z,w1),...n(x,wn)) (2.14)

for w=(w1,..., wm) €S on (S',B, iy ). Using (2.11) and (2.12) we introduce a stochas-
tic process, called the (d-parameter) smoothed white noise process Wy(x,w) by

W (z,w) :Z/Rd b (u)dn(u), (2.15)

where ¢, (u) =¢(u—x) is the z—shift of ¢ € S(R?), u,z € R? and where the stochastic
integral with respect to n(u) is defined as

[ etwint) = (w=107.(-5)

for o€ L2(R?). The m-dimensional smoothed white noise process W 4(z,w) is con-
structed as

Wy(z,w)= (Wi (@w),.. W™ (z,w))
=Wy, (z,w1),.... Wy, (z,wnm)), (2.16)

for ¢=(¢1,..,0m) € X711 S(RY), w=(w1,..., wm) €S". The process {Wy(z,w)},cpa
can be used as a mathematical model for (coloured) white noise, which one encoun-
ters in random phenomena. We need the definition of various spaces of stochas-
tic test functions and stochastic distributions, based on chaos expansions. In the



632 THE STOCHASTIC TRANSPORT EQUATION DRIVEN BY LEVY WHITE NOISE

sequel we indicate by J the set of all multi-indices o= (ay,as,...) with finitely
many non-zero elements «; € Ng:=NU{0}. Define Index(a)=max{i:o; #0} and |a
=Y .a; for € J. Denote by {&i}r>1the Hermite functions (for its definition see e.g.
[40]) and take a bijection h:N?—N. Then choose an orthonormal basis {(x }r>10f
L*(R%), by defining (i (21,...,04) =&, (x1) - ... &, (2a), if k=h(i1,...,iq) for i; €N. Fur-
ther let{m;};>1 CS(X), d=0 (or C L?(v)) be an orthonormal basis of L?(v). Using
the bijective map

K:NXN—N; (4,j)—j+(G+j—2)(i+5—1)/2. (2.17)
we define the function §; by

Ox(2,y) = Gi(z)m; (), (2.18)

if k=k(4,7) for i,j €N. Let Index(a)=7j and |a|=m for a€J and introduce the
function 6% as

5®a((1:1,y1),...,(:Em,ym))
=07 ®.. @0, (21,91, -, (T Ym))
=061(21,y1) -+ 61(Tay Y, )
.t (za1+--.+%‘—1+17ya1+...+aj—1+1) R (TmsYm), (2.19)

where we set 6;80:1. Then the symmetrized tensor product of the ‘s, denoted

by 6@’0‘, is defined as the symmetrization of 6®“ with respect to the variables
(1,91) s (Tm,Ym). Then, if we set

Ko(w)= <qa|(w),5®a>, (2.20)

we obtain an orthogonal L? (1) basis { Ky} acs (Ko:=1). Now, for y=(y(),....4™) e
J=Fx.xJ andw:(wlw'wwm)es‘ put

m

K, (w) =] K e (@) (2.21)

i=1

Then the family {K, (w)},ec7= constitutes an orthogonal basis for L?(j,,). So every
F € L*(p) has the unique representation

F= > ¢K, (2.22)
yET™
for ¢, € R with norm expression
2
P2 = 3 A, (2.23)
yeEJ™

where y!:=~yW Iy for y= (71 43 .)€ ™ and where ’y(j)!:’yﬁj)! o7 S

1,...,m. Using a second quantization argument we introduce the following stochastic
test function and distribution spaces: for 0 <p<1 the Kondratiev test function space
(S)p conmsists of all f=3" ;e K, € L? () such that

A2 = D (W) P2 (2N)F7 < o, (2.24)
~yeJm™

U
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for all k€N, where (2N)F7=(2N)"". . (2N)""" and (2N)*8=(2.1)" (2.
2)kPz _ (2-m)FBif Index(B)=I.
Similarly, the Kondratiev distribution space (S)—, can be described as the set of

all formal series F'=___ ;.. b,K, such that

IFI2, =) (M 72 (2N) <00 (2.25)
yeJ™

for a k€ Ny. (S), is endowed with the projective and (S)_, with the inductive topol-
ogy, based on the above seminorms {||-[|, , }. The space (S)—, can be regarded as the
dual of (S), via the action

(F.f)="Y" byes! (2.26)
yeIT™

for F=3% 7mbKy€(S)—pand f=3" 7nb0K,€(S), . For general 0<p<1 we
have by definition the following chain of inclusions

(8)1=(8)p = (8)o = L (pm) = (8) =0 = (8)—p = (8) 1

The spaces (S)o and (S)_¢ coincide with Lévy versions of the Hida spaces (S) and
(8)*, respectively (see [19] and [23]). Next, if we choose in (2.18) a L?(v) basis (;)j>1
with 71 (y) =y, we can represent 7(t) as

xrq T
n(l‘):Zmo/ / Ck(l‘l,...l‘d)dﬂfl...dl‘d'Ken(k,l), (2.27)
0 0

E>1

where mo = ||y||2L2(V)7 the map & is as in (2.17) and where €' € J is defined by

1 for j=I
les J
= > . .
() {0 else 121 (2.28)
Then relation (2.27) gives us the motivation for the definition of a d-parameter (pure
jump) or space-time Lévy white noise 1(z) = #daxdn(m) as a space-time derivative
of n(z) in (8)*, introduced as the formal expansion

n(z,w) :mozck(l‘)KEn(k,l) € (S)* for all z. (2.29)

k>1

The m—dimensional (d—parameter pure jump) Lévy white noise 7.7(:3) can be defined
by

N(@,w)=0(2,w1), e (2,w0)), @= (W1, wm) €S’ (2.30)
A more general definition, which covers (), is the (d—parameter) white noise N (,y)
of the Poisson random measure N(dz,dy) (see [35]). The Lévy noise 7)(z) can be
viewed as a marginal case of the smoothed white noise Wy(z,w) in the following
sense: if ¢, dy tends to the Dirac measure Jy in the weak star topology in the space
of measures on R? for n — oo, then Wy (z,w) —n(z) in (8)*. This can be seen just
as in the Gaussian case (see [23]). The properties of Wy (z,w) serve as a useful tool
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in the study of stability questions of SPDE’s (compare [23]). Further, we endow the
Kondratiev spaces with the structure of a topological algebra with respect to the Lévy
Wick product, o:(S)—, x (S)-, — (S)—,, defined by

(Ko Kp)(w) = (Ky4p)(w), v,8€T™ (2.31)

The product is linearly extended to the whole space. Note that e.g.

(Crn(w), frn) o (Crn(W),gm) = <On+m(w)7fn®gm> (2.32)

for symmetric functions f,, € L2(7*") and g, € L*(7*™) (see [28]). The Wick product
reveals an interesting relation to It6-Skorohod integration, that is

/()Y(m)én(x):/o Y (x)on(z)dz. (2.33)

The left hand side is a Skorohod integral of Y (z) =Y (z,w) with respect to the Lévy
process, satisfying the condition E fOT Y?(z,w)dr < oo. The right hand side of (2.33)
is in terms of a Bochner-integral on (S)_; (see [8] for definitions). The Lévy Hermite
transform (see [28]) gives a description of the Kondratiev space (§)_1 by means of
power series in infinitely many complex variables. The definition of this transform
utilizes the expansion along the basis {K, },c7m, just as in the Gaussian case, which
was initiated in [30]. Let F'=3%"_ . 7. a,Ky€(S)-1 with a, €R. The Lévy Hermite
transform of F, denoted by HF, is defined by

HF(z)= Z ayz2" €C, (2.34)

,-yejm,

’Y(l) (m)

v _ ~ o1 02 QAn
where 27=2z] ..z,

;2 =(2j1,2j,2,--) €CY and 2§ =251203..207... for a=
(v,00,..) €T, j=1,..,m (zgj::l)) under the assumption that the series con-
verges. The Hermite transform converges e.g. for some 0<q, R <oo on the infinite-
dimensional neighborhood K, (R) in (CY)™, given by

Ky(R)={&=(&1,&m) €(C)™: Y [OF(2N) < R} (2.35)

¥#0

By the characterization theorem (see Theorem 2.3.8 in [28]) any element in (S)_; is
uniquely determined through its H-transform. For example the Hermite transform of

the Lévy white noise 7(x) is

7—[(7.7)(:10,2):mozck(ﬂc)-z,;(k,l)7 zeCN. (2.36)

k>1

The Hermite transform 7 is an algebra-homomorphism between (S)_; and the al-
gebra of power series in infinitely many complex variables. In particular we have the
relation

H(FoG)(2) =H(F)(2) - H(G)(2). (2.37)

Relation (2.37) naturally elicits an extension to Wick versions of complex analytical
functions: if g has a Taylor expansion around &, =H(F)(0) with real coefficients, then
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the characterization theorem (see [28]) implies that there exists a unique Y € (S)_;
such that

H(Y)(2) = (goH(F))(2) (2.38)

holds. We define the Wick version ¢°(F') of g applied to F' by setting ¢g°(F) =Y. As
an example the Wick version of the exponential function exp can written as

1
exp®(F)= Z aFO"

n>0

with the n’th Wick power of F, given by F°"=FoFo...0F (n times).

3. The stochastic transport equation perturbed by Lévy white noise

In this section we want to examine strong solutions of the generalized stochastic

transport equation in the Kondratiev distribution space (S)_1, that is we consider
the SPDE

1
8@% 5aQAUerdy( 2)oVU + K (t,z)oU +g(t,x); t>0, x€R?

U(0,2)= f(x); z€R’, (3.1)

where Wy (z) = (Wél) (x),..., W(;d) (2)) is the d—dimensional ¢p—smoothed Lévy white
noise in (2.16), o a constant and where K (¢,z), ¢g(t,z) and f(x) are (S)_;—valued
stochastic processes. N
For notational convenience we indicate by X the Hermite transform H(X) of
a distribution X € (§)_;. In the following let us require that the processes K:R, X
R —(S)_1, g: Ry xR?— (S)_; and f:RY—(S)_ in (3.1) fulfill the conditions
i) ‘I}(t,x,z)‘ +1g(t,x,2)|+ ’f(z,z) is uniformly bounded on R} x R? x K,(R)
for some g and R < oo.
(#4) For all z€ K4(R) there exists a y=+(z) € (0,1) such that
K(--2) € CYY(Ry xRY), G(-,-,2) € CV (Ry xRY) and f(-,-,2) € C*T7(RY),

(3.2)
where CL7(U) resp. CHY(U) (U an open set of R™)denotes the space of all
C(U)—functions that are Holder continuous of order v and continuously differen-
tiable with respect to the first variable resp. the space of all functions in C*(U),
whose partial derivatives up to order k are Holder continuous of order 7.

THEOREM 3.1. Let K, g and f be processes as in (3.2). Then there exists a unique
solution U of the system (3.1). Moreover, the solution is explicitly given by

Ult,r)=FE" Kf(aBt)oexpﬂ/otK(t—v,an)dv]

t s
+/ g(t—s,an)dvoexpo[/ K(s—v,an)dv]ds> oFf} , (3.3)
0 0

with

- [ -2 °2
FY =exp [kz::la /0W¢(>k) B,)dB{® — ZO’ / ( (UB )) ds].  (3.4)
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where (Bt)tzo:(Bt(l),...,Bt(d))tZg is a d—dimensional Brownian motion, starting at
@, with probability law P on a filtered measurable space (Q*,F* ) {F/} }i>0 and where
the notation E*[F) stands for a Bochner integral of an integrable F': Q" — (S) -1 with
respect to the measure P~.

Proof. In proving the result we proceed as in [14], [15], [21] and [22], where the
Gaussian case is treated.

To determine a solution candidate of (3.1) we (formally) apply the Hermite trans-
form to both sides of the equation and get the deterministic partial differential equa-
tion

% = %UzAU+W¢(ZL‘) Vu+K(t,z) u+g(taz); t>0, zeR?
u(0,2) = f(z); z€RY, (3.5)

where u=u(t,z,2)=U(t,z,z) for z€(CY)?. The space (CY)¢ denotes the set of
complex-valued sequences 8= (01, 02,...) with finitely many non-zero entries. We want
to solve equation (3.5), by using the Feynman-Kac formula. For this purpose consider
first the real part of system (3.5), i.e. assume that z=a=(ay,...,a,,) € (RY)9. Then
define the second-order differential operator

d d
1 5 02 ~ (K 0
A0=N"2o? — M (2,0) ~—. .
2% o2 +Y W (z,0) For (3.6)
k=1 k=1
Using (3.6) we can reformulate (3.5) as
ou «a I ~ d
o + A%+ Ku=—g; t>0,2€R
w(0,2) = f(z); zeR?. (3.7

The stochastic differential equation, which is used to give a stochastic representation
of the solution of the Cauchy problem (3.7), takes the form

AXE =W 4(XP,a)dt+0dBy; t>0,X§ =0. (3.8)

on a filtered probability space (*,F*,P* ),{F; }+>0. Since the k’th component of
W (z,a), namely W(;k)(x,a), can be represented as

W (@,0) = 3" (80— 2),¢) 12 (20 Vns11) (3.9)

Jjz1

with x in (2.17) and (; in (2.18), one verifies that W¢ (z,«) is Lipschitz continuous and
satisfies a linear growth condition. Hence (3.8) has a unique strong solution X =
X;"". Then the Feynman-Kac theorem (see [12]) in connection with the Girsanov
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transformation provides the existence of a unique solution u to (3.7) with
~ t ~
u(t,z,a) = Ep- {f(X;’,a) -exp[/ K(t—v, XS, a)dv]
0
t s
+/ g(t—s,Xﬁﬂa)exp[/ K(s—v,Xﬁ,a)dv]ds}
0 0
~ ~ t ~
=FL" [(f(aBt,a)'exp[/ K(t—v,0B,,a)dv]
0

t s
+/ g(t—s,0Bs,q) ~exp[/ K(sv,an,a)dv]ds> ~Ft} ,  (3.10)
0 0

where

d t d t, 2
F, zexp[ZU_l/ W(z()k) (0B,,a)dB¢ — %ZO’_Q/ (Wq(sk)(aBs,aD ds]. (3.11)
k=1 0 k=1 0

We observe in (3.10) that u(t,z,«) is real analytic in a € (RY)4. Thus u(t,z,«) admits

a complex analytical extension to a function u(t,z,z), z € (CY)9. Next we verify the

existence of a unique U : Ry x R — (S)_; with HU =u, by invoking (2.38) for g=1d.

By the characterization theorem for (S)_; in [28] boundedness of u(t,z, 2) in z € K, (R)

for some ¢, R provides a sufficient condition for the validity of (2.38). However, taking

(3.2) (i) into consideration, one infers the latter condition from the representation of

u in the first equation of (3.10). By comparing the Hermite transforms we find that
the process U(¢,x) coincides with the one in (3.3).

In the final step of the proof we check that U actually solves system (3.1). The-

orem 2.78 in [11] yields the following estimate for u(¢,z) on every open and bounded
set G=(0,T)x DCR, xR%:

Hu||c1,2+w(G) <const.- (”LulClW(G) + Hﬂ CZ+’y(8D)) ’

where L is the differential operator, given by

1 — -
Lu(t,x)= % - 502Au — Wy -Vu—K(t,z)u.

Since Lu(t,z,z)=g(t,x,z), the result follows from (3.2) and the next Lemma 3.2. O

LEMMA 3.2. Let G be a bounded open subset of Ry xR?, Assume a

process U:G—(S)—1 with HU=u such that uw and its partial derivatives
%,(8“)71_2)]‘217_“7,1,(%)jzl,m,d are bounded on G xKy(R), continuous with respect to

(t,x)eG for all zeﬁKq(R) and analytic in z€ K (R) for all (t,z) €G, ¢<oo, R>0.
Then

'H(%) = %Z, H(AU)=Au and H(VU)=VU

on Kq(R).

Proof. The proof of the Lemma is based on the same arguments as in Lemma 2.8.4
of [23]. We give the proof for the derivative %7;. The case of higher order derivatives

can be obtained by rerunning the arguments.
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The mean value theorem implies that

1 ou

— (u(t+At,x,2) —u(t,x,2)) = T (t+ &ALz, z)

At

for some £ €[0,1], for all z€ K, (R). Because of the assumptions on u we conclude that

1 Ju
AL (u(t+At,z,2) —u(t,z,z)) — E(t,x,z) as At —0

pointwise boundedly for z € K,(R). Since (S); is a nuclear space, one can show as in
Theorem 2.8.1 of [23] that the latter statement is equivalent to convergence in (S)_1.
That is

) oU
A Ut At ) ~U(t2) — - (1)

for all (¢,z). Since the Hermite transform is a continuous linear functional on (S)_1,

the result follows. O

REMARK 3.3. System (3.1) reduces to the heat equation with stochastic potential K,
when ¢=0 and g=0. In this case the solution in Theorem 3.1 simplifies to

U(tz) = E*[(f(0By) oexp?] /0 K(t—s,0B.)ds]. (3.12)

The stochastic heat equation was studied in [33], where K was chosen to be the Gaus-
sian white noise. In [22] this equation was treated in the case of Gaussian Kondratiev
spaces.

COROLLARY 3.4. Consider the stochastic heat equation in Remark 3.3 for the poten-
tial term K (t,z,w) = [ ¢(s,y)N(ds,dy),¢(s,y) >0 with deterministic initial condition
f asin (3.2). Then there exists a unique L*(p)-solution of the heat equation, which
takes the explicit form

Ul(t,x)
=E*[(f(oBy)exp®|t /X o (s,y)N(ds,dy)]]
=E"[(f(oBy)]-

-eXp[t/Xlog(1+so(s7y))ﬁ(ds,dy)+t/Xlog(1+<p(8,y))—w(s7y)ﬂ(d8,dy)]~

Proof. Since relation (2.8) implies that

B(pw) = exp?| /X o (5,9) N(ds,dy)],

we conclude by means of (3.13) the statement of the corollary. |
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4. The stochastic transport equation driven by a mixture of Gaussian
and pure jump Lévy noise

Let us briefly describe how the framework in Section 2 can be extended to the case
of combinations of m Gaussian white noise and k pure jump Lévy white noise sources.
For notational simplicity we restrict ourselves to the case m=k=1. We proceed as in
the multidimensional pure jump Lévy noise case. Denote by ug the Gaussian white
noise measure on the measurable space

(6, Fc)=(S'(R?),B(S'(RY))),

that is pg is defined as the unique probability measure on Qg such that
) 1
/ ez(w,¢>uG(dw):exp(—§||¢||ig(Rd))
el

for all ¢ € S(RY), where (w,¢) =w(¢) (see [23]). Recall that the stochastic polynomials
{Ha(w)}aeyg, given by

Ho ()= [T ho, ((0.G)

form an orthogonal L?(u¢)—basis, where h,, is the n’th Hermite polynomial and (;
is a tensor product of j Hermite functions (see [23] for details). Let us indicate by
wr, the pure jump Lévy white noise measure on

(Q1,71) = (S'(X),B(S'(X))).

Define the Lévy white noise measure p to be the product measure pg X g on the
measurable space

(Q,}—)Z(QG xQr, Fa ®fL).
Further set

Loy (wr,w2) = Ho (w1) Kp(w2)
for v = (o, 3) € J2. Then we see that any f € L?(u) can be uniquely written as

flonws) =Y ey Ly(wi,wo),

yeT?
Moreover, we have the isometry
2
HfHL?(“) = Z C—2y’)’!
VET?

with y!=a!8!, if y=(a,3) € J?. The definitions and results of Section 2, regarding
the Kondratiev spaces, the Wick product and the Hermite transform carry over to
the combined case of Gaussian and pure jump Lévy noise. If we denote by B the
Gaussian noise (see [23]) and by 7.) 1, the pure jump Lévy white noise, then the white
noise of the Lévy process n=0B+ny, can be introduced as

N(wi,wa) =0 B(w1) +17, (w2).
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In the same way as in the last section we define the (d-parameter) smoothed white
noise process by

Wo(w1,02) = ((wi,01(u=2)). (w2 = 10,6 (u—2)y))

for ¢ = (¢1,62) € S(R?) x S(R?). With the above definitions one checks that Theorem
3.1 also holds for the stochastic transport equation driven by Gaussian and pure jump
white Lévy white noise.
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