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Abstract: We study irreducible representations of the quantum group U,(so(8))
when e €* is a primitive ['* root of unity. By a theorem of De Concini and Kac,
there is a finite number of such representations associated to each point of
a complex algebraic variety of dimension 28 and the generic representation has
dimension [!2.

We give explicit constructions of essentially all the irreducible representations
whose dimension is divisible by [®. In addition, we construct all cyclic representa-
tions of minimal dimension. This minimal dimension is [°, in accordance with
a conjecture of De Concini, Kac and Procesi.

1. Introduction

Ifgis ﬁnite-dimensional complex simple Lie algebra, there is a well-known family

{U,(9); g €*} of Hopf algebras over € which “tend” in a precise sense, to the
umversal envelopmg algcbra of g as g tends to 1. The algebra U,(g) is generated by
elements e;, fi, k;* L i =1,. .., n = rk(g), satisfying certain relatxons which may be
found in Sect. 2 h

If ¢ is not a root of unity, the representatlon theory of U,(g) is the “same” as
that of g [8]. On the other hand, if g = ¢ is an I'" root of unity, where we assume
that [ is odd and greater than 1, there are finitely many finite-dimensional irredu-
cible U,(g)-modules associated to every point of a certain complex algebraic veriety
of dimension m = dim(g) [5]. All such representations have dimension at most
[m=m/2 - Although the results of [5] give an adequate parametrization of the set of
irreducible representations of U,(g), they do not give any explicit description of the
representations themselves (except in the sl, case). It is of interest to give such
descriptions, partly to test certain conjectures made in [5 and 6], and also because
of certain analogies between the representation theory of U,(g) and that of g over
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a field of finite characteristic. Although there are several deep general results
concerning the latter theory, there seem to be almost no explicit constructions of
the representations in the literature.

The generators e;, f; act injectively on the generic U,(g)-module: such modules
are called cyclic. It was shown in [2 and 3] that, if g is of type 4,, B, or C,, the
minimal dimension of a cyclic module is [*, and all minimal cyclic modules were
described explicitly. In the remaining cases, the minimal dimension is divisible by,
and strictly greater than [”, and the minimal cyclic modules appear to be much
harder to construct.

In this paper, we study the prototype of the remaining cases, namely
g = so(8, €). We reduce the study of cyclic U,(so(8))-modules to that of a certain
auxiliary algebra .. More precisely, we construct a homomorphism from
U,2(so(8)) to the tensor product of o7, and a Laurent quasi-polynomial algebra on
8 generators. It is well-known (and easy to prove) that every irreducible representa-
tion of the latter algebra has dimension [* and depends on 8 parameters. Pulling
back a tensor product of irreducible representations of o/, and of the quasi-
polynomial algebra gives an irreducible representation of U,:(so(8)), and all cyclic
U,:(so(8))-modules arise in this way (certain noncyclic representations can also be
obtained). In fact, this reduction to an auxiliary algebra can be carried out for
arbitrary g. To illustrate the technique, we start with the simpler case g = sl5, where
we recover very easily certain results of Arnaudon [17]. In the so(8) case, we show
that the minimal dimension of representations of .7, is /, so that the minimal
dimension of cyclic representations of U,:(so(8)) is I°. We construct all such
representations, as well as representations of dimension dI° for 1 £d < 1. As
a further illustration of the method, we construct representations of o7, of dimen-
sion dI* for 1 < d < 1, by reducing to a second auxiliary algebra. Since several of
our results depend on straightforward, but very tedious, computations, we have
omitted many of the details.

2. Notation and Preliminaries
In this section, we recall certain basic facts about quantum groups and their
representations. See [5] for further details. We also introduce some closely related

quantum algebras and study their representations.

2.1. Let g be an indeterminate. For n,re N, let

(], =14
q—q
[n]q! = [n]q[n - ]]q cee [3]q[2]q[1]q 5
a4 [n],!
Ly = 00— 1,

It is known [8] that these are all elements of Z[q,q '], and hence can be
specialized by letting g = A for any non-zero complex number 1. The resulting
complex numbers are denoted [n];, etc.
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2.2. Let g be a complex simple Lie algebra of rank »n, and let (a;;) be the Cartan
matrix of g. In this paper, we shall only be concerned with cases when the Cartan
matrix is symmetric. Let ¢ be a primitive ['*® root of unity, with | odd, greater than
1 and coprime to the determinant of (a;;). Then U,(g) is the associative algebra over
C with generators e;, f;, k', i=1,...,n, and the relations:

kiki_l =1= kihlki P
kikj - kjkl N
k,-ejk,-_l = 8“”61' 5

kif;'ki_l = Shauf} .

ki — kit
Lei- fi} =0 —— =1~
1—ay
Yo (=)l —ar]efeel =0, i%]j,
r=0
1-ay
S (= = aprl ST =0, i)
r=0

It is well-known that U,(g) has a Hopf algebra structure, but we shall make no use
of it in this paper. B

2.3. Let U,! be the subalgebra of U,(g) generated by the e;,i = 1, . . . ,n, and define
U, similarly. Let U2 be the subalgebra of U,(g) generated by the k;* *. Multiplica-
tion induces an isomorphism of vector spaces,

Us(g) ; Uf)ﬂ ® U{?@ U£+ .
Let @ be the conjugate-linear anti-automorphism of U.(g) defined by
wle)=f, o(fi)=e, olk)=k"'.
This is called the Cartan involution of U,(g).
24. Let Br, be the braid group associated to g. Thus, Br, is the abstract group
with generators T;,i= 1, ... ,n, and the following defining relations:
TlszTJT, ifa,-jz(),
T,T1T1= T]T,TJ ifaijaji: 1 .
2.5. Lusztig showed in [6] that Br, acts as a group of automorphisms of U,(g). In
fact, ) h

Tiei = —ﬁkia T,kJ = kjki——a'j N

Tiej= Y (—1f %g Sel™ ™ Ve i%j,
s=0

where e = e}/[s],,!, and the action of Br, on f; is determined by

T, = oT; .
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Note, in particular, that if ¢;; = — 1,

Tiej= —¢ *[ee]s,
where

Doyli=Axy—A7lyx, 2e@, x,yeUlyg).

2.6. The braid group allows us to define (non-canonically) root vectors e,, f, in

U.(g) correspondmg to every positive root a. Let sy, ... ,s, be the fundamental

reflections in the Weyl group W of g. Let
Wo = 8;,Si, - « - Si

N

be a reduced expression for the longest element w, of W. Then the positive root
vectors are

T:

In-1

e, Tye,, Ty, Then, ..., T; e

ig c o iy ?

and f, = w(e,). For any choice of wg, the positive root vectors are in U,", and the
negative root vectors in U, .

2.7. The following formula is useful and follows immediately from the definition of
the braid group action:

T,»Tjei=ej ifaij=—l.
If w is any element of the Weyl group and

W:Sjl"'sjr

is a reduced expression for it, then the element

T,=T;, ...T;

Jr

of Br, depends only on w, and not on the choice of reduced expression. In
particular, there is a well-defined elelment T, € Br, associated to wo € W. If «; and o;
are simple roots and w(x;) = «;, then T,,(e;) = e;, cf. [4].

2.8. Let Rep(U,(g)) be the set of isomorphism classes of finite-dimensional irredu-
cible representations of U,(g). Let Z, be the subalgebra of U,(g) generated by the
elements e, f! for all positive roots o of g, and by the k*Li=1,...,n

Proposition (cf. [6]). Z, is a Hopf subalgebra of U,(g) and is contained in the centre
of Uc(g). Assigning to an element of Rep(U,(g)) its "Zo-character is a finite-to-one
surjective map Rep(U, (9)) — Spec(Zy).

Note that if we define Z§ = Zo n U, Z§ = Z, n U?, then
Zo=Zy ®ZIQZS .
2.9. Let G be the adjoint group of g, and define maps
X: Spec(Zg)— G, Y:Spec(Z;)— G, K: Spec(Z3)— G,

as follows. Let e, , . .. ,ep, be the posmve root vectors of U.(g) in the order in
which they appear in (2 6), and let x; = ej. Let E; be the root vectors in g obtained
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from simple root vectors by the same procedure as in (2.6) (note that Br, acts as
a group of automorphisms of g). Define y; = f3 and F similarly. Then,

Y =exp((e® — &™) yp, Fp)exp((e® — e ) yp,  Fp, ) ... exp((e* — e ) yy, Fp,) s
and X = T,(Y), the action of T, on Y being

To(...exp((e* —e 2 ypFp) . ..) = ...exp((e* — & ) ' To(yp) To(Fp)) . . . .

Finally, identify Spec(Z3) with the Cartan subgroup H of G in the natural way; if
heh, the Lie algebra of H, then

exp(2my/ — 1h)(ki) = exp(o;(h)) .
Define K(t) = t%, te H.

Proposition. The map YK X: Spec(Zy)— G exhibits Spec(Z,) as an (unramified)
covering with 2" sheets of the big cell G, = G.

De Concini, Kac and Procesi make the following important conjecture in [6]:

Conjecture. Let V be an irreducible representation of U,(g), and let g, be the image
under the map YKX of the Z,-character of V. Let 2d,, be the dimension of the
conjugacy class of gy in G. Then, dim(V) is divisible by [%.

2.10.
Definition. A quasi-polynomial algebra is an associative algebra over C with gener-
ators x;,i = 1,...,r, and relations:

Xinzj,injxi, 1<],
for some scalars 4;;€ C* (cf. [7]).

Denote by €C,[x, z] the quasi-polynomial algebra with generators x, z, and the
relation:

[xz],=0,

where the ¢-bracket is defined by

[x,z], = exz — e lzx .

! 2717 is now defined in the

The Laurent quasi-polynomial algebra C,[x, z, x~
obvious way.

To describe the irreducible representations of the algebra C,[x, z] (resp.
C.[x,z x ',z 1), let {vy,...,v,—} be the standard basis of €' and, for each 4,

pe C*, define operators X ;,Z, € End(C') as follows:
Z,v; = pelv;,
Xovi = vi4q, I<l—1,
Xivl—l = ;LUO .

Proposition.
(i) The elements X', z" are in the centre of C,[x, z, x ™', z~ '] and hence act as scalars
on any irreducible representation of both C,[x, z] and C,[x,z,x" 1, z"].
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(ii) Any irreducible representation of C,[x,z] on which x' and z* act as non-zero
scalars is of dimension . The action of x and z on C is defined by:

x—=X,, z—Z,

for some A, u, e C*. Further, these representations extend naturally to representa-
tions of C.[x,z,x ', z"'] and exhaust all the irreducible representations of
C.[x,z,x 4Lz 1]

(iil) Any finite-dimensional irreducible representation of C,[x, z] on which either x' or
z! is zero is one-dimensional.

(iv) Let W be any finite-dimensional representation of €,[x,z] on which x' = A and
z! = u for some A, pe ©*. Then

W~C'QwW

for some vector space W'. The action of x (resp. z), is given by the operator X, ® 1
(resp. Z,®1).

Proof. The proof of parts (i) to (iii) is straightforward (see also [7]). For part (iv),
note that the action of z on W is diagonalizable and that the only possible
eigenvalues of z are among the I' roots of . Let W’ be any eigenspace of z. Since
[x,z]. = 0 it follows that x'}¥ is an eigenspace of z for all i and so,

W=@PxW.
Pick a basis {wy, . e ,w,} of W' Since x is injective on W and x' is a scalar on
W the elements {x'wy, ..., x'w,} form a basis of x'W’. Thus, we can write
wW~C'Qw .

That the action of x and z is as given is now clear.

For brevity of notation we shall often omit the parameters 4, p from the
operators X, Z, but it should be kept in mind that X then defines a one-parameter
family of operators, and similarly for Z.

Corollary. Let W be any finite-dimensional representation of Q:_,C,[x;,z], on
which x! and z! act as non-zero scalars foralli=1,...,r. Then,
W~ (CHerw ,

where W' is a common eigenspace of the z;. The action of x; (resp. z;) is given by the
operator X; (resp. Z;). Here X; etc. means the operator X in the i™ place and
1 elsewhere.

2.11. The quantum Heisenberg algebra #, is the associative algebra over € with
generators a, b and the single relation

[a,b],=¢e—¢& ',
Before discussing the representation theory of 5, we prove:

Proposition.

(i) The elements {b'a*:r,s = 0} span H,.

(ii) The elements a' and b' lie in the centre of H#,.
(iii) Let ¢ = ab — 1. Then ¢! = a'b* — 1.
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Proof. Thisis immediate from the next lemma, which is easily proved by induction.

Lemma. In J#,, we have, for m=r =1,
() [a,b ] =("—e b1,
(i) [a" bl =("—& ")a"" ",
(iii) (ab — D" =Y (= D)™™ U myr],a"b" .

Remark. Note that [a,c], = 0 = [¢,b],.

2.12.
Proposition. Let V be a finite-dimensional irreducible representation of #,. Let
a' = A b= ponV, where ), peC.

(i) dim(V) < 1.
(i) If Ju =+ 1, then dim(V) = I.
(iii) If 2u = 1, then dim(V) = 1.

In each case, V is determined uniquely (up to isomorphism) by 1 and p.

Proof. Let ve V be any eigenvector of a. By Proposition 2.11(i), (ii) the elements
{v,bv,...,b'""'v} span V, thus proving (i).

Next suppose that 4+ 0 and Au + 1. By Proposition (2.11)(iii), ¢' # 0. The
result follows by applying Proposition 2.10(ii) to the subalgebra of J#, generated by
a and c.

If Ju=1 and A+ 0, then ¢' = 0. Since a preserves ker(c), we can choose
a common eigenvector v of a and c. But, as a is invertible on V, v is then also
a common eigenvector of a and b, proving that dim(V) = 1.

If 2 =0, let 0 #+ veker(a). By Proposition 2.11(1), (i), the vectors b"v, 0 < r < [
span V. Suppose that there is a linear relation

r—1
bo=) B,b"v,
p=0

where ,€ € and {v,bv,. .., b" " 'v} are linearly independent with r < I. Applying
a to both sides and using Lemma 2.11() gives a contradiction. Thus,
{v,bv,...,b'" " 'v} is a basis of V, and dim(}V) = L

The uniqueness statement is clear from the above constructions.

Remark. The elements a'~!, b'~! act as non-zero operators on any finite-dimen-
sional representation of #,. The proof for an irreducible representation is clear
from the preceding proposition, and since any finite-dimensional representation
contains an irreducible representation, the statement follows in general.

3. Construction of Cyclic Representations: Reduction to an Auxiliary Algebra

We begin this section with the representation theory of U,a(sl3), which serves as
a simple example of the methods used for the so(8) case and which can be also used
in general. The sl5 theory is due to Arnaudon [ 1], but we state and prove the results
in a slightly different way.
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3.1. Let #be the subcategory of the category of finite-dimensional representations
of U,2(sl3) on which the ['™ powers of ey, f5, k, k, act as non-zero scalars.

Let Ve #(sl3). Regarded as a module for the quasi-polynomial algebra gener-
ated by ky, k,, ey, f», one proves as in Proposition 2.10(iv) that ¥ is isomorphic to
C'® C'® W, for some auxiliary vector space W, the action of these generators on
the tensor product being

er =X, =X, )]
kl = Zsz, kz = (212%)‘1 s (2)

where as usual X, etc. means the operator X ® 1 ® 1 normalized so that X' = e!.
To find the action of the remaining generators, say f; (and similarly for e,), we
write f; as a polynomial with coefficients in End (/) in the noncommuting vari-

ky — kit
ables X;, Z;. The relations k; f1k; * = £2*'f;, [ey, f1] = 1—312 and the Serre
relation [ f5, [ f1,/f2].]. = 0, imply that:
X!
(82 . 8_2)2
X5t
€= - (82 . 8_2)2

&2 —

fi=— ({212228;2}4‘41122“‘[7122‘1), (3)

({Z%Zﬁhz} +a,Z, +b,Z71), )

for some q;, b;e End(W), i = 1,2. Here and elsewhere we use the following nota-
tion: for any invertible operator A on a vector space V, A + A~! = {A4}.

Imposing the relation [e,, f;] = 0 and the remaining two Serre relations, we
find that the operators a;, b;, i = 1, 2, must satisfy:

la;, bl =¢e*—¢ %, (3)
[bj,alea=¢>—¢ %, i%j (6)
[ar, a2] = (6% — e ?)(by — by), (7
[by, o] = (e — e *)(a; — ay) . ®)

Notice that these relations are completely independent of the auxiliary space W.
So, if we define /,(sl3) as the associative algebra over € with generators a;, b;
subject to the relations (5)—(8), then W is a representation of .Z,(sl5). Further, if V" is
any proper U,z(sl3) sub-representation of V then this argument also proves that
W must have a proper sub-representation. Conversely, given any representation
W of oZ,(sl;) we can define a representation of U,z(sl3) on V= C'® C'® W by the
formulas (1)—(4). Clearly Ve 4.

Thus we have shown that V is an irreducible representation of U, (sl;) if and
only if W is an irreducible representation of .Z,(sl3). The above results are sum-
marized in the following proposition.

Proposition
(1) The map

T U€2(513)—’ a:az[xlazl’xl_17zl_1]®(E£2[x2a22’x2_1a22.1]®42{s(513) >

given by the formulas (1)—(4) (with X, Z replaced by x, z) defines a homomorphism of
algebras.
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(i) Let W be an irreducible representation of <Z,(sl3). Tensoring W with an irredu-
cible representation €' ® C' of ®7_, C,2[x;,z:,xi L, zi '] and pulling back through
7 gives an irreducible representation of U,(sl3). All irreducible representations of
U,.(sl3) in F(sl3) arise in this way.

3.2. Arnaudon [1] constructs representations of .Z,(sl5) directly, but it is simpler
to observe that o7, (sl3) is essentially U,z(sl,):

Proposition. There is a one-parameter family of homomorphism of algebras
7T, Ay(sl3) — Uga(sly) given by:
a, =2 k71 +e),
= A kT = (2 — e 222 (1 + 223k f,
b, — ik,
with b, determined by (7), and Ae C*.
Proof. Direct verification.

Pulling back irreducible representations of U, (sl,) by 7, gives rise to a one-
parameter family of representations of o7, of dimension d, with 1 < d < land a four
parameter family of representations of dimension /. These representations are
irreducible for generic values of A and are the representations that Arnaudon
constructs.

3.3. We now turn to the general simply-laced case. Choose a partition of
{1,...,n} into disjoint sets I, J, such that:
a,,=0, ifr,selorrsed, r=*s.

Let .#(g) be the subcategory of representations of U,2(g) such that the I'* powers of
the elements, k;, ¢,, f; act as non-zero scalars on any representation of #(g) for all
i=1,...,nreland seJ. Let Ve.#(g). Regarding V as a representation of the
quasi-polynomial subalgebra generated by k;, e, and f;, where i=1,...,n,rel
and seJ we can write V as:

V= (@)W,

with the action of the generators given by:

ki—= 1z [T Ze,

rel seJ

and
e,— X,, rel, fi—-X,, seJ.

To determine the action of the remaining Chevalley generators, we proceed as in
the case of g = sl3, and find that their action on V is of the form

X! . L
<{n z ] Z;““a“z} + linear polynomial in {Z!: a;; = — 1}) ,

T2 =2\2
(8 — & ) rel seJ
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where the polynomial has coefficients in End (). Again, the relations between the
coefficients of the polynomials is independent of W (this essentially follows from
the sl; case) and so we can associate an auxiliary algebra .oZ,(g) to U,z(g), so
that any representation of U,(g) from .#(g) arises from a representation of
(Eg[x,',zi,xfl,zfliiz 1,,n]®ﬂg(g) B

We do not write down the defining relations of .«Z,(¢) in the general case. In the
next section, we do so for g = so(8). B

4. Quantum so(8)

In this section, we identify the algebra <Z,(so(8)).

4.1. The nodes of the Dynkin diagram of so(8) are numbered 1, 2, 3,4, with 4 being
the middle node.

Definition. o7, is the associative algebra over € with generators a;,b;,c;,i = 1,2,3
and the following relations:

{ai,a;] = [bi,b;]1 = [ci,c;]1=0, 9)
lai, bl =¢e*— ¢ 2= [c,ai]e s (10)
Lai,bj] = [a;,bi], i+], (11)
[bi,ci] = [bj,¢c;], (12)
[bi,cila=0, i%j, (13)

(b1, [az,¢c3]]e2 = (62 — ¢~ %)*. (14)

Remark 1. Relation (14) implies, together with the other relations, that
[bi,[aj,c]]e2 = (6% — &7 2)?

whenever i, j, k are distinct.
2. For any 6,,0,,03€{ + 1},

a;— 0a;, bi—ab;, ¢;— o, (15)
is an automorphism of .o7,.

Introduce the following elements of .<Z,:

1
Co = 2.2 [cibil s (16)
1 .. ..
dy = e [aj,c;], i),k distinct , (17
&2 _
1
do = 2.2 [ai,di] . (18)

It follows from relation (12) that ¢ is well defined. That d, is well-defined follows by
taking the bracket of both sides of Eq. (19) below with a; and using (9) and (11). For
dy, one uses (9) and the Jacobi identity.
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Proposition. The following relations hold in <f,:

[co,ad = (> — e )b — ), (19)

[bido] = (% — &~ *)(a; — dy) , (20)

[d;,b} = (¢* — e Py, i, j, ke {1,2,3} distinct , (21)
[hiscolez=0, (22)
[hid]e=¢e*—¢"2, (23)
[co,cile2=0, (24)
[di,dol.2 =0, (25)
[cid],2=0, i+je{l,2,3}, (26)
[di,aj]1,-=0, i%je{1,2,3}, (27)
[do,a;],2=0, (28)
[co.di]ez + [, a2 =0, i),k distinct , (29)
[eidolee + [djdi].2 =0, 1),k distinct , (30)

[cO’d0]52 + [Cja dj]€2 + [Ckydk:lez + [diaci:'ﬁz = 82 - 8_23 iajak diStinCt . (31)
Corollary. The I'* powers of the elements a;, b;, ¢;, d;, i =1,2,3, co and dy are all in
the centre of of,.

4.2. The analogue of Proposition 3.1 for so(8) is:

Theorem.
(1) Let Ve .#(s0(8)). Then,

Ve~ (@©)®'ow,
Sfor some W, and the action of the Chevalley generators is given by:
ki— Z}Z4, e;— X;,
ks — (Z; ZZZ3Z‘%)71, Ja— Xa,

X! ] _
fim = e (202 + 0+ 0230
X! _
oo~ (77

+ ZIZZZ3<C() + Z C,‘Zi_—2>

+ (lezzs)—l<do + Zdiziz>> )

where i = 1,2,3. The operators a;, b;, ¢;, di, i = 1,2,3, and cq, dy, satisfy relations
(9)—(14) and (19)—(31).
(i) o, ~ o, (s0(8)).
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Sketch of Proof. The fact that the image of the generators has the general form
above follows from the discussion in Sect. 3.3. The relations

[a;,a;]=0= [b:, bj]a [aiabj] = [ap b,

ensure that the copies of U ,2(sl,) corresponding to nodes 1, 2 and 3 of the Dynkin
diagram of so(8) commute. The other relations follow from the U ,(sl5) relations
between nodes i and 4, i = 1,2, 3.

Part (ii) is now clear from the definitions of &/, and .7, (so(8)) and Proposition
4.1.

The proof that any irreducible representation of U,2(so(8)) on which the e} and
f4 act as non-zero scalars is equivalent to one of these pull-back representations is
as in [3] and Sect. 3.1.

4.3. Tt is interesting to compute the Z,-characters of the representations of
U,2(so(8)) described in Theorem 4.3. For this, we must first choose a set of root
vectors. We take the following reduced expression of the longest element w, of the
Weyl group of so(8):

Wo = $2545,535452815453525481 -
We then find that the positive root vectors, in the order described in (2.6), are
e, Ts(es), es, ToTu(e3), Tules), e,

TuTyT3Tyler), ToT3T4(er), T3Ta(er), ToTa(er), Taler), ey -

The negative root vectors are obtained by replacing e’s by fs.
The action of the non-simple root vectors in the representations described in
Theorem 4.2 is as follows:

1
The; = [P Xi'XiZil(co + ¢ 22322, + ¢;2; ' Z,
+ 6 ZZ; +diZ7 27,
-2
& ~ _ - e
T284 = m X4 1X222 1((d0 + 8224 Z)Zl 123 1

+dsZi{ ' Zy+ di 235 Z0) + ¢, 2, 25)
T,T,e; = — S_ZX; 1XZXiZZ_ 1Zi(czzj + diZj_l) ’

T3Tser = — & *X; ' X X32,25 (32, + di Z31)

T2T3T4e1 = 8-4(82 - S—Z)X‘: 1X1X2X32122_123_1d1 s
~4
Ty T T:T,ey = 28—8_2X52X1X2X32%(8—222d1 + &*[cq,d 1],
8 —

+ [Cl’dl]szzfz) P

where {i,j} = {1,3}.



Representations of Quantum so(8) and Related Quantum Algebras 41

For the negative root vectors we have,

Tifi=— I X' Xy (bi+ 227920,
1 _ _
Ty fa=— (3—2-—_},'—2)){2 Xyla, + 672232, ,
g2 _ [az,b]. _
ToTufi = o XiX2) X(—_~ Z7*73
+ &%a,7Z;7 % + .9“2b,-Z§> ,
82 1 [a37 1]82 272
T3T4f1=zgj_—‘*(X X3) X4 —8 + 221723
+e2a3Z7% + 8‘2b12§> ,
e [[as,az,b1].2],
DT3Tafy = = ey (G XaXa)” 1)(4(—%32—3_8‘_—22—Z-Z4
b b,
8 [ 83,[_025; Z:ISZ:I 2;1 + s_z[az,b1]82Z§Z4
e 2[asy,b112Z5Z4 4 2(6* — ¢ 2)aya3Z*Z,
+ (82 — 8_2)(122;22§Z4 -+ (82 — 8—2)a3ZIZZ%Z4
+e He? — e )b 23737, + e M e? — e HZ12Z3752Z,)
82 — [b3»[a2a 1]82]
Ty T3Ts fy = —m()ﬁXsz) 1X4<—8“—_‘8—2"

+ &2[bs, a2]Z1‘2>Z;1 )

To compute the action of the I™ powers of the root vectors, and hence the
Zy-characters of the representations, we must, of course, construct some repres-
entations of o7,. The next two sections are devoted to this problem.

5. Small Representations of <7,

5.1. From the results of [5], we know that every finite-dimensional irreducible
representation of U,2(so(8)) has dimension at most [*2, It follows from Theorem 4.9
that any finite-dimensional irreducible representation of <7, has dimension at most
[8. As to the minimal possible dimension of representations of .27, we have:

Proposition. Every irreducible representation of o/, has dimension at least .

Proof. Let W be a finite-dimensional irreducible representation of ;. If some
b} (resp. c!) is zero on W, the result follows by applying Proposition 2.12 to the
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quantum Heisenberg subalgebra generated by a; and b; (resp. ¢; and ;). Thus, we
are reduced to the case when b}, ¢} # 0, i€ {1,2,3}. Since, [b;,c,],> = 0 the result
follows from Proposition 2.10.

5.2. We first look for I-dimensional representations of .oZ,.

Proposition. Let p: o/, — End(W) be an I-dimensional representation of </,. Then,
possibly after composing p with one of the automorphisms (15) of «f,, p factors
through the quotient of o/, by the relations:

a; = daj, b.':bj, ¢ =¢j, (32)
forije{1,2,3}.

Proof. By Proposition 5.1, W is necessarily an irreducible representation of .o7,.
Assume first that b & 0 on W. By Remark 2.12, ¢4~ ! 4 0 on W. We can therefore
choose an eigenvector w of b; such that ¢y *w # 0. Thus, the elements
{w,cow, ..., ¢y 'w} are non-zero and form a basis of W since they belong to
distinct eigenspaces of b,. As [ by, b3 ] = 0, wis also an eigenvector for b3, and since
[b3, ¢, ]2 = 0 it follows that by acts as a multiple of b; on all of W. One proves
similarly that b, is a multiple of b, .

We are therefore reduced to the case b} = 0, for alli = 1,2, 3. Choose 0 = wsuch
that b;-w = 0,i = 1,2, 3. By applying Proposition 2.12 to the quantum Heisenberg
algebra generated by a; and b;, we find that the kernel of b; on W is one-
dimensional, and that the elements {w, a;w, . .., ai" 'w} form a basis of W. Since
[[ay, bi], by ]2 = 0 the operator [a,, b;] preserves the kernel of b,. So, there exists
scalars v;, i € {2, 3}, such that b;a, -w = v;w. Lemma 2.11 now shows that

by-aiw= —¢e¥(? —e ) [r—1].2a'w,
biraiw=ve? 2[r —1],a7 'w.

Thus b, and bj are scalar multiples of b;. Note that in both the cases considered
above, the multiples must be non-zero since b; cannot be the zero operator on W.

We have thus shown that b; = ;b for some non-zero scalars y; and some
non-zero operator b on W. Similarly one can show that

a; = A’iaa ¢ = Wic,

for some scalars 4;, y; and operators a, ¢ on W. The relations in «7,, imply that for
some 4, u, vand o;€{ — 1,1}, i€ {1,2,3}, we have

Ai=0ih, W= O, V=0V .

This completes the proof.

5.3. Denote by «/™ the quotient of o7, by the relations (32). Note that /3™ is
generated by elements a, b, ¢ with the following relations:

[a,b)=¢*—e %*=[c al,, (33)
[b,c]2=0, (34)
[b,[a,c]]e= (e —& ?)2. (35)
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Proposition. The following formulae define irreducible representations of /2™ on C'
on which the I powers of b and ¢ act as non-zero scalars:

a=eX 1z '+ zZz7 4 X1,
b=X,
c=27,

where X and Z are the operators defined in Sect. 2.10, with arbitrary normalizations,
such that ZX = e¢*XZ.

Conversely, every finite-dimensional irreducible representation of /™ on which
b' and ' are non-zero is equivalent to a representation of this type.

Proof. The fact that the above formulae do define a representation of o7 ™ is an
easy verification, with irreducibility following from the fact that the operators
X and Z generate End(C') as an algebra.
Let W be any irreducible representation of /%™ on which b' & 0 and ¢! & 0. By
Proposition 2.10(iv) we can write
Ww~C® W,

where W' is an eigenspace of ¢. The action of bis X ® 1 and thatofcis Z® 1 for
suitably normalized operators. The action of a is determined by writing a as
a polynomial in the non-commuting variables X, Z. Using the relations in /™, it
is not hard to show that:

a=¢e’ X 'Z 'y X 4z 1,

In particular a has scalar coefficients. Thus, the irreducibility of W forces
dim(W") = 1.
This completes the proof of the proposition.

5.4. To complete the study of representations of /'™ we must study representa-
tions on which either b' or ¢! is zero. Let W be an irreducible representation on
which b' = 0. Since ¢ preserves ker(b) we can choose w € W such that:

bew=0, c-w=ww,
for some v € €. Using relation (33), we find that
[a,b]-w=¢e2(e® —e ?).

The relations (34) and (35) now force

Set w; = a'-w. Then, using Lemma 2.11(ii), we find:

A Wy =Wipq, iF1—1, (36)
awp_y = Awg, (37)
bow; = — &2i(e¥ — g7 2w, , (38)
cow; = — e M 2w e 22 — e 2w, (39)

for some A€ € (we set w_; = 0). Thus, since W is irreducible, the elements
w;,, 0=<i=<I—1, span W. Equation (39) also implies that the w; are linearly
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independent. It is easy to verify that the formulas (36)—(39) do in fact define
a representation of /™. The case when ¢' = 0 can be dealt with similarly.

Remark. The discussion in the preceding two sections shows that any irreducible
representation of /™ is [-dimensional, and that the space of irreducible repres-
entations is parametrized by €2\ {(0, 0)}.

5.5. In the preceding subsections, we constructed all /[-dimensional irreducible
representations of o7, and showed that they factor through the quotient &75"™. We
shall now show that irreducible representations of </, of dimension dl, for each
d=1,...,1can be constructed by passing to a larger quotient ., of <7, by the
relations

ay=as, by=bsy, cy=c;3.
Thus <7, has generators a;, b;, ¢;, i = 1,2, and relations
[ai,a;]1=1[bi,b;]1=1[ci,c;1=0,
[bi,c1]e2=0,
[by,c1]e=1[bi,cr} 2 =[b2,¢1]2=0,
(anbla=¢ -2,

|

™
I

™

[ci,a]lp=¢" —¢"2,
[by,[a2,¢1]e = (2 —e7%)*,
[b1,c1]=[bs,c2],
[ai,b;]=[a;,bi].

Proposition. There exists a homomorphism of algebras o/, — Cp2[x, 2z, x ',z 1]
® U,2(sly) given by

a;—>(x '+ 2z )@ 1+e2x 127 @ k(1 -2 (e —e 2 ),
G-e @ ke+x '@ Uk T+e)+z @ k+2x 2@ 1,
bj-x® 1,

b,>x® k,

ci—z® 1,

c;-z® (k' +e).

Proof. Direct verification.

Pulling back the tensor product of an irreducible representation of
C,2[x,z,x~ !, z7 '] and a d-dimensional irreducible representation W of U,a(sly),
for 1 £d <1, gives a dl-dimensional representation V' = C' ® W of </, Since
b% and ¢} act as non-zero scalars on V, the irreducibility of ¥ follows by arguments
similar to the ones in Sect. 3. We omit the details.

5.6. We now consider the Z,-characters of the representations of U,:(so(8))
constructed in Theorem 4.2 and Proposition 5.5. We shall not write down these
characters for arbitrary values of the parameters. We shall assume that X} =1,
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i=1,2,3,4 Z\=Z =4 (say), Zb=2Z4 =1, k=) xX'= —A"2, f'=0. Let
Zh=p, e =,

Proposition. On the representations of U (so(8)) obtained by imposing the above
restrictions, the I powers of all root vectors act as 0 except the following:

fi=1, ée=1 i=123,
(22 =273
(2 =& 2"

(TaTu(e)) = 2% i=13,

(T3Tale)) =272 (wv + 1),

(T2T5Ta(e)) = — (&% =& ) (u+ 272w + 1)),
(T4T,T3Ty(ey)) = — (uv + 1)

In addition, we have ki =k =22 ks =1,k = — 172

Proof. A direct calculation: [see [4], Sect. 4.7, for the method].

(Tz(e4))l = -

Remark. The Z,-characters of the representations depend only on 2, u and v. In
particular, if in Proposition 5.5 one uses a restricted representation of U,(sl,), i.e.
one for which k' = 1, ¢! = f' = 0, the Z,-character of the resulting representation of
U,(s0(8)) is the same as that obtained by using the trivial representation of
U,(sl,). In particular, we see that it is possible to have irreducible representations
of U,(g) of different dimensions with the same Z,-character.

5.7. It is interesting to test Conjecture 2.9 with the representations of U,z(so(8))
that we have constructed.

Proposition. Let V be one of the representations of U,(s0(8)) whose Zy-character is
computed in Proposition 5.6. Let g, be the element of SO(8) associated to V as in
Sect. 2.9.

(@) If A= 1 and v = 0, the conjugacy class of gy has dimension 10.
(b) If A + 1, the conjugacy class of gy has dimension 12.

Proof. The element g, can be computed from the data in Proposition 5.6. The
dimension of the conjugacy class of g, was computed by first finding the Jordan
canonical form of gy, then finding a simple element of SO(8) with the same Jordan
canonical form, and then finding the centralizer of the latter element. The calcu-
lations were verified using Mathematica.

This result is exactly in accordance with Conjecture 2.9, for the representation
V' has dimension dl°, 1 < d < | in case (a), and dimension [° in case (b).

6. Large Representations of o7,

In this section, we give a procedure for constructing essentially all irreducible
representations of .o, with dimension divisible by [4. Using the results of Sect. 4, this
gives representations of U,2(so(8)) with dimension divisible by I8.
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6.1. In the same way as the representation theory of U,.(so(8)) was reduced to that
of 7, in Sect. 4, we shall reduce the representation theory of ./, to that of the
algebra %, defined as follows.

Definition. %, is the associative algebra over C with generators u;, v, i = 1,2, 3, and
the following defining relations:

Lui, u;]=0=[vi, 0],
Lui, (), uilede = v;,
[vi, [“j, v;].1. = Uj,
Lo, uile = [vj, u;].
[ui, 0;]e = [y, v:]e, 1) .

Note that we can replace ¢ by an arbitrary non-zero complex number in this
definition. It is not difficult to see that £, is isomorphic to the tensor product of
four copies of U(sl,). However, it is clear that %, has 2* + 1 one-dimensional
representations, and so is not isomorphic to the tensor product of four copies of
quantum sl,.

6.2. Define the following elements of </,

y; = ¢;b; — €2¢co, 1=1,2,3,

Yo =Co

bo = o[ [a1, bs], b3] — e®(e? — e 2)*b by by .
Note that, by Egs. (9) and (11), b, is well-defined.

Proposition. (a) The elements b, y;,i = 0, 1, 2, 3, generate a quasi-polynomial subal-
gebra of of,:

bibj=b;bi, viv;=7vivi>
biy; =yib;, i=1,2,3,
biy;=¢*y;by i=1,2,3 j=0,1,2,3, i%+j,
boy; = e¥y;by, i=0,1,2,3.
(b) The I'™ powers of the elements b;, y;, i =0, 1,2, 3, lie in the centre of </, .

6.3. Theorem. (i) There is a homomorphism of algebras
o:ol, > Qo Clxt? x7 12, 2,27 '] ® B, such that
o(a;) = xo 'xi(1 + ¢~ *28)z3 z¢
+x; (e 2 ) (8 — e Mz P 4 x (e 4 (e —e Pz
+ xoxj txg W({e 222 + (e — e Dup ({e 2zt ) + (2 — e Huy)
+ X0 M1+ 6220 %)z 2z * + 2823 2
+ (% — 72 (x Lgxi) P (e 2 2 Los wi ], + (27 o + 2R 0))

+ 8[“1" Dk]e) )
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a(b;) = (zoz;2) "2,
o(c;) = (x; + &% x0) (20zj2)*

where {i,j, k} = {1,2,3}.

(i) If V;is an irreducible representation of C,[x}'*, x; V2, z;,z71],i=0,1,2, 3, and
V is an irreducible representation of 9AB,, the pull-back ¢*(Q3i-oV, ® V) is
an irreducible  representation of /.. Moreover, ¢*(RL,V; R V)
(R VIiQ VYT Vi Viand V= V.

(1)) The irreducible representations which arise in (i1) are precisely those on which the
I'™ powers of the elements b;, y;,1=0,1,2,3, of o, act as non-zero scalars.

Proof. The first part of the theorem is a direct verification. The other parts are
proved by the methods used in Sects. 3 and 4. We omit the details.

Remark. 1t is not difficult to see that the conditions that the b! and y! are non-zero
scalars corresponds to a Zariski open subset of Spec(Z,). In conjunction with
Theorem 4.2, this theorem therefore reduces the construction of the irreducible
representations of U,.(so(8)) corresponding to a (smaller) Zariski open subset of
Spec(Z,) to the problem of finding the irreducible representations of %,.

6.4. Since the generic representation of U,2(so(8)) has dimension [*/? and depends
on 28 (complex) parameters, it follows from Theorems 4.2 and 6.3 that the generic
representation of %, has dimension [* and depends on 12 parameters. (It is
interesting to note that the same is true for the representations of the tensor
product of four copies of U,(sl,), although as we remarked in Sect. 6.2, 4, is not
isomorphic to such a tensor product.) We do not know how to describe the most
general representation of %,. We restrict ourselves here to the discussion of the
“symmetric” representations of 4., i.e. those which factor through the quotient
AP™ of 4, by the relations:

up=u;(=u), vi=v;(=v),

i,j=1,2,3.
Before discussing the representation theory of #3¥™, we make a few remarks on
its structure.

Remark.
(i) If we define w = [u, v],, the defining relations of 2™ take the symmetric form

[u’ v]e =W, [U, W]s =1u, [W’ “]s =v.

This makes it clear that the cyclic permutations of u, v, w define algebra automor-
phisms of #™.
(i1) If ¢ is an indeterminate, let

-1

Py = [T+ {).

k=0

Then, P(u), P(v) and P(w) are in the centre of ™.
(1) The element

Q=¢ 2> +2?>+ ¢ w? —eg Y2 — & H)wou

is invariant under the automorphisms in (i), and is in the centre of #3™.
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We conjecture that the elements P(u), P(v), P(w) and Q generate the centre of
BP™ as an algebra.

6.5. We now describe a family of I-dimensional irreducible representations of ™.

Proposition. There is a one-parameter family of homomorphisms of algebras p,:
BY™ - C,[x,z,x~ 1,z 1], ue C, such that

z4z71

pulu) = 2 _o 2’

x4 x1 -2 o
pu(v) = F5—=+ux[] (e ¥z —¢*z71).
& —¢ i=1
If V is an irreducible representation of C,[ x, z, x ', z~ '], the pull-back p}¥ (V) is an
irreducible representation of B, and p¥ (V)= pX(V')iff u=p and V= V.
Thus, #3™ has a 3-parameter family of irreducible representations of dimension /.

Combining this result with Theorems 4.2 and 6.3, we obtain a 19-parameter family
of [°-dimensional representations of U,(s0(8)).

6.6. There are also a finite number of irreducible representations of ™ of
dimension < [, but these are not easily described in terms of quasi-polynomial
algebras.

Proposition. 3™ has five irreducible representations of dimension d for 1 <d < [;
the action of u, v, with respect to a suitable basis, is described as follows:

(@)

u = diag(ag, . . ., a4-1) ,
Vijyr=m;, i=01,...,d—2,
Vir1,i=1, i=0,1,...,d—-2,
v;=0 ifjFi—1Li+1,
where,
2k—d+1
and
= 1; <1_ [d+1],[d—1], )
(2 — & 2)? [2k —d + 3],[2k—d + 1],
(b)
u = diag(ag, . . ., ag-1) »
Viger=m;, i=0,1,...,d—2,
Viv1a=1, i=12...,d-2,
Voo =M,

vij=0 Uf]:’:l_lal+1a(l9]):':(050)>
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where
2k+1
ak:i%,
1 | [2d— 11024+ 1,
M= e 22\ T [2k 1 3L [2k+ 11, )
and
, 1 | [2d+ 10024 -1,
TS ) - D P\ [31. '

We conjecture that the representations described in Propositions 6.5 and 6.6
exhaust the irreducible representations of 4™ (up to isomorphism). This is true
under the assumption that u (say) is semisimple with distinct eigenvalues.

We hope to take up the more general problem of the representation theory of
4, in a subsequent paper.
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