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Abstract: A lagrangian euclidean model of Drinfeld—Sokolov (DS) reduction lead-
ing to general W-algebras on a Riemann surface of any genus is presented. The
background geometry is given by the DS principal bundle K associated to a com-
plex Lie group G and an SL(2,C) subgroup S. The basic fields are a hermitian fiber
metric H of K and a (0, 1) Koszul gauge field 4* of K valued in a certain negative
graded subalgebra ¢ of g related to s. The action governing the H and A* dynamics
is the effective action of a DS field theory in the geometric background specified
by H and A*. Quantization of H and 4* implements on one hand the DS reduction
and on the other defines a novel model of 2d gravity, DS gravity. The gauge fixing
of the DS gauge symmetry yields an integration on a moduli space of DS gauge
equivalence classes of A* configurations, the DS moduli space. The model has a
residual gauge symmetry associated to the DS gauge transformations leaving a given
field A* invariant. This is the DS counterpart of conformal symmetry. Conformal
invariance and certain non-perturbative features of the model are discussed in detail.

1. Introduction

In recent years, a considerable amount of work has been devoted to the study of
W-algebras [1]. The interest in W-algebras stems mainly from the fact that they
are non-linear extensions of the Virasoro algebra appearing as symmetry algebras
in certain critical two dimensional statistical systems as well as in W strings and
W-gravity models. The latter in turn are of considerable interest in themselves as
generalizations of ordinary string and gravity models with non-standard values of
the critical dimension [2-5].

The construction of W-algebras can be carried out both in a hamiltonian and in
a lagrangian framework. In the former approach [6—12], based on the methods of
hamiltonian reduction, the currents of a Wess—Zumino—-Novikov—Witten phase space
with the standard Kac-Moody Poisson structure and Virasoro action are subject to a
set of conformally invariant first class constraints corresponding to a certain nilpotent
subalgebra of the relevant symmetry Lie algebra. Upon gauge fixing, the reduced
phase space exhibits a non-linear Poisson structure and a Virasoro action, realizing
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the W-algebra. Quantization is carried out in a Becchi-Rouet—Stora framework. In
the latter approach [10, 13], based on lagrangian local field theory, a certain nilpo-
tent subgroup of the relevant symmetry group of a Wess—Zumino—Novikov—Witten
field theory is gauged yielding a conformally invariant gauge theory. Quantizing
and gauge fixing a la Fadeev—Popov, one gets a quantum field theory whose gauge
invariant operators generate the W-algebra. Underlying both approaches is the ex-
istence of an sl(2) subalgebra of the symmetry Lie algebra defining a halfinteger
gradation of the latter [10-12].

It seems appropriate to test the basic assumptions of such formulations in new
ways and explore the consequences of the results so obtained. A possible approach
in this direction consists in seeing whether W-algebras can be constructed on a
topological non-trivial world sheet. In the hamiltonian framework, this has been
done in refs. [14] for Drinfeld—Sokolov lowest weight reductions [15], where the
conformal properties are manifest. It has not been attempted yet in the lagrangian
framework. This is precisely the aim of this paper.

There are at least two reasons why this is an interesting problem. First, this is
an integral part of the programme of constructing the Polyakov measure [16—19] for
W-strings and W-gravity. Second, the gauge fixing of the Drinfeld—Sokolov gauge
symmetry leaves in principle a residual integration on the space of Drinfeld—Sokolov
gauge orbits. The existence of such Drinfeld-Sokolov moduli space is a non-trivial
feature of Drinfeld—Sokolov lowest weight reduction which is manifest only in the
lagrangian approach.

It is important to appreciate the salient features of the construction of the present
paper by comparing it with earlier lagrangian formulations. The basic elements of
the construction of ref. [10] are a split simple real Lie group G and an SL(2,1R)
subgroup S of G. To these data, one can associate canonically a halfinteger grading
of g and a certain negative graded subalgebra ¢ of g. One considers then a modi-
fied minkowskian G Wess—Zumino—Novikov—Witten model and gauges the subgroup
X =expr of G. The classical action is

K
MH,A_,A4,) = KSmw(H) + —~ Jd?xtr[(0+HH ™" — t1)A-

+(HVO_H —t_)A. —A_AdHA,], (1.1)

where tr is the Cartan—Killing form of g, the #; are the standard generators of s
and K is the level. H is the minkowskian Wess—Zumino field and dxt A4, +dx~A_
is the minkowskian ¢ gauge field. S}, \w(H) is the customary minkowskian Wess—
Zumino—Novikov—Witten action integrating the variational identity

oSN w(H) = % [ d*xtr[SHH'0_(0,HH )] (1.2)

As recalled above, this field theory yields upon quantization the W-algebra associ-
ated to the data (G,S).

On a Riemann surface, one needs a euclidean reformulation of the above. The
basic algebraic data are now a simple complex Lie group G and an SL(2,C) sub-
group S of G. To these data, there is associated again a grading of g and a negative
graded subalgebra ¢ of g. The euclidean version of the action (1.1) should read:

K
IE(H,4%,4) = KSE \w(H) + - [ d?zte[(OHH ™" — t,4)4"

+(H7"0H —t_1)4 — A* AdHA] . (1.3)
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H is the euclidean Wess—Zumino field and dz4 + dZA4* is the euclidean y gauge field.
SE nw(H) is the “euclidean Wess—Zumino-Novikov—Witten action” integrating the
variational identity

OSE w(H) = % [ d*zte[6HH ~'0(6HH )] . (1.4)

Resorting to complex groups is unavoidable when switching from minkowskian
light-cone to euclidean holomorphic geometry. However, in so doing, I have doubled
the number of real field theoretic degrees of freedom and generated a complex action.
To eliminate the spurious degrees of freedom and have a real positive definite action,
one has to impose on the fields certain reality conditions with respect to a suitable
conjugation. Such conditions are

H=H", (1.5)
A* = A", (1.6)

and th =t_g4, where T is the compact conjugation of g. This leads to a reinterpre-
tation of the model with surprising features.

The reality conditions (1.5)—(1.6) suggest that H is the fiber metric for some
principal G bundle and that the (0,1) gauge field 4* is the Koszul field corre-
sponding to its holomorphic structure in the spirit of deformation theory [20]. The
euclidean Wess—Zumino—Novikov—Witten action S%,\w(H) is then nothing but the
Donaldson action first employed by Donaldson in his studies of Hermitian—Einstein
bundles [21]. The principal bundle in question is the Drinfeld—Sokolov bundle DS
discovered in ref. [14]. DS prescribes the transformation rule of a g-valued field
¥Y(z,z) under a coordinate change z — z’, which reads

0z 0 0z

Y'(Z,7') = exp <— In p ad to> exp <-527§ad t_1> Y(zz2) . 1.7)
This important relation encapsulates at once the algebraic data (G,S) defining the
W-algebra and the holomorphic geometry of the underlying Riemann surface. It also
provides a mathematically precise formulation of Polyakov’s ideas of soldering [22].
This is reminiscent of ordinary gravity a la Polyakov [16—19], where the
basic fields are the surface metric # and the Beltrami field y and the effective
action I(h, u, i) exhibits a structure analogous to the one shown above, the coun-
terpart of the Wess—Zumino—Novikov—Witten action being the Liouville action. The
resemblance is even more striking when it is realized that there are field theo-
ries whose effective action is a functional of H and A* of the form (1.3) with
(1.4)—(1.6) satisfied. Therefore, I shall call this euclidean model Drinfeld-Sokolov
gravity. After gauge fixing, the model has a residual gauge symmetry associated
to the gauge transformations leaving the given Koszul field invariant. This is the
Drinfeld—Sokolov counterpart of conformal symmetry. It also involves an integration
on a non-trivial space of Drinfeld-Sokolov gauge orbits. It must be stressed that the
Drinfeld-Sokolov moduli space considered here is distinct from the #-moduli space
of ref. [23] and from the moduli space studied by Hitchin in ref. [24] and later

related to quantum W-gravity in ref. [25].
The plan of the paper is as follows. In Sect. 2, the basic notions concerning the
holomorphic and hermitian structures and the symmetries of the Drinfeld-Sokolov
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bundle necessary for the understanding of the following constructions are collected.
In Sect. 3, the main properties of Drinfeld-Sokolov field theory are expounded.
In Sect. 4, Drinfeld-Sokolov gravity is defined, the gauge fixing of the Drinfeld—
Sokolov symmetry is illustrated and the formal construction of the measure is carried
out. In Sect. 5, the Drinfeld-Sokolov ghost system is studied in detail. In Sect. 6,
conformal invariance and certain non-perturbative features of the resulting theory
are analyzed and the remaining unsolved problems are pointed out. Finally, the
appendices explain in great detail the definition of the functional measures and the
implementation of the gauge fixing for the interested reader.

2. The Drinfeld-Sokolov Bundle

In the first part this section, I review certain general results concerning the holomor-
phic and hermitian geometry of principal bundles on a surface [26—28]. In the second
part, I define the Drinfeld-Sokolov bundle and analyze its main properties [14, 29].

1. Holomorphic Structures. Let X~ be a compact Riemann surface of genus /7 with
local holomorphic coordinates z,, where a is a coordinate label. X is characterized
by the holomorphic 1-cocycle & defined by k., = 0,25, where 0, = 0/0z,. In appli-
cations, it is necessary to choose a 1-cocycle square root of k, that is a holomorphic
1-cocycle k®2 such that (k®24)? = ku. For any j € Z/2, one can then define the

holomorphic 1-cocycle k®/ by setting k®’ b = (k®2 )¥. As is well known, these
1-cocycles define holomorphic line bundles on X, k and k®J corresponding to the
canonical line bundle and its tensor powers.

Let w,w € Z/2. A conformal field ¢ of weights w,w is given as a collection
of smooth complex valued maps y, of domain dom z, such that, whenever de-
fined, y, = k%" ® k®” Y. The conformal fields y of weights w,w span a infinite
dimensional complex linear space CF":¥.

The spaces CF*" and CF!~™:!=% are dual to each other. The dual pairing is
given by (¢,¥) = L [, d’z¢y for y € CF*" and ¢ € CF!1-¥,

The Cauchy—Riemann operator d : CF*? — CF*! is locally defined by (dv/), =
daa for Y € CF™0. The kernel of J is the subspace HCF" of holomorphic ele-
ments of CF"°. By the Riemann-Roch theorem, dim HCF" — dim HCF'™" =
Cw— 1) - 1).

A (1,0) affine connection y is a collection of smooth complex valued maps y, of
domain dom z, such that y, = kg[ys + Op In kzp] whenever defined. y is characterized
by its curvature f,, given locally by f,; = duya. f, € CFIL. Let Aff be the family
of all (1,0) affine connections y.

To any y € Aff, one can associate the covariant derivative d, : CF*-* — CF**1.¥
locally given by (9,4/)s = (04 — Wya ), for € CF™”.

- Let K be a holomorphic G-valued 1-cocycle on X, where G is a simple complex
Lie group. To K, one can associate a smooth principal G-bundle P over X by means
of a well known construction.

A holomorphic structure s is specified by a collection of smooth G-valued maps
Vsq of domain dom z, such that there exists a holomorphic G-valued 1-cocycle Ks
such that, whenever defined, Vs, = K VsbKS »- Note that the 1-cocycle Ks charac-
terizes but does not determine the holomorphic structure s, since the map s — Ks
is many-to-one. Two holomorphic structures s; and s, are said to be equivalent
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if Vs,q = Vs,a0, for some holomorphic G-valued function v, for every a. This is
indeed an equivalence relation. Below, I shall not distinguish between equivalent
holomorphic structures. The family of all holomorphic structures of will be denoted
by Hol.

Let s € Hol and w,w € Z/2. An extended s-conformal field ¥s of weights w, w
is given as a collection of smooth g-valued maps ¥s, of domain dom z, such that,
whenever defined, ¥s, = k%" ;,k®" s AdKsqp Wsp. The extended s-conformal fields
¥ of weights w,w span a infinite dimensional complex linear space ECFg".

The spaces ECF&" and ECFg ™'~ are dual to each other. The dual pairing
is given by (®,¥)s = L [[ d’ztr,q(P¥)s for ¥s € ECF3” and &s € ECFg ™',
where tr,q denotes the Cartan—Killing form of g.

The Cauchy—Riemann operator Js : ECF%® — ECF%' is locally defined by
(55")3(, = 0_a!l’3a. The kernel of Js is the subspace HECFY of holomorphic ele-
ments of ECF;”O. By the Riemann—Roch theorem, dim HECFY — dim HECF§ " =
(2w — 1)(¢ — 1)dimg.

A (1,0) s-connection [s is a collection of smooth g-valued maps Is, such that
Tsq = kap[ AdKgapTsp + 0pKsapKsap~']. The connection I's is characterized by its
curvature Fr, locally given by Fp,, = 0alsa. Fr, € ECF é’l. Let Conng be the family
of all (1,0) s-connections [g.

To any y € Aff and I's € Connsg, one can associate the covariant derivative
0,1, - ECF2” — ECFg*"” locally given by (0,1 ¥)sa = (02 — wya — ad I's,)¥sa.

In applications, the holomorphic structure s is considered as variable. The de-
pendence on s is then to be studied.

Hol contains a natural reference holomorphic structure defined by ¥, = 1 for all
a. By convention, all geometric objects related to such structure, such as the holo-
morphic 1-cocycle K, the extended conformal fields ¥, the spaces of (holomorphic)
extended conformal fields ECF*"* and HECF", the (1,0) connections I" and their
family Conn, etc. will carry no subscript S. In particular, the adjective “conformal”
is always understood as “reference—holomorphic—structure—conformal.”

Let w,w € Z/2. A minimal extended conformal field functional ¥ of weights
w,w is a map that associates to any s € Hol an element ¥s € ECFg" in such
a way that the condition ¥, = AdVs,%Ps, is satisfied for any a. In this way, the
dependence of Y5 on s is determined entirely by Fs. The space of all minimal
extended conformal field functionals ¥ of weights w,w may thus be identified with
ECF"" itself.

For any ¥ € ECF"" and ® € ECF!™"!=¥ (¢, ¥)s = (&, ¥) for s € Hol. In
this way, the dual pairing (-, -)s of ECF%"” and ECF¢ ™'~ induces a dual pairing
(-,+) of the spaces of minimal extended conformal field functionals ECF™" and
ECFI_W’I_W.

A minimal (1,0) connection functional I is a map that associates to any
s € Hol an element I's € Conng in such a way that the condition I', = Ad Vg,I's, +
0.VsaVea ! is satisfied for any a. As for minimal extended conformal field function-
als, this condition means that the dependence of Is on s is determined by Vs. The
family of minimal (1,0) connection functionals I may be identified with Conn itself.

There exists a parametrization of Hol, the Koszul parametrization defined next,
which is particularly useful in field theoretic applications.

A Koszul field 4* is simply an element of ECF%!. There is a one-to-one corre-
spondence between the family of holomorphic structures s and the family of Koszul
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fields A* [20]. The correspondence, expressed notationally as s = 4%, is given by the
relation A*, = 0,Vs,Ve,~'. Thus, one may view equivalently Hol as the manifold
formed by all Koszul fields and cast dependence on s as dependence on 4*. Note
that 4* = 0 for the reference holomorphic structure.

In general, field theoretic expressions are compact when written in terms of the
relevant holomorphic structure s. The dependence on s is however explicit only in
the Koszul parametrization provided one restricts to minimal extended conformal
field functionals and minimal (1,0) connection functionals. The rules for translating
from the first to the second description are the following:

Vo ¥, (2.1)

Js = 0 —ad 4", (2.2)
Fy, & Fp — 0pd*, (2.3)
Oyry <> Oyr (2.4)

for ¥ € ECF"", y € Aff and I € Conn, where s = 4* € Hol. If ¥ € ECF"? is
such that Y5 € HECFY, then (0 — ad 4*)¥ = 0.

2. Hermitian Structures. A hermitian surface metric £~ on X is a collection of
smooth maps 4, of domain dom z, such that 4, > 0 and A, = kpk,php. The hermi-
tian surface metrics 4 form a infinite dimensional real functional manifold Met.

Given any metric # € Met, one can define a Hilbert structure on CF™" by
setting (Y1, yn)y = %f): d22h®1-w_wlﬁ1lﬁ2 for Yn, ¥ € CF"¥,

Each metric & 1s characterized by a (1,0) affine connection y, locally given
by Vhe = 0,Inh,. The curvature f;, of vy, is then given by f;, = 0,0,Inh,. The
covariant derivative of 7y, will be denoted by 0Jy.

Let s € Hol be a holomorphic structure. A s-hermitian fiber metric Hg is defined
as a collection of smooth G-valued maps Hg, of domain dom z, such that Hga = Hg,

and Hg, = ngbHSbKSabT, where t denotes the compact conjugation of G. The s-
hermitian fiber metrics Hg form an infinite dimensional real manifold Hermsg.

Given metrics 2 € Met and Hs € Hermsg, one can define a Hilbert structure on
ECFg"” by setting (P, Yo)nus = L [ d?zh® ="V trg(AdHY T W)s for ¥is, ¥os €
ECFY".

Each fiber metric Hg is characterized by a (1,0) s-connection I'yg of Kg lo-
cally given by Iy, = 0,Hs.Hs,~'. The curvature Fys of I'ys is given by Fyg, =
04(0,HsaHs, ™). The covariant derivative associated to a surface metric & € Met
and to Hs is Op ys.

A minimal hermitian fiber metric functional is a map that associates to each
holomorphic structure s € Hol a hermitian fiber metric Hs € Herms in such a way
that H, = Vs,HsqaVsa" holds for any a. As for minimal extended conformal field
functionals, this condition means that the dependence of Hs on s is determined
by Vs. Hence, the space of minimal hermitian fiber metric functionals /4 may be
identified with Herm.

For any H € Herm and any two ¥|,¥; € ECFW’M_), <'I/1, Y’Z)h,HS = ('Pl, W2>h,1-1
for s € Hol. Thus, for a given minimal hermitian fiber metric functional H, the
Hilbert structure (-,-),ms on ECFg" induces a Hilbert structure (-,-);x on the
space of minimal extended conformal field functionals ECF">”.
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For the curvature Fy and the covariant derivative 0y associated to metrics
h € Met and H € Herm, (2.3)—(2.4) do not apply. To express everything in the
Koszul parametrization, one has instead to perform the substitutions

Fys < Fiy — 0yd* — AdHA™ T + [4*, AdHA* ], (2.5)

OnHs <> Onn + ad AdHA*t R (2.6)
with s = 4* € Hol.

3. The Gauge Group. A gauge transformation « is a collection of smooth G-valued
maps o, of domain dom z, such that, whenever defined, o, = K, 3K~ '. The
gauge transformations form a group Gau under pointwise multiplication. Lie Gau =
ECF%? with the obvious Lie brackets. To Gau, there are associated a few relevant
actions.

Gau does not act on Y and on the spaces CF*" of conformal fields.

Gau acts on the family Hol of holomorphic structures as follows. If « € Gau
and s € Hol, then a*s € Hol is the holomorphic structure specified by Vg, =
o, Vsq. Note that K,«s = Kg. The action of Gau on Hol is not free. The stability
subgroup %(s) of a holomorphic structure s € Hol in Gau is formed by all gauge
transformations # such that ns, = Vs, ~'1,Vs, is holomorphic. In fact, for n € %(s),
n*s is equivalent to s, and hence is not distinguished from the latter. Note that
Lie%(s) = HECFY.

Associated to this action is also an action on extended conformal fields defined
as follows. For o € Gau and ¥s € ECFg", a*¥,~s is the extended conformal field
in ECF}:g locally defined by a*Wyxs, = Psq.

The dual pairing (-,-)s of ECF%" and ECFg "'~ is covariant under Gau. In
fact, (0*®,0*¥)yes = (P, ¥)s for %5 € ECFY” and dg € ECF§ ™77,

There is a corresponding action of Gau on the space of minimal extended con-
formal field functionals ECF"™”. For o € Gau and ¥ € ECF"", «*¥ is the ele-
ment of ECF""” locally given by «*¥, = Ada,¥,. The value o*W¥-g of a*¥ at
the holomorphic structure a*s is the result of the action of « on ¥s defined above,
as suggested by the notation.

The dual pairing (-,-) of ECF** and ECF!~"!~% is invariant under Gau, i.e.
one has (*®,a*¥) = (®,¥) for ¥ € ECF™Y and ® € ECF!~"!1-¥,

In the Koszul parametrization, the action of Gau on Hol translates into an
action on the Koszul field 4*. For « € Gau and 4* € Hol, the action is locally
given by a*4*, = 00,0, " + Ada,A*,. If n € %(s) with s = 4*, then the equation
(0 — ad 4*)yy~! = 0 is satisfied.

Gau is inert on the space of surface metrics Met.

Gau acts on the hermitian fiber metrics as follows. For any « € Gau and Hg €
Hermsg, a*H,+s is the element of Herm,«g locally given by a*H,+s, = Hs,.

It is easy to verify that, for any A €Met and any Hg € Hermg, the Hilbert structure
(-,*)nu, on ECFg"" defined earlier is Gau covariant, i.e. (a«*¥,0* ¥o)p urtours =
<'P], lPZ)h,HSa for W5, Yos € ECFg}’W

There is a corresponding action of Gau on the space of minimal fiber metrics
functionals Herm. For o € Gau and H € Herm, o«*H is the element of Herm
locally given by o*H, = agH,0,1. The value o*Hy+s of o*H at the holomorphic
structure o*s is the result of the action of « on Hg defined above.
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It is easy to verify that, for any # € Met and any H € Herm, the Hilbert struc-
ture (-, )z on ECF™¥ defined earlier is Gau invariant, i.e. (o0*¥),0* o)y oo =
<'Pl, 'P2>h,H, for Y1, ¥, € ECF"7,

In the analysis of symmetries, it is much simpler to proceed at the infinitesi-
mal level. Let Z be the gauge ghost. Z is an element of ECF%0 ® A'(Lie Gau )Y
defining a basis of /\I(Lie Gau )". The infinitesimal action of the gauge group Gau
on field functionals is given be the nilpotent Slavnov operator s, s> = 0. From the
Maurer—Cartan equations of Gau, one has

1
s8 = -[5,5]. (2.7)
Further,
sy =0, (2.8)
sA* = (0 — ad 4")E , (2.9)
sV =ad EY, (2.10)

where € CF*¥, 4* ¢ Hol and ¥ € ECF"¥.
At the infinitesimal level, the action of Gau on Met and Herm is given by

slnh=0, (2.11)
sHH™' = £ + AdHE", (2.12)

with 2 € Met and H € Herm.
4. The Drinfeld-Sokolov Bundle. The basic data entering in the definition of the
Drinfeld—Sokolov bundle are the following: i) a simple complex Lie group G;
ii) an SL(2,C) subgroup S of G invariant under the compact conjugation  of G;

iii) a Riemann surface X of genus 7 with a spinor structure k®:. Let 1_,, to, 111
be a set of standard generators of s, so that

[t41,2-1] = 240, [f0,t11] = £t , (2.13)
tit=t_gq, d=-1,0,+1. (2.14)

Then,
Kap = CXP(— In kath)exp(aakab_lt—l) (2'15)

defines a holomorphic G-valued 1-cocycle K [14]. This in turn defines a smooth
principal G-bundle, the Drinfeld—Sokolov bundle DS, whose relevance has been
explained in the introduction.

The Drinfeld—Sokolov bundle has extra structures derived from a special nilpo-
tent subalgebra ¢ of g associated to s. Such structures will be called Drinfeld—
Sokolov and will play an important role in the following. The reason for this,
related to the form of anomalies, will be explained in detail in the next section.

To the Cartan element #, of s, there is associated a halfinteger grading of g:
the subspace g, of g of degree m € Z/2 is the eigenspace of ad#, with eigen-
value m. One can further define a bilinear form y on g by y(x, y) = trag(¢41[x, ¥]),
x,y € g [10]. The restriction of y to g 1 is non-singular. By the Darboux theorem,

there is a direct sum decomposition g 1=p_19q. of g1 into subspaces p_ 1
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and q_ 1 of the same dimension, which are maximally isotropic and dual to each

other w1th respect to y. Set

& @ g, (2.16)

r is a negative graded nilpotent subalgebra of g.

Let Holpg be the family of all holomorphic structures s such that Vs, is exp -
valued for every a. Such structures will be called Drinfeld—Sokolov. For s € Holps,
Ksup = KapLsap, Where Lsgp is a holomorphic exp y-valued function.

Let s € Holps and w,w € Z/2. A Drinfeld-Sokolov extended s-conformal field
¥s of weights w,w is an element of ECFg" such that ¥s, is valued in ¢ for any
a. This definition is consistent because of the form of the 1-cocycle Kg and the fact
that [#p,r] Cr and [, ] Cr. The Drinfeld—Sokolov ﬁe_lds Ys of weights w,w span
an infinite dimensional complex linear space ECFqg’”. Similarly, a dual Drinfeld—
Sokolov extended s-conformal field Ws of weights w,w is an element of ECF}"”
such that ¥, is defined modulo a r'-valued local function for any a, where ¢+ i
the orthogonal complement of ¢ with respect to the Cartan—Killing form tryg. This
definition is also consistent because of the form of the 1-cocycle Ks and the fact
that [fo,x*] Cr+ and [, r*] C ¢*. The dual Drinfeld-Sokolov fields ¥s of weights
w,w span an infinite dimensional complex space ECFﬁsgw.

For s € Holps, the Cauchy-Riemann operator ds maps ECF Dss % into ECF DSS .
Therefore, dg defines by restriction a Cauchy—Riemann operator dpgs : ECFDss
ECF g5’ !, the Drinfeld-Sokolov Cauchy—Riemann operator. In this way, one can
consistently define a notion of holomorphy for Drinfeld—Sokolov extended s-
conformal fields. The subspace of holomorphic elements ¥s of ECFpgg’ 0 will
be denoted by HECFg%. Similarly, ds maps ECFygu’ into ECFysw'. So,
ds induces a Cauchy-Riemann operator dpgg : ECFES”SV’0 — ECFjjgw', the dual
Drinfeld—Sokolov Cauchy—Riemann operator. So, one can consistently define a no-
tion of holomorphy also for dual Drinfeld—Sokolov extended s-conformal fields.
The subspace of holomorphic elements ®s of ECF % O will be denoted by
HECF ¢ ¢. There exists an interesting Drinfeld-Sokolov version of the Riemann—
Roch theorem:

dim HECF g ¥ — dim HECFYg L™ = tr[((2w — 1)1 — 2ad o) p,J(/ — 1), (2.17)

where p, is any projector of g onto ¢ [29].

The spaces ECFp %" and ECFpgs ™'~ are dual to each other. The dual
pairing is given by (@, ¥)pss = L [ d’ztr,q(@¥)s for Ps € ECFpgg” and Ps €
ECF gs; "17% Note that the result of the integration does not depend on the rep-
resentative of @g used.

A Drinfeld—Sokolov (1,0) s-connection Is is an element of Conng such that
I's, — %tH is y'-valued for every a. This definition is consistent because of the
form of the I-cocycle Kg and the fact that [t;,r] C¢* for d =0,—1,r C ¢ and
[r,¢1] Cet. If I is Drinfeld-Sokolov, then Fr, = 0 in ECF)js%". Let Connpss
be the family of all Drinfeld—Sokolov (1,0) s-connections [.

The reference holomorphic structure is obviously Drinfeld—Sokolov, since 7, = 1
is exp r-valued.
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Let w,w € Z/2. A Drinfeld—Sokolov minimal extended conformal field func-
tional ¥ of weights w,w is a minimal extended conformal field functional defined
on Holpg and such that, for any s € Holps, ¥s € ECFgg"". This definition is cer-
tainly consistent, as the reference holomorphic structure is Drinfeld-Sokolov, Vs is
exp r-valued and [ ¢, r] C r. The space of Drinfeld—Sokolov minimal extended confor-
mal field functionals of weights w,w may clearly be identified with ECF,¢"". Sim-
ilarly, a dual Drinfeld—Sokolov minimal extended conformal field functional ¥ of
weights w, w is a minimal extended conformal field functional defined on Holpg and
such that, for any s € Holpg, ¥s € ECF;;S ¢". This definition also is consistent, for
the reference holomorphic structure is Drinfeld—Sokolov, Fs is exp r-valued and
[t,t'] € rt. The space of dual Drinfeld-Sokolov minimal extended conformal

vV w,w

field functionals of weights w,w may clearly be identified with ECF g

For any ¥ € ECF¢"" and @ € ECFESI_W’I_W, (D, ¥)pss = (P, ¥)ps for any
s € Holps. Therefore, the dual pairing (-, +)pss of ECF'¢" and ECFgs ;_W’I_W
induces a dual pairing (-,-)ps of the spaces of (dual) Drinfeld-Sokolov minimal
extended conformal field functionals ECF """ and ECFpg' ™'~

A minimal Drinfeld-Sokolov (1,0) connection functional I' is a minimal (1,0)
connection functional defined on Holps such that, for any s € Holps, I's €
Connpgs. This definition is consistent again because the reference holomorphic
structure is Drinfeld-Sokolov, ¥ is expr-valued and the fact that [£y1,x]C b, ¢
Cy' and [r,2t] € ¢*. The space of dual Drinfeld-Sokolov minimal connection
functionals I' may clearly be identified with Connnpsg.

In the Koszul parametrization, the Drinfeld-Sokolov holomorphic structures
are represented by r-valued Koszul fields 4*. Such Koszul fields are also called
Drinfeld—Sokolov.

5. Hermitian Structures of the Drinfeld—Sokolov Bundle. Let h € Met and Hs €
Hermg be metrics. The Hilbert structure (-,:)sms on ECF”SV’W defines by re-
striction a Hilbert structure (-, +)pssms on ECF Dsg’w- The Hilbert structure al-
lows one to identify ECF%" with ECFpgs™™'™". By definition, the element
@y ps € ECFpgs™™ '™ corresponding to @5 € ECF g% is the unique element of
ECF g+ ™' ™" such that (®|¥)pss = (Pru, ¥)psa s for all Y5 € ECFpgs ™' .
One may now define a Hilbert structure on ECFpygs” by setting (@1, ®2)Ys ) s =
(DPop, b, PinH)DS b, HS-

For any H € Herm and any ¥, ¥, € ECFDSW’W, (1, Ya)osnms = (V1, Po)pswH
for s € Holps. Similarly, for H € Herm and @y, ®; € ECFs™", (@1, §2)Ys, s =
(®1, D2)p5s nu- Thus, for a given minimal hermitian fiber metric functional H, the
Hilbert structures (+,+)pss s on ECFDS;‘V’”p and (-, *)g, ys ON ECFES:’“7 induce
Hilbert structures (-, *)ps s and (-, +) s »i on the spaces of (dual) Drinfeld-Sokolov
minimal extended conformal field functionals ECF ™" and ECFyg™", respec-
tively.

6. The Drinfeld-Sokolov Gauge Group. The gauge group Gau does not respect
Holpg. There is however a subgroup of Gaupg of Gau, the Drinfeld-Sokolov gauge
group, which does. Gaupg is formed by those elements o € Gau such that «, is

exp r-valued for every a. Clearly, Lie Gaupg = ECFDSO’O.
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For any s € Holps, the stability subgroup %ps(s) of s in Gaupg is simply the
intersection %(s) N Gaups. Clearly, Lie%ps(s) = HECF 3. Lie%ps(s) is nilpo-
tent, since expr 1s.

From the definition, it is immediate to see that the action o« : ECFyY —
ECF % associated to & € Gaups maps ECFpgw” and ECF g% respectively into
ECF 2% and ECF 7.

It can also be seen that the dual pairing (-|-)pss of ECFq»"” and
ECF}ss '™ is Gaups covariant.

Using the fact that ¢ is a subalgebra of g such that [z, ] Cet, it s easy to
check that the action of Gaups on ECF™" preserves both ECF " ¥ and ECF A v

The dual pairing (-|-)ps of ECFDSWw and ECFs' ™' is Gaups invariant.

The Hilbert structures on ECFpg%" and ECFw"” defined above are both
Gaupg covariant.

One can similarly show that the Hilbert structures on ECF ™" and ECF ™"
are both Gaupg invariant.

To Gaups, one can consistently associate a Slavnov operator sps and a ¢-valued
ghost field Epg € ECFDSO’0 ® /\I(Lie Gaups )V obeying (2.7). Equations (2.8)—
(2.10) also holds with 4* a Drinfeld-Sokolov Koszul field and ¥ a (dual) Drinfeld—
Sokolov extended conformal field with s and Z replaced by sps and Epg. Of course,
(2.11)—(2.12) continue to hold with s and = replaced by sps and Epg.

Before completing this section, I shall state the following conventions. In what
follows, when in the same equation there appear a holomorphic structure s and a
Koszul field A*, it is implicitly assumed, unless otherwise stated, that s = A*. Fur-
ther, all field functionals on Hol or Holps are implicitly assumed, unless otherwise
stated, to be minimal field functionals.

3. Drinfeld—Sokolov Field Theory

A Drinfeld—Sokolov field theory is a local field theory whose basic fields are (ex-
tended) conformal fields of the Drinfeld—Sokolov bundle.

The standard classical example to have in mind is the Drinfeld-Sokolov B-C
system. The basic fields B and C belong to F® ECF!~¢ and F @ ECF"?, re-
spectively, where F is the fermionic Grassmann algebra. The action, for a given
holomorphic structure 4*, is!

S(B,C,A*) = % [ d?z2Re tryg(BOC)s . (3.1)
P

In general, the quantization of a Drinfeld—Sokolov field theory requires the intro-
duction of a hermitian structure (4, H) € Met x Herm for the proper definition of
the adjoint of the relevant differential operators. The regularization of the ultraviolet
divergencies of the corresponding functional determinants involves further the use
of an ultraviolet cut-off &. The regularization method which will be applied below
is the so-called proper time method [18]. I shall restrict to Drinfeld—Sokolov field

!In the notation of this paper, a functional f(X) of a complex field X is not necessarily holomorphic.
Holomorphy, when it occurs, will be explicitly stated.
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theories for which the bare Gau invariant effective action f(h,H,A*;s) is of the
form

I(h,H,A%¢) = —é [ d*zh + [6”; [d*zf; — ds] Ing+ Io(h,H,A*) + O(e) . (3.2)
z z

Here r, n and ds are real coefficients. [, d*zf, is the Gauss-Bonnet topological
invariant whose well known value is 2n(£ — 1). Iy(h, H,A*) is a non-local functional
of h, H and A* such that

K
Slp(h, H,A*) = _1’;—‘; [dz3nhfy+ — [ dztg(GHH Fi)s s (33)
X P

where 0 denotes variation with respect to 4 and H at fixed 4* [30]. ko and K > 0 are
generalized central charges. The Drinfeld-Sokolov B—C system introduced earlier is
precisely of this type with » = dimg, n = (3w — 1)dim g, ds = dim HECFY, ko =
—2(6w? — 6w + 1)dimg and K = 1.

To renormalize the bare effective action, one has to add to it a counterterm of
the form

Al(h, H, 4% 8) = -7:—8- [ d*zh — [g’% [dzf, — ds] Ine+ AI(h, H,A*) + O(e) . (3.4)
P P

Here, AI(h,H,A*) is a local but otherwise arbitrary functional of 4, H and 4*, whose
choice defines a renormalization prescription. The renormalized effective action is
thus

I(h, H,A*) = Io(h, H,A*) + AI(h,H,A*) . (3.5)

Iy(h,H,A*) is the renormalized effective action in the minimal subtraction renormali-
zation scheme.
In what follows, AI(h,H,A*) is assumed to be independent from A*:

Al(h,H,A*) = AI(h,H) . 3.6)
Under this hypothesis, it can be shown that /(%, H,4*) has the following structure:
I(h,H,A") = I(h,H) + L(H,A*; A) + Iho(4"; 4) . (3.7

Here, A € Conn is a background (1,0) connection. /(A, H) is the functional I(4, H,4*)
evaluated at the reference holomorphic structure 4* = 0,

L(H,A*; A) = % L[dzz[ZRe traa(Tgr — A)A™) — trag(A* AdHA)] . (3.8)

Ioi(A4*; A) is a non-local functional of 4* only depending on A. Next, I shall analyze
the properties of the three terms in the right-hand side of (3.7).
In order for the counterterm A/(h,H,A*;¢) to be Gau invariant, AI(h, H) must
satisfy
sdAl(h,H)=0. (3.9)
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In this way, the renormalized effective action /(h,H,A*) is Gau invariant as well.
When (3.9) is fulfilled, one has

sI(h,H) =W (H), (3.10)
SL(H, A*;A) = =W (H) — oA(4*;4) (3.11)
sho(4%;4) = /(4™ 4) , (3.12)
where
W) = [ P2Rewa(EFy). (3.13)
A(A*4) = —g [ d*22Re traa(E(Fy — 0447)) (3.14)
z

are the gauge anomalies.

I(h,H) is a non-local functional of % and H. Its dependence on /4 and H can be
analyzed as follows. The Drinfeld—Sokolov bundle possesses a remarkable property,
the possibility of lifting any surface metric 2 € Met to a fiber metric H(#) € Herm.
Explicitly, H(k) is given by

H(h) = exp(—0In ht_1) exp(— In hty) exp(—éln htyy). (3.15)

This allows one to write I(h,H) as follows:

I(h,H) = Ieone(h) + S(h,H) + AI(h,H) — AI(h,H(h)) , (3.16)

where
Iconf(h) = 1(h>H(h)) B (317)
S(h,H) = Q(H,H(h)) . (3.18)

Here, for any two H,Hy € Herm, Q(H, Hy) is the Donaldson action defined by the
functional path integral

Q(H,Hy) =

Al

H
[ [ d?ztea(SH'H' ™'y ) . (3.19)
Hy ~

The right-hand side is independent from the choice of the functional integration
path joining Hy to H, since the functional 1-form on Herm integrated is closed
and Herm is clearly contractible. (H,H,) can be computed explicitly. The metric
H € Herm can be written as H = exp ®Hj, where the Donaldson field @ is an
element of ECF®? such that AdHy®' = ®. By direct calculation, one then finds

expad®—1—ad @
(ad ®@)?

K -
Q(H, Hy) = - [ d?ztryg [64” On, @ — CDFHO} (3.20)
z
[31].
Now, Ionf(#) is a non-local functional of 4. Using (3.3), (3.5), (3.15) and (3.17),
one can show that

Ko + K
127

Sl eons(h) = — {dzzé Inhfy, +6 E !dzzh_‘ fu2 + AI(h, H(h))] . (3.21)
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where
Kk = —12K traa(t?) , (3.22)
A= —2Ktra(t?) . (3.23)
If ,
AI(h,H) = ;0 [d*h~' fi2, (3.24)
2
where Ao is some constant, then (3.21) simplifies into
Slont(h) = = [ 2zstmng, + 2 s faran 12 (32s)
2n 35 Ty

A counterterm AI(h,H,A*) for which (3.24) holds is given by the right-hand side
of (3.24) itself and clearly satisfies both (3.6) and (3.9). Setting A9 = —4, Iconr(h)
becomes the renormalized effective action of a conformal field theory of conformal
central charge xconr = Ko + k. Note that the shift k given by (3.22) is precisely the
classical central charge of the classical W-algebras associated to the pair (G,S), if
K is interpreted as the Wess—Zumino—Novikov—Witten level. For a generic value
of Ag, one obtains a more general renormalized effective action with a f VhR,2
term yielding a model of induced 2d gravity of the same type as that considered in

refs. [32-33].
The functional S(4,H) is local. In fact, the Donaldson field ®(h, H) relevant

here, given by
exp ®(h,H) = HH(h)™ ", (3.26)

is clearly a local functional of # and H and Q(H,H,), given by (3.20), is a local
functional of @ and H,.

From the above discussion, it follows that the suitably renormalized effective
action I(h,H) differs from the conformal effective action I.o.c(h) by a local func-
tional of h and H. In particular, the H dependence is local.

From (3.8), it is apparent that L(H,A*;A), the interaction term of H and A*, is
local.

Inoi(A4*; 4) is the real part of a holomorphic functional of 4* and 4 [30]. Holo-
morphic factorization is an important feature of the model which however will not
be discussed in this paper. Its independence from H is crucial.

One has thus reached the following important conclusion. The full suitably
renormalized Gau invariant effective action I(h,H,A*) is a local functional of H.

An important observation, related to the analysis of ref. [10], is the follow-
ing. If one restricts to Drinfeld—Sokolov holomorphic structures 4* € Holps and
to Drinfeld-Sokolov background connections 4 € Connpg, then the functionals
L(H,A*;A) and Iy (A4*;A) are independent from A. Further, under the action of
the Drinfeld—Sokolov gauge group Gaupg, one has relations analogous to (3.10)—
(3.12), with s, #'(H) and /(4*;A4) replaced by sps, #ps(H) and pg(4*;4),
respectively, where #ps(H) and /ps(4*;4) are given by (3.13)—(3.14) with &
substituted by Zps. In this case, however, one has

ps (A*,A) =0, A€ Connpg, A* € Holpg (327)

identically by (2.16). Henceforth, it is assumed that A € Connpg.
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4. Drinfeld-Sokolov Gravity

In Polyakov’s approach to two dimensional gravity, the functional integration over
all smooth metrics on the string world sheet is reduced into an integration over the
conformal factor of the metric 4 and on the Beltrami field p. The action governing
the quantum dynamics of such fields is the diffeomorphism invariant effective action
of a conformal field theory.

In many respects, the quantization of Drinfeld—Sokolov gravity parallels that of
ordinary two dimensional gravity. One integrates over all fiber metrics H of Herm
and on all Drinfeld-Sokolov Koszul fields 4™ of Holps. The action of such fields
is the Gaupg invariant bare effective action /(h, H,A*) of a Drinfeld-Sokolov field
theory of the type described in Sect. 3. The partition function is thus of the form

(DH) ® (DA*)

O(h, H,4* I(h,H,4%) , 4.1
vol( Gaups) (h, YexpI( ) 4.1)

Zo(h) = S

Herm X Hol pg

where @(h,H,A*) is some bare Gaupg-invariant insertion. This is of course a rather
formal expression whose precise meaning is to be defined. The relation of this
quantization prescription with earlier approaches, in particular with that of ref. [10],
has been discussed in the introduction.

The basic configuration space is the cartesian product Herm x Holps carrying
the action of Gaupg described in Sect. 2. To gauge fix, one has to transform the
functional integral on Herm x Holpg into one on a configuration space containing,
roughly speaking, a factor Gaupg by computing the jacobian of the corresponding
functional change of variables.

To properly carry out the gauge fixing, it is necessary to define a good mod-
uli space of Drinfeld—Sokolov holomorphic structures modulo the action of the
Drinfeld-Sokolov gauge group and characterize the stability group of Drinfeld—
Sokolov holomorphic structures. This requires a notion of stability. A thorough
geometric investigation of this issue is beyond the scope of this paper. Neverthe-
less, it is still possible to make an educated guess about these geometric structures
by the following argument.

As is well known, every stable holomorphic structure is simple and the family
SHol of stable holomorphic structures is dense in Hol and invariant under the action
of the gauge group Gau [27-28]. Here, the relevant holomorphic structures are those
of Holps and the relevant symmetry group is the Drinfeld-Sokolov gauge group
Gaups. No holomorphic structure s € Holpg is stable in the customary sense. It
is however reasonable to assume by analogy that, for any reasonable definition of
Drinfeld—Sokolov stability, a Drinfeld—Sokolov stable holomorphic structure should
be Drinfeld—Sokolov simple and that the family SHolpg of Drinfeld—Sokolov stable
holomorphic structures should be dense in Holps and invariant under the action
of the Drinfeld-Sokolov gauge group Gaups. Recall that a holomorphic structure
s € Hol is simple if the subgroup %(s) of s-holomorphic gauge transformations of
Gau is trivial [27-28], a condition equivalent to the vanishing of the space HECF?,
since Lie%(s) = HECFY. Similarly, a holomorphic structure s € Holpg is said to
be Drinfeld—Sokolov simple if %pgs(s) has minimal dimension, or, equivalently, if
the space HECF g3 has minimal dimension, since Lie%ps(s) =2 HECF 3.

In analogy to the ordinary moduli space, the Drinfeld—Sokolov moduli space
Aps will be defined as the quotient SHolps/Gaups. #ps is a finite dimensional
complex manifold.
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For s varying in SHolpg, the groups %ps(s) are all isomorphic to the same
complex Lie group %ps. In fact they all are of the form exp HECFDSg, where the
spaces HECF 2 are all valued in the same nilpotent subalgebra of ¢ of g and can
be continuously deformed into one another by continuously varying s in SHolps.
%ps is nilpotent, since expy is.

In this paper, it will be assumed that dim HCF29 = 0. This holds for an even
spinor structure and for a generic holomorphic structure of X. It is merely a tech-
nically simplifying hypothesis with a very nice consequence. If the assumption is
fulfilled, all holomorphic structures are Drinfeld—Sokolov simple. This is no longer
true in the generic situation, where even the reference holomorphic structure char-
acterized by the 1-cocycle (2.15) may fail to be Drinfeld-Sokolov simple [29].

A method for computing the dimensions of %ps and .#ps exploiting the
Drinfeld—Sokolov simplicity has been presented in [29]. They are given by

0, if /=0,

dim %pg = ¢ dim gip, if/=1, (4.2)
dimg_; —tr[(2ad fp + 1)pJ(¢ - 1), if £ =2,
—tr[(2ad tp + 1)pe], if £=0,

dim Mpg = { dimyy, if/=1, (4.3)
dimg_,, if =22,

where p, is any projector of g onto ¢ and rj,; = @mez,m <—1%m
The relevant configuration space is properly Herm x SHolps. A natural para-
metrization of Herm x SHolpg is provided by

H(H,0) = oa*H = oo, (4.4)
A*(t,0) = a*A*(t) = do ™' + Adad* (1), (4.5)

where t € ps, He Herm, o« € Gaups, and ¢ € .#ps — A*(t) € SHolpg is a fidu-
cial gauge slice. The parametrization possesses a ¥pg-symmetry as follows from the
following argument. Any two elements (2, H,«) and (¢, H I, o') of Mps x Herm x
Gaupg have the same image under (4.4)—(4.5) if and only if #/ = ¢ and H "= nHny'
and o = an~! for some n € Fps(s;) with s, = 4*(¢), since Fps (S,) is the subgroup
of Gaupg leaving 4*(¢) invariant. Now, for fixed ¢ € .#ps, the maps

n*H =nHn', (4.6)
o = oy (4.7)

with # € 9ps(s;), define an action of ¥ps(s;) on Herm x SHolps. The action
(4.6)—(4.7) is free and is a symmetry of (4.4)—(4.5). Since ¥ps = %ps(s;) for
any ¢, it is a ¥pg symmetry. One can then construct the space .#ps x (Herm x
Gaups )/9ps (S.) = [1,c.u, {¢} % ((Herm x Gaups )/%ps(s,)). This provides the
realization of the configuration space relevant for the implementation of the gauge
fixing.

The second realization is rather unwieldy, because the meaning of the func-
tional integration on a functional manifold of the form (Herm x Gaups )/%ps(S;)
for fixed ¢ € ps is not quite clear. One way of solving this problem consists in
transforming the integration on such a functional manifold into an integration on
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Herm x Gaupgs with a residual unfixed gauge symmetry corresponding to %ps (s;).
To do this, one employs the obvious isomorphism Herm X Gaups = ((Herm X
Gaups )/%ps (S:)) X %ps, where the action of ¥ps(s;) on Herm x Gaupg is given
by (4.6)—(4.7). Upon choosing a group isomorphism of {(-;¢) : ¥ps — %ps(s;) of
%ps onto Yps (S;), the isomorphism is explicitly given by

H(H,9) = Ug;t)H = Ug; )H(g; )T , (4.8)
o(a,g) =" o = al(g; )", (4.9)

where (H,a) varies in a slice of Herm x Gaupg representing the quotient (Herm x
Gaups )/%ps (s;) and g € %ps.

The definition of the functional measures on the relevant field spaces and the
computation of the jacobians relating such measures is carried out by means of
certain formal prescriptions outlined below. It is important to realize that such pre-
scriptions only serve the purpose of producing and justifying heuristicly a definition
of the measure of the gauge fixed partition Zg(%) and should not in any way be
interpreted as a means of proving theorems about an otherwise well defined field
theoretic model.

To any complex Hilbert space # with inner product (-,-), there is associated
a real Hilbert space #* with inner product (-,-)". H#" is just # seen as a real
vector space by restricting the numerical field from € to R. (x1,x;)" = 2Re(x1,x;)
for x1,x, € #" = #. In particular, ||x||? = 2|x|]%.

To any real Hilbert space 2, there is associated a translation invariant functional
measure (Dx) normalized so that [,,(Dx)exp(—3x|/? ): 1.

If # is a real Hilbert manifold, then, for any f € &, the tangent space Ty% of
F at f is a Hilbert space with norm ||0f]|, and measure (Do f))s. This defines a
measure (Df')| s on F by identifying (D), with (Déf), at f. In general, (Df),s
is not translation invariant, depending explicitly on f.

If & and & are Hilbert manifolds and ¢ : & — & is an invertible map, then
& is a parameter space for & and it is possible to transform functional integration
on & with measure (De)|, into functional integration on & with measure (Df)s.

To this end, one needs the jacobian relation (D@(f))|or) = [det(do(f ))]%(D lrs
where, for any f € F, 6¢o(f): TrF — Ty )& is the tangent map of ¢ at f.

Applying the above formal recipes, one can define real Hilbert structures on
Herm, SHolpg, Gaups, .#ps and %ps and obtain in this way the correspond-
ing functional measures (DH )yjz, (DA™ )yja4+> (Dp pjas (D)), and (Dg))y. The
measures depend on a background surface metric 2~ € Met and on a fiber metric
H € Herm through the underlying Hilbert structures. % is fixed whereas H is cho-
sen to be the varying metric integrated over in the functional integral. Using these
basic Hilbert structures and functional measures, one can define real Hilbert struc-
tures on the derived field spaces defined above, obtain the corresponding functional
measures, implement the gauge fixing in the partition function and computing the
resulting functional jacobians. The details of this analysis are rather technical and
have been lumped in App. A for the interested reader. Here, I shall limit myself to
illustrating the result.

By varying (4.5) with respect to « and taking (2.2) into account, it appears that
the Drinfeld-Sokolov ghost kinetic operator is dpss, acting on ECF g s . Hence,

the Drinfeld-Sokolov Fadeev—Popov determinant is something like det(dpgs*dpss)
for a Drinfeld-Sokolov holomorphic structure s € Holpg. This notation is a little bit
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too formal. First, the adjoint éDSS of dpss is defined with respect to the Hilbert
structures (-, +)pspus of ECFp%” and ECFp %' corresponding to the fixed back-
ground surface metric 4 and the varying fiber metric /. Secondly, the ghost kinetic
operator 5Dss has zero eigenvalues which have to be removed from the determi-
nant. Hence, the Drinfeld—Sokolov Fadeev—Popov determinant should properly be
det), 11(Ops s 0pss), where the dependence on the metrics 4 and H and the removal
of the zero eigenvalues are explicitly stated. The resulting functional of 4, H and s is
essentially the bare ghost effective action once the zero modes and comodes of Jps s
are properly taken care of. Let {e;(s)s|i = 1,...,dim %pg } be a basis of ker Jpss.
Since dpss is defined independently from any choice of hermitian structure, the
ei(s)s can be chosen independent from 4 and H. Let {f/(s)s|j = 1,...,dim .ps }
be a basis of cokerdpss. This is defined here as the annihilator of randpss in
ECF gséo under the dual pairing (-|-)pss- Opss being defined independently of any
choice of hermitian structure, the f’/(S)s can also be chosen independent from 4
and H. The bare effective action [2"(h, H,4*) is

detL,H(éns s* Opss)
det Mj, ms(e(s)) det M,/ ;s (f(8))

h,H,4*) = In (4.10)

where

My, us(e(s))i; = (ei(s),e(S))psnus, Lj=1,...,dim%ps , (4.11)
M, Hs(f(s))kl <fk(s) f (s)>DSh s kl1=1,...,dim.dps (4.12)

are the Gramian matrices of the bases {e;(S)s} and {f7(sS)s}.

Below, I shall make some reasonable assumptions on the gauge slice function
A*(¢t) and the group isomorphism {(g; ). Though they are not strictly necessary for
the formal manipulations of functional integrals required by the gauge fixing, as such
they guarantee the holomorphic factorization on .#pg of all finite dimensional factors
entering in the measure of the gauge fixed partition function Zp(k), a property
known to hold in ordinary string theory which one would like to keep also in the
present context.

As a first assumption, the gauge slice function ¢t — A*(¢) is assumed to be
analytic:

0,4*(t) =0. (4.13)

It is not known to me whether it is possible to find a gauge slice function 4*(¢)
globally holomorphic on #ps. In general, 4*(¢) may develop singularities on a
submanifold of .#pg of non-zero codimension, where 4*(¢) fails to be transverse to
the action of the gauge group Gaups on SHolps. The singularities may eventually
entail divergencies in the modular integration.

Equation (4.13) implies that the family of elliptic operators ¢ — Jps s, 1s complex
analytic. So, setting e;(1) = e;(s;) and f/(t) = f/(s,), one also has d,e;(t) = 0 and
3. fi(t) = 0.

For fixed ¢ € .#ps, define

GF (1) = 0pA™(t), j=1,...,dim Mps . (4.14)
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Since SHolps C ECFDSO’I, a’(t) € ECFDSO’I. The o/ () are analytic, since A4*(t)
is. They are also linearly independent, since 4*(¢) defines a gauge slice, except
perhaps on the submanifold of .#ps, where A*(¢) is singular. Using the d(¢), one
can build the matrix

F(t, f); = (f'®Olo] ())ps, i,j=1,...,dim Mps . (4.15)

F(t, f) is analytic on //ps.
As a second assumption, the map {(g;t) is assumed to be analytic in both
arguments:

Ug; 1) 0,8(g;t) = 0, (4.16)
Ug:t) " 0l(g;) = 0. (4.17)

As a function of ¢, {(g;¢) may develop singularities on some submanifold of .#pg
of non-zero codimension, where {(g;¢) fails to be a group isomorphism.
For fixed ¢ € pg, define

1(t) = {10710, ((1;8), i=1,...,dim ¥ps . (4.18)

Ti(t) € ECFDS , since Lie%ps(s;) C ECFDS0 % The t,(t) are analytic, since {(g;?)
is. They are also linearly independent, since {(g;f) is a group isomorphism, ex-
cept perhaps on the submanifold of .#ps where {(g;¢) is singular. Away from that
submanifold, they span Lie%ps(S;) = ker dps s,- One then picks vectors {tVi(¢)|i =
l,...,dim%ps } in ECFV L1 defining a basis dual to {t;(¢)|i = 1,...,dim %ps } with
respect to the dual pairing {-|-)ps and depending analytically on ¢. Using the tV(¢),
one can build the matrix

E(t.e); = (¢ (Dle[())ps, i,j=1,...,dim%ps . (4.19)

E(t,e) does not depend on the choice of the tVi(t). E(t,e) is clearly analytic on
ﬂDS.

Let v(g) be a left invariant positive (dim %pgs,dim %ps) form on %ps. Hence,
Lf*v(g) =wg), for any f € ¥ps. Using v(g), one can define the volume v, =
f%s (Dg)igv(g) of %ps. This is actually divergent, as %ps is non-compact. The
gauge fixed partition function Zp (%) reads

Zoh) = [ D0yl derr.f)den et N2 [ DMy

x O(h, H,A*(t)) exp({(h, H,A*(t)) + [®(h, H, A*(£))) .  (4.20)

The denominator v,(¢) reflects the residual unfixed ¥ps gauge symmetry, as men-
tioned earlier. In fact, @(h, H,A™), f(h,H,A*) and fgh(h,H,A*) are %ps (S) invariant
as functionals of H, the former two by Gaupg invariance, the latter as a consequence
of (4.10)—(4.12) and the nilpotence of ¥ps(s). By (4.14)—(4.15), the measure is a
(dim Aps ,dim Aps ) form on Aps so that the ¢ integration is well defined. From
(4.10)—(4.12), (4.15) and (4.19), it is immediate to see that the measure is inde-
pendent from the choice of the bases {e;(¢)} and {f7(¢)}. Gauge invariance ensures
the measure is independent from the choice of the gauge slice 4*(¢). It may also



548 R. Zucchini

be shown that it is independent from the choice of the group isomorphism ((g;?).
The measure is also independent from the choice of v, since left invariance entails
that v is determined up to a positive constant. Finally, the measure is independent
from the choice of the coordinates of %ps at 1, provided of course one uses the
same coordinates for the 7(¢); and v(1).

The contribution of the Drinfeld—Sokolov ghosts has a functional integral rep-
resentation. Let G be the ghost Grassmann algebra. The ghost fields are f €
G ® (Lie Gaupg )V and y € G ® Lie Gaups. The isomorphisms (Lie Gaupg )V =
ECF}"° and Lie Gaups = ECF ¢*° allow one to construct the appropriate ghost
functional measures (Df)yp and (Dy)y, z|,- The Drinfeld-Sokolov ghost action is

_ 1 _
S(B,y,4) = 2Re(f|0ps 7)pss = - [ d*z2Re traa(Bdps P)s - (4.21)
by

Then, by standard functional techniques, one can show that

|det F(t, f)det E(t, e)|* exp I%"(h, H,A* (1))

= / (DB)up @ (DY), mpy exp(—S(B, y,A7(2)))
G®(Lie Gaups )V X G® Lie Gau pg

2

x [[T{Bla; @®))os [T (= ®)l7)ps | - (4.22)
J

i

The formal similarities with the construction of the Polyakov measure for ordi-
nary strings are evident [16—19]. A detailed study of the Drinfeld—Sokolov ghost
system is now in order.

5. The Drinfeld—Sokolov Ghost System

The study of the Drinfeld—Sokolov ghost effective action is problematic. For any
Drinfeld-Sokolov holomorphic structure s € SHolps, the Cauchy—Riemann operator
Ops s acts on the Drinfeld-Sokolov space ECF DS%O. However, the hermitian structure
is defined in terms of a metric Hs € Hermsg, which does not respect the y-valuedness
of the Drinfeld-Sokolov fields, since, for ¥s € ECF %", (AdH¥1)s is not r-valued
in general. This renders the application of standard field theoretic techniques to the
study of the Drinfeld—Sokolov ghost system impossible. This problem has been
solved in a general context in ref. [29] by using the method of local projectors
which now I shall briefly recall.

Given a metric Hs € Hermg, one can introduce the orthogonal projector @(H )s
of ECFg"™ onto ECF g™ with Hilbert structures corresponding to Hs defined in
Sect. 2. @w(H )s is given as a collection of local maps @w(H )s, valued in the endomor-
phisms of g with range ¢ such that @(H )s, = Ad AdKs.»@(H )sp whenever defined
and that w(H)g* = @(H)s and (AdHo(H) AdH~')s = w(H)s, where w(H)' is
the pointwise adjoint of @w(H) with respect to the hermitian inner product on g
defined by (x, y) = tra(xTy) for x, y € g.



Drinfeld—Sokolov Gravity 549

Recall that the Cauchy Riemann operator ds maps ECF g, into ECF o', Tt
can be shown that this implies that w(H )s obeys the relation

(bw(H)m(H))s = 0. (5.1)

Projectors @(H )s satisfying (5.1) were introduced earlier in the mathematical liter-
ature in the analysis of Hermitian—Einstein and Higgs bundles [34, 35].

The dependence of @w(H)s on S is minimal in the sense explained in Sect. 2,
ie. w(H), = AdVsgpw(H )ps Ad Vap .

The independence of the range of @w(H ) from H implies that

ow(H)w(H)=0. (5.2)
By combining the AdH hermiticity of @(H) and (5.2), one obtains
dw(H) = —w(H)ad(6HH )1 — w(H)). (5.3)

This identity is a functional differential equation constraining the dependence of
w(H) on H and shows that @w(H) is a local functional of H.

Let Hy be a reference fiber metric in Herm. As explained in Sect. 3, any other
fiber metric H € Herm can be written as H = exp ®H,, where the Donaldson field
@ is an element of ECF%? such that AdHy®' = &. Using (5.3), it is straightforward
to show that @w(H ) has a local Taylor expansion in @ of the form

< 1
w(H) = 20 r—!w(’)(d?,Ho), (5.4)

where, for each » = 0, @")(®, Hy) transforms as w(H) under coordinate changes
and is a homogeneous degree » polynomial in @:

o (@, Hy) = o(Hp),

o (®,Hy) = —w(Hy)ad &(1 — w(Hy)),

oD (®,Hy) = w(Hy)ad ®(1 — 2w(Hy))ad (1 — w(Hy)),

a®(D,Hy) = w(Hy)[ad B3w(Hy) — 1)ad (1 — w(H,))ad &
+ad ®(2 — 3w(Hy))ad dw(Hy)ad P)(1 — w(Hp)),

(5.5)

It is not difficult to show that the projector @w(H (k)) corresponding to the metric
H(h) given in (3.15) is given by

w(H(h)) = exp(—0Inhads_;)p,exp(dlnhadt_;), (5.6)

where p, is the orthogonal projector of g onto ¢ with respect to the hermitian inner
product (-,-) of g defined above.

Next, consider the Gaupg invariant unrenormalized Drinfeld-Sokolov ghost ef-
fective action [ gh(h,H,A*) with 4*€SHolps a Drinfeld-Sokolov holomorphic struc-
ture. Because of the unboundedness of the ghost Kkinetic operator Opgs,
I#"(h, H,4*) suffers ultraviolet divergencies which have to be regularized by means
of an ultraviolet cut-off €. As in Sect. 3, I shall adopt here proper time regularization
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[18]. Next, I shall analyze the main properties of this effective action. It turns out
that the Drinfeld—Sokolov ghost system is not a Drinfeld-Sokolov field theory of the
type discussed in Sect. 3. In spite of this, it shares many of the qualitative features
of a Drinfeld—Sokolov field theory, as is shown below.

Using the methods of [29], it can be seen that /%"(h, H,4*;¢) has the following
expansion as ¢ — 0:

[, H, 4% ¢) = e [d*zh + - [ d*zfy
nE 5 6n 5

+ % fdzztr((adFH + a_an(H))w(H))s _ q] Ins
z

+IE(h, H,4*) + O(e) . (5.7)

Here, r#" = dimy and ¢ = dim %ps. Oyw(H) = 0w(H) — [ad 'y, w(H)]. The first
two terms of the coefficient of Ine are topological invariants. In fact, [ d’zf; =
2n(¢ — 1) is the Guass—Bonnet invariant, already encountered in Sect. 3, and [ 5 d’ztr
((ad Fy + d0gw(H))w(H))s = —2ntr[adtyp,](/ — 1) is the Chern-Weil invariant
of DS, where p, is defined below (5.6). Iogh(h,H,A*) is a non local functional of
h, H and A* such that

gh
SIE (W HA™) = — [d’z8Inhf)
6m 5
—% [ d*2[6Inhtr((ad Fy + 00y w(H))w(H))s
P

+tr(ad (SHH " Yyw(H))s /4]

+% [ d*ztr(ad (SHH ' )(ad Fy + 00nw(H))yw(H))s, (5.8)
Py

where ¢ denotes variation with respect to 4 and H at fixed A4*.

To renormalize the bare effective action fgh(h,l{,A*;s), one has to add to it a
counterterm of the form
_pgh

67

A gh
AT, H,A4%;e) = — [ d?zh — [ dzf,
e 5 3

+ % [ d*ztr((ad Fy + 00nw(H))o(H))s — q| Ine
z

+AI (b, H, A*) 4 O(¢) . (5.9)

Here, AI%"(h,H,A*) is a local but otherwise arbitrary functional of 4, H and A*,
whose choice defines a renormalization prescription, as in Drinfeld—Sokolov field
theory. The renormalized effective action is thus

180(h, H, A*) = IE"(h, H,A™) + AI®(h, H,A*) . (5.10)
Below, A% (h,H,A*) is assumed to be independent from A*:
AT (h, H,A*) = AI®(h,H). (5.11)
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It can be shown that, if this condition is fulfilled, 78"(h, H,A4*) has the following
structure

I3k, H,A4*) = I¥'(h, H) + L (H, A*; 4, p) + IE1(4*; 4, p) . (5.12)

Here, 4 € Connpg is a background Drinfeld—Sokolov (1,0) connection. p is a back-
ground local projector on ¢. In analogy to @w(H), p is given as a collection of maps
po valued in the endomorphisms of g with range ¢ such that p, = Ad AdKpp
whenever defined and that p> = p. I8"(h,H) is the functional /#"(h, H,A*) evalu-
ated at the reference holomorphic structure 4* = 0,

1
LE(H,4*;4,p) = ;fdzz[2Retr((w(H)adFH — padA)ad4*)
z

—tr(adA*w(H )ad AdHA*)]. (5.13)

Using (2.15) and the fact that ¢ is a nilpotent subalgebra of g such that [#;,x]Cx¢
for d = 0,—1, it is straightforward to verify that the integrand belongs to CF"! so
that the integration can be carried out. Ifgl(A*;A, p) is a non-local functional of 4*
depending on 4 and p. Next, I shall study the properties of the three contributions
in the right-hand side of (5.12).
In order for the counterterm Afgh(h, H,A*;¢) to be Gaupg invariant, AI%(h, H)
must satisfy
sps A (h,H) = 0. (5.14)

This ensures that the renormalized effective action 7¢"(h, H,A*) is also Gaupg in-
variant. Under this assumption, one has

spsl®(h, H) = Wiss(H) (5.15)
SpSLE(H, 475 4, p) = —WSG(H) — A8(A"34,p), (5.16)
spslg(4%;4,p) = 5473 4,p) , (5.17)
where |
WEH) = ;fdZZZRetr(adEDsé(w(H)adFH)), (5.18)
z

1 _
LU A, = L [ P2Rer(2dEsEpact)
P

—d(adA”p) + [pad A, ad4*p])) (5.19)

are the ghost gauge anomalies. Using (2.15) and the properties of ¢ recalled below
(5.13), it is straightforward to verify that the integrand belongs to CF"! so that
the integration can be carried out. As a check, I have verified that the restriction of
AE(A*; 4, p) to Lie%pg(s) vanishes as it should.

I¢%(h,H) is a non local functional of 7 and H. Its dependence on % and H can
be analyzed as follows. Using the fiber metric H (%) defined in (3.15), one has

18R, H) = I (h) + S (h, H) + F(h, H, H(h))
+AI(h, H) — AT (h,H(h)), (5.20)
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where
12 (h) = I®(h, H(h)), (521)

S (h,H) = Q(h, H(h)). (5.22)

Here, for any two metrics H, Hy € Herm, Q& (H, H,) is the Drinfeld—Sokolov gen-
eralization of the Donaldson action defined by functional path integral

QN (H, Hy) = ; f [ dztr(ad (OH'H'~"Y(ad Fyr + 00 w(H'))@(H')). (5.23)
Hy X

F(h,H,Hy) is the functional

F(hH,Hy) = % f fdzztr(ad((SH’H’ Ya(H')) i - (5.24)
Hy ~

The right-hand sides of (5.23) and (5.24) are both independent from the choice
of the functional integration path joining Hy to H, since the functional 1-forms on
Herm integrated are closed and Herm is contractible. This can easily be verified
using (5.1) and (5.3). Q8"(H, Hy) can be computed in terms of the Donaldson field
@ of H relative to Hy by using the local Taylor expansion (5.4)—(5.5) of @w(H).
The result is

1 -
QUH, Hy) = —— [ &z [K*(di,acD,Ho)adaHocD — D(®, Hy)ad Fy, + T(@,Ho)] ,
z

(5.25)
where
o o~ (M (m—n) (n)
D(®,Hy) = mzo( H),g)(n)w (®,Hy)ad o ™(P, Hy), (5.26)
T(P,Hy) = ijjo ST nf%(’:)6H0w('"_”)(<15,H0)ad¢5w(”)(<15,Ho),(5.27)

- 00 1 m
K (@.50.H0) = 3 s z:jo("““ )( ad ad @)

X z ( )8(w(" (@, Hy)ad ®)a®(®,Hy).  (5.28)

By a similar and simpler calculation, one finds

-1
F(h,H,Ho) = T [ &zt J (D, Ho) i » (5.29)
z
where - {
®,Hy) = w'\"(D,Hy) . .
J(@,Hy) Z%(H—l)!ad @ (P, Hy) (5.30)
Now, c(mf(h) is a non-local functional of 4. By using (3.15), (5.6) and (5.8),

one can obtain the variational relation obeyed by cOnf(h). This can be written in a
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rather explicit form, because of the simple dependence of H(4) and w(H(h)) on A.
By a somewhat lengthy but straightforward calculation, one finds

O (h) = ——— fa’225 Inhf, + 6 fdzzh V2 + AIE(h, H(h)) (5.31)
where
= —2tr[(6(ad#y)* + 6adty + 1) p,], (5.32)
M8 = _tr(adt, adz i p,). (5.33)
If
AI®(h H) = A'I%(h,H) + fdz 12, (5.34)

where /lﬁh is some constant and A’7#"(h, H) is a local functional of # and H such
that
A' 1™ (b, H(h) =0, (5.35)

(5.31) becomes simply

S gh + Agh

& () = ——— f d’z8Inhfy + 2—— oy A2 fdzzh it (5.36)

A counterterm AI®"(h,H,A*) for which (5.34) holds is given by the right-hand
side of (5.34) with A'I#"(h,H) satisfying (5.14) and (5.35) and clearly satisfies
both (5 11) and (5.14). Choosing /lgh —28" yields a renormalized effective ac-

tion Iconf(h) describing a conformal field theory of central charge x® onf = k&, This
is precisely the central charge of the Drinfeld—Sokolov ghost system of the W-
algebra associated to the pair (G,S) as computed with the methods of hamiltonian
reduction and conformal field theory [10] 2. For a generic value of Ag, one obtains
a renormalized effective action with a [ VhRy? term yielding a model of induced
2d gravity of the same type as that considered in refs. [32, 33], as in Sect. 3.

The functional S&(h,H) and F(h,H,H(h)) are local. In fact, the Donaldson
field relevant here is @(h, H), defined in (3.26). From (5.6), the locality of ®(h,H)
as a functional of 4 and H and Egs. (5.25)-(5.30) showing that Q&"(H, H,) and
F(h,H,Hy) are local functionals of @ and Hj, the statement is evident.

From the above discussion, it follows that the suitably renormalized Drinfeld—
Sokolov ghost effective action I#"(h, H) differs from the conformal effective action
Icg:nf(h) by a local functional of h and H. In particular, the H dependence is local.

From (5.13), it appears that L&'(H,4*; 4, p), the interaction term of H and A%,
is local.

It is also likely, though no proof is available at present, that Ifg’l(A*;A, p) is the
real part of a holomorphic functional of 4* and A4 and p, entailing holomorphic
factorization. Its crucial property, however, is its independence from H.

One has thus reached the following important conclusion. The full suitably
renormalized Gaupg invariant Drinfeld-Sokolov ghost effective action I#(h, H,A*)
is a local functional of H.

2The odd looking sign of the mid term in the right-hand side of (5.32) is due to the fact that ¥ is
negative graded.
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One could choose A'I8"(h,H) =0 above. There is however a different more
interesting choice, namely

A1 h,H) = —F(h,H,H(h)). (5.37)
Using (5.3) and (3.15), one can show that
SN (hH) = % !d%[a In htr ((ad Fy + 00y @(H ))w(H))
+tr(ad (6HH ~ " Yw(H)) f4]
—% gdzz[é In htr ((ad Fy, + 004,@(Ho))w(Hy))
+tr(ad (6HoHo ™ @ (Ho)) ful| o=ty - (5.38)

Hence, the counterterm A’/20(h, H) has the nice property of cancelling the mid term
of (5.8) separating the dIn/ and 6HH ' terms in 578"k, H,A*).

6. Conformal Invariance

Let us go back to Eq. (4.20) providing the expression of the gauge fixed partition
function Zg(h). Here, I shall assume that the insertion @(h, H, A*) contains only the
counterterms necessary to absorb the ultraviolet divergencies of the bare effective
actions [(h, H,A*) and fgh(h, H A4%). Thus, é(h,H,A*) has the structure

O(h,H,A*) = exp(Al(h, H,A*) + A (h, H,A*))0(h,4*) (6.1)

where Af(h,H,A*) and A®"(h,H,A*) are given by (3.4) and (5.9) in the proper
time regularization scheme and é(h,A*) is a Gaupg invariant functional of 4 and
A*. Then, after cancellation of matter and ghost ultraviolet divergencies, (4.20) may
be written as

Z(h)y = [ (Dt)|det F(s, f)detE(t,e)]2Qé(h,A*(t))&“’he““(h,A*(t)), (62)

Mps
where
Y™ (h A%y = [ (DH )y expl®(h,H,A"), (6.3)
Herm
19, H,A*) = I(h,H,A*) + I®"(h,H,A*) . (6.4)

The problem to tackle next is the study of the partition function Z"™(#, 4*). By
the discussion of Sects. 3 and 5, the underlying A field theory is local.

Before proceeding, an important remark is in order. Using the results of Sect. 3 of
ref. [29], it is easy to show that, for fixed s = 4* € SHolps, the action I"™(h, H, A*)
is invariant under the subgroup ¥pg(s) of expn,-valued elements of %(s), where
n, is the normalizer r. ¥(s) is larger than ¥ps(s). For varying s € SHolps, the
groups %ps(s) are all isomorphic to the same complex Lie group ¥p,¢ containing
%ps. Therefore, even after formally dividing by the volume v, of %pg, the partition
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function ZMe™ (4, 4*) is still divergent. This problem can be solved either by inser-
tions that break the extra gauge symmetry or by further gauge fixing. The following
analysis of conformal invariance is not affected by this.

In the method used here, the H functional integration is viewed as the integration
on a suitable manifold of classical H configurations times the functional integration
on the quantum H fluctuations around each of the corresponding H vacua.

The classical action for the H field is /'*°'(h, H,A4*). The classical H equation
obtained from I''(h, H,A*) is

[Fy + K~ 'II(H)(ad Fy + 00yw(H))w(H)]s = 0. (6.5)

Here, II(H )S is defined as follows. Consider the real vector space of local fields
Xs valued in the endomorphisms of g such that Xso = Ad AdKspXsp and that

(AdAdHX ¢T)s = X5, equipped with the pointwise Hilbert norm X — tr(X )s. Let
II(H)s be the orthogonal projector of such a space onto its subspace of elements
Xs of the form Xg = ad Xs for some local field Xs such that Xs, = AdKs.Xsp and
that (AdHXT)s = Xs. [1(H)s is a field valued in the endomorphisms of the space
of endomorphisms of g such that IT(H)s, = Ad Ad AdKsuII(H)sy and depending
locally on Hg since the Hs hermiticity condition is local. Since g is simple, the
adjoint representation ad is faithful so that ad ~! is defined. By definition, I1(H)s =
ad~'TI(H)s. Equation (6.5) is easily obtained by using the variational identities
(3.3), (5.8) and (5.38). I do not have any proof that Eq. (6.5) admits solutions. I
shall assume anyway that solutions exist.

Equation (6.5) does not contain the surface metric 4. It is therefore conformally
invariant. This is a consequence of the renormalization prescription of the Drinfeld—
Sokolov ghost sector used corresponding to the choice (5.37) of the finite part of
the ghost counterterm.

The general solution of Eq. (6.5) is a function H(n;s) depending on s of a set
of parameters » varying in some finite dimensional real manifold .#". The » label
the different solutions. For fixed s, the metrics H(n;s) span a finite dimensional
submanifold Hermcl(S) of Herm.

Since I"'(h,H,A*) is 9pg(s) invariant, if # € %g(s) and H € Herm(s), then
also #*H € Herm(s). So, the space of solutions of Eq. (6.5) for fixed s is ¥p4(S)
invariant. There exists therefore a free action n — 9n, g € g, of ¥jg on A" such
that H(9n;s) = {'(g; 8)*Ha(n; s) for some isomorphism ('(+;s) : ¥pg — Ypg(S).

To carry out the functional integration of the H quantum fluctuations around the
classical vacua, one needs a fibration ¢(-;s) : Herm — A" depending parametrically
on a holomorphic structure s. The fibration yields a parametrization of Herm of the
form

H(®,n;s) = exp PHy(n;S), (6.6)

where n € A" and @ € ECF% with AdH(n;s)®' = @ subject to the constraint
that exp ®H(n;s) € ¢~ '(n;s). Such Donaldson fields @ form a real manifold ob-
viously isomorphic to ¢~ !(n;8)H(n;8)~".

The fibration ¢(n;s) must have the following properties. For any n € A"
and any H € ¢~ '(n;s), TyHerm = Ty~ '(n;s) ® #y(n;s), where #y(n;s) is
some subspace of Ty Herm of dimension equal to that of A" and the direct
sum is orthogonal with respect to the Hilbert structure in Herm (cf. App. A).
Further, Tp(ons)@ ' (n;8) = exp(ad ®/2) T sy '(n;8) and Hy(ons)(n;8) =
exp(ad @/2)#4, (n;s)(n; 8). Finally, one has #y,(n;s)(1;S) = Thyn;s) Herm(8).



556 R. Zucchini

The fibration ¢(n;8) must also be % covariant, ie. ¢ !(%n;8)=
{'(g;8)* ¢~ !(n;s) for any g€ %hs. This implies the %pg covariance of the
parametrization (6.6), being H({'(g;s)*®,9ns) = ('(g9;8)*H(®,ns). One must
also have that Ty sy~ '(9n;8) = {'(g;8)* Tuo~'(n;s) and H#p(gsy-u(n;s) =
{'(g;8)* Hu(n;s).

One clearly has the isomorphism Herm = A" x ¢~ !(+;8), where A" x ¢~ !(+;8)
= [I,e{n} x @~ '(n;s). One can use the isomorphism to transform the functional
integration on Herm into one on .4 x ¢~ !(-;8). To this end, one has to provide
A and each ¢~!(n;s) with the appropriate real Hilbert structure and construct the
corresponding functional measures (Dn)), and (D®);, p,(n;s)¢- Details may be found
in App. B.

Using the fibration ¢(-;s), the partition function 2™ (%, 4*) can be written as

Z*™(h,A*) = [ (Dn)), expI®(h,Ha(n;$),4")Zp™(h,A%;n),  (6.7)
N

where

ZR™(h, A% n) = [detJ (h,A"; n)] [ (DD )| 0
@~ (m;S)Hy(n;S)~!

x exp %! (exp BHa(n; ), A";n) , (6.8)

J(h,A*;n)ys = (O Har(n; $)He(n;8) ™", Ons Hat(n; $)Ha (138) ™) s »
r,s=1,...,dim A", (6.9)
INH, A% n) = I°(h, H, 4*) — I (h, Ha(n; $),4") . (6.10)

I3(H,A*;n) is the quantum fluctuation action. The independence of I3(H,4*;n)
from A follows straightforwardly from (6.4), (3.5), (5.10), (3.3), (3.24), (5.8), (5.34)
and (5.38). Details about the derivation of this formula are provided in App. B.
Equation (6.7) may be cast in more suggestive form as follows.

Define

VU h,H,A*; 4, p) = I°(h, H,A*) — hi(A*; 4) — IE1(4*; 4, p)

= I(h,H) + I*™h,H) + L(H,A*;A) + L®(H,4*;4,p)  (6.11)

(cf. Egs. (6.4), (3.7) and (5.12)). Now, for a fixed 4*, one can impose the constraint
oV (h,H,A*; A, p)/6A* = 0 on the solutions of Eq. (6.5). This can be written in
the form

[ — A+ K 'TI°(H)(w(H)ad Ty — pad4)]ls =0 in ECF " (6.12)

Here, I1°(H) is defined similarly to II(H) below (6.5), by considering instead
the complex vector space of local fields Zs valued in the endomorphisms of g
such that Zs, = Ad AdKsapZss equipped with the pointwise Hilbert norm Zs —
tr(Ad AdHZ'Z)s. The above equation depends on the background fields 4 and p
at order O(K~'), except when the grading of g induced by s is integer. Below,
I assume that, for any s € SHolpg, there are common solutions of the dynamical
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equation (6.5) and the constraint (6.12) at least for some choice 4y and py of the
backgrounds. I further assume that such solutions are of the form H(n;s) for n
varying in some submanifold Apg of A"

Vel(h,H,A*;A,p) is %pg(s) invariant, as [°Y(h,H,A*), ha(A4*;4) and
If:l(A*;A,p) are. Hence, if n € 9}5(s) and H satisfies (6.12), then also n*H does.
So, Aps is invariant under the action of ¥pg on A" defined earlier.

Consider the classical action 1"k, H.(n;s),A*). If n € Aps, H.(n;s) satisfies
both (6.5) and (6.12). Then, by (6.4), (3.7), (5.12), (6.5) and (6.12), the functional
V' (h, Hy(n;s),A*) is independent from 4*. Thus, one can evaluate it by setting
A* = 0. From here, using (6.11), (3.8), (5.13), (3.16), (3.24), (5.20), (5.34) and
(5.37), one finds

I(h, Ha(n; 8),4%) = I e(h) + AL (ks ) + T(A*; Ao, po) , (6.13)
where
194 (h) = Lont(h) + T2 (h) (6.14)
AL o(h; n) = S(h, Ha(n)) + S (h, Ha(n)), (6.15)
R(A™:4,p) = hho(A"; 4,p) + 15y(47:4,p) , (6.16)

S(h,Hy(n)) and S&M(h,H,(n)) being given (3.18) and (5.22) and Hy(n) being
H.(n;s) evaluated at the reference holomorphic structure. By (3.25) and (5.36),
I (k) is the effective action of a conformal field theory of central charge
Koo =Ko+ K+ k& where k and k& are given respectively by (3.22) and (5.32).
AL (h;n) is a local functional of 4, since the two terms in the right-hand side of
(6.15) are, as is explained in Sects. 3 and 5.

By the classical H equation (6.5), I'"(h, Hy(n;s),A*) is constant as a function
of n on each connected component .4; of A". Thus, it may be evaluated at any
point n; € A; N Aps, which I assume to be non-empty. Then, on account of (6.13),

(6.7) may be written as

LM (h,A™) = 3 expllgone(h) + Alggne (i mi) + Iigi(4™; Ao, po))
1
X [ (Dn), 2™ (h, 4*;n) . (6.17)
a

Next, one has to study the partition function Q‘Z{l‘f"n(h,A*; n), but before doing that
a few important remarks are in order.

Equations (6.5) and (6.12) are rather complicated because of the Drinfeld—
Sokolov ghost contributions proportional to K~!. In the limit K — oo, however,
the ghosts decouple and they simplify considerably. Calling H, the corresponding
H configuration, the equations become

(F,)s =0, (6.18)

Ty, —A)s =0 in ECFpcd?. (6.19)

So, H is a flat fiber metric such that I'y_ is Drinfeld-Sokolov, since 4 is. Equa-
tions of this form were found in [10] on a minkowskian cylindrical world sheet
and shown to be equivalent to the non-abelian Toda equations associated to the
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pair (G,S). On a euclidean topologically non-trivial world sheet, however, one has
to take into account further constraints coming from global definedness and non-
singularity. One then finds that the above equations admit solutions H,, of Toda
type at genus 7 = 0. For instance, H (A, ), where A is the constant curvature sur-
face metric with —2h_! £, = 1 and H(h) is given by (3.15), satisfies (6.18)—(6.19)
for the reference holomorphic structure. In higher genus there still are solutions of
Toda type but ones which are hermitian with respect to a non-compact conjugation
of the Lie algebra g [36, 37]. The use of the compact conjugation 1 however cannot
be avoided since positivity of the various Hilbert structures in the construction of
the measures is indispensable. If the Toda solutions are the only solutions available,
then it will be necessary to introduce some type of insertion in the H functional in-
tegral providing extra terms in the classical equations compensating for the problem.
Unfortunately, very little is known at present about these equations on a Riemann
surface.

The partition function &”c}lf“n(h,A*;n) can be computed to leading order in
a semiclassical expansion with expansion parameter % = K~!. To this end, one
rescales the Donaldson field @ into K~ 2®° and expands in powers of K ~3. In so
doing, one must take into account that the classical solution H(n;s), the fibration
@(n,s) and the functional measure (D®);, g, (n;s)|0> 2lso, depend on K.

Below, it is assumed that the metric H(n;s) has a well defined limit Hgo(n;S)
in Herm as K — 400 for every n € A" satisfying (6.18) and that such K — 400
solutions span a submanifold Herm.(s) of Herm.

It can be seen that, in the limit K — +oo, one has (D®);, g, (n;s)|0 = zx(h)[1 +
O(K~DIDDP° ) 11, (n:s)- Here, @ varies in Don(Heioo(n; s)), where Don(Heioo)
is the space of Donaldson fields ®% € ECF%0 satisfying AdHoo®% =% and
orthogonal in ECF®" with Hilbert structure (-, -)} to the kernel of the operator
Apg,..s = —(00m,. )s. This follows from the properties of the fibration and the fact
that the tangent vectors dHooH o' to Herm oo(S) at Heioo satisty (Ap, (0HoH!))s
=0. (DP ). p,.. is the translation invariant measure on Don(Hoo ) Obtained from
the obvious real Hilbert structure. zg(h) = [dety p,(ms) (K “11)]% is a constant
arising because the different normalization of the fields @ and @° related by ¢ =
K100 1t depends on % because of the 4 dependence of the measure.

Proceeding in this way, one finds

ZIm (A% n) = zg(W[detJoo(h,Asm)E [ (DD st s)
Don (Heoo (11;8))

X exp(—Sioo (D%, 4”5 Hetoo(n; )1 + O(K 1], (6.20)

o0

where J,(h,4*;n) is given by (6.9) with H(n;s) replaced by Hjoo(7;S) and

Stot

quoo

1
(2%, 4%; Hoioo) = o [ dztraa( D2 Ay, D2)s (6.21)
2

is the Gaussian fluctuation action. The effective action fgﬁ"“(h, A*n) =
In 2™ (h, A*; n) is therefore

/
ihem‘l(h A* n) — _1 ln[ deth9Hcloo(n;s)Ah’H°l°°(n;s)
qu £ ) -

~1
2 det o (hdmmy AT R+ OE™),  (6.22)
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where 4y, 41,5 = h~'4n,_s. Here, I shall use again the proper time regularization
scheme. Then, the effective action becomes dependent on the proper time cut off &.
Taking into account that the vectors 0, Heioo(7; $)Heioo(n;8) ™! span ker Ay, 1. (n:5)>
one finds, using standard heat kernel techniques,

—1 i
(1 nK)dlmgfdzzh 1 d1 mg
e 5 2 6m

+Weont(h) + A(A*;n) + In K + O(e) + O(K™"),

fgﬁ““(h,A*,n,b) — fdz fh + dim ./V] Ing
P

1 1
cr = gdimg(/—1)+§dim,/t/. (6.23)
Here, Weonr(h) is a non-local functional of 4 such that
d im
Weont(h) = — 9 fd2 Shfy. (6.24)

A(A*; n) is a non-local functional of 4* depending on #n. The ultraviolet divergencies
can be cancelled by adding to the bare effective action the counterterm

. InK)d
Algﬁ'm(h,A*;s) = _(1—-InkK)dimg nZ )dimg fd2

-5 [dlmgfdzzf;, + dim /V} Ine+O(e)+ OK™"). (6.25)

This must be independent from #, since the divergent terms of In 2™ (h, 4*) de-
pend only on 4 and 4*. The renormalized effective action is thus

1™, A% n) = The™(h, A" ny8) + ATN™(h, A" )
= Weont(h) + A(A*;n) + InK“ + O(K™"). (6.26)

From (6.24), the variation of Ic*l‘(f"“(h,A*;n) with respect to 4 at fixed 4* and n is
SIX™ (h, A* 5 n) = °°“f fdzzéh fr+ 0K, (6.27)

where
KM — dimg + O(K ™). (6.28)

Keonf =

It appears from here that, to order O(K°), the renormalized effective action
I;‘,f‘m(h,A*;n) is that of a conformal field theory of central charge k'™ given
by (6.28). This is in agreement with the exact result obtained by conformal field
theory techniques for the Wess—Zumino—Novikov—Witten model

herm K dimg

Keonf = K+ ¢V B (629)

where ¢V is the dual Coxeter number. It remains to be seen if the agreement contin-
ues to hold at higher orders in X !, though physical intuition would seem to suggest
so since the short distance structure of Drinfeld—Sokolov gravity is essentially the
same as that of the Wess—Zumino—Novikov—Witten model.



560 R. Zucchini
From (6.2), (6.17) and (6.26), choosing

0(h,4™) = exp ATY™(h, A")[1 + O(K 1], (6.30)

where Afgf,""(h,A*) is given by (6.25) in the proper time regularization scheme,
one has

Z(h) = K37 exp(Iggne(h) + Algone(h; 1) + Weone(h))

x [ (Dt)] det F(t, f)det E(t,e)| explﬁ‘(’,tl(A*(t);Ao,pO)vil)
Alps v

X [ (Dn)exp A(A*();n)[1 + OK )] (6.31)
/Vl

This is the final form of the partition function. To order O(K?), conformal invariance
is manifest.

Several issues remain to be investigated. The analysis expounded is to some
extent formal due to the lack of detailed geometric information about the Drinfeld—
Sokolov moduli space .#ps, the Drinfeld—Sokolov stability group %ps and the pa-
rameter space 4. A thorough investigation of these spaces is desirable. Also, the
holomorphic structure on the Riemann surface X has been kept fixed throughout.
One may try to deform the complex structure and study the resulting effects in the
framework of deformation theory using the Beltrami parametrization. Such defor-
mations should be a special subset of more general deformations parametrized by
generalized Beltrami differentials [38, 39]. The study of this matter requires a bet-
ter understanding of W geometry, which at present is lacking. This issue is also
related to that of the analysis of the Gaupg invariant content of the model. In fact,
the generalized Beltrami differentials should be the sources of a suitable basis of
Gaupg invariant operators including the energy momentum tensor. At this level, W
symmetries are expected to emerge.

Acknowledgements. 1 wish to voice my gratitude to E. Aldrovandi, F. Bastianelli, M. Bauer,
G. Falqui, S. Lazzarini and R. Stora for helpful discussions.

Appendix A

In this appendix, I shall provide the basic details about the derivation of the measure
(4.20). The notation used here is the same as that defined in Sect. 4. I also set
q = dim %pg and m = dim A/ps.

Let us construct the basic Hilbert manifolds. All such Hilbert manifolds are real,
though as ordinary manifolds, they may be complex. Below, # € Met is a generic
surface metric on X, which will be kept fixed throughout.

Consider first Herm. For any H € Herm, the tangent space Ty Herm is the
subspace of ECF%% spanned by the elements HH ' such that AdH(SHH ')t =

SHH~' and equipped with the Hilbert structure %(,)2 u- The factor 1 is con-

ventional. Hence, one has || 6HH ~'||yu? = ||0HH ||, where the norm in the

right-hand side is that of ECF®!. In this way, Herm becomes a real Hilbert
manifold.
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Next, consider SHolps. For any 4* € SHolpg, the tangent space 74+ SHolpg
is just ECF"' with the Hilbert structure (-, “Ybsi.x depending on a fiber metric
H € Herm. This is actually 1ndependent from A. Denotmg by d4* a generic element
of T4~ SHolps, one has ||5A*HH|A* = 2||64*||psi, &%, the norm in the right-hand side

being that of ECF Dso’l. In this way, SHolpg becomes a real Hilbert manifold.

Next, consider Gaups. For any o € Gaupg, the tangent space T,Gaups is
just ECFq 00t with the Hilbert structure (*s*)Dspn depending on a fiber met-
ric H € Herm. A generic element of T,Gaups is of the form a~!dx. One thus
has ||~ dat|y, zr1o* = 2[|o " Oet||pss?, the norm in the right-hand side being that of
ECFDSO’I. In this way, Gaups too becomes a real Hilbert manifold. Because of the
form of the tangent vectors, the Hilbert manifold structure defined is left invariant.

Consider now .#ps. For any ¢ € Mps, Ty M ps is just (C™)" with the standard
euclidean inner product (-,-). So, ||d¢]|;2 = 2|6¢|* for 6t € Ty.Mps. Mps becomes
thus a real Hilbert manifold of dimension 2m.

Finally, consider %ps. For any g € %ps, T;%ps is just (C7)" with the standard
euclidean inner product (-,)". So, ||6gl|;,> = 2|6g| ? for ég € T,;%ps. In this way,
%ps becomes a real 2g dimensional Hilbert manifold.

The first problem to tackle is the definition of the Hilbert manifold structures of
the two realizations Herm x SHolpg and .#ps x (Herm x Gaupg)/%ps(s.) of the
configuration space.

Herm x SHolps can be given naturally the structure of real Hilbert manifold
as follows. For (H,4*) € Herm x SHolpg, Tg4-)Herm x SHolpg = Ty Herm @
T4~ SHolps with the Hilbert norm

|SHH ™" @ 64* s minany’ = ISHH " [lys® + 1647 lapa® . (A1)

Providing .#psx (Herm x Gaupg)/%ps(s.) with a Hilbert manifold structure
is slightly trickier because of the quotient by the action of ¥ps(s.). For any
(t,H, ) € Mps x (Herm x Gaupg)/Fps(s.), one has T, 11,0 s X (Hermx Gaupg )/
Yps(s- )= T, Mps@((TzHerm © T, GauDs)/Tbit(g’a)(l; t)Lie%ps(sy)). bit(ﬁ,a)(-; 1)
: 9ps(s;) — Herm x Gaupg is the orbit map associated to the %ps(s;) action
(4.6)—(4.7). Its tangent map T'bit 5 ,,(1;¢) maps Lie%ps(s,) into the subspace of
Ty Herm ® T, Gaups spanned by the vectors of the form (dn + AdASnT) @ (—dn)
with on € Lie%ps(s;). This follows from the linearization of (4.6)—(4.7). The
tangent space can be given a Hilbert structure as follows. One equips 7,.#ps &
T;Herm @ T, Gaups with the Hilbert norm

~—1

16 @ SHA™'® o~ 60t 1y 1,02 = 1001112 + IS ™ g2+l 00ty % - (A2)
Then, one has the identification T, 11.4y#ps x (Herm x Gaups)/%ps(s.) =
Ty Mps ® ((TyHerm @ T, Gaups) © Tbit Ha)(l t)Lie %ps(s;)). The right-hand side
carries the Hilbert structure induced by that of TyMps ® TzHerm @ T,Gaups. In
this way, .#ps x (Herm x Gaups)/%ps(s.) becomes a real Hilbert manifold. The
above construction is independent from the choice of the representative (H,a) of
the corresponding equivalence class modulo the %pg(s;) action (4.6)—(4.7). Indeed,
different choices lead to unitarily equivalent realizations of the Hilbert tangent space,
as is straightforward to check.
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One has to compute now the jacobian J(z, h,H) of the map (4.4)—(4.5) relating
the functional measures of Herm x SHolps and .#ps x (Herm x Gaups)/%ps(s. ):

(D(SH(I:I, OC)H(['NI, O‘)_l )},|H(ﬁ,a) ® (DoA™ (t, “))H(H,a)lA*(z,a)
= J(t, b, )| (Do), @ (DSHH ), 5

®(Da~' o), ﬁla} o e (A3)
By explicit calculation, one finds
J(t,h,H) = 29A(t,h, H)det P(t, H) , (A4)
where
A(t,h, H) = det), 7((0 — ad4*(£))* (0 — ad4*(1))) (A.5)

is the functional determinant of the Laplacian associated to the operator (0 —
ad4*(t)) : T Gaups — T4~y SHolps with the given Hilbert structures with the zero
eigenvalues removed and

P(t,H);j = (0pd*(t), p(t, H)0pA* (1)) g» Bj = 1,...,m, (A.6)

where p(t,H) is the orthogonal projector on coker(('}_ — ad4*(¢t)) in T4«)SHolps.
All determinants are taken on the complex field.

Proof. The calculation of the jacobian requires to begin with the computation of
the tangent map of the map (4.4)—(4.5). This is given by

SH(H,)H(H,0)™" = Ada(SHH ™" + o~ "00 + AdH (o' da)), (A7)

SA*(t,00) = Ada((8 — ad4*(1)) (o~ "da) + 5,4%(¢)), (A8)

as follows from a simple variational calculation. The Hilbert structure of the tangent
bundle of #ps x (Herm x Gaups)/%ps(s.) may be disentangled by means of the
following orthogonal decomposition:

T, Mps ® ((T;yHerm & T, Gaups) © Tbit g ,(1;1)LieFps(s;))
= T1Mps ® (TyHerm © Thit 5(1;¢)Lie%ps(s;))
@®(T, Gaupg © Thity(1;¢)LieFps(s;)) DE, . (A9)

Here, bit;(+;¢) : 9ps(s;) — Herm is the orbit map associated to the %ps(s,) action
(4.6) on Herm. Its tangent map T'bit;(1;¢) maps Lie%ps(s;) into the subspace of
TyHerm spanned by the vectors of the form 6y + AdHdnt with oy € Lie%@ps(s,).
Similarly, bit,(-;¢) : ¥ps(s;) — Gaups is the orbit map associated to the ¥ps(s;)
action (4.7) on Gaups. Its tangent map T'bit,(1;¢) maps Lie%ps(s,) into the sub-
space of T,Gaups spanned by the vectors dn € Lie%ps(s;). E; is the subspace
of T;;Herm @ T,Gaupg spanned by the vectors of the form (6n + AdHdn') ® oy
with 0y € Lie%ps(s;), where a sign difference in the second component with
respect to the vectors spanning 7'bit; ,(1;¢)Lie¥ps(s;) is to be noticed. Hence, for
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any 0HH “ler "wHerm and o~ !'da € T, Gaups, one has the decompositions
SHH ' =6HA™" | 4+ on+ AdHm', (A.10)

a 100 = o~ 0y + 01, (A.11)

where 0y € Lie%ps(s,), SHH ™", € TyHerm © Thit ;3(1;¢)Lie¥ps(s;) and o' dar
€ T,Gaups ©Tbity(1;¢)Lie%ps(s,). By substituting (A.10)—(A.11) into (A.7)-
(A.8) and the result into (A.1), one finds

|6H (H, )H (H,0) ™" & 64" (&, )5, 1101 ay) 11 .47 1))
= ||5ﬁ]‘7'—1_|_ + 06—150@ + Adﬁ(d_léou_)T”h'ﬁz
+1(8 — adA* () (0™ oy + o™ ars (6 H )70
+ & H)SA O g1ae ey + 20100+ AdHNY) @ Slly gy a0y> - (A12)

Here, oc_léou(t,f?) is some element of 7, Gaups © T bit,(1;¢)Lie%ps(s;) depend-
ing on ¢t and H whose explicit expression will not matter. In deducing (A.12),
one exploits the fact that the Cartan Killing form tr,g vanishes on ¢ because of
the nilpotence of r. One also uses the fact that Lie%ps(s;) C HECFDSgt so that,
for on € Lie%ps(s;), (0 — ad4*(1))on = 0. Using the jacobian relation (A.3), the
normalization condition for the measures and (A.12), it is straightforward to obtain
(A4)-(A6). O

The jacobian J(z,h,H) is a positive (m,m) form on .#ps. It does not depend
on o, a consequence of Gaupg gauge invariance. It can be shown that, for any
ne Yos(s)), J(t,h,"H) = J(t,h,H), i.e. J(t,h,H) is invariant under the action (4.6)
of ¥ps(s,) on Herm. This is expected on general grounds as a consequence of the
%ps symmetry of the parametrization (4.4)—(4.5).

Next, one has to define the Hilbert manifold structure of the isomorphic spaces
Herm x Gaupg and ((Herm x Gaups)/%ps(S:)) X %ps.

Herm x Gaupg has an obvious structure of real Hilbert manifold. For (H,w) €
Herm x Gaups, T(y,e)Herm x Gaups = Ty Herm @ T, Gaups equipped with the
Hilbert norm

I6HH ™" & 0™ 60| 11t1,0)° = ISHH ™ |nzr® + lo™" S0l 110" - (A.13)

((Herm x Gaups)/%ps(S:))x %ps can also be given a structure of Hilbert mani-
fold. For any (#,a,g) € ((Herm X Gaups)/%ps(S:)) X ¥ps, T{s3 5, 5((Herm xGaups)/
Yps(S:)) X %ps = ((TH Herm & T, Gau pg )/Tbit(ﬁ’a)( 1;t)LieYps(s;))d ngDS- One
equips Ty Herm & T, Gaupg ® T,;%ps with the Hilbert norm

~ ~—1 _ ~ o~ —1 —
IOHH " & o« 00 @ 0l a1’ = IOHH llya™ + e 0tlly gy, + 19911” -
(A.14)

Then, one has the identification T(Ha g)((Herm x Gaups)/%ps(s;)) X ¥ps =
((TgHerm @ T, Gaups) © Tbit g ,y(1; 1) Lie¥ps(s:)) ® Ty%ps. This above construc-
tion is independent up to unitary equivalence from the choice of the represen-
tative (H,a) of the corresponding equivalence class modulo the %pgs(s;) action
(4.6)—(4.7).
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One has now to compute the jacobian K(z,g, 4, H) of the map (4.8)—(4.9) relat-
ing the functional measures on Herm X Gaupg and ((Herm X Gaupg)/%ps(s;)) X
%ps. One has

(DSH(H,g)H(H,9)™ yua,g) © (D@, 9) ™ 00(et ) 1t gy o)
~ ~ o~ —1 —
= K(t,9.hF)|[(DSHA 3 ® (Do '32),

N ” . A.15
@Dog)y (Tbit 4 ,(1;¢) Lie Fps(S:))+ ( |

The expression obtained is
K(t,9,h, H) = 27det O(1,9,h, H) , (A.16)
where
Q(t7 g, h,ﬁ)i,j = <C(g; t)~lag’C(g; t)’ C(g, t)_lag/ C(g; t))h,[-?a l:»J = 1’ - q (A17)
and the determinant is taken on the complex field.
Proof. The tangent map of the parametrization (4.8)—(4.9) is given by
~ L ~ o1 _
SH(H,9)H(H,9)™" = AdU(g;YOHH " + U(g:0)™'0,L(g31)
+AdA(g:1) 13,0, (A.18)

o(a,9)~" d(a, g) = AdL(g; )@ b0t — {(g; 1)1 64{(g5 1)) - (A.19)
By substituting (A.18)—(A.19) into (A.13), one obtains

|6H(H,9)H(H,9)™" ® o(a,9) ™' de(at, g)||h,H(ﬁ,g)|(H(H,g),w(a,g))2
~ ~—] —
e + 218907000 Ol g - (A20)

= 10AH " ||yg* + lla™ oa
Using the jacobian relation (A.15), the normalization condition of the measures and
(A.20), it is straightforward to obtain (A.16)—(A.17). O

The jacobian K(t,g,h,H) is a (g,q) form on %pg. Its independence from « is
a consequence of the left invariance of the measure on T,Gaups. From (A.17),
it is apparent that Lf*K(t, g,h,H) =K(t,g9,h,H) for any f € 9pg, i.e. K(t,g9,h,H)
is left invariant. Under the right action of %pg, one has instead R 7Kg, hH)=
K(t,9,h,{(f;0)*H).

Now, all elements required for the implementation of the gauge fixing procedure
are available. Consider a Gaupg-invariant functional @(h, H,A*). Hence, for any
o € Gaups, O(h,a*H,a*4*) = @(h,H,A*). The functional integral

Fo(h) = I (DH)yp ® (DA™ )y 14- O(h, H,A") (A21)

Herm x SHolps

is thus divergent because of the Gaupg invariance of the integrand. The problem to
solve next is the factorization of the divergent gauge volume.

On account of the isomorphism (4.4)—(4.5) of Herm x SHolpg and .#pgX
(Herm X Gaups)/%ps(s.), the jacobian relation (A.3) and the Gaupg invariance
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of @(h,ﬁ,A*), one has

Jo(h) = [ (D), / (Dﬁ)hu;r ® (Do), fiju
AMps (Herm x Gaups)/%ps(S:)

xJ(t,h, HYO(h, H,A*(1)). (A.22)

Because of the quotient by %ps(S;), it is not possible to factor out the gauge volume
yet. This requires a few extra steps.
Define
vt,hH)= [ (Dg)K(t,g,h,H). (A.23)
Yps
v(t,h, H ) is actually divergent since %ps is a non-compact group. However, formally,
by the form of the right ¥ps action on K(t,g,h,H), v(t,h,"H) = v(t,h, H) for any
n € 9ps(sy), i.e. v(t,h,H) is %ps(s,;) invariant. The infinite volume of the gauge
group is
VihbHY= [ (Do) - (A.24)
Gaups

Now, from the isomorphism (4.8)—(4.9) of Herm x Gaupg and ((Herm x Gaupg)/
%ps(S:)) X %ps, using the Jacoblan relation (A.15) and the %pg(s,) invariance
of J(t,h, ), the Gaupg invariance of @(h,H,A*), (A.23) and the ¥ps(s,) invari-
ance of v(¢,h,H), one has

Vh,H)

ik H)J(t h, H)O(h, H,A*(t))

J (DH)uu

Herm

1
= (DH)pu © (Dw —
Herm JGau DS e ( )h’Hl l)(t, h’H)

= J (Dﬁ)hm ® (D), gy [ (Dg)y
(Herm x Gaups)/%ps(S:) Yps

J(t,h, H)O(h, H,A™ (1))

. 1 ~ N
K(t,g,h,H)———J(t, h, H)O(h,H,A*(¢
xK(t,g )v(t’h,H) ( )O( (1)
= [ (DH )y ® (D), g1, (6,1, H)YO(h, H,4*(1)) . (A.25)
(Herm x Gaups)/%ps(S:)

Combining (A.22) and (A.25), one has

Vih,H)

Fo(h) = f (Dt)p f (DH )pj1 oy H)J(th H)O(h, H,47(1)) . (A.26)

Gauge fixing is now easy. One simply deletes the infinite gauge volume V' (h,H) in
the above expression. The gauge fixed functional integral is then

1 *
(h)—ﬂfm (Dt); / em(DH)hmmJ(t,h,H)@(h,H,A ). (A27)

v(t,h, H) depends on H and this is inconvenient. One can separate the A depen-
dence from the group volume by the following method. Let v(g) be a left invariant
positive (¢,q) form on %ps. So Lf*v(g) = v(g), for any f € ¥ps. Using v(g), one
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can define the group volume v, = ngS(Dg)wv(g) of ¥ps. From the left ¥pg invari-

ance of K(¢,g, hH ), (A.23) and the left ¥pg invariance of v, it is easy to show the

formal relation
v(t,h,H) = v,v(1) 'K (8, 1,h,H). (A.28)

Using (A.28), (A.27) can be cast
v(1)
v

v

J(t,h, H)
K L H)

Shy= [ (Do), O(h, H,A*(t)). (A.29)

J (DH)uu
M DS Herm

This is the final form of the expression of fgf(h). Now, (4.20) follows from (A.29)
by a straightforward calculation.

Using the isomorphisms (Lie Gaupg)" =2 ECngl’0 and Lie Gaupg & ECFDSO’O,
one can define real Hilbert structures on (Lie Gaupg)Y and Lie Gaupg. One simply
views (Lie Gaupg)" and Lie Gaupg as the real Hilbert manifolds ECF,\)/S"Or and
ECF ™" with the Hilbert structure (-,)¥%, ; and (-,-)hg, . respectively. This
yields the ghost functional measures appearing in (4.22).

Appendix B

In this appendix, I shall provide some detail about the derivation of (6.7)—(6.8). To
lighten the notation, I shall not indicate the s dependence of the various objects. 1
also identify @~ '(n) and @~ '(n)Hy(n)~'.

Let n € 4. For any ® € ¢~ !(n), the tangent space T '(n) is the subspace
of ECF%" spanned by the H,(n)-hermitian elements exp(—®/2)d exp P exp(—P/2)
and is equipped with the Hilbert structure 1(-, “Vh,Ha(ny- Hence, one has

Il exp(—@/2)0 exp P x exp(—P/2) 5, yinyj0” = || exp(—@/2)5 exp @ exp(—®/2)| |1, ()

where in the right-hand side the norm is that of ECF%? In this way, ¢ ~'(n) becomes
a real Hilbert manifold.

Consider now A". For any n € A", T, 4 is just R", where » = dim A", with the
standard euclidean inner product (-,-). So, for én € T,.", |én||;,* = |on|*.

N x @~1(+) can be given the structure of Hilbert manifold as follows. For any
(n,®) € N X 9 1(+), Tnay N % ¢~ '(+) = T,/ ® To~'(n). The tangent vectors
are of the form don @ exp(—P/2)d, exp @ exp(—P/2), where the notation J, means
variation at fixed n. The norm is given by

||on @® exp(—P/2)d, exp @ exp(—P/2) lh,Hcl(n)l(n’<p)2

= ||5””|n2 + || exp(—P/2)d, exp qjexp(—‘p/z)”h,ﬁc.(n)mz . (B.1)

The jacobian M(h;n) of the map (6.6) relating the measures on Herm and
N x @~ 1(+) is defined by

(DSH(®; n)H(D;7) Wi (oom

— M(h;n) [(Dén)|,, ® (D exp(—B/2)3, exp qbexp(—cp/z)),,,HC,(,,)@] (B2)
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By explicit calculations one finds
M(h;n) = [detJ(h;n)]?, (B.3)
where J(A;n) is given by (6.9).
Proof. The tangent map of the parametrization (6.6) is given by
SH(®;n)H(P;n)"" = exp(ad @/2)[exp(—P/2)5, exp ® exp(—P/2)
+6'Ho(n)Ha(n)™']. (B4)

The two terms in the right-hand side are the components of SH(®;n)H(®;n)~!
on Tr(ony@~'(n) and Ay (n), respectively. The notation &' is used instead of
0 since the decomposition does not follow by a straightforward variation of the
relation (6.6). Then, by the orthogonality in Tp(e;,)Herm of the two terms in the
right-hand side of (B.4), one has

ISH(@;mH(®;n) iiamy = || exp(—2/2)5; exp D exp(=@/2)||; 1y

6 Ha(mHa ()™ 1y’ - (B.5)

Using the jacobian relation (B.2), the normalization condition of the measures and
(B.5), it is straightforward to obtain (B.3). O

From (B.2)—(B.3), (6.7)—(6.8) follows readily.
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