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Abstract: For the Hamiltonian systems of KAM type, it is proved that some lower
dimensional invariant tori always exist in the resonance gaps although those maxi-
mum tori can not survive small perturbations in the generic case.

1. Introduction and Results

In this paper we study perturbed integrable Hamiltonian systems with n degrees of
freedom and investigate what happens to those n-dimensional invariant tori of the
unperturbed completely integrable systems in the zones of instability [Al].

To be more precise, the Hamiltonian system under consideration

O0H . OH

1=, PT 7% (L.1)

is determined by a Hamiltonian of KAM type

H(p,q) = N(p)+ P(p,q) (1.2)

which is assumed to be real analytical in ID x T”, where ID C R” is an open
set, P is a small Hamiltonian perturbation and N is the main part. As usually, g =
(91,92, ---,9n) € T" denotes a vector of angular variables and p = (p1, p2,..., Pu) €
R” is a vector of action variables. Clearly, when the perturbation P vanishes, the
system (1.1) is integrable and ID x T" is stratified by a family of n-dimensional
invariant tori p = const. carrying a quasi-periodic flow ¢ = wt + g, with torus fre-
quency vector o given by

ON
= (w;,w,..., =—. 13
w(p) = (01,02,...,0,) 3p (1.3)
If the frequency vector w(p) is not too well approximated by rationals, in other
words, if it satisfies some Diophantine condition, the famous KAM theory tells us
that the corresponding invariant torus p = p, survives small perturbations with only
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slight deformations and still carries a quasi-periodic flow with the same frequencies
o(p,) ([K,A2,Mol]). Suppose N( p) satisfies the Kolmogorov nondegeneracy con-
dition, i.e. the Hessian matrix of N is invertible. It is then clear that there are some
frequency vectors in {w(p)|p € D} which do not satisfy Diophantine conditions.
In this paper we suppose that there is a p, € ID such that @ = w(p,) satisfies a
rational resonance condition, which means

(In, ) = ilmwf =0 (1.4)

i=1

holds for some I, € Z"\{0}. Here we assume i1, ¢ Z"\{0} for any real |1| < 1.

By noticing that the map % from the action variable space to the frequency

space is invertible, we know there is a (n — 1)-dimensional manifold containing
Do, Where (1.4) is always satisfied. This is the zone of instability. In this case, the
torus p = p, is foliated into a family of (n — 1)-dimensional submanifolds which
are determined by

(g,1,) = const., (1.5)

and invariant under quasi-periodic flow ¢ — g + wt if the perturbation P vanishes.
So it is quite natural to ask what happens to such a n-dimensional invariant torus
of the unperturbed system when a perturbation appears. It seems that such a n-torus
breaks down under perturbations in general. In the case of a monotone twist area-
preserving map of the annulus, which is equivalent to a non-degenerate Hamiltonian
system with two degrees of freedom, these phenomena were already discovered
by Poincaré; a modern rigorous account can be found in [Rob]. Here we would
like to investigate whether there is some (n — 1)-dimensional submanifold in the
unperturbed system surviving small perturbations and still carrying a quasi-periodic
flow, therefore it can be viewed as “trace” or “ghost” of that torus [BK]. These
“ghosts” are expected to have a great influence on the dynamical behaviour of
Arnold diffusion [Ch,L].

To formulate our results, we need to say some words about the flow on those
(n — 1)-dimensional submanifolds. From the theory of abelian groups we know that
there is a unimodular matrix (i.e. det/ = 1)

I = []1,[2;-”:];1]

in which I, is specified as above and all J; € Z" for 1 < j < n. We define an
injection from T"~! to T” by

%é : (¢1’ ¢29--"¢n—1) —q = (d)l’ ¢27-~'7¢n—1aé)1_1 5 (16)

where fixed & € T is treated as a parameter. Such a map induces a diffeomor-
phism from T"~! to one of those (# — 1)-dimensional submanifolds satisfying (1.5),
depending on . These submanifolds are invariant under the flow @,(q) = wt + ¢,
and we have a pull back flow of @, on T"~! denoted by &}

%écpt*(o) = Dy(q)
which is also quasi-periodic; its frequency vector w* = (wj,w;3,...,w,_,) is deter-

mined by
(0*,0) = wl . (L.7)
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To identify which submanifold #; maps T"~! onto, we need to specify the
parameter ¢. When ¢ ranges over the whole T all the corresponding images of
T"~! under #; covers M” exactly. In this paper, when there is no danger of
confusion we call these manifolds T"~! tori, and w* the frequency vector of the
quasi-periodic flow on T"~!,

Theorem. Let the Hamiltonian be of KAM type H(p,q) = N(p)+ P(p,q) and
real analytic in a complex neighbourhood

Zs,r : 'Imql é T, |p_ Po| <s

of a n-torus p = p,, where |x|=max, <;<n |x;|, and assume the following conditions:

1. Convexity: the main part N is a convex function, hence the eigenvalues of

. . . 22N .o
its Hessian matrix ( 5o ap}) satisfy:

min{iy, As,..., A} = A >0 in Re(Z;,).
2. Resonance: {w(p,),1,) = 0.

3. Relative Diophantine condition: the frequency w* of the unperturbed flow
on (n — 1)-dimensional submanifolds satisfies Diophantine inequalities

> DIk ", VkeZ'"\{0} (1.8)

n—1

*
_Z kjw;
J=1

for some D > 0 and p = n, here |k|; = Z;:ll |k;).
Then there is a positive d = d(I,,N,n,D, u,s,t) such that for |P| < d in Z, .,
the flow induced by (1.1) admits at least one (n — 1)-dimensional submanifold of

the form
P = p0+r(¢17¢)2""?¢n—1):

q= %éo((lb], ¢2""9¢n——1) + @(¢)17 ¢)2" ",d)n——l) (19)
with I' = (I'1,T2,..., 1), © = (01,0,,...,0,) being real analytical functions of

period 2m in the complex domain |Im ¢| < 3. The parametrization is chosen so

that the induced flow on M1 is still given by
¢ =, +w't.

Moreover, for each ¢ > 0, a positive d' = d'(e,1,, N,n,D, u,s,t) < d can be found
such that if |P| £ d' in X further, then the functions I' and © satisfy

([ +(0] <. (1.10)

We impose the convexity of the Hamiltonian to prove our theorem, and we
do not assume any other conditions on P except smallness and analyticity. It can
be seen from the following proof that the surviving T"~! is of hyperbolic type
generically. With regard to Birkhoff’s fixed point theorem, it seems that another
T"~! of elliptic type could survive the perturbation as well, but we failed to prove
its existence without additional conditions on P.
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Given a fixed I, there is an (n — 1)-dimensional plane in the frequency space
where the resonance condition (1.4) is satisfied, corresponding to which, there is a
(n — 1)-dimensional submanifold in action variable space. Clearly, in such a sub-
manifold almost all points satisfy some relative Diophantine condition. So when per-
turbation is small enough there is a set with positive (n — 1)-dimensional Lebesque
measure where our result holds. On the other hand, restricted to the case of area-
preserving twist mapping such invariant torus corresponds to hyperbolic fixed point
predicted by Birkhoff fixed point theorem. Therefore we would like to call such
survived submanifolds T"~! Birkhoff-Kolmogorov—Arnold—Moser tori, or BKAM
tori in brief. The theorem shows that in every zone of instability there are some
tori surviving small perturbations.

The analyticity of the Hamiltonian in our theorem is clearly not necessary. We
require it just for simplicity. The same result can be expected in the C™ case if we
exploit Nash—-Moser’s technique [Mol, H1, H2, Riis1].

The structural stability of lower dimensional invariant manifolds has been a
very interesting and important subject, which is related to finding quasi-periodic
solutions of nonlinear partial differential equations [W]. For Hamiltonian systems,
remarkable progress has been made when lower dimensional tori are of hyperbolic,
elliptic or mixed type [G, Mo2, E, P, Riis2]. These results are not applicable here be-
cause the lower dimensional submanifolds considered here are degenerate, i.e. the
linearized variational equation for normal coordinates has zero eigenvalue. For ex-
amp}e, we assume that a torus T” is stratified into a family of trivially embedded tori
™,

(P1,02,- ., Pu1) = (D1 + 91,02+ G2y, Pp1 + Gu—1,Gn)

with fixed g as a parameter. In this case we have w, = 0 and the normal form of
unperturbed equations reads

4; = wj, p;=0, 1=j<n,
Z, =0, z, =0,

where z, is so-called normal coordinate. Consequently we can not predict which
specific (n — 1)-torus is not destroyed by the perturbation if we do not assume
other conditions on the perturbation except smallness.

It should be mentioned that for a 2n-dimensional convex Hamiltonian system of
KAM type, the existence of at least n Birkhoff periodic orbits has been proved in
[BK] via some variational approach invented by Conley and Zehnder [CZ]. Varia-
tional methods have been proved a powerful method for the study of Hamiltonian
systems, the existence of periodic orbits, Aubry—Mather set [Au,Mal] as well as
action minimizing invariant measures for positive definite Lagrangians with multi-
degree of freedom [Ma2]. However it seems always necessary to deal with some
small divisor problems when we manage to prove the existence of mainfolds with
dimension = 2.

In Sect.2 we outline our proof, using a Newtonian iteration scheme to over-
come the small divisor problem, using the variational principle to localize suri-
viving BKAM torus, etc. In Sect.3, we study in detail one step of iteration
of symplectic transformation, and in Sect.4 the convergence of the iteration is
proved.
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2. Outline of the Proof

Our problem is proved by basically using the KAM method employing a rapidly
converging iteration scheme. The specific difficulty of our problem is that we can
not prescribe nested domains as is done in the proof of the classical KAM theory,
shrinking to the domain [Img| < 7, p = p,, in every intermediate domain one step
of symplectic transformation is carried out. We need to bound the domain for any
step of the transformation according to a special property of the main part of the
Hamiltonian which is due to the degeneracy as we pointed out in the last section.

To simplify the notation, we introduce the linear symplectic transformation

,q) — (x,y) b
(p,q) — (x,y) by x= gl s
Here 7 is the unimodular matrix, I denotes its transposition. Substituting (x, y) for
(g, p) in the Hamiltonian H(x, y), clearly, H is analytical in the domain

s Imx| £ 7, ¥ — Yol = 54,

where py =1'y,, 1. < 7 and s, < 5,(74,5«) depends on ([,,7,s). In this case, we
y4 Y

have (;N
_é—(yo) = (CU],COz,...,(Un_l,O) = (60,0) .
Yy

N is also a convex Hamiltonian in y. In the following, we use (w,0) to denote
(w*,0) for the abbreviation of notation.

Formally, for any step of iteration, a symplectic coordinate transformation ./ :
(x,y) — (x4, y+) is introduced taking the form:

J’:J’++Wx, x+=‘x+Wy+

with a generating function W(x, y;). As the first step of that iteration W can be
determined by looking for the solution of the homological equation as was done in
the proof of the classical KAM theory [A2]:

(0,0), W) = —P(x, y+) + No-(n, 1) ,

where N, (x,, y+) is chosen in this way: we expand P(x, y. ) into Fourier series in
(x15x29 e ,xn—l) = ~£9
P(xa y+) = Z Pk(xn)y‘i—)el(k’x) )
kezn—1
and let Ny(x,, y+) = —Po(xy, y+). If we also expand W into Fourier series in X in
the same way then

<((D, O), Wx> = Z <k, C()) Wk(xn,y.;_)ei(k’f) ,
kezr—1\{0}

so we have P
V- 5 Pl o,
kezr—1\{0} (k, )

If |P(x,y+)| < d in X5, Cauchy’s estimate leads to

C]d

Wyl < Do)
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in {[Imx| < 71 < 7},¢ is a positive number only depending on »n and u. Through-
out this paper we use ¢, to denote some positive number depending only on n and
u if not specified otherwise.

After the change of variables, the Hamiltonian takes the form

H(xy,y+) = (N + Ny ) (Xnt, y+) + Pr(x4, y4) -

The new perturbation term P, is much smaller than the original one if d is small
enough, and the main part N + N, depends not only on action variables but also
on one angular variable, so the n-tori near y, are no longer invariant tori of (1.1)
when H = N + N,, which implies the iteration scheme on the whole T" would
fail. Nevertheless we find that there are some (» — 1) dimensional tori embedded in
some n-torus near p, which are invariant under the flow governed by (1.1) when
H = N + N+:

Lemma 1. Suppose N(y) is nonsingular on D, ie. the eigenvalues 2;(y) of its
Hessian matrix are lower bounded in the sense of modulus: |A(y)] = A > 0,
and %—I;(yo) = (w1, W2,...,w,0,...,0) =: Q. N, = N, (Xp+1,-..,%n, y), defined on
T"~* x D, satisfies some smallness condition: |N,,| < in~'dist{y,,dD} and the
spectrum of its Hessian matrix lie in the ball with radius smaller than A, centered
at the origin. Then Eq. (1.1) with Hamiltonian N + N, admits at least (n — k + 1)
invariant tori T*,

I\

szwjt+xﬂ, (1 éj k)

X; =X, (k<j=n)

y=J,
with 1 1< (n—k+1), |y — yo| £ Fmaxp [Ny,

Proof. The function F = N(¥) + Ny (Xkt15---» %0, ) — (€, y) is invariant under the
flow x(t) = x + Qt, y(¢) = y, for F is independent of (x1,xz,...,x;). If we find some
critical points of F with respect to (X441,...,X,) and y, which are also invariant
under such flow, we have

0 0
—(N+N)=Q, —(N+N)=0,
dy Ox

which implies that starting from these points, the flow governed by (1.1) keeps y
and (Xg41,...,%,) fixed and x; = w;t +x;(0) (j = k). Thus we only need to find
critical points of F.

For any fixed (X411, ..,%,) € T"* we consider the map N, + eN,, : %,(y) —
R”, where 0 < ¢ < 1 and %,(y,) is a ball of radius » > 7 maxp |Ny,|, centered
at y,. By the condition assumed there is such a ball contained in ID. When ¢ =0
the degree of the map ‘

deg(Ny + 8N+ya£r()’o),9) = —_-tl 5
and for 0 < ¢ < 1,

dist{(N, + N4, )(0%,), 2} = (?%n) [N, (0%8,) — Ny(yo)| — en max INiy| >0
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which implies that the equation
0
@(N + N+)(xk+19 cees X, y) =Q

has solution for any (x41,...,x,) € T"*. From the assumed conditions we see that
(N + N,),» is nonsingular, so we obtain a differentiable function y = y(xi+1,...,%)
by the implicit function theorem. The function F'(Xgi1,...,Xp, Y(Xk+1,--.,%,)) 1S de-
fined on the torus T"~*, it then has at least (n — k + 1) critical points by Lusternik—
Schnirelman theory.

In this paper we are interested in the critical point of F(x,, y(x,)), where F
reaches its maximum. Such a critical point corresponds to a hyperbolic (n — 1)-
dimensional torus in general since we have assumed the convexity of N(y).
The existence of such a T"~! tori, invariant under Hamiltonian flow given by
N(y) + No(x,, y) suggests the possibility that the iteration scheme for the symplec-
tic transformation may converge on these lower dimensional BKAM tori instead of
on the whole torus T".

In the following we still use (p,q) to denote the action and angular variables.

To proceed to the next step of iteration we have to examine whether or not the
critical point has “stronger persistency” for perturbations from an average part of P,
with respect to § = (q1,92, - -.,gn—1). Here “stronger persistency” is such a condition
which guarantees that the corresponding critical point of N + N is sufficiently close
to that of N. Since we assume that N(p) is convex and that the perturbation P
can be set small enough, there is no problem to estimate the displacement in the
direction of p, it is always as small as the derivative of first order in p of the
perturbation. The problem is that we can not expect the displacement to be also
small enough in the direction of ¢,. We deal with this problem in two ways.

2a. The Critical Point has Weaker Persistency. By definition, the following relation
holds:

N n 0*°N  0*N 2
_ Ajj 7 é cd13 5 2.1
( o2 7= 7 0pidq, 61’/6%) x " ? @b
p=p",9n=qy

where (a;;) is the inverse of the Hessian matrix of the main part N(p,q,) with re-
spect to p, (p*,q;) is the critical point of N(p,q,) — (@, p), (D = P1, P2s---» Pu—1)-
To see what (2.1) means, we consider the main part N. By assumption, the main
part of the Hamiltonian N( p,q,) is nonsingular with respect to p in the sense that
the Hessian matrix of N in p is nonsingular for all ¢, € L C T, and p(g,) is the
critical point of N(p,q,) — (w, p). As g, ranges over L it actually defines a curve
{p=0(gn),qn € L} (p(gn) is clearly real analytical). Denoting by ¢} the critical
point of N(p(gx),qn) — {w, p(gy)), then (p* = p(q}),q}) is the critical point of
N(p,qn) — (o, p). The condition (2.1) actually is the following:

d? . 2

d—q’%(N(p(qn),qn% (0,5(4n)))g,—gr| S 2dT5 . 21
To distinguish whether the critical point has stronger persistency or not there is no
precise criterion, it depends on how we run the KAM machine. There is a range
for the constant c;, where it is neither too large nor too small. When ¢, takes its
value in this region we can deal with such a problem in both ways.
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In the case of weaker persistency, the critical point of (N + Ny )(p,¢n) — (@, p)
might be far away from that of N(p,q,)— (w, p). So we can not expand the
Hamiltonian in Taylor series of (pn,q,) as in previous work to study lower
dimensional tori ([G,E,P]), because we do not know how large the domain for
g is so that the critical point of (N + N4 )(p,q,) — {®, p) is still within. However,
since the nonsingularity of the Hessian matrix of N is assumed with respect to
p, the critical point of N(p,q,) — (w, p) in p for fixed g,, p(g,) is not far from
the critical point of (N + N, )(p,qn) — (w, p) in p for the same g,, denoted by
p+(qn). So we only need to study the Hamiltonian in the neighbourhood of the line
{(p(qn),49n),qn € L}. The choice of L is very delicate. On one hand, it has to be
big enough so that the domain for g, is much bigger than that for p and the critical
point of ¢, in the next step of iteration is still in this region; on the other hand, it

can not be too big, because we need the estimate |¢'(g,)| < O(d 1;43) in the domain
{{Img| < d5, Reg, € L}.
Expanding the perturbation in Taylor series of p, — p,(g,) and retaining the

sum up to order 5, S

TP = ZO Pi(Psq)(Pn — pn(an))’ (22)
fa

then the remaining part RP = P — TP is much smaller that P in some smaller
domain of p, — p,(g,). We also develop TP into the Fourier series of § and truncate
it up to order K,
gKPj = }: ij€i<k’q> N
kezn—1\{0}
|k =K

the remaining part Zx(TP) = TP — Jx(TP) can also be made much smaller than
the truncated part. We choose the generating function W in the form

5 .
W(p,q) = ZO Wi(D.q)(pn — pulgn))’ (2.3)
j=
where W; is the solution of the following equation:

BN )
(@, Wig) _Jw(l)(‘h), gn)W; = —=TkPi(p,q) . (2.4)
n n

By restricting the domain of g, properly small, e.g. [Img,| < d 12_3, Im (N, 4,(p(gn),
gn)) can be set so small such that

1
(@, k) = I, (), @) 2 5@k ¥ <5, Ikl < K

if we choose K carefully [MP]. In this way we then find a well defined generating
function if w satisfies the Diophantine condition (1.8). If a symplectic transformation

M (p,g)— (P q+):
p=p++ W, g+ =9+ Wp, (2:5)

is introduced with the generating function W (p.,q) being determined as above, it
takes the Hamiltonian H( p,q) into the form

H(p,q) = (N + N )(P+>qn, ) + P (P+.q4), (2.6)



Birkhoff~-Kolmogorov—Arnold-Moser Tori in Convex Hamiltonian Systems 537
where
1 2n
N.=—— | P(p,q)dq
L (271)"‘1“0[ (p,9)dq§,

Py = (M + My + M3 +My)(ps,q+)

My = N(ps + We,qn) — N(p1sGn + W, ) — (0, W)
2

0Pn0qy
My = (P —Ny)(p,q) — (P =Ny )(p+,9)
M3 = R(P — N, )(p+,q) + Zx(T(P — N)) p+.q) ,

My = Ni(p.q) — Ne(p+,9+) -

It is easier to see that M, and M5 as well as M, can be set very small. To see M
is also small we need to write it in some more transparent way. Let

N(p,4n) = $(gn) + (@, p) + N(p, ) , (2.7)

where ¢(g,) = N(p(gn),qn) — (@, /(gn)) = min,{N(p,q,) — (w, p)}, we have

+

(P(an), @) P+ — Pul@u)I)W .

Npiqn(P, Qn) = NPiqn(P, qn) s
Np,pJ(P,Qn) = Npipj(p9qn) >
N(/’(Qn)’ qn) = NP(P(qn)9 Gn) = Nqn(p(qn), gn)=0, (2.8)
since on the real line {(p(¢gx),qn),qn € L} they are identical with zero. Then

My =My + M+ Mz, 2.9)
1
My = ¢(gny — an+) - ¢(9n+) = ¢I(Qn+)Wp,.+ + EQS”(QrH— + ’7an+)W12p,,+ s

~ ~ 1 2
My =N(p+ + Woqn) — N(p+.qn) = 5 EINPin(p(q”)-I_ $14p+,qn)Apis Wy,

i, j=
1 n
+ 5 UZZI Npip(P+ + EaWa, qn)Wo, Wy,
My = N(p4.qn) — N(py,qn + Wpns ) + Npuga(p(qn), @) A Py W,

n—1 1
= —Z_; Npyan(P(Gn), @) AP + W, = 5 Np( P Gn + W, )W,

1 n
) E] Npipjan(P(@n) + &34 D+,4)Apis ADj + Wp,,

i, j=

where some notations are used as in the following:

CiWg) = CnWypse s EnWa,)s AP+ = P — plan)
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&l <1, ((=1,2,3; j<n) and || £ 1. If we let |Img,| < OdD), |pn—

on(qn)| = O(d%) and |p; — pi(gn)| = O(d%), (j < n), and choose the domain
of g, carefully, which will be demonstrated in detail in the next section, we are
able to make P, and the moduli of its gradient much smaller than the original one
on one hand; on the other hand, the critical point of N + N, (p,q,) — (w, p) re-
mains in the prescribed domain, which is one of the key points making the iteration
scheme work.

If the perturbation is small enough, such a transformation can then be repeated.
In every step, a symplectic change of coordinates .#; is set up in this way so that

Hyo M= N1+ Py
with another main part N;;; and a much smaller error term P;,, for instance
|Pra| = |PI*

for some x > 1. Such a procedure might be repeated infinitely many times, if
those critical points always have weaker persistency. It results in a sequence of
transformations .#, # - - - whose infinite product converges on a set containing at
least one trivially embedded (n — 1)-torus (p,g,) = (p.g,) and transforms it to a
set containing at least one (n — 1)-torus with its tangent map taking constant vector
fields on (p,g,) to the vector field governed by (1.1). Such a procedure also might
be repeated only for a finite number of times, when the critical point gets stronger
persistency we may switch to the other procedure described in the following, which
guarantees that the iteration scheme works successfully.

2b. The Critical Point has Stronger Persistency. Here (2.1) does not hold. In this
case the critical point of N + N} — (w, p) remains close to that of N — (w, p). We
shall show below that once the critical point gets stronger persistency the critical
point in the following steps of iteration shall possess stronger persistency as well.

Therefore, we can restrict (py,gn) in a smaller domain |p, — p| < O(d s Ngn —
g = 0@ %) and expand P in a Taylor series in (py,qn),

P =3 Py(p.g)pn — P2) (an — 41)

and use the truncation 7P of P to approximate P. TP will be chosen such that these
sums only extend over |i + j| < 5. By restricting the domains of (p,,q,) properly
small, P — TP is much smaller than P in the relevant domain. To find a symplectic
transformation (2.5) we introduce the generating function W by

W(p+.q) = | Z|: Wi (D@ Pnt — P3) (@n — @3) (2.10)
i+j|£5

where W;; are determined by the following equations:
oW, + AW, =-P, (0<1=55), (2.11)
where W, = (Wio, Wu—1y1,--., Wor)', Pr = (Pio, Pa—1y1,...,Por), oWi; = (, Wijg),

Py = Pj; — [Py,

1 2n . )
[Pyl = QryT OfPij(P,Q)dq ,
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and Ag =0

A — ~Npugn Ny . <b11 blz)
: —(9" = Npugupr) ~N2p, o \by bn)’

and other matrices are defined through the entries of A; in the following way:

IIA

A; = (a@ij)aryxa+ny, 2215,

ajj = +1-=7)bi+( — Db,
aj(jn = jbia,
agj+nyj = (41— /)b,
aij:O; (li_jl = 2).

All entries in these matrices are evaluated at the critical point.
These equations in (2.11) can be solved in this way. First we expand W;; and

Pj; into the Fourier series

W= ¥ Wa(pehd,
kezr—1\{0}

Pi= X Pa(p)*d, ij<s,
kezn—1\{0}

then
(i(k, (l))I + Aj)ij = X,

where I is the identity matrix. Since the spectrum of A; is as follows:

Sp(A) = {(j — Doy + loy, 1 =0,1,...,/},

012 = HWpgu + N,200) £ \/(an o+ N 20,2 — 44N 2}, we find

Py
W oy
i(k, o)1 + A;)*P
Wy = - BT AR <), (212)

_HlIESp(Aj) (itk, ) + A1)

where A;f denotes the adjoint matrix of A;. Because the critical point of N(p(g,),qx)
— (w, f(gy)) is found by looking for its maximum, we have ¢'(g,) < 0, which
guarantees that all A; € Sp(A;) are real numbers of N b2 > 0 due to the definite
positivity of the Hamiltonian. So we need not worry about the problem of small
divisor if w satisfies the Diophantine condition (1.8). Now the generating function
is well defined, and the symplectic map of (2.5) transforms the Hamiltonian H( p,q)
into

H(p,q) = (N + N )Pt qni) + Pr(p1:94) (2.13)
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where

1 2n N
Ny = Gyt { TP(p+,9)dq ,

P+ = (Ml + M, +M3 +M4)(p+’q+) s
My = N(p+ + Wosqn) = N(pisqn + W, ) — (@, W)

x « Np2 Nongn Wan
s = Pt — 4) (_NP}P; ¢" _anqnp;l) (‘pr > ’
My = (P —TP)(p.q),
Ms = (TP = N )(p,q) — (TP — N )(p+,9)
My = N (P, gn) — No(P+,qn+)

where the entries of the matrix are evaluated at the critical point. To make M,
easier to study, we also use the notation of (2.7) and identities in (2.8), then

My = My + My + Mz + Mg + Mis, (2.14)

where

My = ¢(qn) = ¢gn + Wp,. )+ 9" (@) Gn — 4V, »
M = N(p.,. + Wq’qn) _N(p-!- ,qn) —Npg(P((In),CIn)APn+Wn

n
= Zle,pj (p(qn ) qn)Apiy ij - Npg(P(fIn ) qn)A Pny Wq,,
i j=

Npipjpk(p(qn) + é]Ap-i— 9qu)Api + Apj + qu

N —

n
+
ij k=1

1 n
+ 5 Zle,.pj(p+ + W, q)Wo Wy,

i, j=

Mz = N(p+ 2 qn) — N(p+ »qn + Wp,,+)+anqn(p(Qn)sqn)APn+an+

n—

! 1
= = L Ny @) AP Wy, = SN (Pradn + W W,
i=

1
3 ‘Zleiqun(P(lIn) +&Ap . qn)Apis Ap;j+ W,
i, j=

Ma =N ,2(p(4n)s 4n) A Pn Wa, — N2 (P, 43 X Prv — Py )Wa,
+N,2(P". 43)P(an ) an — a5,
Ms = _anqn(P(Qn)s Gn)A Pny W o +anqn(P*’qz X Py — P:Jr)an

= N (P a0 @ ) Gn — )W,
Adp. = py —p(qn).
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By shrinking the domain of the new variables properly, we are able to make P, and
the moduli of its gradient much smaller than the original ones in a smaller domain.
Since “stronger persistency” has been assumed, in such a smaller domain the new
main part of the Hamiltonian possesses a critical point of the same type in such
a domain. This procedure yields a sequence of transformations .#g, # - - - whose
infinite product converges on a trivially embedded (n — 1)-torus (p,g,) = (p,4,)
and transforms, it to a (n — 1)-torus with its tangent map taking constant vector
field on (p,q,) to the vector field determined by (1.1).

3. The Inductive Step

We begin the iteration by demonstrating in detail a single step which furnishes
the building blocks. Such iteration is constructed in two ways which depends on
whether the critical point has stronger persistency or not as we have seen in the last
section. In the case of weaker persistency we need to construct the nested domains
for canonical variables in some implicit way so that the critical point for the next
step of iteration is still in the chosed domain.

3a. Weaker Persistency. We assume the Hamiltonian N(p,q,) + P(p,q) is real
analytical in the domain ./, X X; where

oy ={lmg;| <t, Req; €T, (i En—1)},
Zo={lpi —pilg)l <5, G =n—1),
|Pn = pu(gn)| < 5%, [Imgy| < 5%, Reqy €L},
and L is either an interval contractable to one point or the whole T. If L C T is
homotopic to a point, then L D [g} —s2,q + 52].
Let s,,7; be positive numbers such that

2sy <5, s<t=1, sigss,

1
St Sty, 54 = Z(t_t+)’ (3.1)

D (3(t—1t)\" e \" ' /t—t\"
2 b < S\ ) 2<
s”|log s = 5 (64(n_1)> , st S <2n_2) o) - 62

We assume further in o7, x Z:
(3.al) The smallness of the perturbation P,

|P(p,q)| =9,
where

. (D=t ) DOt —t ) 4 a3 a3. A o210
0 < min {mm{ 4,802 8cs (s" = 3s3)(s” —3s7), Esg .
(3.3)
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(3.a2) The positivity of N: the Hessian matrix of N in p is definitely positive
in Re 2 and
0’N
—¢|l =4 \4 "
el z . veeen

min
Zs

Without losing generality we assume 0 < 4 < 1.
(3.a3) The critical point (p*,g;) is determined by looking for the maximum of
the function ¢(g,) = N(0(gn),qn) — (@, H(gn)) (gn € L), where p(q,) is determined

by the condition
oV (P0) = (@)t = 0.
On the whole line {(p(x),qn),q9n € L},
9" (gn)| < 25 (34)

If L is a contractible interval, denoted by [/,7], it is assumed ! < g —s%, r =
q: + 5%, at each end g, = I, g, = r, the following hypothesis holds:

¢'(gn)| = 25%; (3.5)
p(qy) is real analytical in {|Img,| < s%, Req, € L}.
(3.a4) In %,

0/N ohth

max |——| = B, max A,] = : ,

j<3 | 0p/ (LRI <3, h21|9phog? Tn2 2K
max [90(g)| < & max [pV(g,)| < ;. (36)
Jj=3 YT 64’ =1 =2

Consider the following inequality:

19" (@n)lgu=g5 < 57 - (3.7)
When this relation holds the critical point is referred to as a point with weaker
persistency. We study this case first.

We introduce several intermediate domains which are defined somewhat
implicitly:

ﬂt_*_CJZ/lCJZsz&{t, ZS+C20C21C22C23,

where
Ay, ={|Img;| £t;, ReqieT, i <n—1},

oy ={Img;| <t; +s}, Req; €T, i <n—1},

1
ﬂ2: {llm%i é t—E(t—t+), Rein’]I‘, lg n_l} )
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Z‘S+ = {Ipl —p+i(qn)' é de (l é n— l)a

|pn - p+n(qn)' =< Si’ |Imqn| = Si, Reg, € L+} )
Zo={lpi—pi(g)| S 25, ( Sn—1),

|Pn — pu(gn)| < 257, |Img,| < 55, Reg, € Ly},
S ={|pi—pgn)] £3s%, G <n-1),

|pn - pn(qn)| = 3S3—’ |Imqn| = 2‘33—’ Reg, € Ll} >

1 .
2, = {‘Pi —pi(gn)| = st — §(S4 — 3Si), ign-1),
1
|Pn — pn(gn)| = s — 5(53 - 3S3_),

1
Img,| < 5~ 5(* = 252), Reg, € Lz} :

{(p+(qn)»qn)»qn € L4} is the critical point line of N + N, — (w, p) determined in
the same way as (p(qn),qn) for N — (o, p) (N is defined in (2.6)). Ly is either T'
or some interval [/,,7,] when (3.a3) holds for N + N,. When L = [[,7]+T! L, =
[{+ %(ll 1), r— %(r —ry)], where Ly = [/1,r;] and its determination is implicit,
in this case [Iy,74] =[]} +52,m —s2].

Ly is defined in the following way. Choosing g; — /; and r; — g, as big as

possible so that
¢ (qn)] < 4s% (3.8)

holds in (/y,71) and at each end of this interval it becomes an identity. Since (3.7)
is assumed we see Ly D [g} — 3s%, ¢ + 352 ]. Indeed, for |g, — q;| < 3s%,

X 9
[#'(an)] = 35316"(a)] + 5% sup [9P(gn)] < 45

When L=+T, by virtue of such a choice of L; it is ensured by (3.4) and (3.5),
1
dist(L;,0L) = 5s2. (3.9)

If L=T, let L, =T, L; may also be determined by (3.8). If L; +T, we choose
L, the same as above. If (3.8) is satisfied on the whole T, let L; =L, =T.

To find the upper bound of |¢'(g,)| in the domain {g,||Img,| < 2s%,
Reg, € L1} we need to formulate a technical lemma first.

Lemma 2. Assume a function f(x) € C*a,b] is defined, satisfies |f(x)| <A,
|f"(x)| £ B for all x € [a,b], and at some x, € [a,b]|f'(x,)| < & then for all
x € [a,b] we have

|f/(0)| < 2VAB+ €.
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Proof. Suppose |f”(x)| reaches its maximum in [a,b] at x;, | f'(x1)| =M = & = 0.
Without losing generality, we assume f'(x;) = M. By our assumption, there exists
X2 € [a,b], where f'(x2) < & and & £ f'(x) £ M for all x € [x,x,]. Since both
at x; and x| f(x)| £ 4,

1 2
> —|M &P,
25M ¢l

24 2 |f(x1) = f(x2)] =

which leads to our conclusion.
Applying this lemma to ¢'(g,) we find for ¢, € L,

NIUJ

19" (gn)| < 2+/sup §®(gn) sup ¢(gx) + |¢”(g})] < (3.10)

in view of (3.6) and (3.8), from which combined with (3.8) we get that for any
gn € {gn||Img,| < 253, Req, € L1},

19'(gn)| < |¢'(Reqn)| +2|¢" (Re gy)|s> + 4max [¢P)|s? < 8s% . (3.11)

Now we introduce a symplectic transformation .# with the form of (2.5), where
W is determined by searching for the solution of Eq. (2.4), which maps the domain
/1 x X1 into o/, x 25. Let us check it. Let

1 (D\*

where [a] denotes the largest integer among those smaller than a, and assume s is
so small such that (3.2) is satisfied, then we have a bound for the truncated parts
of perturbation [A2]

-2 n—1 n
2P| < ( "e ) <t 32t ) 0!, | TkP| <26 (3.13)
—

if Img;| <t — %(t —ty) (1 £i < n). On the other hand, in view of (3.6), when
[Imq,| < 52,

*N 1,
J— 5 <
‘I ( UrY (p(qn)qn)>‘ = s, VES
So for [k| £ K,0 £ j = 5 we have from (3.2),
. N 1
ko (7505 tanan )| 2 5lkoll. G.14)

which leads to the estimate in the domain ./, x X2, on the generating function
defined as follows:

> Pi(p, qn)e“k"i)
. .02
kGZ"_l\{O} l<k, Cl)> Jagng]qn (p(qn)’ Qn)

[kl =K

Wip,q)=—
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by Cauchy’s technique:
W(pe. )l =0,

W5 < 40(t — t)7h,
w5 < 20(s* —3s7)71,
|W,,| < 20(s° —257)7",

W, | <20(s° =353)7",
Max{|W p,p, |, W p,q;1s [Waig; 1} < 80(s* —3s3)7%, Vi,j <n, (3.15)
where
_ 4018”5
Dt —t
Since W(p4,q) is real analytical, R” C €" is mapped into R” by .# defined in
(2.5). It follows from (3.1), (3.3) and (3.15) that

. 1
g —4.] < W] < 5(f—f+)—s2+,

1

|qn _qn+| = ]Wp,H_l = 452,

16— plgn)l = 1(p = A(gn)) = (Py — P(Gn DI + [Py — P(gns)]

1
< Wl + 10/ [1Wp | +3s1 < 5(5* +351),
|Pn - Pn(‘]n)| = I(Pn = on(qn)) — (Pny — pn(‘?n+))| + Ipn+ - pn(Qn-I-)l
1
< 5(53 +353), (3.16)

which implies .# maps &/ X 2| into &/, x X, (notice (3.9) and the definition of
L;). Furthermore it is obvious in &/ X X,

| —id| < 40(s* —3s%)" . (3.17)

Finally we figure out the bound for the Jacobian matrix in 7y x X,

a(p,q) ]
D 4]
[0(p+,q+) !

The principle difficulty is that .# is defined implicitly and therefore it is necessary
to invert .# in an appropriate domain. For this, let us recall some lemmas; their
proof can be found in [A2] and [G].

Lemma 3. Suppose x = y + ¢(y) in the k-dimensional strip X, = {|Im y| < a},
where ¢ is real analytic. Then given a positive number £ satisfying a > 2¢ and
|pl/¢ < %, there exist a unique real analytic function [ on X, ¢ such that y =
X+ f(x), where |f| < 2|l | fx] < 41Ql/¢ in Zae.
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Lemma 4. Suppose x = y+ ¢(y) in the region U containing a ball of radius
5a, where ¢ is real analytic and satisfies |¢p| < §. Then there exist a unique real
analytic function f on U — 5a such that y = x + f(x) and | f| < |¢|,|fx| £ |P|/a
for x € U — 5a.

We use U —a to denote the set of those points contained in U whose
a-neighbourhoods are also contained in U.
Due to Lemma 2 and Lemma 3, the equations

g+ =q+ Wy (p+.9),
can be inverted to
q9=q++ 0O(p+,9+)

in {[Img| <, +s3} x {|/Img,| < 253, Reqy € Li} x {|p— p(gn)| < 5* = 5(s* -
358} X {|pn — pu(gn)| < 5% — 3(s® — 352 )}, provided & satisfies (3.3). In that do-
main, by (3.16), we have

0] < 46s* —3sP)7",

0Q 4 4y—1.—2
—| < 400(s" — 3s s,
|5q+ - ( +)

The remaining entries in the Jacobian | a(igf ’gl) —1Id| are easily estimated. In the

sequel, it is assumed (p,q) € o5 X Xy, (p4,9+) € &1 X 2. Plainly,

0q

< 80(s* —3s4)72.
op+| — ( +)

Expression for the partial derivatives of p is obtained formally from the relations

p=p++Wy(ps,q9).

Each such partial derivatives can be bounded by using the previous estimates; e.g.

or _ . 94
0q.+ " 0q+
Therefore a )
b,q 4 42
——=— —1Id| £ 800(s” — 3s . 3.18
Ap+,9+) ‘ = 80U +) G18)

The next step is to figure out the bound for the new error term P, in the domain
oy, x Z,. Firstly, it is derived from (2.6) and (2.9) that in o/; x X,

|¢I(qn)| | WPn+ I + max|¢(3)| | an+ |2

< 1605 (s® —3s3)7! +40%(s® - 3s3)72, (see (3.11))

|My|

IIA

|Mi2]

IA

n2ﬂ(|ﬁ+ - ﬁ(Qn)HWtil + Ipn+ - pn(Qn)“anl + qu|2)

n*B(60s3(s? — 252)7 4 12058 (t — t.) 7" +40%(s> — 252)72),

IA
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|Mi3| < B(6nbsi(s® —3s3)™" +40°(s® — 3s3)72 + 9058 (s® — 3s3)71),

M| < 8nd0(s* — 3si Yy ls™,

IM;| < cs (5 (%)15 + 9S2) ,

|My| < 16n60(s* —3s3) 1™ (see (3.13))

In conclusion we have
15
Py < s {esz(sz 2y aa () } s

if we take (3.1), (3.2) and (3.3) into account. Here ¢4 depends on f. Shrinking
oA x 2y to oy X Xy, then
IP+(P+,q+) = 04,

Op+ || 0+ st

P, 20,
max § | —— — >
Ih+h|=2 | |0plog} S+

lIA

IIA

»P 66
max —,1—+,2 < —. (3.19)
[i+Dh|=3 | | 0p.0g} Sy

To complete one step of the iteration, we need to localize a critical point (p%, g, )
of the function F = (N + N, ) p,q,) — {(w, p) by the same minimax principle as
above and find a domain &/, x X, centered at (p3,q;,) satisfying conditions
similar to those shown from (3.a2) to (3.a4).

In 2, the estimate

4né

) = T3 (3.20)

1p+(gn) — p(gn

can be easily drawn from the fact that [N, | < 20 because of |P| < §. The argument
is the following. Choosing » > 0 such that

4no R P 4
m<l"§s —E(S —3S+),

which is possible due to (3.3), and defining & is a r-multidisc in €", depending

on qn,
D ={lpi—p@)| =r, 1 £i < n}.

=
Since in X5 |N, | < ﬁ, we then have for 0 < ¢ < 1,
+

. 4no
dist{(N, + N2, )(02). (0,00} Z [IN)(02) = Nylp(gn))]| = =5 > 0
+
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because of (3.a2), while the degree
deg{N, + eN,,,2,(®,0)} =1

when & = 0. Clearly p,(g,) is also real analytical in {|Img,| < s%,Req, € L}.

By the choice of ¢ and s, (3.20) implies that X, C X,. To make sure the
maximum point of the function (N + N4 )(p+(qn),qn) — (@, (¢n)) remains in L,
we only need to notice that for /; < g < Iy +2s? and 1 —2s2 < g < ry,

inf  [¢'(gn)| = 4s] — max |¢”|2s] = 5%,
11§q§1|+2s+2_ gn€Ly
r —2s+2_ gqgr%

s, (3.21)

N W

Id)/(qﬂ)'qn=ll-|»s_%_7 rl_si g
from which it follows
¢(l +53) < max{p(hr), p(1; +253)} — 5,

d(r1 —s2) < max{¢p(r1), p(ry — 2s2)} — 55 ,
it leads to

v

max{$(11), p(1 +253), $(r1), (1 — 2s3)}
max{¢(/1 +s3),¢(r1 —s1)} +55 .

On the other hand, from the definition of ¢, we have

#(qn) =6 = d1(qn) < P(gn) + 9,

max ¢,(q,) = ¢4(q,) = d(q;) -9,

from which we finally obtain

(qy)

1\

max ¢ (¢,) = max{¢. (I, +s3), ¢4(r1 —s7)} +55 —25.

It shows only in the interior of L, can ¢, reach its maximum. In ( 3.a3) we still
need to verify

Id)i(‘]n)lb,éqném é 2Si ’
/ 4 /
I¢+(Qn)|q,,=l+,r+ z 2S+’ |¢+(q”)|qn€[l+,1++sf),(ri—s}_,hr] >0.

In fact, it is derived from (3.20) that

16no
/ _ 5 < -
max |’ (gn) = p'(gu)l = TEEEEIE

Since ¢”'(q,) has another expression

PN . BN
" _ /
¢ (qn) = il + }; EPYrs Pis (3:22)
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consequently we obtain
max 10" (gn) — ¢ (qn)| < sis*,
mzalx |¢I(‘In) - ¢io—(qn)| = 542.56 5

which completes the check of all of (3.a3) if we take (3.3), (3.10) and (3.21) into
account.

As for (3.al) for P, in X, we shall not deal with it here; it is closely connected
to the proof of convergence, so it will be explained in the next section. We also
leave (3.a2) and (3.a4) to be verified in the next section. So far, one step of iteration
in the case of weaker persistency is completed.

3b. Stronger Persistency. In this case

PN & PN PN 2

T = Y Gy > 52, 23

(64,% i,jz=laj 0pi0gn apjaqn> N (3:23)
P=p",9n=qp

Under such conditions, the critical point of (N + Ny ) p,q,) — (@, p) determined
by the same minimax principle remains close to that of N(p,q,) — (@, p). Indeed

we have
gy —anil <57, (3.24)

which guarantees that
|7 = Pasl <57 (325)
Equation (3.24) follows from the argument:

4’(%) -0 = ¢+(Qn) = d)(qn) +0 s
1 1
$(a,) — (@) 2 516" (g0)llan — a5 — ¢ max $Vgn)lan — i,

so for s° < |g, —q;| < 253,

« 1 1 " N
$+(q,) — ¢+(gqn) 2 5 (Si - ﬁk{n _qn|) |qn _qn|2 —-20>0,

it then verifies (3.24) if we take (3.3) into account, which also shows that ¢, can
not reach its maximum in the interval [g} — 2s3,¢; — s3] and [g} + 5%, ¢} + 253 ].

To go on with the demonstration, we also assume (3.1)(3.3)(3.a2) and (3.24)
hold. Actually they have been used in deriving (3.24).

The condition of stronger persistency enables us to find nested domains in an
explicit way and a related symplectic transformation of coordinates (2.5) with the
generating function (2.10).

Instead of considering the Hamiltonian N + P in &/, X X, we only suppose it
is real analytic in the domain &/; X 9,

D5 ={1p— @) = 5"y x {lpa—p}] <5’} x {lan — 3] < 57},

D5, € 2,. We deal with it in this way because there is another possibility that in
the last step of the iteration the corresponding critical point has stronger persistency
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already. In order to obtain the corresponding estimate, the Hamiltonian N + P is
only defined in such a domain &, X &; rather than in the domain 7, x X;. To
see Z;, C X,, we notice that (3.20) makes |p1(g,) — p(gx)| < %s}r through (3.3),
consequently,

3
{pal |Pn— Pii| < Si}g{pnl | = pus(gn)] < —Si}g{pnl |p = pu(gn)] < 253}

for any fixed g, € {an —qp.| < s3} since |p/| < 5 (see (3.6)). By noticing the

estimate (3.18) holds in &/, x X, we find the switch of iteration from the weaker

persistency case to the stronger one does not break down the convergence.
Several intermediate domains also need to be introduced:

JZ/HC%]C&/QCJZ{I, @S+C@0C@1C@2C@s,
where
o, ={|lmg;| < ty,Req; €T, i <n—1},

oy ={Img| <t; +s7,Req; €T, i <n—1},

1
ofy) = {|Imqi| < t—E(t—t+), Req, €T, i < n—l} ,

Dy, ={1p—P(a)| < sty |pa—Dis| <52, lan—a),] <53}
Do={1p—p(gn)| <251, |pn—pi| £ 257, |gn—q}| < 253}

Dy ={1p—pan)| <3st, |pn—pil <353, lgn—q] < 3s3}
o 1 X 1
D, = {Ip =Pl =5t =560 =350, |p—pil =57 567~ 3s3),

. 1
lgn —aqp| < 57 — §(s3 —3si)} .

Supposing |P| £ ¢ in &7, X 9, and expanding P in a Taylor series in (pu,qn), We
have the Cauchy estimate in {|Img| < ¢} x {|p — p(gn)| < s*},

. (i + /)19
max {|P;;($,9)|} = W-]Tn" . (3.26)

Together with (2.12),(3.26) shows that in .o/, X 9,
055

W = —— .=
7] DS(t — ¢, )5+

Y

Wyl < dy(t —1)7",
W5l < 29(s* = 3s3)7",
Wyl < 29(s* = 3s3)7",
Wy, < 29(s° = 3s3)7",

max {| Wy, p, s | Wpiq | | Waig; |} < 8p(s* =372, Vij<n. (327)
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If (3.3) is assumed we then have
A A 1 )
|q—q+| = 'Wpl = E(t—t+)_s+ ,
< 1 3 3
|qn_Qn+| = |an+| < E(S —3s1),
15— @l < (B~ pan) = (Bs — P@ne))| + by — pgns)]

. 1
< WGl + 18IV, + 358 £ 566° + 351,

|pn — Py

1
Wa| < 5(° =3s3), (3.28)

which implies .# maps &/ X &; into &/, X &,. By the argument similar to that
in the case of weaker persistency, which we omit here because it could be done
by following the footsteps exactly as we do when we deal with the case of weaker
persistency, A4 : (p+,q9+) — (p,q) maps &/ X 9 into ., X D, and it is obvious
in of 1 X 9 15

| —id| < dy(s* —3s)7" . (3.29)

Thanks to Lemma 2 and Lemma 3 we also have

ap,q)
o p+.9+)

— 1| < 80y(s* —3s$)72. (3.30)

Now the aim is to show how large the new error term P, is in the domain 7, x ;.
It is induced from (2.13) and (2.14) that

M1y < max[¢"[[W,, [ + max [¢P)]|g, — g5 *[Wp,, |
< 4y(s? —353) 7+ 18ypsS(s? — 3s2) 7!,

M| < 6n?Bysit(s® —3s3)7 1 +9n° BsS(s? — 3s3) 7T + 202 By*(s — 353) 72,
M| < 6(n — 1)fysi(s® = 3s3) 7" +2By°(s” = 352) 77 + 9 Bys(s® — 3s3) 7",
[Mia] < 18(n +2)BysS (s> = 3s3) 7",

[Mys| < 18(n+2)BysS(s® —3s)7",

15
|Ms] < c60 (S—+> ,
S
M3 < 40y(s® +3s2)71(s® = 3s2)7!,

[My| < 86y(s® +3s2)71(s? —3s2)7".

Putting these terms together we finally obtain:

15
Pl sa{mte -3+ ()] =,
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c7 depends on B. Shrinking /1 X &) to &/, X P, then

|P+(P+,Q+)| <04,

{|6P+ OP } o
max s>
St

dp+| | 0q+
< 25,
= Si_ b

66
} < —=. (331)

St

b

&P,
oploq?

max
l11+l2I:2

PP,
opoq’

max
|l1+15]=3

The same as in the case of weaker persistency we need to proceed to the next
step of iteration in the neighbourhood of the critical point line p = p,(g,) of
the function (N + Ny )(p,q.) — {(w, p). Equations (3.20), (3.24) and (3.25) show
that 9y C 92, because of the choice of relevant parameters given by (3.1), (3.3)
and (3.6).

In the demonstration of one cycle of iteration, we take (3.a2) and (3.a4) as
granted. We also leave them unproved until the next section, it will simplify the
notation a lot.

To complete one step of iteration we need to show that once the critical point
gets stronger persistency, the forthcoming critical point shall possess stronger per-
sistency as well. In fact, it is easy to see (3.20) also holds in Z,, consequently,

8nd
/ _ o <
max |’ (qn) — p'(gn)| = A 350 —353)

hence from (3.22)
max 97(gn) — &"(gn)] < 5757 .

Setting s, < %s+ we finally have

ol (qs) = ¢"(q}) +max|9D] gy — g}, + |9(a}) — ¢ (a))]

< -5t +258° < =54, .

4. Convergence

With the preliminary work done in the last two sections, we are now at the stage to
complete the last part of our proof. As assumed in the first section, the Hamiltonian

Ho(Po,q0) = No(Po) + Po(Po>q0)
is real analytic in the region

2, = {,ImQOI < ‘C*} X {lpo - p:l =< S*} .
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No(po) is convex in Re X, and

.|| @*N,
> n
min apzé = All&ll, (Véelm)
sp |2l < g
sz, 0P T

Let 7, =1,, 5, =s. and assume

max |Po(Porq0)| < 0, .

Using the results obtained in the last section, we construct inductively a sequence
of symplectic transformations of coordinates, .#,, on domains X,, whose range is
contained in X,_;; i.c.,

My Zm — Zp_1 .

In %2,, the Hamiltonian H, is transformed into

Hm(pm, Qm) = Nm(pms QHm) + Pm(pm, Qm) 5 (4])

where N( pm, gnm) is convex in p,, for any fixed g,,. The critical point line p,(qum)
is defined by looking for the minimum of the function Nyu(pm,gnm) — (®, p,,) and
relevant critical point is pu(qum) for any fixed ¢y, in the real domain. The function

O qnm) = Nu(0m(Gnm)s @nm) — (@, $,,(¢nm)) attains its maximum at the point g,
Let p; = pw(q},)- The domain X%, is described in two ways. In the case of weaker
persistency,

Zp ={Img,| = tm, |Pp — Pu(gmm)| = S?n )
|an - pnm(‘Inm)| < S;i,s |Im Qnm| < S,%l, Re‘hm S Lm} s

and in the case of stronger persistency,

L= {Ilmém, = Tm, ,ﬁm = P @um)| = S:‘n s
|pnm - p:m| g Sy%z, |Qnm - q:m| é S;l} .

where L, = [lmarm] o [q:;m - sr%n q:z(m +Sr%z]’

(@) =31 +27");
15

(®) sm = Sp—1550 < 75

(€) Om = S;1n3;

(d) The modification of the main part of the Hamiltonian after each step of
iteration is small:

'(Nm _Nm+l)$ < 20m; (inZpi)
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(e)
[Pi| < Om,

oP, 5
max ¢ —— ¢ < 0n,
ZIL1=1 | O pm Oqnt
P, 3
max ——,—L,- < 20,7,
Z|lj1=2 | O pmOqn

»P, & .
max {—L} <667 ; (inZ,)
11=3

dpn dqn
(f) )
(M —id| < 65 (inZp)
(g)

3
|, —1d] < 653 . (inZ,)

A}, is the Jacobian of .#,,. At the beginning of the iteration we have to deal with
the problem in the way of weaker persistency because N, = N,(p,) is independent
of gue- Such a process may be repeated for finitely or infinitely many times, de-
pending on the fact whether the critical point at each step has weaker persistency
or not. Once it has stronger persistency at some step of the iteration, then it always
possesses stronger persistency at the following steps, which can be seen from the
proof in the last section.

Such a construction is possible if all conditions introduced in the last section
are satisfied for each m which we need to verify.

It follows from (e) in X,

&P,
op?

0P,
op3,

I

s
20,7,

< 60

>

where P, is the average part of P, with respect to g,
m—1__
Nm(pm,qnm) = Z Pv(pm,Qnm) +N0(Pm) 5
v=1
PNy,
op?

Since N, is independent of g,, we also have

min
Zm

¢

’ > (zo—zmjlléﬁ) el (e

o'N,,
3 pn 02,

1
3

[IA

m—1
sup 6> 96
13,21 =1
3 1
Let A=12,—2% 2,07 and f=PB,+6) .o, 6 then there is a di(Ny,n) > 0

1

such that if 3, < dy then A = %, < 2B, and 637" 67 < (7n2¢)~!. Let the
A and f appearing in the proof in the last section, take the value defined here
then they satisfy the required conditions. To complete the verification of (3.a4) we
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get in 2, by noticing (3.20)
lom(@n) = Pmi1(gn)| < css),
|P(@n) = Prus1(gn)| = cssy s
10m(an) = Prsi(@n)| < cssyy

and
197(gn) = Py 1 ()] < sy s

[Dm(@n) — Pmsr(a@n)| < csshy
16 (gn) — 85 1(gn)] < cssm s

cg depends on A. Since

. m .
P S0 oL 1) < S 10— ¢
V=

because of p(f) d)(’) =0, we can find dy(N,,n) > 0, if 6 < d, further then

Jmax |6 ()] <

1
m <3 m,j=1,2
L)< 64’ J

Up to now we have verified (3.a2) and (3.a4).

Let
13

13 =
. 65Dt \ S (6505 \ S /AN
dz=min — Y P —— ,2 ,
c18uF3221 21244104 12n

Jmax (o)) <

(1) |

N —

1
since 0, < 5 , it can be seen that if §, < d3, s, = 6%, then
4 3 5
25m41 = Sy S ST =1, Sm+1 = Sm 2 Sms
Sml = Tmtl>,  Smel = _(Tm ~ Tmtl) s
4
and
6u
. 65D1h 65D%1 A
Om < min — Ll s8 SIOSZ_H
= C18”+52/‘(m+2) Sm 26,u(m-ﬁ-2)+1005 Sm 12n

which verifies (3.1) and (3.3). Clearly 3ds > 0, if 0, < da, s,|logs,|* <

D 31, 13u 169 e ") 2
- Y —167u _“
ds = min | da, 5 (64(n—1)) 27 (211—2) (32) ’

(3.2) is also satisfied if 6, < d

555

1. Let
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The most important thing we need to show is |P,| < 0, in Z,. When the case
of weaker persistency is dealt with, we have from (3.18),

2u(m+2)+48;1c1 3 2
13 13 .
|Pm+1| S {—l)rsm + Smi 5m+1 s
when the case of stronger persistency is dealt with, we have from (3.32),
26;4(m+2)+3c5 4 2
< 13 13
le—H! = ¢ { 5D6‘L'gﬂ Spi + Sm 5m-H

By noticing that s,, decreases to zero faster than exponentially, we see that there is
a positive number dg(N,, D, 14, 75,5,) > 0, such that if J, < dg then

IPm-Hl § 5m+1 .

The remaining two estimates in (e) follow directly from (3.19) and (3.31). From
(3.17), (3.18) we have

) 2u(m+2)8u+4cl 5 1
| My —id] < —WSM(SJP s
2u(m+2)gu+710) 3
|}, —1d| < m—ru—ﬁsﬁlér}f ’
similarly from (3.29) and (3.30) we have
) 26;t(m+2)+6cS ) %
| My —id] < —13D—6r§”—sm5m ,
26u(m+2)+9 cs 3
I s "2 8713
|, —1d| < T Sy O

which results in (f) and (g) by the choice of d,. So far we have shown how to
construct the sequence of transformations .#,, inductively and therefore assertions
(a)~(g) are valid for all m = 0 if §, < min{d;, j < 6}. As m — oo the domain
X, shrink to a set containing the submanifold

~ T * *
2o 2 {llmqoo| = -22} X {qnoo = Goos Poo = pOO(qnoo)}

and the transformations

Im =M 0 Myo---0MMy:2Zy— Z,
with their derivatives

,ﬂ:,ﬁ’loﬂ;o---o%;:&ne&
converge uniformly to an embedding
Too i 2o — 2o -

The uniform convergence of Z,, and 7, follows from the assertions (f) and (g)
and the rapid convergence of the sequence {J,} to zero. Clearly the embedding
T 1s real analytic in X, since it is the uniform limit of real analytic functions.
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The next step is to show that

oo + G Troor Poc (o0 ) = Po(To0(d s Gnoos Poo (o)) » (4.2)

where @) is the flow determined by the vector field V, afforded by Hamiltonian
H,, poo = limy, oo P, ((3.20) implies this limit exists). If at any step of itera-
tion, the related critical point always has weaker persistency, let Lo, = ﬂ:,o:le,
the facts that L, D Ly41 and L, is closed for all m = 0 guarantee that L., +{0}.
In this case we let g, be any point in L. If after some steps of iteration the re-
lated critical point has stronger persistency, due to (3.24), g;., = lim,_,o ¢,- The
proof is essentially the same as those for classical KAM theory (cf. [A2,G]). For
completeness, we demonstrate the proof briefly by invoking some lemma developed
in [G].

To abbreviate the notation, let us write the canonical equations with the
Hamiltonian H,, in the form

Wom = Po(Wn), Wi = (Xms Y Ums Um) € Zim -

Since the transformation 7, : 2,, — X, is symplectic, if w,(¢) is a solution of the
last equation, wo(t) = J m(wn(t)) satisfies w, = Po(wp). By letting ¥oo(Weo) =
(,0,0,0) and observing from (d) and (e) ((e’)) we readily verify:

|¥n — Vool < distance (Zpy1,0Z0) = Nyt 5

o7,

const .
0w,

A

It is derived from Lemma 5 that Jo.(wf + G, Goo> Poo(qos ) 1S @ solution of wy =
Yo(wo), which exactly is what (4.2) means.
Lemma 5 [G]. Let Y,(w) be a smooth vector field on X, determining a flow
Py(w):

d

Ed’é(W) = Yo(Dy(w)), Dy(w)=w.

Suppose there exist invertible transformations M, : X, — X, such that |an°=1
M| < oo, where M), denotes the Jacobian matrix of M. The transformations

%:ﬂaoﬂzo"‘oﬂm: Zm——>20

naturally induce flows
o =7 0T,

with corresponding vector field ¥,, on X,

d
Pnl00) = 0400
Assume
(1) ¥y converges to Poo on Xop as m — 00 and |¥p — Poo| £ Chip 01 2o
with some constant C independent of m and n,, — 0 as m — 0,
(2) the segment w =w, + 01,0 <t < ﬁ belongs to X and on this segment
Yo=0:
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fikd
3 ‘a—w"’
(4) Too = limy—,00 T exists and is continuous.
Then for 0 < t £ 51, P(Toc(W)) = Teo(Wo + 61) C Z,.

The last step is to check that the surviving invariant (n — 1)-torus remains in a
e-neighbourhood of some (n — 1)-torus (p,,gne) trivially embedded in the n-torus
Po. In fact, if we let

< B on X,, where B is independent of m; and

G0 = oo + Oco(doos Groos Poo(@o0));
“Gno = qnoo + QnM(qwa q;:oo’ POO(q:oo));
Po = Poo(@noo) + Aoo(Goos Gnoos Poo(@noo ) (4.3)

then from the estimate (f) we have
o 1
max {|decl,|Qucl} < 367,
oo i=0

if 6, < min{d,, j < 6}. Given any & > 0, d7 =d7(¢;) > 0 can be found such

that if 6<d*(e1,N,D, p,s,7) = min{d;, j < 7}
rEaX{IXooLlYoolaonoI:'Voo[} Zé&.

Recalling a linear symplectic transformation is introduced through the unimodular
matrix [ at the beginning of Sect. 2 and taking the inverse of such transformation we
then obtain (1.9) plus the estimate (1.10) if we let & = |[Ay(Z)~'|e, where Ay (1)
is the largest eigenvalue of the matrix / in terms of the absolute value.
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