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Abstract: Applying Kontsevich's iterated integral for tangles, we get an isotopy
invariant of tangles. We give a method to compute the integral of a tangle combi-
natorially from modified integrals of some simple tangles. We localize the integral
by moving the end points of the tangle to an extreme configuration, and modify
the integral so that it is convergent. By using a similar technique, we generalize
Kontsevich's invariant to a framed tangle.

Introduction

After the Jones polynomial was discovered, many invariants of links are constructed.
Almost all of them are coming from solutions of the quantum Yang-Baxter equa-
tion. On the other hand, Vassiliev [25] constructed a wide family of knot invariants.
Let χh be a knot invariant coming from a solution R(h) of the Yang-Baxter equa-
tion with a parameter h such that R(0) is the trivial solution. Then, dkχh/dhk\h=o is
contained in Vassiliev's family of invariants. Hence, Vassiliev's invariants include
many invariants, e.g. the Alexander, Jones, Homfly, Kauffman polynomials and their
generalizations in [1, 17, 20, 22], etc. Kontsevich gives a universal construction of
Vassiliev's invariant by using an "algebra of chord diagrams" and "iterated inte-
grals." Let V/c denote the space of Vassilev's invariants of degree less than k + I.
By studying combinatorial properties of invariants in Vk, he constructs a module
sd^ spanned by chord diagrams on a circle with relations in Fig. 1 which cor-
respond to the combinatorial relations for Vassiliev's invariants given in [7]. He

shows that Vk/Vk-ι = θ 4 f } ) * , the dual space of sf{*\ Let j/'Q = ®T^ΛV- τ h e n

J/Q has a graded algebra structure with a product coming from the connected sum
of chord diagrams. The 4-term relation assures the well-definedness of the above
product, i.e. the product does not depend on the positions of the strings we cut
to produce the connected sum. Let S/Q denote the formal completion of s/f
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a) 4~term relation

b) framing independence /'* "N
Tf.intΐnn .' λrelation

Fig. 1. 4-term relation and framing independence relation

respect to the grading. For every knot K, we can define an invariant Z(K) G s#o

by using an iterated integral. Let Z{k\K) G ̂  be the degree k part of Z(K).

For / G ̂ U^^YJiZ^ίK)) G V,. On the other hand, for any g G Vk, there is

some / G θLoC^o^)* s u c h t h a t β(κ) = / ( Σ L o ^ O ^ ) ) and Z<*> is universal in
this sense.

Now we define s/, a linear span of chord diagrams with 4-term relations, but
without the framing independence relation. There is a natural projection from s/ to
j/o We extend Z to a framed knot invariant Zf.

The main purpose of this paper is to give a combinatorial description of Kontse-
vich's integral of knots, links and tangles. We will consider R3 as the product of R
x C with a fixed orientation. A point of R3 has coordinates (t,z), let z = x + /y. A
plane {t}x C c R x C is called horizontal. A tangle T is a 1-dimensional compact
oriented piece-wise smooth submanifold of R3 lying between two horizontal planes,
called the top plane and the bottom plane of T, such that every boundary point of
T is lying in the top and bottom plane. Two tangles T and T' are called equivalent
if there is an isotopy of R3 sending T to T and the top (resp. bottom) plane of
T to the top (resp. bottom) plane of T. Kontsevich's integral is generalized to an
invariant of equivalence classes of tangles. We assume that a tangle T is contained
i n R x R c R x C except a neighborhood of each double point with respect to
the projection R x C —> R x R. Especially the boundary points of T are con-
tained in R x R. Let r = (Π?^2J >rk)(rj — ϋ ) and s — (S\,S2,. .,SS)(SJ = ±1)

such that #{r7 | η = 1} - #{r,|r7 = -1} - #{sj | s ; - 1} + #{sj \sj = -1} = 0. Let
^~(r'5) be a set of tangles such that the string ending at the / h point at the top is
oriented upward (resp. downward) in the neighborhood of the end point if r} — 1
(resp. —1) and the / h point at the bottom is oriented upward (resp. downward)
if Sj — 1 (resp. — 1). We generalize the integral Z for tangles in the above sense.
For a one-manifold X, let $t{X) denote the space spanned by chord diagrams
on X with the 4-term relation. Every chord expressed by dashed lines in figures
just means a pair of points on X and nothing more. For T G &~(r>s\ we define
an isotopy invariant Z(T) G s$(T) depending on the positions of the end points
of T.

We introduce q-tangles, which is a generalization of tangles with non-associative
words of two numbers 1 and —LA word w with brackets is called a non-associative
word of 1 and —1 if w is equal to 1, —1 or (w\W2), where w\ and W2 are non-
associative words of 1 and —LA support of w is the sequence of 1 and — 1 obtained
from w by removing all brackets. For example, there are two non-associative words
((11)1) and (1(11)) with support (1,1,1). Let u and v be non-associative words
with support r and s respectively. The triple (T,u,v) is called a q-tangle. As for
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i i+1 i i+1

Fig. 2. Generator tangles

usual tangles, we can consider a category of q-tangles. For T G ̂ r's and Tr G
the product of two q-tangles (Γ, u, v) and (Tf, u', v') is defined by

(Γ, u, v)(T\ u', v') = (TT'9 u9 v'), (0.2)

if $ — r' and v = u', and Γ Γ' is the tangle obtained by putting T above V. We
show the following in Sect. 2.

Proposition 0.3. Every q-tangle is a product of tangles of the following types. The
first type is a positive crossing (Rj,u,u), where u contains (r^y+i). The second
type is a negative crossing (Rj~ι,u,u), where u contains (rjrj+i). The next type is
(Ej,u,v), where v contains (r}rJ+ι) and u is obtained from v by removing (rjrJ+\)
and its dual type (EJ,u,υ), where u contains (ryry+i) and v is obtained from
u by removing (rjrj+\). The last types are (I,u,v) and (I,v,u), where u is any
non-associative word and v is obtained from u by replacing a subword of u of
the form («i(w2W3)) by ((«i«2)w3). In the above, Rj,Ryι,Ej,EJ are tangles as in
Fig. 2, and I is a trivial tangle.

By this proposition, we can compute the integral for any q-tangle from the modi-
fied integrals of the q-tangles in the above proposition. Let Ωpq denote the horizontal
chord connecting the pth and qth strings of the trivial tangle, and Ω ( r ) . . . Ώ ( 1 ) denote
the chord diagram with chords Ω^r\..., Ω^ from top to bottom in turns. We use ex

for the formal power series Y^^Q^/kl. Let Pjj+\ denote the diagram presenting
the permutation at ith and j + 1th strings as in Fig. 3.

Theorem 0.4. We define Zf for generator tangles as follows:

~\ u9 u) =

Zf(Ej9u9υ) =

j J + ι

Zf(I9u9υ) = φ\ Σ rprqΩpq, Σ rprqΩpq

Zf(I,v9u) = φ\ Σ rprqΩpq, Σ > (0.5)
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where y/ — Z/(U) is given by (5.7) for a diagram U in Fig. 5, and the action
of y/ is induced by the connected sum at the distinguished strings. For the last
two formulas, φ is given in (3.7) and (3.21), v is obtained from u by replacing a
subword for u of the form (^1(^2^3)) by ((^1^2X^3), the support ofu\,U2 and u^
are (rJo,...,rh_ 1),(ηr,,...,rh_ 1), and (rh,.../J3-i) respectively. In the right-hand
sides of the above, E* and Ej represent the chord diagrams without any chords
on EJ and Ej respectively.

Then Zf defines a representation of q-framed-tangles. Especially, for a knot

K, the image Z(K) of Zf(K) by the projection stf -+ J / 0 in [5] is equal to Kont-

sevidΐs integral invariant.

Remark. 0.6. For a sequence r, let wr — {{{...(rir2).. .) r |r| —1 )rkt)• Then, for a
tangle T G ^r's\Z((T, wr, ws)) and Z/((T, wr,ws)) are invariants of a tangle and
a framed tangle respectively. They also give representations of the categories of
tangles and framed tangles respectively.

Knots can be expressed as a product of q-tangles in Proposition 0.3 as in the
following example.

x
j j+i

Fig. 3. />„•+,

j+l

2kk!

Fig. 4.

Fig. 5. Diagram U
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P2(Z,(

Fig. 6. The second degree part of Zf (trefoil)

Example 0.7. Let K be the trefoil knot and U be the trivial knot diagram as in
Fig. 4. Then they are (0, 0)-tangles

(Eu u0, u\)(E2, u\9 u2)(I, u2, u3)(Ru u3, u3f(I, κ3, U2)(E2, U2, u\)(β\, uu κo),

and
(Eu vo, v\)(E2, vι, v2)(I, υ2, v3)(E^ v3, υ\)(E*9 vu v0),

where UQ — v0 = the null-word, u\ = v\ — (1 — 1), u2 = ((1(1 — 1)) — 1), u3 =
(((11) - 1) - 1), V2 = ( ( l ( - H ) ) - 1) and v3 = (((1 - 1)1) - 1). Hence

= yf Eι E2<KΩl29-Ω23)(?Ωl2/2Pi2<K-Ω23,Ωl2)EΪEΐ ,

where φ(Ωu,Ω23) = 1 +

<KΩ23,Ωl2)EΪEΐ = 1 - h ^

- Ω23ΩU) H as in (3.10), yf=EιE2

+ by (5.7) and so

= 1 — ~E\E2{Ω\2Ω23 — Ω23Ω\2)E\El -\ . For example, the degree two part

of Zj{K) is ExE2(^Ω^Ωn + \
Let K\#K2 be the connected sum of two knots K\ and K2. Then, from the

definition (5.8) of Z/, we have

Zf(KφK2) = γf (0.8)

For a framed link L with a component /, let 3){{L) be the framed link obtained
from L whose component £ is doubled. Then

= A,(Zf(L)) E s/(D,(L)) , (0.9)

g
o r o n o r

where Δf(β) for a chord diagram ^ G s/(L) is defined as follows. To get At(β\

we replace each chord Ωpq with end points p and g by Σf y = 1 β Λ ^ , where / Ί , ^

(resp. q\,q2) are points on the doubled string corresponding to p (resp. q) if /? and

q are on the component /, Y^=ι ΩPι q or

neither p nor q is on /.
The modified integral for trivial q-tangles is not necessarily trivial as in (0.5).

However, this integral satisfies the properties of the associator in the theory of quasi-
Hopf algebras in [8, 9]. Moreover, the above A corresponds to the coproduct. With
our φ in (0.5) and A, we can impose a structure like a quasitriangular quasi-Hopf
algebra on the modules of chord diagrams, as explained in Sect. 6.

In Sect. 1, we define Kontsevich's integral for tangles. In Sects. 2 and 3, we
introduce pre-q-tangles and modified integrals for them. In Sect. 4, we show that
the category of q-tangles is a quotient of the category of pre-q-tangles and the
modified integral is factored by this quotient. We prove Theorem 0.4 from this fact.
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In Sect. 5, Kontsevich's integral is generalized for framed tangles. In Sect. 6, we
introduce the quasi-Hopf algebra structure to our modified integrals.

After finishing our preparation of this paper, we got papers [6] and [3], which
treat a similar subject from other points of view.

1. Kontsevich's Integral for Tangles

Let X be a compact 1-dimensional oriented piece-wise smooth manifold with or
without boundary. The components of X are circles or segment lines. A chord dia-
gram with support X is a set of dashed chords with end points lying in the interior
of X, regarded up to a diffeomorphism which preserves each component and the
orientation of X. Connected components of X are called strings, Wilson lines or
Wilson loops. Let s/(X) be the space spanned by chord diagrams with support in X
subject to the 4-term relations. Let s#o(X) be the space spanned by chord diagrams
with support in X subject to the 4-term relation and framing independence relation.
The framing independence relation means that every chord diagram containing a part
like Fig. 1 (b) is equal to zero. If / : X —> X' is a homeomorphism then there is an
associate isomoφhism between s#{X) and s/(Xf). If X is a circle then we denote
s/(X) by J / . Let <3)\ and ^2 be two chord diagrams in J / , each with a noted string.
Remove an arc on each noted string which does not contain any vertex and then
using two lines to combine the two strings into one single string. We get a chord di-
agram called the product (or connected sum) of <2)\ and £^2 along the noted strings.
It is proved in [5] that this operation does not depend on the location of the arcs re-
moved, si has an algebra structure with this product. We denote by s#o the factored
algebra of si by the framing independence relation. Using a connected sum and an
evident isomoφhism we can define an action of si on s/(X) if the string to be acted
on is indicated. The action is the connected sum with the indicated string. As in
[5], it is easily proved that this action is well-defined. Similarly S/Q acts on sio(X).

Let ZΓ^^ be a set of tangles as in the Introduction. Let \r\ and |»s| denote the
numbers of elements in r and s respectively. For T G ̂ r>s\ let si(T) denote the
chord diagram algebra on T9 i.e. the space spanned by chord diagrams with support
in the 1-dimensional manifold corresponding to T subject to the 4-term relation
Fig. 1 (a), and let J^Q(T) denote the quotient of si(T) by the framing independence
relation Fig. 1 (b).

We generalize Kontsevich's iterated integral for knots to tangles. For a tangle
T, we define an integral Z(T) G S/Q(T) as follows.

Definition 1.1. Let Z(T) be the element ofA{

0

k\T) defined by

In this equation, P runs over all horizontal chord diagrams on Γ, where a horizontal
chord diagram on T means a chord diagram on T with chords parallel to {0}x C
and two horizontal chord diagrams 2\ and ^2 are regarded to be equivalent if ^ 2

can be obtained by moving the chords of 3)\ along with T by keeping their order
with respect to the level. The parameters tι,...,tn represent levels of the chords of P
and the integral is taken over all possible ranges t\,...,tn to represent all horizontal
chord diagrams equivalent to P. The complex numbers zj(tj) and Zy(ί7 ) represent
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T T

Fig. 7. T and T are identical except within a ball, in which they are as above

the horizontal coordinates of the end points of the / h chord. Note that the form
does not depend on the choice of z7 and zj. #P^ is the number of points zj and
z'j at which L is oriented upwards, Tp is the image of the chord diagram in stf(T)
naturally associated with T and P.

Proposition 1.2. ([5,16]) a) Z(T) remains unchanged under isotopy which preserves
every point of the bottom and the top planes and does not change the number of
the maximal and minimal points of each string.

b) If T1 differ from T only in a neighborhood of a ball in which T and Tf

look as Fig. 7, then
f (1.3)

where y is the Kontsevich integral of the tangle U in Fig. 5, y belongs to S/Q and
the right side of this equality should be understood as the action of y on the string
containing the part in Fig. 7.

Let T be a tangle with k numbered components. For j = 1,..., k let m1be the

number of the maximal points of the yth string. Let

Z(Γ) = (y-Wl ®-.®γ-m*) Z(T), (1.4)

here in the right-hand side, y~mJ acts on the / h string.

Theorem 1.5 Z{T) is an isotopy invariant of oriented tangles.

Proof Using Proposition 1.2, one easily checks that Z(T) is invariant under all the

moves listed in Theorem 3.2 of [24]. Hence Z(T) is an ambient isotopy invariant.

D

2. Modified Integral for a Tangle

Let T e ZΓ^^ and let εi,ε 2 ?... be positive real numbers. Let Sn denote the permu-

tation group of n letters and let σ (resp. τ) be an element of S|r|_i (resp. 5)5 |_i).

Let Γσ?T)ε be a tangle isotopic to T such that the distance of the / h point and the

(j + l ) t h point at the top is equal to εσ-\(j) and the distance of the zth point and the

(J + l ) t h point at the bottom is equal to cτ-\(j) as in Fig. 8. We use notation lim

for lim lim lim .... The limit of the integral \imε^oZ(Tστ ε) is not convergent.
£ > 0 ε + 0 ε 0 ' '
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Fig. 8. Tw

However, with some modification, we can get a part of this limit. For a positive
real number ε, let / be a formal power series exp(Xlogε). Let

εσ,r and Ω(σ,r,k) = Σ
k=\

rprqΩpq

2πi
(2.1)

where i\ and / 2 satisfy the following: σ~ι(p) > k for all Λ ^ /? < k and

σ - i ( / j - 1) < kiϊίx > l9σ~ι(q) > k for all fc + 1 ^ q < / 2 and σ " 1 ^ + 1) <
i if 2̂ < kl All the terms ε / t

Ω ( σ / '^ ) in (2.1) are mutually commutative and so εσ,r

is well-defined. We consider a limit of Z(Γσ?τ,ε) modified by εσ,r and ετ,s.

Theorem 2.2. \imεσ~
ιZ(Tσ^ε)eτ,s is finite.

ε—>0 '

Proof of this theorem is given later.

Definition 2.3. For T e ^{ns) and σ e ^\r\-u τ € ^\s\-u we call the triple
(T9σ9τ) a pre-q-tangle. A category C of pre-q-tangles is a category with objects
(r,σ) with σ e 5|r|_i and morphίsms (Γ,σ,τ) from (r,σ) to (s9τ). A product of
two morphίsms (Tuσuσ2) and (T2,σ2,σ3) with Tλ £ *Γ^r2) and T2 e ^ r ^ is
(Γi72,σi,σ3), where TλT2 G 9"^r^ is the product defined by joining two tangles
as usual.

Like (1.4), let

0 (2.4)

From the definition of Z of pre-q-tangles, we get the following immediately from
Theorem 1.5.

Theorem 2.5. For a pre-q-tangle (Γ,σ,τ), Z(T,σ,τ) is an isotopy invariant of
(Γ,σ,τ), i.e. Z(T9σ9τ) only depend on σ9τ and the isotopy type of T. Moreover, Z
gives a representation of the category of isotopy types of pre-q-tangles, in other
words, Z is compatible with the product of pre-q-tangles.

We call Z(Γ,σ,τ) a modified integral invariant of the pre-q-tangle (Γ,σ,τ).
To prove Theorem 2.2, we first show an analogy of Proposition 0.3, which

says that every pre-q-tangle (Γ, σ9 τ) is a product of some simple pre-q-tangles. We
give the integral of each simple pre-q-tangle exactly. We can compute the modified
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integral invariant Z(T) from Z of these simple pre-q-tangles as in Theorem 0.4. We
show that the category of q-tangles is a quotient category of pre-q-tangles in Sect.
4. We generalize Z to a invariant of framed tangles Zj in Sect. 5. From those, we
get our main result Theorem 0.4.

Proposition 2.6. Every pre-q-tangle is a product of tangles of the following
types. The first type is a positive crossing (Rk, σ, σ) with σ(n — \) = k. The
second type is a negative crossing (Rk~

ι,σ,σ) with σ(n — I) = k. The next
type is (Ek,σ,τ), where τ(n — 1) = k,σ(i) — τ(i) if τ(i) < k and σ(i) = τ(i) — 2
if τ(i) > k -f 1, and its dual type (El,σ,τ),τ(n — 1) = k,τ(i) = σ(i) if σ(ί) < k
and τ(i) — σ(i) — 2 if σ(i) > k + 1. The last type is (/, σ, τ) with σ = (ii +
l)τ. In the above, Rk,R^~l,Ek,E^ are tangles as in Fig. 2, and I is a trivial
tangle.

In the following, we prove Proposition 2.6 and Theorem 2.2. Kontsevich's in-
tegral for a tangle T depends on the isotopy type and the positions of the end
points of it. Therefore, the limit of the integral depends on the isotopy type of
T and the elements σ,τ. We can decompose T into a product of several simple
tangles Rk,R^x\Ek and E% given in Fig. 2, which we call generator tangles. It
is enough to show Theorem 2.2 for these generator tangles for all the possible σ
and τ.

Let T — Rk 6 ^ r ^ and α be a permutation such that oc~ι(k) = \r\ — 1. Then
we have

J' T T T (Ί 1\
σ,τ,ε —^σ,α,ε^ α,α,ε^α,τ,ε \-^ ' )

Lemma 2.8 In the above situation, limε_>o£αZ(Γα?α5ε)εα~1 = Pkk+\^k-rk+]Ωkk+^2,
where Pkk+\ denote the permutation diagram corresponding to (kk + 1) and Ωkk+\
denote the chord connecting the two strings.

Proof We first compute

The strings of T are parallel except the two strings forming the crossing. Hence,
the integral for a configuration with a chord connecting these parallel strings is
equal to 0. The limit of the integral for a configuration with a chord connecting
one of the parallel strings to one of the strings forming the crossing is equal to
zero, because this integral has order O{e,\r\_ι(\og£.y) for some «f. The remaining
case is a integral for configurations with chords connecting the two strings forming
the crossing. We can assume that the levels of the bottom and top of T are t = 0
and t = 1 respectively. Let us parametrize the two strings forming the crossing
by c-{-ε\r\-\eι * and c — ε\r\-\eιt, where c is a real constant. The iterated integral
for the configuration with / chords connecting the two strings is 1/(2^/!). Hence
we get

j ε W+l%*+l/(2π0 = pkk+ιerkrk+ιΩkk+ι/2 >

(2.10)
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-term relation, zΩ^r^ coi

if { < |r | - 1. Therefore,

Due to the 4-term relation, ε /

Ω ( α ' r ' / ) commute with ΩkM and zΩ{%rJ)Pkk+\ =

= lim ... lim Pkk+\eΩkk+]/2 = Pkk+ιeΩkk+]/2 . D
εi^O e|r|_2—0

Similarly, for T = Rj~ι, we have

Lemma 2.11. With the notations in Lemma 2.8, we have limg-^a

Let T = El e ^~{r>s) and α be a permutation such that α(|r| - 1) = k and α(|r| -
2) = k + 1 if k ^ |r| - 2 or k - 1 if k ^ |r| - 1 and \r\ ^ 3. Let jί be a per-
mutation of degree |r| - 3 such that β~\θ = α " 1 ^ ) if t S < k and β~\θ =
VL-χ{β + 2) if / ^ k. Then we have

^τ,τ,ε — Iσ,a,εTa,β,εIβ,τ,ε (2.12)

Lemma 2.13. In the above situation, limε_>oε

α r~
l^(^oί,β,ε)^β,s — E% G J / ( Γ ) .

We first compute lime ^0β| r |_1

r^+ l β* f c + l / ( 2 π°^(7Tα,i?, e). In this case,
+ = — 1 for any given orientations of the strings. We split T to a product of T\

and Γ2, where Γi is the tangle isotopic to T and has distances ε^-i^) between the / t h

and (/ + l) t h points at the bottom if /=#& — 1 and £β-i(/) + ε |r |-2 + ε | r | - i between
the (k — 1 ) t h and kxh points. The strings of T\ are parallel except the string with both
end points at the top. Hence, the integral for a configuration with a chord connecting
these parallel strings is equal to 0. The limit of the integral for a configuration with
a chord connecting one of the parallel strings to the string connecting two points
at the top is equal to zero, because this integral has order 0(ε | r |_i). The remaining
case is a integral for configurations with chords connecting the string connecting
two points at the top. However, this configuration is mapped to 0 due to the framing
independence relation. Hence the only non-trivial integral is the integral for the con-
figuration without any chords, and we get limε, , ι^0Z(T\) = E%. More precisely,

Z{Tχ) = El + <9(εM_i). From this fact, we get limβ ^ o £ H _ ^ * + l / ( 2 π O Z ( Γ 1 ) = E\
\r\-\ ' '

since E£Ωkk+\ — 0 and the coefficient of ε, ,_λ

 k:k+ for configurations with p

cords have order (9(( logε | r | _ i ) p ) . We also have

lim lim F -Q(*,r,\r\~2)F

 Ωk k+\IV™)

Vl-2 εM-i
i —Ω(ct,r, \r\— 2)/ 7-,* , s\,

= l i m V ( £ + O(ek

S|, |-2
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The last equality comes from the relation Ω^E^ = Ωk+uE*, since both configura-
tions are the same cord diagrams. Now we have

ε

i i m

0

 11ΠV,o

εl '~ε\r\-3 ^k£\r\-3 ' '' 8\ ~ &k •>

Ω(α,r, 1^1-3)^* Ω(β,s,|r|-3) r̂ * •-,

since ε | r | _ 3 Ek%\^ = E l D

Let T £ ^f (r'5) be one of the generator tangles with a maximal point. Assume
that the kth and (k -+- 1 ) t h points at the bottom of T are connected by the string
having the maximal point. Let α be a permutation such that a{\s\ — 1) = k and
α θ | - 2) = k + 1 if k ^ \s\ - 2 or k - 1 if k ^ \r\ - 1 and |r| ^ 3. Let β be a
permutation of degree \s\ - 3 such that β~ι(O =,ot~ι(ϊ?) if ( ^ < k and jS" 1 ^) =
or V + 2) if ^ ifc. Then we have

^σ,τ,e = 4,jβ,ε ^,α,ε4,τ,ε (2.14)

As in the previous case, we get the following lemma.

Lemma 2.15. In the above situation, l im ε _ > 0 ^ r ~
1 Z(Γ α j ^ ε )ε α ^ — Eι e s${T).

Now we discuss about the convergence of the modified integral for the trivial
tangle /σ,r,ε. Note that the integral Z(Iσ^ε) may not be trivial. Since the symmetric
group is generated by transpositions (k k -f 1), we have

Lemma 2.16. Iσ,τ>ε is a product of tangles of the form Iη(k k+\),η,e, where η £ ^ i - i
and 1 S k ^ | r | - 1.

Proof of Theorem 0.3. First, note that usual tangle is expressed as a product of
several tangles of forms as in Fig. 2. Hence (2.12), (2.14) and Lemma 2.16 imply
Proposition 0.3. D

Lemma 2.17. For a trivial tangle I e 3Γ^r\ η e S\r\-\ and 1 g k ^ \r\ - 1,

l i m ^ o ^ j t + i ) " 1 Z(Iη(kk+ϊ)tηt€)εη is finite.

A proof for Lemma 2.17 is given in the next section.

Proof of Theorem 2.2. We showed that the modified integral of a tangle is a product
of the modified integrals of the simple tangles of several types. We also proved the
finiteness of the modified integral for these tangles. Hence we get the finiteness of
the modified integral of any tangle. D

3. Modified Integral of Trivial Tangles

The aim of this section is to prove Lemma 2.17, and give the actual form of

limε-+oεη(kk+i),r~~'[ Z(Iη(kk+i)yη,ε)εη,r' We prepare several lemmas.

Lemma 3.1. Let r = (1, 1, 1) and I(a,b;ε,a + b - ε) e J r ( r ' r ) be a trivial tangle
such that the distances of points at the top are a and b, and those at the bottom
are ε and a + b-ε as in Fig. 9. Then \im£^0Z(I(ε))εΩ]2/(2πι) is finite, where Ωu

denote the cord connecting the first {left-most) and the second {middle) strings.

Proof We place I{a,b',ε,a + b — ε) so that the level of the bottom is equal to
ε and that of the top is equal to a. Let t e R be the parameter for the vertical
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ε a + b - ε

Fig. 9. Tangle I(ε)

(i)

Fig. 10. Configuration Ω = Ω{k)... Ω{1)Ω{X)

coordinate and j G C b e the parameter for the horizontal coordinate. The first string
is presented by y — 0, the second string is presented by y = t and the third string is
presented by y — a + b. Let Ωjj denote the chord connecting the zth and / h strings.
The distance of the first and the third strings are constant and so the integral is
equal to 0.

We show the finiteness of the integral for any configurations with Ωu and Ω^
Let Ω be a configuration of Ω\2 and £223 as in Fig. 10. We denote this configuration
by Ω = Ω ^ . .Ω^ΩW, where Ω(1> = Ω23 and Ω<*> - Ωl2 or Ω23 for i ^ 2. Let
ft(x) = l/χ if Ω<'"> = Ω12 and l/(x - a - b) if Ω<''> = Ω23. Let C[[ί]][log t] be the
set of polynomials in log t whose coefficients are series in t.

We compute the integral for the configuration ΩΩl2

p. Let JraLf*(s*)ds* —

IaC' Γa £2fk(sk)fk-ι(sk-ι) ./1O1 )dsιf2(s2)ds1...dsk-2dsk-Xdskand / ^

^ in Z(/(ε)) isdsk-\dsk. Then the coefficient of

Σ
k=0

On the other hand,

1 (r) (A:)

7 I I

= Σ -(log e)*O12* .
t f 0 ( 2 π ί ) * * ! '

Hence the coefficient of ΩΩn

p in Z(/(ε))eΩi2Λ2πi) is given by

Σ / / f i/

(3.2)

(3.3)

(3.4)
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We have / ^ ^ = I(logί, - logε)*, and ΣM=P ^(logε/Oogί, - log ef

= Σt+J+<=P Tj^y dogε/(log tln-iy(log εy = Σ1+q=P ^ d o g ε - log εψ

(log h)' = i-(log tλγ. Therefore,
P'-

( 1 4 ) = a ά ^ ' v<Mt*Hlog hYduΩΩn" • (3 5)

The limit ε —> 0 of the above integral is finite because /i(x) = l/(x - a — b) and
α + 6 > 0. D

We get a similar lemma for the vertically and horizontally flipped tangles of
/(ε), and combining these results, we get the following.

Lemma 3.6. For the tangle I (a - ε, ε; ε, a - ε), limε_^oε~Ω 2 3 / ( 2 π° Z{I(a - ε, ε; ε,

a_ε^εΩ]2/(2πi) is finίte

We can compute the integral for every configuration. Let J — {p\, q\, ..., pg, qg)
for positive integers puq\...9 pg, qg, p(J) = Σ L i ^ ' ^ ( J ) = Σ L i <lk, \J\ = p(J)

= g,Ωj = Ωn

qίl Ω2/« ... Ωu

g] Ω23

P], and

where

η T 2

ζ(s\9 ...,Sk) is called Zagier's multiple zeta values. Let c j ^ / be the numbers
given by

^,o,o , ( 3 7 b )
j '

where J' — (p[, q[, ..., p',, q1,) and Ωj/ runs over all substitution of / copies of
Ωn to ί2j except to the right of it, and mjj/ is the number of ways to get J1 from
J as above,

cjχ£ = (~1)*Σ"U/' c//,<u' ' ( 3 7 c )
J>

where Ωjt Ω\2 runs over all substitution of k copies of Ω23 to Ωj Ω\ι except
to the left of it, and rrijji is the number of ways to get J' from J as above. For
example, £(i,i),o,i = -2c (i?2),o,o = - £ ( 3 ) , and qi, iχi, i = -2c(2,i),o,i = 2c(i>i,i,i)ιo,o

Proposition 3.8. For /(I — ε,ε;ε, 1 — ε) ,

Ω 2 3 Ω, 2 00 [m/2]

lime-S5-Z(/(l-e,ε;e,l-ε))e-sr=Σ;Σ Σ
ε~*° m=0g=0 k,/^0

V )

(3.9)
where we put cjto,o — 1 /<?r empty sequence J.
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We denote the right-hand side of (3.9) by φ(Ωu, ί223). Reformulating (3.9) by
using (3.7), we get

oo [m/2]

<KΩl2, fe)=ΣΣ Σ o,o,o Σ (-i)μ >χ
m=0g=0 g{J)=g τ'_, _/

j ' ^J (component wise)

Proof of Theorem 3.8. Let Ωj = Ω^l) .. .Ω^Ω* 1*, where Ω<*> = Ω12 or Ω23, and
let fi{x) = l/x if ΩW = Ω12 and l/(x - 1) if Ω ( ί ) = Ω23. First we prove for the
case k = £ — 0. The coefficient for the configuration Ωj in the integral limε_»0

ε-Ω23/(2πθ 2 ( / ( i _ ε ? ε ; ε ? i _ ε))εΩi2/(2πi) i s e q u a l t o t h a t i n l im^_> 0 Z(/( 1 - ε, ε; ε,

1 — ε)), and it is equal to the iterated integral

(M)
/ Λ ( 5 * ) ώ » . (3.11)

[0,1]

Note that / ^ J C ) = l/(x - 1) and

* _ tmk dt _ xmk
o m{<- -<mkeN m\ '"mk t m\<- <mk<ζN m,χX .. .rnζk

f V ^ dt

0 m λ < < m A . € N M\ - m k Γ ~ A m j <••• < m k < m k + ] € N ̂ i

By using these relations inductively to compute (3.11), we get the right-hand side
of (3.7a).

We reduce the other cases to the k = ί — 0 case. Since

Ω12/(2τπ) = y - v Γ ^±

tJ

£~Ωn/(2πi) = g 1 Γ ds* 9 (3ίi2)

the coefficient of Ω w of the integral ε-
Ω^/{2πι) Z ( / ( l - ε , ε ; ε , l - ε))εΩi2/(2π0 i s

given by

1 * ^ (A:~w) dx ( / ~ m ) rfv* ( | J | )

I f*(s*)ds*x7 I

[l-e,ε] u* ι [\,ε] Γ*

The iterated integral satisfies the following:

(k) (ί) (/) (k)

I J f*M<*s*g*(t*)dt*= J I g*(U)dt*f*(s*)ds*. (3.14)
[a,b][",h] [a,b][s\,b]



Representation of Tangles by Kontsevich's Iterated Integral 549

This implies

(3 i 3 ) =
/ d

Σ / / Σ / ψl
du* ^k r.n) dx*

r r au* r av*

Hence the limit of (3.13) is

v A; r r a u * r a v *

J J ^ f J —

First split the integral intervals of Mi, ..., w* by s\, ..., s\j\, and then split the
integral intervals of v\, ..., vj> by s\, ..., ί μj, u\, ..., uk. Then the above integral is
a sum of iterated integrals and each integral is expressed by c/,o,o for some J. Con-
sidering which J corresponds to a part of the integral, we get the proposition. D

Now we introduce an operator A which duplicates a string of a tangle. Let
T G ̂ Γ^'5) be a tangle without maximal nor minimal points. Let w be a string of
Γ connecting the kth point at the top and the / h point at the bottom. Let Tf be the
tangle obtained by adding an extra string w' to T which is close and parallel to
w. The orientation of wf is equal to that of w. We denote this operator by Δk.
Then Ak(Tσ^£) = T ^ , where σ'OO = σ(*) if σ(O ^ *, ̂ ( k l ) = *, σ'(^) =
σ ( O + l if otherwise,'and τ' (/) = τ(/) if σ ( O ^ y, τ7 ( |r |) = 7 , τ ; (^) = τ<Y) + 1
if otherwise. We can compute the modified integral oi Ak{Ίaτε) from the modified
integral of Tσ>τ,ε as follows.

Proposition 3.15. We have

l

 V=ΩWV+Ωw,v (3.16)

/or ẑ ̂ rj string v of T other than w.

Proof Let cc£ = Ak(T'σ,τ,ε) and α0 = Z(Γ σ , τ > r ) | β l ι , c = β l Γ l ; + Ω w / ι . Then we have |α(ε ) r |)

- α(0)| < O(εr|r|). Since the coefficient of ε\r\
Ω™ll{2m) for the configuration with {

cords has order (logει rι/, we have

Ω ,/(2πz) -Ωmv,/(2πi) y Ω ,/(2πi) -Ω ,/(2π/) . - -«x

ε ;™o ε M α ε ε H = , , l ™ o ε H α ° ε H = α o . ( 3 . Π )

For the last equality, we use the 4-term relation [Ωww/, Ωwv 4- ̂ w't;] ~ 0. The for-
mula (3.16) comes from (3.17). D

Lemma 3.18. For I (a — ε,ε;ε,a — ε),

Ωu+Ω]3 ί

lim β 2^ li
\ε—>0

= lim ε~^r Z(/(l - ε, ε; ε, 1 - ε ) ) ε ^ . (3.19)
ε0
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T l

(a,ε) /

ε 1

Fig. 11. Product of tangles I(ε,a), T, and T

Proof. Consider a product T\l(a — ε,ε;ε,a — ε)T2 of three tangles in Fig. 11. Let

J/Q (X) denote the subspace of J&O(X) spanned by cord diagrams with k cords

and pk : £#o(X) —> ^\X) be the natural projection. Form (3.12) and proof of
Proposition 3.15, we have

Hence

Pk(a

Pk<

Ω ) 7+Ωι

O{ε(\θgε)k) ,

= lim

= lim

a 2ύ J

/

122π? Π ε" ] / r a c Ω 2 3 2 π i Z(/(α - ε, ε; ε, α - ε ) ) ε ^ ί

ε ^ Z(Γi)Z(/(α - ε, ε; ε, α -
θ(ε(logε/)

= lim
ε->0

- ε, ε; ε, 1 -

since the tangle T\ I (a — ε, ε; ε, a — ε) T2 is isotopic to /(I — ε, ε; ε, 1 — ε) with
the same endpoints. The last form does not depend on a and so we get (3.19). D

Let
oo [m/2]

0(Ωl2,O23)= Σ Σ Σ

Then, by (3.9),

φ(Ωi2, Ω23) - lim ε- Ω 2 3 / ( 2 π / ) Z(/(l - ε, ε; ε, 1 - ε))ε Ω l 2 / ( 2 π °
ε—>0

(3.21)

Theorem 3.22. Lei / &e the trivial tangle in ZΓ^^ for some r and let η be
a permutation of \r\ — 1 letters. Then the limit

- 1
η,r = / G (3.23a)

if there is j < k between η(k) and η(k + 1),
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r Z(Iη(k k+\),η,ε) £η,r
ε->0

Φ Σ rprqΩpq, Σ rprqΩpq , if η(k) < η(k + 1) ,

Φ Σ rprqΩpq, Σ rprqΩpq I, if η(k) > η(k + 1),
\ ' )

(3.23b)

where £ is the maximal number such that η~ι(q) ^ £' + 1 for all q such that
ιmax(η(k), η(k + 1)) + 1 ^ q ^ /, α̂ ύ? ί' is the minimal number such that η~ι {p)

^ k for all r S P ύ min(η(k), η(k + 1)).

Proof We prove the above for r = ( l 5 l , . . . , l ) . Results for other cases come

from this case by changing the signatures corresponding to the factor (— l)pΐ in

Definition 1.1. Assume that βk is very small for k > i + 1. Then the strings of

Iη(k k+\),η,ε a r e split m t ° k + 2 groups, in which strings are parallel and very close.

Let GuG2,...,Gk+2 be those groups from left to right. Let r' be a sequence of

k + \ ones and /' be the trivial tangle in 3Γ^r ' r \ Then, there is ηr G Sk+\ such that

K'(kk+\) ' ε *s t n e m 0 ( ϋf i e ^ tangle obtained by replacing each group G/ by a single

string. Let Ω w = Σ ^ G G teG ^st w n e r e ^ denote the cord connecting the strings

s and t. Proposition 3.18 implies that we can get lime_,o^(^ k+i) r~l Z(Iη(k k+\),η,ε)

εη,r from \imε^oεη/(k M)y~l Z(Γη,{k k+ι)tηttε)εη>y by changing each string to

strings in the corresponding group and each cord Ωβ connecting the / h and £th

strings of Γ to a sum of cords Ω̂ /O

From now on, we investigate \imε^0£η>(k k+\\r'~X z(^(k k+\),η',ε)εn'y L e t J
be an integer with 0 < j < η{k) or η(k + 2) < j ^ k + 2. Then the coefficient of
a configuration containing Ω/^), Ωjη^)+\,..., orΩJη(k+\)+\ is 0 in the limit of the

modified integral since such a coefficient in ε ,,kk+ι, rΓ
l Z(Iη/rk k+\)ηf ε^εnfy *s ^

or bounded by <9(ε̂  (log ε^ / ) for some ί.
Now consider the case η(k) + 1 < η(k + 1). Let η(k) + 1 < j ^ η(k + 1) + 1.

Then the coefficient of a configuration containing Ω^A ) or Ω / ^ + i is 0 in the
limit of the modified integral as before. Let η(k) + 1 < / ^ /y(A: + 1) + 1. Then
the coefficient of a configuration containing Ωjη^) or Ωjn^)+\ is also 0 in the limit
of the modified integral as before. Hence, the limit has a nontrivial coefficient for
configurations consisting of Ωη^)η(k)+ι and Ωη(k+\)η(k+\)+i We can compute the
coefficient of Ωη{k)η{k)+ιP^η(k+\)n(k+\)+\q in Z(lη'(kk+i),η',εX and it is {2πι)P

ι

+qplql

(log εk - log εk+\)p(\o% εk+\ - log εk)
q Therefore, the coefficient of Ωη{k)η{k)+\

Ωη(M)η(k+i)+\q in the modified integral εη'(kk+i)y~lZ(Γ,(k k+ι)η,ε)εηry is

p

(log εΛ - log ε£+i)r2(k)g ε^+i - log ε^/2(log ε^+ 1/
3(log εk)

S3

= f l if/? = r̂ = O
I 0 if otherwise.
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This implies that limε_^0 εη'ikk+i)y-1 Z(Γ,{k k+ι)η,ε)εη,y = Γ G s/(Γ), and so

Km εη{kk+ιlr~
ι Z(Iη{kk+l)^£)εη,r = I £ s/(I) . (3.24)

If η(k + 1)4-1 < η(k), we get the same result.
If η(k) + 1 = η(k + 1) or η(k + 1) + 1 = η(k\ we get

l im ε ^ / ^ + l ) , * - ' Z(ϊη'{k k+\\η',ε) Er\'S — Φ(Ωη'(k+\)η'(k+\)+\> Ωη\k)ηf(k)+l) (3 .25)

from (3.16) and (3.21). Hence, by substituting Ωβ = Ω^ι\ we get (3.23b). D
This theorem implies the lemma at the end of the last section.

Remark. 3.26. Lemma 2.8, Lemma 2.11 and (3.23) give modified integrals for sim-
ple tangles in Proposition 2.6.

4. Modified Integral for q-Tangles

In Sect. 2 and Sect. 3, we investigate the modified integral for pre-q-tangles. Here,
we show that the category of q-tangles is a quotient of the category of pre-q-
tangles. We also show that the results for pre-q-tangles in the last two sections can
be translated for q-tangles.

First, we give a mapping / from pre-q-tangles to q-tangles. Let r and s be
sequences of ± 1 , 7 G ̂ ( r ' 5 ) and σ e S\s{,τ e S\r\. We define

/((Γ, σ, τ)) = (Γ, / w ( σ ) , / w ( τ ) ) (q-tangle) , (4.1)

where fw(σ) and fw(x) are non-associative words with supports r and s defined
by the following. For the sequence r = (π , r2,..., r\r\), first put a bracket to group
rσ(\r\-\)rσ{\r\-\)+\ At the kth step, put a bracket to a subsequence (W1W2), where
w\ is the group containing rσ^_k^ as the right-most element and w2 is the group
next to wi. Repeating this procedure to (|r| — l) t h step, we get a non-associative
word and we denote it by fw(σ). We similarly define / w ( τ ) . Since the families
of morphisms of the categories of pre-q-tangles and q-tangles are identical, the
definition of the mapping / immediately implies the following.

Proposition 4.2. The mapping f induces a surjectίυe functor from the category of
pre-q-tangles to the category of q-tangles.

In the rest of this section, we show the following.

Proposition 4.3. The mapping f induces a representation of q-tangles from the
modified integral for pre-q-tangles in the last two sections.

Proof We show that the modified integrals of pre-q-tangles (Γ, σ\,τ\) and
(Γ, σ2, τ 2) are equal if fw(σ{) = / w ( σ 2 ) and fw(τx) = / w ( τ 2 ) . Since (Γ, σ2, τ 2) =
(/, σ2, o\){T, σ\, τi)(/, τ\, τ 2), it is enough to show that the modified integral for
(/, σ, τ) is equal to / if / w ( σ ) = / w ( τ ) . Then the following lemma and (3.24)
implies the proposition. D

Lemma 4.4. Let σ and τ be two permutations ofn—l letters. Then fw(σ) = / w ( τ )
// and only if there are sequences of permutations σ — ηo,..., ηι — τ and integers
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k\,...,ks satisfying (*)ηι+\ — ηi(kιy kx• + 1) and there is some j) < kt between ηXkj)
and ηi(ki + 1).

This lemma comes from a combinatorial argument. We omit the proof.

Proof of Theorem 0.4. By Remark 3.27, Z/ in Theorem 0.4 for simple tangles
in Proposition 0.3 coincide with the representations in Proposition 4.3 for those
tangles. D

5. Invariant for Framed Tangles

In this section, we construct an invariant of oriented tangles with blackboard fram-
ing (see for example [13]). Let T be a tangle. In this section we use chord diagrams
j / ( Γ ) instead of j#o(T). It means that we do not impose the framing independence
relation given in Fig. 1 (b). We construct an invariant of framed q-tangles with
values in s/(T). Kontsevich's integral for a tangle becomes infinity at neighbor-
hoods of maximal and minimal points if we don't have the framing independence
relation. We normalize the integral at maximal and minimal points so that it is
finite.

Let T be a tangle with only one minimal or maxima point p. For small positive
ε e R, let Tε be the tangle obtained from T by cutting a part near p by a horizontal
plane. Here e is the distance between two intersection points of the distinguished
string containing p with the cutting horizontal plane. Then T — T£ x (T — Tε) and
Tε is a trivial tangle. We can define Z(Tε) e srf(Tε). Let ωd stand for a chord dia-
gram in s${T — T£) which consists of d parallel dashed lines near p and connecting
points of the distinguished string as in Fig. 12. We regard ωd as the formal dth

power of ω.

Proposition 5.1. Let T be a tangle with just one extremal point p. If p is a
minimal point, there exist

ZAT) = Urn Z(Tε) ε-ω/{2πi) e sί(T) .

If p is a minimal point, there exist

Zf(T) = \imεω/(2πι)Z(T£) e */(T) .

Proof We use a similar argument in the proof of Lemma 3.1. We prove for the
minimal point case. We may assume that the bottom plane of T contains the mini-
mal point p. Let T be a tangle obtained from T by a horizontal move, keeping
each point of the top and the bottom planes invariant. Due to the 4-term relation,
Zf(T') = Zf(T) if Zf(T) is finite. Hence it is enough to show the finiteness for
the tangle T in Fig. 13.

We compute the coefficient of the integral Z(Γ ε )ε~ ω / ( 2 π / ) for the configura-
tion Ω^K..Ω^Ω^ωp. Recall that we assumed every tangle is contained in
R x R C R x C except neighborhoods of crossing points. Hence, Tε C R x R. As in
the proof of Lemma 3.1, this notation stands for a configuration with ^ \ ^

from top to bottom in turns and the lowermost part is ωp. Let wk and wk
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Fig. 12. Cord diagram ωd

t =

t = 0

Λ

z =

/

= 0

Fig. 13.

be the two string of T containing the end points of Ω{k\ If w\ and w[ are
parallel for some k, then the coefficient is equal to 0. So we assume that they
are not parallel for all k, in other words, one of w[ι) and wf^ is the non-vertical
string. Let 1/|/*(OI denote the distance of the end points of Ω{k) at level t, i.e.
fk(t) = ±\/(t - ak) for some ak G R. We choose the signature of f(t) as follows.
fk(t) > 0 if the distance is increasing with respect to t and the orientations of
w\,w2 are coherent, or the distance is decreasing and the orientation of w\,w2 are
not coherent; fχ(t) = ±l/(ί - a). By repeating similar computation to get (3.5), we
know that the coefficient is

(5.2)

The limit of the above integral is finite because fι(t) = ±l/(t-a\) with αi φO.
Similarly, we can prove the finiteness for the maximal point case. D
Due to the 4-term relation, we have

Lemma 5.3. Let T be a tangle and t\ < t2 < < tm G R such that T has a
maximal or minimal point at level t = ί, . Let Tf be a tangle obtained from T
by a horizontal move keeping each point of levels t — ti invariant. Then Zf(Tι) =
Zf(T), where Z/ is defined in Proposition 5.1.

Lemma 5.4. Let T be a tangle and t\ < t2 < < tm G R such that T has a
maximal or minimal point at level t = *,. Let T(ε) be a tangle equal to T except
a neighborhood of a maximal or minimal point at level ti of T where Γ(ε) is
given as in Fig. 14. This figure explains the case of maximal point. Assume that
the two strings used for moving the extremal point are parallel to each other, they
are not parallel to C and they are contained in a plane transversal to C. We also
assume that the level of the moved maximal {resp. minimal) point is less than ti+χ
(resp. more than ^ _ i ) . Here we use conventions t0 — —oo and tm+\ = oo. Then
Zf(T(ε)) = Zf(T).
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A

to+a

to
2

to-ε

to + a

to+a-ε

\ \

Fig. 14. Vertical move of a maximal point

\

«?

Proof. We prove for the maximal point case since proof for a minimal point
is similar. We split T to three parts Tu T2 and Γ3, and split T' to three parts

T[, T2

f and T'3. Let u\1}, u{

2\ u\] and u\} be parts of a Wilson loop of T and

let v[ι\ vf\ v{

2\ v(2\ v{

3

ι) and v(2) be parts of a Wilson loop as in Fig. 14.

A configuration for 7} is called type I if it has only chords with end points on

u^P and uf\ A configuration for Tι is called type II if it has a chord with one

\l) f\end point on u\ } or u\] and another end point on neither u] nor u] . A con-
figuration for Ti is called type III if it has only chords with neither end points
on u{P nor u{2). We also define types of configurations for T[ similarly. Let
Z(Ti) = A1, + A*1 + A?1, where A\ denote the integral for configurations of type
j . Similarly, Z(T[) = B\ + B? + 5 f .

We have Z(Γ) - 2(702(72)2(73) =Aψ{A[ + Aι

2

ι +Aψ) (A!

3 + A» +Aψ)

and Z(T') = Z(T[)Z^)Z(T^) = (5^ + 5 f +Bψ) (B1^ +Bψ) (B{ + B3 +Bψ).

Note that ^2 = ° BY u s m β l im ε _ 0 ^(logε/ = 0 for k > 0, we have Z(T) =

and 20^0 = lime_0 ^(7") = limε_0 (B[ + 5f + 5 f ) (
(B^ -{-B^1 -\-Bψ) = limε_o^{(^27 +Bψ) (B3 + B3 +Bψ) H e r e w e u s e t n e i n "
variance of 2/ under the horizontal move and use the condition for the level of new

^ f (3
we get Z(Γ) =

/
maximal point. We also have lime->0B[B% = 0, and Z(Γ') = lim
B$+Bψ). Noting that B[ =A{9Bψ=Aψ and B[Bψ=BψB[,
Z(Γ ;). D

An isotopy of R3 = R x C is called horizontal if it preserves the first (R)
component of each point. By using previous two lemmas, we get the following.

Lemma 5.5. Let Tr be a tangle obtained from T by a horizontal isotopy. Then

By using this lemma, we can remove the condition for the new maximal or
minimal point in the lemma for a vertical move.

Lemma 5.6. Let T(ε) be a tangle equal to T except a neighborhood of a maximal
or minimal point where T{ε) is given as in Fig. 14. This figure explains the case
of maximal point. Assume that the two strings v[ and v\ are parallel to each
other, they are not parallel to C and they are contained in a plane transversal to
C Then Zf(T{ε)) - Zf(T).

Due to the above two lemmas, Z/(Γ) is invariant for Reidemeister moves except
the stretching moves. As in the case of original Kontsevich's integral, we normalize
Zf(T) so that it is equal for tangles T T' in Fig.7. Let
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yf = Zf(U) , (5.7)

where U is the diagram in Fig. 5. Let T be a tangle with k numbered component
and

Zf(Ό = (yp ®... ® yp) zf(T), (5.8)

where rrij is the number of maximal points of the j t h component of T and so γ r J

acts on the / h component.

Theorem 5.9. Zf(T) is an invariant of regular isotopy.

Proof is similar to Z case.

Remark. 5.10. Zf(T) is not invariant by the twisting at the minimal and the maxi-
mal points. Let T be a tangle and let Tf be a tangle twisted by angle ± π at a max-
imal (resp. minimal) point of T. Then Zf(Γ) = e±Ω/2 Zf(T) (resp. e*Ω/2 Zf(T)).

Now we compute the values of Zf(T) for simple q-tangles in Proposition 0.3,
which are given in Theorem 0.4.

Proof of Theorem 0.4. If the tangle T is R^.R^1 or I, the argument for Lemmas

2.7, 2.10 and Theorem 3.22 is also good for Z and so we get the values of these
cases as in Theorem 0.4. For T = E%, we show that

β ) ε β , s = E l . (5.11)

We may assume that the tangle E\ is of the form as in Fig. 13 and the string
with the cusp connect the kth and k + 1th points at the top. It is enough to show
that limtι^0tι

ΩkM/(2πi)Zf(Tl)

ι,(x,β) = El. For a configuration containing a cord
other than Ω /̂c+i? the coefficient of the integral Zf(T*Q ,oc,β) of this configura-
tion is bounded by O(tι(\ogt\Y) for some t from the proof of Proposition 5.1.
Hence, for a configuration containing a chord other than Ωkk+u the coefficient
of tx

 Ω^^/{2πi)Zf(Tt^0ίJ) of this configuration is bounded by O(tχ ( log/ i/ ) for
some i'. Therefore, the limit of this coefficient is equal to 0. The remaining con-
figurations are Ωk k+x

 d for nonnegative integers d. The coefficient of Ωkk+ι

 d is

j^Σk+^d^Έfri^ghf^ > which is equal to 1 if d = 0 and 0 if otherwise. This
implies (5.11). The proof for the tangle Ek is similar. Eu contains a maximal point,
so we have to multiply the factor yj. D

For a q-tangle (Γ, σ, τ), we have another invariant ZQ(T) G £&(T) constructed
from Z(T,σ,τ) £ jtfo(T) as follows. Let φ be a mapping from stf(T) to J / ( Γ )
defined by

δ2) (5.12)

for a cord Ω, where δ\ (resp. 62) be a cord connecting two points in a small

neighborhood of one (resp. another) end point of Ω. φ is factored by £#o(T) and let

φo be the factored mapping from s/0(T) to «s/(Γ). Let Z0(Γ,σ,τ) = φo(Z(T,σ,τ)).

Then ZQ is also an ambient isotopy invariant of q-tangles, while Zf is regular isotopy

invariant of framed links. We have following relation between Zf and Zo.
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Theorem 5.13. For a q-tangle (Γ,σ, τ),

( (w|+£/l,)6>/2 (WA + ̂ / A / ) < 9 / 2 \

e / + 1 ®...<8>e '+ A Z 0 ( 7 > , τ ) , (5.14)
where k is the number of components of T, w} is the writhe of the knot of the
j t h component, Ipq is the linking number of the pih and qth component, Θ is the
chord diagram on a circle with one chord, and Θ' in the Taylor series of the
exponentials is the product of j copies of Θ in srf.

Proof Due to Proposition 0.3, it is enough to prove for q-tangles in Proposi-
tion 0.3. We have ψ(Zf(T)) = ψ(Z(T)) = ZQ(T) since φ(EεΩ) (resp. ψ(ε-ΩE*))

is equal to E (resp. E*). We compare Zf(T,σ,τ) and \jj(Zf(T,σ,τ)). We first
compare Zf(T,σ,τ) and ψ(Zf(T,σ,τ)), then show that y/ = γ. For T —Ek or E*k,

ψ(Zf(T,oί,β)) = Z(T,a,βl since Zf(T,a,β) = Ek or E\. For T = Rk or R~\ we
have Zf(T,a,a) = e±Ω/2 and so φ(Zf(R)) = eMΩ/2-δ]/4-ό2/4)^ W e s h o w

(kk+l),η) (5.15)

for a trivial tangle /. Recall that Zf(I,(l2),(21)) = φ(Ωl2,Ω23). We first show

φ(φ(Ωl2,Ω23)) = φ(Ωl2,Ω23) , (5.16)

where / is the trivial tangle with three strings. Let δ\,{i — 1,2,3) be k small cords
connecting 2k points of a small neighborhood of a point of the /th string without
crossings. Let ό^ — \(bk + δ{). Let Ψ\ be a mapping acting on J / ( / ) defined by

Ψ1(Ωk/k,...Ωk2k,2 Ωk^) = γ!c

r=λΩk/k,...Ψ{Ωkrk,)...Ωk]k[ and Ψ(ΩktK) = Ωktk,

— δn if kr — 1 and Ωk/k/ if otherwise. Let Ψ2 be a mapping acting on J / ( / ) de-

fined similarly to Ψ\, with Ψ2(Ωk/k/) = Ώ ^ / — ̂ 23 if ^ί = 3 and Ω ;̂.^ if other-

wise. Then ψo(φ(Ωl2,Ω23)) = exp(Ψχ + ^2)^(^12,^23). From (3.10), we have

00 [m/2]

φ(Ωn,Ω23)=Σ Σ Σ O.o.o«. (5.17)
m=0 ί/=0 yU)=<y

where

a- v r - n | J / | π (Pi\ (qΛ Ω p{f)Ωr T,Ω q{J>)

component wise

Here J ' = (//l5 q'x,...,p'cr q'g). We show that ϊ ^ and Ψ2 send α to 0.

We see the coefficient of δnΩ23

p(J')Ωj_jiΩn

q(J') in ^ ( α ) . This is

(5.18)
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Since (Pι - p\ + 1) ( ?ι_ χ J = p\ ( Piλ , (5.18) is equal to 0. Similarly, Ψ2

sends α to 0. Hence, φo(oc) = Qxp(Ψ\ 4- Ψ2X0C) — α and so ψo does not change

We show (5.16) for a trivial tangle / with more than three strings by similar
argument. We use the notations in Theorem 0.4. Since

Σ rp rqQpq = Σ ΓP rqQpq ~ Σ ΓP Γq(δP + δq) >

b b

we can use the previous argument to prove (5.16) with

Σ rp rqΩpq, Σ rP rq(δP + δg)> a n d Σ rP rq(δP + δq) instead of

2?^23?^i2 and 2̂3 respectively.
The above argument implies

Zf(T,σ,τ)=le ^ < 8 > . . . <8> e ^k \ - ψQ(Z(T,σ,τ)) . (5.19)

In the rest of proof, we show î oOO = 7/? where 7 = Z(U) and 7/ = Z/(U) for
the diagram C/ in Fig. 5. We know that jf = E2<fi(—Ω\2, —Ω23)E^, and so φ(y/) =
jf. On the other hand, \j/2 = ψ and φo gives an isomorphism between s#o(T) and
the image of φ in stf{T) for any tangle T. Note that φ^1 is equal to the natural
projection from φ(s/(T)) C s/(T) to s/0(T). Since y/ G φ(<z/(I)% where / is the
trivial (l,l)-tangle, φ~\yf) = y, and so ̂ 0 ( ? ) = ?/• •

Remark. . Another proof for (5.16) is in Appendix of [19].

6. Relation to a Quasi-Hopf Algebra

Let r<*> = ( l , . . . , l ) and M^ = ̂ (I{k)% where 1^ is the trivial tangle in

k

3~^r ' r ^ whose strings are oriented downwards. Then Jί^ is an algebra with
the product induced by the product of tangles. We call Jί^ the chord dia-
gram algebra of degree k. Jft^ — C by definition. For a sequence of alge-
bras C = Ji^\ Ji^λ\..., Ji^k\..., we introduce a structure similar to a Hopf
algebra structure. The algebra s$ is isomorphic to Ji^λ\ We have an inclusion
stf®k - (J(M)®k C Ji{k\ We also have a linear mapping M^k) -> rf®k defined
by the following. Let D be a chord diagram in Jί^k\ Removing all the chords
of D with two end points at different strings, we get a disjoint union of k chord
diagrams Du...,Dk. Let D be the chord diagram on a circle obtained from D, by
connecting the ending point and the starting point of the string of Dt. Then D\ 0
...®D'k e s$®k. The projection Jί^ —» J / ® * is a linear extension of the above
mapping for chord diagrams. We extend the 'Ήopf algebra structure" of $0 to Λ

\ . . . with respect to the above inclusions and projections.
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We put numbers 1,...,& to the strings of chord diagrams in Jf^k\ We first
extend the multiplication m : s/ <g) s/ -* stf to a linear mapping m : Jί^2) —• Ji^x\
For a chord diagram D e Jί^2\ we can make a chord diagram Dι e Ji^ by con-
necting the ending point of the first string to the starting point of the second string.
Let m be a linear extension of the above mapping. We sometimes need an ex-
tension of the mapping id Θ ( / - 1 } 0 m Θ iam~l'x) : rf®k -> jtfβ**-1) to id®*'-1* (8)
w Θ i d ® ^ ^ " ^ : M^ -» ^ ^ - ^ . In our notation, idw" 1 )<8)rn(8)id< 8 > (*^" 1 ) does
not mean the usual tensor product any longer. For a chord diagram D e Jί^, we
can make a chord diagram D' E Jί^k~x^ by connecting the ending point of the / t h

string to the starting point of the (β + l) t h string. Let id®('~"1} 0/n 0 idΘ {^~/~1 )

be a linear extension of this mapping. This extended mapping and the original one
commute with the inclusions ^ k -> Jί{k) and stfm~x) -* Ji{k~x\ The unit 1 is
the chord diagram without any chords.

Next, we generalize the coproduct Δ : A -± <stf <g> s# to Δ : Jί^ —> Jt^v>\ Let
D be a chord diagram in M^ and p\,...,pk be the points on the non-closed
string of D where the chords are attached. Take a duplicate of the string and let
p[,...,pf

k be the corresponding points to p\,...,pk on the new string. Then replace
chords as follows. If a chord, say ΩPlPf, connects pi and pj then replace it by
ΩPiPj + Ωpιp -f ΩpΊpf + Ωpipi. By the above replacement, D is replaced by a sum

of 2k chord diagrams in Jί^. Let zl be the linear extension of the above mapping.
We sometimes need an extension of the mapping id®^"1* 0 A 0 idΘ ( / c~ o : stfm -+
^®(*+i) t 0 i d ®('-Ό ^ ^ i d®(*-0 . ̂ ( * ) _ j((k+Dm I n o u r notation, i d w ~ 1 } 0
zl 0 id®^~^^ does not mean the usual tensor product any longer. Let D be a chord
diagram in Jt^ and p\,...,pk be the points on the / t h string of D where the
chords are attached. Take a duplicate of the / t h string and let p[,. .,p'k be the
corresponding points to p\,..., pk on the new string. Then replace chords as follows.
If a chord, say ΩPtPj, connect pt and pj then replace it by ΩPιPj + Ωp/ p + ΩPιP> +

Ωp/pt. If a chord, say ΩPιq, connect the point pt and a point q not on the / t h

string, then replace Ω M by ΩPιq H- Ωp/^. By the above replacement, D is replaced

by a sum of 2k chord diagrams in ΛίT<2>. Let \άw~l) ® Δ ®\άm~n be a linear
extension of this mapping. This extended mapping and the original one commute
with the projections Ji^ -> srfm and ΛT<*+1> -^ ^ W + 1 > .

We have a counit ε : J / ̂  ^ ( l ) -^ C. For a chord diagram D e Ji{{\ ε(D) = 1
if Z) is the chord diagram without any chords and ε(D) = 0 if otherwise. We
also need an extension of the mapping i d Θ ( / - 1 } 0 ε 0 id®(*-° : st®k -> j / W " 1 ) to
xάw~x) 0 ε 0 id®(*"^> : ̂ * > -> ̂ A ~ 1 ) . For a chord diagram D e ^k\iaw~l)

0 ε 0 id®**-^!)) = D if there is no chord of D ending at the & string and
id® ( '- 1 } 0 ε <8) id® (*"°(D) - 0 if otherwise. Let id Θ ( / - 1 } 0 ε <8> idΘ ( A~° be a linear
extension of this mapping. This extended mapping and the original counit commute
with the projections Ji{k) -+ stf%k and yM{k~x) -> stfm~x\

We have an antipode S \ stf -* stf. For a chord diagram D e Jt^x\S(D) is a
copy of D with opposite orientation for the string. We also need an extension
of the mapping i d ^ - 1 } 0 S 0 id®(*-'> : ̂  -> ̂ ® * to id^ ( / - 1 } 0 5 0 id® (*" / } :
^ ( ^ } -> ̂ # ( / c ) . Let D be a chord diagram in Jί{k). Change the orientation of the / t h

string and replace each chord Ω with just one end point at the / t h string by —Ω, we
get a chord diagram D' € ^ w . Let id Θ ( / ~ 1 } 0 5 0 id0 ( A r~ / } be a linear extension
of this mapping.
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Let φ = \l/f(Ωn,Ω23) e Ji{3), where ψf(Ωi29Ω23) is defined in Sect. 5. Let
> </> <8> iά^q be an element of Ji{p+q+2>) obtained by adding p + q strings,

numbered from 1 to p and from /? + 4 to p + q + 3. The / t h string of φ is num-
bered by £ + p. By the construction of φ9 we have the following relations.

(id (8) Δ) (Δ(a)) = (Δ (8) id) (Δ(a)) = φ (Δ <g> id) ( ^ ( α ) ) ^ " 1 , α 6

(id (g) id Θ J ) φ (J <8) id (8) id)</> = (id 0 ψ) (id 0 J 0 id) φ {φ ® id) ,

(ε (8) id)zJ = id = (id (8) ε) J ,

(id (8> ε (8) id) φ = 1. (6.1)

These correspond to relations for a quasi-bialgebra, and so the sequence
..., M^k\... is a generalization of a quasi-Hopf algebra in some sense.

Let jf — Zf(U). Let i : C —> Jt^ be a linear extension of the unit 1 and
id®^ ~ ^ 0 i 0 id®^ ~~ ' : M^ —> Ji^k+ι^ be the linear mapping defined by the fol-
lowing. Let D be a chord diagram in M^k\ Adding a string to D, we get a chord
diagram D'. We put a number p (resp. /?+ 1) to the strings of Dr correspond-
ing to the pth string of D if p < / (resp. /? ^ /) and put / to the newly added
string. Then idΘ ( ί f~ 1 ) (8) i 0 idΘ (*~0(Z)) = D''. From the definition of m,Δ,ε and S,
we have

for α G ̂ ( A : ) and

m (m (8) id) (id 0 S 0 id) φ = yf ,

m (/w 0 id) (£ 0 id 0 5) 0 " 1 = y/ . (6.3)

These correspond to relations for a quasi-Hopf algebra, and so the sequence
M ( 0 ) , M ( 1 ) , . > Af(k\... is a generalization of a quasi-Hopf algebra in some sense.

Let R = eΩi2/2 ^ .y^^2). Then we have

Δ(a) = RΔ(a)R~ι , aG

(id 0 Δ)R = ^ ^13^213 ̂ 23^ , (6.4)

where î 27 = e^^.φψ — φ{Ωiji Ωjk). These are relations for quasitriangularity, and
so the sequence M ( o ) , M ( 1 \ . . . , M^k\... is a generalization of a quasitriangular
quasi-Hopf algebra in some sense.

As the above argument shows, the sequence M ( o ) , M ( 1 ) , . . . , M^k\... possess all
properties needed for a quasitriangular quasi-Hopf algebra. This sequence plays the
role of a quasi-triangular quasi-Hopf algebra in the construction of link invariants
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as in [2]. The 4-term relation corresponds to the classical Yang-Baxter equation. So,

once we are given a solution of the classical Yang-Baxter equation, we can construct

a "state model" of the sequence M ( 0 \ M ( 1 ) , . > M^k\... as in [5,18], from which

we get a C-valued invariant of links. The sequence M^°\ M ( 1 ) , . . . , M ( ^, . . . does

not include the quantum groups, but is a universal object for the algebras generated

by classical r-matrices.
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