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Abstract. The primitive ideals of the Hopf algebra C,[SL(3)] are classified. In
particular it is shown that the orbits in Prim C,[SL(3)] under the action of the
representation group H =~ C* x C* are parameterized naturally by W x W, where
W is the associated Weyl group. It is shown that there is a natural one-to-one
correspondence between primitive ideals of C,[ SL(3)] and symplectic leaves of the
associated Poisson algebraic group SL(3, C).

Introduction

The primitive spectrum of a noncommutative affine algebra is the natural general-
ization of the variety associated to a commutative affine algebra. When the
noncommutative algebra A is a deformation of a commutative algebra B, one
expects to find a close correspondence between the primitive ideals of 4 and the
symplectic leaves of the associated Poisson structure on the variety Max(B). For
instance if g is a solvable complex Lie algebra, then the primitive ideals of the
enveloping algebra U(g) correspond to the coadjoint orbits in g*, which are the
symplectic leaves for the Kostant—Kirillov Poisson structure on g*.

A similar close correspondence seems likely to occur for quantum groups and
related algebras. Let G be a semi-simple complex Lie group and let C,[G] be the
associated quantum group as defined in [16]. There is a standard Poisson Lie
group structure on G associated to C,[G]. The primitive ideals of C,[G] are
expected to correspond bijectively to the symplectic leaves of G. This correspond-
ence may be verified for SL(2) by direct calculation. In this paper we study the
primitive ideals of C,[SL(n)] and prove that the primitive ideals of C,[SL(3)]
correspond exactly to the symplectic leaves of SL(3).
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When gisreal, g # 1, C,[ G] together with a natural involution * can be viewed
as a deformation of C[K], the algebra of functions on a maximal compact
subgroup K of G. In a series of articles in [18, 19, 20] Soibelman, and Vaksman
showed that the unitary representations of C,[ K] correspond to the symplectic
leaves of K.

Fix a maximal torus H in G. Then G has a natural H-invariant Poisson
structure [4]. A description of the symplectic leaves of G may be deduced
from the work of Semenov-Tian-Shansky and Lu and Weinstein [11, 17]; an
outline of this description is given in Appendix A. Let W be the Weyl group
of G. The symplectic leaves fall into H-orbits parameterized by Wx W. Let
D = G x @G, identify G with the diagonal subgroup of D and let G, be the dual
group. Denote by p the natural projection G — D/G,. The symplectic leaves
of G are precisely the connected components of the inverse images of the left
G,-orbits in D/G,. Set I' =kerp and G = p(G). Then I is a finite subgroup
of H and G = G/I' is an open subset of D/G For each we Wx W, let €,, be the
image of the corresponding Bruhat cell of D in D/G,. Denote by %,, a fixed G,-orbit
in €,,. Then %,, =~ C'x(C*)* and %,, is the union of the H-translates of %,. Each
symplectic leaf of G is then a finite cover of h€,, n G for some we W x W and some
heH.

In section two we prove some preliminary results about the primitive
spectrum of C,[SL(n)]. The group H occurs again in the quantum case as the
character group and Prim C,[SL(n)] therefore decomposes into the union of the
H-orbits. Following ideas of Soibelman [18, 19], we define for each we Wx W
a locally closed H-invariant subset Prim,, of Prim C,[SL(n)]. It may be shown
that Prim,, is nonempty for all w and that Prim Cq[SL(n)] = UW Prim,,. We
conjecture that each Prim,, is a single H-orbit and that the elements of Prim,,
are in bijection with the leaves of type w. This conjecture is proved in sections
three and four for C,[SL(3)]. The truth of the conjecture for C,[SL(2)] was
proved earlier by S.P. Smith and the first author. This result is outlined in
Appendix B. B

In order to describe the symplectic leaves of G one passes first to G. Similarly, in
order to describe the primitive ideals of C,[G], we first study the invariant
subalgebra C [G] =C [G]r The quantum analog of %, n G is a certain localiza-
tion of a homomorphlc image of C,[G] denoted by B,,. The key result in section
three is the decomposition of B,, as the tensor product B, ® C[H,,], where B, is
a quantum analog of ¢, ~ G and C[H,] is the algebra of functions on the torus
H, = H/Staby%,.

1. Preliminaries

1.1. In this section we introduce the basic definitions and notation that we shall be
using. We denote by g the Lie algebra si(n, C) and by G the Lie group SL(n, C). We
follow the standard notation in Bourbaki for the roots, weights, Weyl group etc.
associated to g. Other notation is listed at the end of the paper.

1.2. Let ge C*. We shall assume throughout this paper that q is not a root of unity.
We denote by 2 the set {q"|neZ}. Let [a;;] be the Cartan matrix associated to g.
Recall that the quantum universal enveloping algebra associated to g is defined to
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be the algebra U,(g) generated by K', X, 1 <i < n — 1 with relations
Ki'K;=K;K;i'=1, Kini =q*"X;K;,

K2 — K2

[Xi+7Xj—]=5ij qz_q-z 5 Kin=KiKi’

1—aij

1—a:
z (—1)"[ ka”](Xf)kxf(x,-i)l-“ff-k=0, ifi%],
k=0

k
where [m:] =[] 1
k|

(see, for example, [12]). The algebra U,(g) is a Hopf algebra. The comultiplication
A is defined by

AXF)=XFQK '+ K,®X*, AK)=K,®K;,

2m—j+1) _ ,—2(m—j+1)

q
g% —q”

2j

and the counit and antipode by
e(X¥)=0, e(K)=1 S(K)=Ki', S(X{f)=-q72XF.

There is also a C-linear antiautomorphism a+sa* given by (Xf)* = X[,
(K;)* = K;. It is easily verified that 4(a*) = A(a)* (where (a ® b)* = a* ® b*) and
S(S(a)*) = a*.

1.3. SetU° = C[K{#!|1 £i<n— 1] Let M be a U°-module. If y is a character of
U° define the y-weight space of M by M, = {xe M |ux = y(u)x, Yue U°}. Set
Q(M) = {yIM, + 0}. Let P be the set of weights of g and let {o;, ..., 0,-1} be
a fixed set of positive roots. Each weight 1€ P induces a character of U° via
MK;) =q**, 1 <i<n— 1. We denote by M, the associated weight space.

Define % to be the category of finite dimensional U,(g) modules such that
M = @,cpM,. Since ¥ is closed under finite direct sums, tensor products and
passage to the dual module, we may define the restricted dual of U,(g) with respect
to €. This is the associated quantum group %,[ G]. Thus

C,[G] = {feU,(g)*|Kerf= AnnM for some Me%}

The algebra C,[ G] then has a natural Hopf algebra structure induced in the usual
way from that on U,(g). There is also an anti-automorphism on C,[G] induced
from that on U,(g) by £*(u) = £(S(u)*) for all /e C,[G] and all ue U ,(g).

Let n: U,(g) » End(M) = M,,(C), n(a) = [7;;(a)], be an m-dimensional repre-
sentation of U,(g), where M is an object of %. The elements m;;€ U,(g)* are called
the matrix elements or matrix coefficients of the representation =. It is clear that
these 7;; belong to C,[G] and that the set of all such =;; for all possible M in ¥,
spans C,[G] as a vector space. Recall the following useful formulas:

An =Y mg @ my, mymy = (m; @ my)ed, S(my;)=m;°S, e(ny)=mny(l).
I3

1.4. The category ¥ is in some sense a deformation of the category of finite
dimensional modules over the Lie algebra g [12]. Denote by P, the set of
dominant weights of g. For each dominant weight A€ P, there is a simple module
L(A) in € and an element v € L(A) such that
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L L(A) = Uq(g)vA = @ueP,u§AL(A)u;

2. L(A)y,=Cuvy, X{fv,=0,1Zi<n—1; (v, is called the highest weight
vector of L(A))

3. the set of weights Q(A) = Q(L(A)) and the multiplicities are the same as for
the corresponding simple g-module.

Any M € ¥ decomposes as M = @Ae p, L(A)". The representation ring of ¥ is
generated by the classes of the simple modules L(w;) corresponding to the funda-
mental dominant weights @;, 1 £i < n — 1. Moreover each L(A) occurs as a sub-
quotient of a suitable power of the standard representation L(w,). On the other
hand the dual of L(w,) is isomorphic to L(w,-,) which is isomorphic to the
(n — 1)-th quantum exterior power of L(w,). Hence if the matrix coefficients with
respect to the natural basis ey, . . . , e, of L(w,) are denoted by X;; then the matrix
coefficients corresponding to L(w,-) are the quantum minors defined by:

Dij = Z (_qz)[(a)Xl,a'(l) e Xi—l,a'(i—l)Xi+1,o'(i+1) e Xn,a(n) s
6ESH-1
where S, - ; denotes the symmetric group acting in the usual way as bijections from
{1, . ..,i—Li+1,...,n}to{l,...,j—1j+1,...,n}
From these and related facts one deduces the following well-known description
of the Hopf algebra C,[G].

Theorem 1.4.1. (a) The algebra C,[G] is generated by the X;;, 1 <1i,j < n, with
relations:
XuXjo=q*X; Xy, VENi<j, XuXyj=q*X;;Xpu, VOLVi<],
XoiXmj=XpjXp, VW <mVi>j,
XpiXpj— XpjXsi = (4> — 47 ) Xsj X YV <mVi<j,
Det, = ; (—4*Y ' X1y1 - Xomn=1.

(b) The Hopf algebra structure is given by
AXy) =Y Xu® Xyj, S(Xij) =(—q>)V /Dy, &(Xi)=20y.
k

(c) The involution * is given by (X;;)* = (—q*Y ™' Dy;.
(d) Furthermore

8ij =YW (—a* VI XuDj =Y, (—q*) ¥ DXy = Y, (—q*Y T Dj X
=3 (—a*) " XDy .

The reader is referred to [16] and [14] for further details concerning this
algebra.

1.5. The generators described in the above section are not well suited to the study
of the primitive ideals. A more natural set of generators is the following. This
notation was first introduced by Soibelman in [18].

Recall that L(w,) = /\*L(w,) (the k™ quantum exterior power of L(w,)) and
that Q(w,) = Ww,, where W denotes the Weyl group. Recall that W may be
naturally identified with the symmetric group S, by letting the reflection with
respect to the simple root o; correspond to the transposition (i,i+ 1). Let
i={ij,...,i} be a subset of {1,...,n—1} such that i; < ... <i. Define
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e;=e;, A...A e, Then the weight spaces of L(w,) are exactly the Ce;. For any
we W define e, to be the element of e; of L(w, ), where i is the ordered multi-index
associated to {w(1), ..., w(k)}. It is easily verified that e,q, € L(@;)yq,. Define
e* o € L(w)* to be the dual basis element corresponding to e, and denote by
{—, — > the natural pairing between a vector space and its dual.

Definition. For each k=1,...,n—1 and each weW we define elements
ciw€Cy[G] by:  VueUi(g),  couwl) =Xy, lUeq),  cpwu)=

<eﬁwwumn_k5 uewow"-k>‘

Thus ¢, (respectively ¢ ,,) is a matrix coefficient of L(w;) (respectively
L(m,-;)). In particular we have that ¢{ . i = Xi1, ¢i-1,6n = Din» ¢1. 1,5 = Diz»
Cn-1.G.m = Xin. The general element ¢, can be interpreted as a general quantum
minor as defined in [14]. In the notation of that article,

+ 1,..., j —
Cjw= éﬁ( ..... j}J}’ Ciw= f(jﬂ ..... n}

where w{l, ..., k} = {w(l),...,w(k)} etc.

One of the key properties of these matrix elements is that they generate C,[ G].
In fact a slightly stronger statement is true. Let 4, be the subalgebra of C,[G]
generated by the elements of the form ¢;',, and let 4_ be the algebra generated by
the elements of the form ¢/ ,,.

Theorem 1.5.1. The linear map A- ® A, — C,[G] given by a @ br>ab is an
epimorphism of C-vector spaces.

Proof. This result is Theorem 3.1 of [19]. It suffices to check that the definition of
A4 given there is in fact the same as the one given above. [

1.6. On occasion we will need a notation for a coordinate function coming from an
arbitrary representation in . Our notation again follows Soibelman [19].

Let A€P+. Recall that L(A) = @AEQ(A)L(A)ZJ L(A)* = L("'W()A) and
L(A)yt, =[L(A4),]*. Each module L(A) carries a non-degenerate bilinear con-
travariant form (—|—), such that (av|w), = (v|a*w), for all aeU,(g) and
v, we L(A). Such a form is unique up to a scalar multiple [7]. Choose an orthonor-
mal basis {v?|ueQ(A), 1 <j < dimL(A4),} of L(A) with respect to (—| —),. Let
{¢9,} be the dual basis in L(A)*. Then each /%, identifies with (v{| —), and
¢9,e L(A)%;. Hence (/9,09 =(0Q|v)4 = 6,,6;;. We define elements
¢ i, of C,[G] by:

p . . . .
VueUy(g), i) =<0 u) =P uv), .
For convenience we use the following abbreviations:

Cél,u,j if dlmL(A)l =1
lel,i,u,j = c/ll,i,u lf dlmL(A)ﬂ =1
¢ty if dimL(A); = dimL(4), = 1

The first two parts of the following lemma are taken from [19]. The third part is
a consequence of the general formula in Sect. 1.3.
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Lemma 1.6.1. (a) S(c2,: . ;)eCert°% i,
(b)(cllﬂj) ECCAL—;;J’
(C) A(C'A’i’"’j) - Zv,kc—-).,i,v,k® cliv,k,u,j .

WOk, — Tk

Notice that ¢;,, € Cc™,p,. o and ¢i ,, € Cchnrk_ o = C(cy )*.

1.7. Let R* denote the set of positive and negative roots respectively. Denote by
b* =h@®n* the Borel subalgebras associated to R*. We denote by U,(b*) the
Hopf subalgebras of U,(g) generated by {K;, X |1 < i < n — 1} respectively (we
call them the Borel subalgebras).

As in [19] we define the following ideals of C,[G] which play a fundamental
role in what follows:

I+(W: A) = <c/1u, i,A'l é i é dlmL(A);u Uff)¢ Uq(b+)UwA> ’
I~(w,A) =< v 11 i< dimL(—woA)_,, v2,¢Uyb™ )v_a) .

Notice that in the definition of I ~(w, A) the v?,’s belong to L(— woA)-,. Notice
also that the condition v?¢U,(b*)v,, can be expressed in the form
¢, i wa(u)=0for all ue Uq(b+).

Define 7 to be the involutive automorphism t = % S. For any U, (g)-module
M we denote by M" the twisted module where the action of an element ue U ,(g) on
an element veM is given by u-v=t(u)v. Then it is easily verified that
L(—woA) = L(A)- ThlS isomorphism takes v?,e L(—wo4) onto v e L(A),.
Since ©(U,(b*)) = U,(b~) we obtain that

US)¢ Uq(b+)va©v(l)u¢ U (b )v—wA
Therefore Lemma 1.6.1 shows that I *(w, A)* = I~ (w, A).

1.8. We shall need some elementary facts about the Bruhat ordering on W. We
take the reverse of the usual Bruhat ordering introduced in [3]. Thus e < w < w,
for all we W. For each fundamental weight @; we denote the stabiliser of @; in Wby
W, = Stab(w;). Denote by W; a fixed transversal of W, in W.

Definition. Fix ie{l,...,n— 1}. Let y,we W. We say that y <;w if and only if
yw; 2 wa;.

It is clear that <, is right W;-invariant and that the induced ordering on W/W;
is a partial ordering. In order to keep the notation consistent, we shall sometimes
use the notation =; for equivalence modulo W;. The proof of the following
proposition is similar to standard arguments concerning the Bruhat ordering (for
instance [3,§7.7]).

Proposition 1.8.1. Let ie{l,...,n— 1} and let y, we W.

1. The following are equivalent: (a) y <;w; (b) Uy, € Ug(b™)0pnis () Vyor,
eU, (b7 )vyy,.

2. ySiwssywg 2, WWo.

J.ysSwey<;wioradli

Example. If we identify W as above with the symmetric group S,, then the
subgroup W; = Staby(w,) identifies with the group S,_; = Sym{2, ...,n} and
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we may take W, to be {e = (1,1),(1,2), .. ., (1,n)}. The ordering <, is then given
by

W, < (LYW, <(... <(,n)W,.

Similarly W,_; = Sym{1, ..., n — 1} and we may take the transversal ,_, to be
{(n, 1), (n,2), ..., (n,n)=e}. The ordering <,_, is then given by

Wit <p-1(mn—DW,1 <pop oo <t DWW,y

In the case we shall be most interested in (when n = 3) these are of course the only
two cases.

2. The Algebras A4, B, and C,

2.1. In order to study C,[G] in more detail we introduce algebras 4, B,, and C,,
defined for each we W x W. The motivation for the definitions of these algebras
comes from the structure of the symplectic leaves in G. Recall the notation of
Appendix A. There are natural maps G - Gs D/G, and a symplectic leaf of G is
a connected component of the inverse image of a left G,-orbit of D/G,. The Bruhat
cells 4,, of D/G, are disjoint unions of isomorphic leaves of “type w.” Just as in this
geometric case it is natural to study the symplectic leaves by type, so in the study of
C,[G]itis natural to classify primitive ideals by type. The algebras C,,, B, and 4,,
correspond to the cell €,, and its inverse image in G and G respectively.

2.2. Setting A = m; in 1.7 we obtain the ideals I * (w, @;). From Lemma 1.6.2 and
Proposition 1.8.1 it follows that

I*(w, @) = (¢ lygiw) .

Henceforth, the principal objects of interest will be the ideals defined for each
w=(w,,w_)e Wx W by:

n—1
Iw= z (I+(w+’wi) +I—(w—>wi))= <C‘1¥.y|1 élé n— layiiws> )

i=1
and the sets, defined also for each w = (w,,w_)e Wx W by
Ew={clwciw li=1. .. ,n—1}.

We shall also occasionally use the following notation. For ye W we define
1*(y)=Y121 1%y, @) and % (p) = {eFyli=1,...,n}. For w=(ws+,w_), we
define I =I*(wy),and €% = &*(wy).

Theorem 2.2.1. Let we W. The image of ¢} ,, is normal in C,[G1/I*(w, w;). In fact we
have that

€ i i€ = YCE w2 i, j(mod I¥(w, w;)) for some ye2 .

Proof. Recall that C,[G] = C[c¢%, ; ., jlA€P ] and that ¢, is a scalar multiple
of ¢%\i. .- The ideal Jo(wwm;, w;) defined in [19] is precisely the ideal I *(w, @;)
defined above. The result for ¢;",, then follows from [19, Prop. 3.2]. Applying the
involution * yields the result for ¢;,,. O
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Corollary 2.2.2. For any w = (w.,w_)e Wx W, the elements of &,, (respectively
&%,) are normal in C,[G]/1,, (respectively C,[ G]/I3,).

Now let w = (w,, w_)e Wx W. Denote by E,, the multiplicatively closed set
generated by the images of the elements of &,, in C,[G]/I,,. Since E,, consists of
normal elements we may localize with respect to this set. Denote the localized
algebra

A, = (Cq[G]/Iw)EW

It is not immediately clear that A,, # 0 since it could happen that E,, N 1,, + 0.
In the next few subsections we shall prove the following result:

Theorem 2.2.3. For all we Wx W, A,, + 0.

The idea of the proof is to construct a non-zero A,-module by tensoring
together certain “fundamental” C,[G]-modules. This technique was used by
Soibelman in [19, §5]; the idea is apparently due to Drinfeld. It is a quantum
analog of the proof that p~*(%,,) + 0 given in Appendix A.

Definition. A non-zero C,[ G]-module is said to be of type we Wx W if(i) [,M =0
and (i) Yce &,,, M = cM (i.e., M is &,-divisible).

It is a standard fact that a module of type w has a natural structure as an
A,-module. Thus the theorem will be a consequence of the existence of a nontrivial
module of type w for all we Wx W.

2.3. Foreachie{l,...,n— 1}, denote by U,(sl;(2)), the Hopf subalgebra gener-
ated by {X;,X;,K'}; denote by U,k(b%) the subalgebra generated by
{X¢, Ki'}. Consider the following commutative diagram of inclusions:

Ugb)) - Uy(sli(2)
l N Pe,i l ®;
Ub) > Ule).

Since U,(b®) is a Hopf subalgebra, the subspace U,(b*)* =
{feC,[G]1f(U,(b%) = 0} is an ideal of C[G]. Define C,[B*] = C,[G]/U,(b°)*
and define similarly C,[ B{] and C,[ SL;(2)]. Then we have a commutative diagram
of surjections,

C,[Bil <« GClSL(2)]
1 LN I

C,(B% b3 C,(G).

It is easily verified that the canonical isomorphism, U,(sl;(2)) = U,(s(2))
induces an isomorphism C,[SL(2)] = C,[SL;(2)] such that the kernel of
C,[SLi(2)] - C,[B{"]is I, (and likewise Ker(C,[SL;(2)]1 > C,[Bi 1) = Is, )
From the theorem in Appendix B, we know that there exist C,[SL(2)] modules
M* and M ~ of type (s, e) and (e, s) respectively. Define M i to be the modules M *
considered as C,[G] modules via the map C,[G] - C,[SL;(2)]1= C,[SL(2)].
Then in particular we have that Ann M 2 ker ¢ 5.
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Proposition 2.3.1. The modules M ;" and M are of type (s;, e) and (e, s;) respectively.

Proof. We give the proof for M ;" . We first need to show that I, ., = Ann M*;itis
enough to show that I *(s;, w) + I ~(e, w) = Ann M for each fundamental weight
@w. Notice that I7(e,w) = {c % |v_,¢Usb7)v_p) =, 0% (c,, s
=0) c Kerp* c AnnM . On the other hand, I*(s;, w) =
€4, 01028 Uy(b™ )vg,,>. Suppose that I™(s;, w)¢Kerp¥. Then there exists a
Asuchthatv, ¢ U, (b )v,,, and v, e U,(sk(2))v,. Since X;" v, = 0 and X" v;,,€ Cvy,
we obtain v, € U, (sl;(2))v, = Cv,,, + Cu5, © Uy(b™)vy,4, a contradiction.

It remains to show that M ;" i is & s, -divisible. Recall that elements of &', . are
of the form ¢; = ¢% 4, 4, OF ¢ = ¢,7%"% . We first compute ¢(c;) acting on M *
via the 1dent1ﬁcat10n ¢ [SL (2)] = q[SL(Z)] The U ,(sl;(2)) module generated by
Uy, s either trivial (when (w;, a;) = 0) or is the fundamental representation with
hlghest weight vector v,, (When (@, o;) = 1). It follows that ¢} (c;) = (c”, )@
for which M is divisible by definition. A similar reasoning gives that

p¥(c) = (c_s,,,sp)‘““ -%) which again acts divisibly by definition on M *. O

24. We now show that modules of type w = (w,,w_) can be constructed by
forming the tensor product of modules of the form M using the reduced de-
composition of w, and w_. The fundamental result is the following.

Theorem 2.4.1. Let M be a C,[ G]-module of type (w,, w_). If s;w, > w (respec-
tively s;w_ > w_) then M;* ® M (respectively M ® M| ) is a C,[ G]-module of type
(s;w, w_) (respectively of type (w., s;w_)).

Proof. We prove the assertion in the case s;w, > w,..

(i) I (w_,w) < Ann(M;" ® M) for all fundamental representations .

We denote c; ,°” by ¢, ,. A standard generator for I~ (w_, @) is then of the
form ¢; _,, where v_, ¢ U,(b™ )v_,,_,. The action of ¢;, _, is given by the comul-
tiplication 4(c;, ) = Zueg(_wOw)C}h” ® c_,, - Suppose that the action is non-
trivial. Then there exists a p such that both factors ¢, , and c_,, _, act non-trivially
on M; and M respectively. Since M is of type (w,,w_) this implies that
v,€U b7 )v_,,_,. Since Ann(M;") 2 Ker(p* ), we must have that ¢*(c; ,) + 0;
thus v_,eUyb™)v, € Uy(b™)v_,,_,, a contradiction.

() I*(s;wy, w) < Ann(M;" ® M) for all fundamental weights .

For these calculations we abbreviate ¢ , by c;, ,. Then a standard generator of
I (swi,®)isc_; o, where v, ¢ Uy(b™)vy,,, ». The action on M; ® M is given by:
A(c_jq0) = Zﬂeg(w)c e ®Cp o Suppose that there exists a u such that both
¢4, and ¢_, , act non-trivially on M;" and M respectively. Then by definition
and Proposition 1.8.1, v,e Uy (b*)v,,, , S Uy(b*)vy,,,, ». On the other hand, since
Ann(M ;") 2 Ker(¢¥) we must have v,€U,(ski(2))v,. Since s;w, >w,,
X{ vg,o=0. Since moreover [ X", X ] = du(q* — q‘f)‘l(K,-2 — K%, it fol-
lows easily that

Uq(SIL(Z)) Uq(b+ )vsgw+w = Uq(b+ )vs,w+m

which implies that v;€ U,(b")vy,,,, », a contradiction.
(iil) M;" ® M is 5, .. )-divisible.
Let w be a fundamental representation. We continue with the notation of part
(ii). The action of ¢y, o, 1S given by:

A(C—S,W+m,m)= z C—s,w+m,p®c—u,m .

ne(w)
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Suppose u is such that the corresponding summand is non-trivial. Then we have
that (a) v,€ Uq(b+)vw+w and (b) vgw,o€ U,ybi )v,l Consider the U,(sl;(2))-sub-
module of L(w) containing v,,, ,. Since s;w, > w, it has hlghest welght w, @ and
lowest weight s;w,@. If (w,.w, a;) =0, the representation is trivial; otherwise
(wiw, ;) = 1 and the representation is the fundamental representation. From (b)
we obtain u=sw,w + py; =w, @ + (p — (Wi @, o;))o;, where p is an integer
between 0 and (w . @, o;). From (a) we deduce that p = (w. @, o;) and so u = w, @.
Thus for any m'e M;" and me M,

! 7
Cosiwim,aM ®m= Csiwrmwioll ® Cov,maM.

By hypothesis M is c_,, 4 ,-divisible. On the other hand, ¢¥(c-sw,u ws o)

(c_sp ,,)‘w””’ %) and M is divisible with respect to this element. Hence
M} ®M is ¢%y,,, o, o-divisible. The proof for elements of the form ¢, *3"_, is
51m11ar 0

Corollary 2.4.2. Letw, =s;, ... 5
and w_ in w. Then

wo W = 8;, ... 8;, bereduced expressions for w .

Mi®..OMi®M; ®...®M;
is a module of type (W, w_).

This completes the proof of Theorem 2.2.3. These results generalize slightly [19,
Propositions 5.1, 5.2].

2.5. Let R(C,[G]) denote the set of one-dimensional representations of C,[G].
Since C,[G] is a Hopf algebra, R(C,[G]) has a natural group structure. Let
X = (X;;) be the matrix of coordinate functions as described in 1.4. Since the
X; generate C,[G], there is a natural map from R(C,[G]) to M,(C) given by
1= (x(X;j)) = x(X). It is easily verified that this is an isomorphism of R(C,[G])
onto the set of invertible diagonal matrices. Since R(C,[G]) is naturally isomor-
phic to this complex torus we shall denote it by H.

For any Hopf algebra A, there is a natural action of R(A) as automorphisms of
A given by r,(a) = ) agyx(a) for all ye R(A) and ae A. In the case 4 = C,[G]
the action of H on C,[G] is therefore algebraic and given by r,(X) = Xx(X).

Denote by I' the subgroup of H corresponding to matrices with entries equal
to +1. Denote by y; for i=1,...,n — 1, the element with —1 in the (i, i) and
(i + 1,i+ 1) position and 1’s elsewhere. Obviously I’ is generated by the y;. Using
the description of ¢} ,, as a quantum minor given in 1.5 it is easily verified that the
action of y; on the elements c¢ ,, is given by

e ) Ciw ifj+i
Definition. We denote by B = C,[G] = C,[G]" the algebra of elements of C,[G]
invariant under the action of I'.

Definition. Let w = (w,;,w_)e Wx W. Recall that A,, = (A/I,,)g,. Since y(I,,) = I,,
and y(E,,) € E,, for all ye I, there is a natural induced action of I' on A,,. We define
r

w we

Notice that B, = (B/(I,, " B))g,.~5)- In order to simplify the notation we
continue to denote by ci , the image of ¢ , in A,,.
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It is fairly easy to see that A4,, has a natural structure as a crossed product of the
dual group I over B,,. Denote by I" the dual group of I' and denote by §; the
element of I such that y,(y,) =(—1)%. Define a map ¢:1 - A4, by
¢iy .- D) =¢iwy -+ Citw, if iy < ... <i. Then A, is a crossed product of
I’ over B, via ¢ in the sense of [13, 1.5.8].

26. Fixw=(wi,w_)e Wx W.
Definition. Let ye W. In A,, set 2%, = ci (¢t ) P and t; =ci,, _(ciy,) ™"

Clearly these elements belong to B,,. We define C,, to be the subalgebra of B,,
generated by the set

{zi,Je=+,i=1,...,n—LyeWju{tf'li=1,...,n—1}.
Clearly z; , = 0 for y >;w, and z{ ,,, = 1. Thus
C,=C[tf"z5 Jle=+,y<;w,i=1,...,n—1].

We now show that B, is the localization of C,, with respect to an appropriate
normal element Recall [14, §2] that the relation Det, = 1 may be written, for each
i=1,. —l,as 1= ZyeW o, yCi yCiy, Where o; yeQ and W, is a transversal of
W, in W. Using Theorem 2.2.1 and the description of the ¢; ,, as quantum minors
given in 1.5, we obtain that C,, contains the elements

di = (cifw.) Hepw. )t = Z Biyzilyziy »

yeW;

where f; ,€ 2. Define d to be dyd, . .. d,—;.
Theorem 2.6.1. The element d is a normal element of C,, and B,, = C,,[d 1]

Proof. It follows easily from Theorem 2.2.1 that d4,, = A,.d. Since each z; , is an
eigenvector for conjugation by d, it is clear that dC,,d "' = C,,. Thus d is a normal
element of C,,. It follows from Theorem 1.5.1 that A,, is spanned by elements of the
form vd*, where v is a word in the ¢} , and ¢ is a non-negative integer. Such words
are clearly eigenvectors for the action of I". Hence B,, is spanned by the words with
eigenvalue 1; that is, words for which the number of occurrences in v of elements of
the form cf ,, for a fixed i is even, say 2m;. For such words it follows from the
normality of the elements c; ,, (Theorem 2.2.1) that if ¢ > m; for all i, then vd*e C,,.
Hence for all b€ B,,, there exists a positive integer m such that bd"eC,,. O

2.7. We shall also be interested in the subalgebras of elements invariant under the
action of the whole group H. There is a natural induced algebraic action of H on 4,,
and B,,. Let AeC* and let h=Jde; + A7 'e;11 ;+1. Then it follows from the
description of the ¢ , as quantum minors that

PRSP
h(ct,) = { L I
Cily if j#i.

It is thus clear that the elements z{ , are H-invariant.
Theorem 2.7.1. (i) C¥=C[z{ ,le=+,1<i<n—1,yeW]

(i) A% =B = CH[d .

(iti) The monomials t* ...t ¢ for (ry, ..., rs—1)€Z"" ! form a basis for C,, as
a left or right C'j-module and a baszs for B,, as a left or right BE-module.
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Proof. Denote by S the subalgebra of C,, generated by the z¢ ,. Clearly S < CH. On
the other hand, since C,, is generated over S by the ¢; which are invertible elements
normalising S (¢;S = St;), it follows that the given monomials span C,, as a left or
right S-module. It is also clear that if h = Ae;; + A7 e; 11 ;41, then h(t;) = 47 %t;and
h(t;) = t; for j # i. Thus each distinct monomial corresponds to a different charac-
ter of H. Hence the monomials must be linearly independent over CZ. Thus
Cy = @PrczSt', where t* =t ... ti=f if r = (ry, ..., r,—1). This proves (i) and
the first part of (iii). The remaining assertions then follow easily. [

2.8. We are now in a position to formulate more precisely the conjectures made in
the introduction concerning Prim C,[ G]. Although we only consider here the case
when G = SL(n), similar conjectures may be made in the general case. The reader is
referred to Appendix A for a description of the symplectic leaves of G. Denote by
A the algebra C,[G].

Definition. For each we W x W, define Spec,A = {PeSpecA|P =21, and
PnE, =0} and Spec,,B = {PeSpecB|P 2 I,,n B, and P N E,, = §}. Elements of
Spec,, A and Spec,,B are said to be of type w. Set Prim, A = Spec,, 4 N Prim A and
Prim,, B = Spec,, B n Prim B.

The action of H on A4 described above induces an action of H on Prim 4 for
which the locally closed subsets Prim,, 4 are invariant for all we W x W. Since the
action of H is algebraic, Staby P is a closed subgroup of H and H/Staby P is a torus
for all Pe Prim A.

Conjecture 1. Prim A = [ [, . «w Prim,, 4 and Prim,A4 is a non-empty H-orbit
for all we W x W. If P, is a primitive ideal of type w, then H/Staby P, is a torus of
rank rk G — s(w). Hence there is a bijection f: Prim A —» Symp G such that
p(Prim,,A) = Symp,,G.

Conjecture 2. One may define a bijection f: Prim A — Symp G as in Conjecture
1 such that f is order reversing and GKdim A/P = dim (P) for all Pe Prim A.

Both conjectures are known to be true in the case G = SL(2, C) (see Appendix
B). Conjecture 1 is proved in Sect. 4 in the case when G = SL(3, C).

3. The Adjoint Action

3.1. Henceforth we restrict our attention to the case G = SL(3). We shall denote
the algebra C,[SL(3)] by A. In order to study the ideals of 4 we look at the ideals
of C,, and B,, invariant under the adjoint action. At the same time we study in detail
the structure of the algebra CH, showing that it is an iterated Ore extension in the
sense of [13]. We shall therefore be interested in bases consisting of standard
monomials as defined below.

Definition. Let % = {y;, Vs, ...,):} be an indexed set of elements. The standard
monomials in % are defined to be the elements y" =y} ...yi, where
r=(ry,...,r)eN.

3.2. We shall show that for each w, there exists a certain set of z{ , such that for
a suitably chosen ordering, the standard monomials in these z’s form a basis for
CH. Clearly we should exclude from such a set all the z¢ , for which y <;w,. The
Plucker relations imply that certain other generators are redundant.
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Definition. Fix we W x W. Define
Z ={z},le= %,y <iw,,i=12} — {25, wle = £} .
Define I to be the corresponding index set; that is,
I={(epi)le=+,y <iwe,i=12} —{(&2, wewo)} .
Theorem 3.2.1. CE = C[Z].

Proof. From Theorem 2.7.1 and the remarks at the beginning of 2.6, it suffices to
show that if w,wo <w,, then 25, ,,€ C[Z]. The Plucker relations given in
Theorem 1.4.1 (d) imply that in A4,,,

Y oyet ¢35 w =0, for some o, e 2.

yeWiy S w,
Multiplying by (c{ v.) *(c5.,.) ! and using the fact that z{ ,, = 1, we obtain:

+ + L+

23 wiwe = 2 VyZi.yZ3 ywes fOT SOME ,€2 .
YEWLy < w,

Now for y <; Wy, 23, is either O or an element of Z. Hence z5 ,,, ,,€ C[Z], as
required. A similar argument works for z; ,,_ ..

Remark. 1t is important to notice that if w, <, w,w,, then the above relation
collapses to 0 = 0. Nontrivial relations for z3 ,,, ,, only occur when w, or w_
belongs to {(1, 3), (1, 3,2), (1,2, 3)}.

3.3. The ordered indexing on the set & will be induced from the following ordering
on the set S = {(¢,i,y)|e = +,i=1,2 and ye W;}.

Definition. Define a total ordering on the set S by:
i< or
(&, y)<(ei,y)iff {i"=1 and y' >,y; or
i"=iand y=;y and ¢' = +,6 = — .
Since W, is totally ordered by <, it is easy to see that this defines a total
ordering on S.

The required commutation relations on the z{, follow from the following
commuation relations in C,[SL(3)].

Proposition 3.3.1. Suppose that (¢',1', y') < (&, i, y). Then there exists an a.€ C* such
that

ctg’,,y'cf,y = ac?,yc?’l,y’ + Z ﬁjaja} P
j
where B;€C, aje{ct ,|(s,i,u) < (& i,y)} and aje{ci ,|(¢, i, u) < (s i, y)}.
Proof. The result may be deduced from the commutation relations given in [8, 2.1,
2.2,2.13-2.16] using the equations in Sect. 1.5. Alternatively, one may use the more

general formula [19, §3.8] which follows from the form of the universal R-matrix
for U,(sl(3,C)). O

3.4. We define R(e, i, y) = C[z] ,/(n, j, u) < (&, i, y)].
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Proposition 3.4.1. The algebra R(e, i, y) is spanned by the standard monomials in
{z& ,€Z|(€,i',y) < (ei,y)}. In particular, the algebra CH is spanned by the
standard monomials in the elements of Z.

Proof. 1t follows from the proof of Theorem 3.2.1 that z5 ,,,,,€ R(, 2, w,wg). On
the other hand Proposition 3.3.1 implies that R(e, i, y)[ 2§ ,] is spanned as a left
R(e, i, y) module by the powers of z ,. The result then follows by induction. [J

3.5. In order to show that the standard monomials from Proposition 3.4.1 form
a basis for C¥, we consider the adjoint action of C,[ SL(3)]. Let us recall the basic
definitions and properties for the adjoint action of a Hopf algebra on a bimodule.

Let (R, 4, ¢, S) be a complex Hopf algebra and let M be an R-bimodule. The
adjoint action of R on M is defined by: (ad h)x = h(;,xS(h(,)) for allhe R and xe M,
where we are using the Sweedler notation together with the obvious summation
convention. We set M*! = {xe M|(ad h)x = ¢(h)x, Yhe R}. It is easily seen that
M?** = {xe M|hx = xh, VheR}.

The map ad: R —» Endc M is a homomorphism of algebras and in this way
M becomes a left R-module via ad. Suppose now that M also has the structure of
a C-algebra compatible with its bimodule structure; i.e.

Vx,ye M,YheR, h(xy)=(hx)y and (xy)h = x(yh).

Then under the adjoint action, M has the structure of a R-module algebra in the
sense that (ad h)(xy) = (ad h))(x)(ad hey)(y).

3.6. These generalities apply to the Hopf algebra C,[ SL(3)] and any bimodule M.
Recall that C,[SL(3)] = C[X;;|1 £i,j < 3], where the X;; are the coordinate
functions for the standard 3-dimensional representation of U,(sl(3, C)). Since
A(Xi5) = Z Xy ® Xy, the adjoint action of X;; is given by (ad X;;)m =

Z X;mS ()f x;) for all me M. Denote ad X;; by ad;;, and define the adjoint matrix of
m to be [adm] = [ad;;m]; <;, j<,. Denote by X the matrix of coordinate functions
(Xij)e M,(A) and by S(X) the matrlx (S(X;;)). It follows easily from the coalgebra
structure of 4 that S(X) =

Proposition 3.6.1. Let ¢: C,[SL(3)] — B be a C-algebra map. Then for any be B,
[adb] = ¢(X)bd(S(X)). The map [ad —]: B— M,(B) is an algebra map. In par-
ticular, [ad bc] = [ad b][adc] for all b, ce B.

Proof. The formula for [ad b] is clear. For simplicity, drop the ¢ and consider
M,(A) as acting on M,(B) via ¢. Then [adbc] = XbcS(X)= XblcS(X) =
XbS(X)XcS(X)=[adb][adc]. O

3.7. Inthis sectlon we study the adjoint action of 4 on the subalgebra generated by
the elements ¢t{*, t5! defined in Sect. 2.6. To simplify the notation a little, set

a=w_(1), b=wi(1), c=w;3), d=w_(3).

In this notation, t; = D,y X 1!, t, = X43D3t and t4t, = q*%<~%4¢t,t,. Recall that
by Theorem 2.7.1, the elements t}t% for n, me Z form a basis for the subalgebra
C[t£',t51]. Denote by F;(«) the diagonal scalar matrix with the scalar o in the
(i, i)® position and 1’s elsewhere on the diagonal.

Lemma 3.7.1. With the above notation we have that
[adt;] = Fy(q*)Fa(q~%)t; and [adt,] =F.(q"%)Fa(q?)t, .
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Proof. It is easily verified that X, X = F,(¢®>)XF;(qg"?)X,; (modI,) and sim-
ilarly that D, S(X) = F1(¢*)S(X)F,(q ?)Ds; (modI,). Combining these two
identities gives the formula for [ad?;]. The proof of the second equality is
similar. [J

Proposition 3.7.2. The algebra C[t$',t5']* is a subalgebra of the centre of A,
equal to:
(i) CLei', 3 T ifwe =w-;
(i) CLtF' ] if wy =w_ (W) and wy + w_;
(i) Cif wy =w_(W)) fori=1and 2 but w_ % w,w;
(iv) CL(tytz ) T if wo = wywo.

Proof. It is clear that C[t{!, t5']* has as a basis the set of all monomials ¢ ¢
which are ad A-invariant. Now

[adt1t5] = Fy(q*")F.(q~*™)Falg™*")F4(g*™)t} 1% .
The result then follows easily. [J

Notice that the dimension of C[t{?, t3 ] is therefore 2 — s(w), where s(w) is
the length of a shortest expression for w, w-! as a product of reflections.

3.8. The adjoint action of 4 on C¥ is a little more complicated. As usual let
w= (Wi, w_)e Wx W. As before, seta=w_(1),b=w,(1),c=w,(3),d=w_(3)
and set p = g% — q 2

Lemma 3.8.1. Let y be an arbitrary element of W and set r = y(1) and s = y(3). The
adjoint action on z{ , is given by

b
[adz;—,y] = Fr(q—z)Fb(qz)Zf—,y - Z p21+.(1,i) €ir

i=r+1

[adzy,] = Fr(q_Z)Fa(qz)zi_,y +¢q*C*m Z (—1y " 'pzi g, pen »

i=r+1

s—1
ladzz,]=F(q *)Fi(q*)zz, — "0 X (=17 pziazem s

-1

N
[adZZ_,y] = Fd(q_2)Fs(q2)ZZ_,y + Z pZZ_,(i, 3)€is -
i=d
Proof. Recall that z{, = X,; X ;;*. One verifies first that for r < j < q,

XX = leFj(q—z)XFl(qz) - < Z pXileij> XFi(q*)(mod1,) .
i=j+1
Hence XX ;' = X' F,(q*)XF(q~?). Putting these two formulas together yields
the desired result. A similar calculation proves the other three formulas. O

3.9. Thus for each z{, the matrix [adz{,] is of the form D + N, where D is
diagonal and N is a strictly upper or lower triangular matrix with all its non-zero
entries in a single row or column. Furthermore the nonzero entry in N that is
furthest from the diagonal is a scalar. Since this entry is of particular importance we
define ¢ to be the function that associates to z§ , this position. That is, for a fixed
w we define
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d(z1,y) = (w+ (1), y(1)), B(z3,,) = (¥(3), w+(3)) ,
$(zi,y) = (D), w-(1)), d(z2,,) =(w-(3),y(3)).

This map is not injective on the set of all z{ , since for instance when w, = (13),
d(z3.) =(3,1) = ¢(z{ .). However when ¢ is restricted to & we do have injectiv-
ity.

Lemma 3.9.1. The map ¢ restricted to Z is injective.

Proof. Clearly ¢(z;",) = {(k,1)|k > 1} and ¢(z;,) = {(k, I)|k < 1} so we may con-
sider the two cases separately. Suppose that ¢(z1,,) = ¢(z3 ,-), where y <; w, and
y' <,wy. This means that (wy (1), y(1)) = (3'(3), w+(3)). Hence y = wiwo(W))
and y' = w,wo(W,). Since z5 ,,.,¢Z, the result follows. The other case is
similar. [

Proposition 3.9.2. Let ye W and suppose that ¢(z¢,) = (k, 1). Set [ad z{ ,] = [a;;].
Then [ad(z{ ,)'] = [ad z{ ,]" = [a;j(n)], where
(i) aii(n) = aj;e C*(zi , ),
(i) a;; = 0 implies a;;(n) = 0.
(iti) a(n) = adu(z,)"e C*(z;,)" "

Proof. Write [a;;]1 = D + N, where D is diagonal and N is strictly upper or lower
triangular. Then because of the particular form of N, we have that ND'N = 0 for
any i. Hence [a;j(n)] = (D + N)" = D" + Y ") DSND"~*~ 1. The first two asser-
tions are then clear, as is the fact that

n

-1
ag(n) =Y, (¢*)*" > Vay(zi,y .
s=0

Since q is not a root of unity, the coefficient on the right-hand side is non-zero. [

The lemma states that if (k, [) = ¢(z{ ,), then ad,;, behaves rather like a partial
differential operator with respect to zi,. However, on an arbitrary standard
monomial it is important to apply these operators in the correct order. This
necessitates defining a new ordering on the standard monomials.

Let I={(ey i)e=+,y<;w, i =12} —{(£,2,w,wo)} be the index set
corresponding to the set Z and let K = ¢(I) (where ¢ is the obvious induced map
on I). For each w let < be a total ordering on the set {(i,j)|i,j = 1,2, 3, i & j}
satisfying

(L>1i)>23)>G)>Gj)>2,1

and i and i’ are chosen so that if (1, i) and (1, i') are both in ¢(I) then the ordering
< reverses the ordering induced by ¢. We denote by < the induced ordering on
the subset K. The ordering induced by < on I via ¢ ~! will also be denoted by <.
The ordering < on I extends naturally to a lexicographic ordering on N* which will
again be denoted by <.

Theorem 3.9.3. Let meN' and let ¢(m) be its image in N¥. Let M™ be a standard
monomial in the 2§, with respect to the order defined in 3.3 and let X*™ be the

standard monomial in the X;; with respect to the ordering on K defined above. Then
(i) ad X¢™ M™eC*; (i) ad X*™M" = 0 for all n < m.
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Proof. Define Supp(m) = {nel|m, # 0}. For (i, j) K, define f;; to be the element
of N" such that (f;;)e = 0¢, o -1, j)- It suffices to prove that for any monomial M™
and any (i, /) = Max(¢(Supp(m)),

eM™~ I if (i, j) = Max(¢(Supp(m)) ;
0 if (i, j) > Max(¢(Supp(m)) ;

for some ce C*. Suppose that M™ = Z7" . .. Z[", where Z;e Z. Then ad;;M™ is
the (i, j)-entry of ad(Z7") . . . ad(Z™). The form of these matrices was computed in
Proposition 3.9.1. A lengthy but routine calculation shows in all cases that if k is
such that (i, j) = ¢(Z,) = Max(¢(Supp(m)), then

(ad Xij)Mm = adiiZ'{“ N adiiZZ'E]‘ adijZ;(""adij,'{"}r"l‘ N adij;"t N

(adXij)M'" = {

and that if (i, j) > Max(¢(Supp(m)), then (ad X;;) M™ = 0. Hence the result above
follows from Proposition 3.9.1. O

3.10. We now come to the most important results of the section. For each
character ve R(A) let us denote by Cy, the v-isotypic part of C,, under the adjoint
action. Denote by Soc C,, the socle of C,, under this action.

Theorem 3.10.1. 1. The algebras C,, and CZ are iterated Ore extensions. Hence C,,,
CH and B,, are all domains.

2. SocC,, = @yerayCr = C[ti!,t51]. Hence Cil = C[tF', 511" is as de-
scribed in Sect. 3.7.2.

3. If ve R(A) is such that C}, % O, then there exists a invertible element u, such
that CY, = u,C%,

Proof. Theorem 3.9.3 implies that the standard monomials in the elements of
% form a basis for C2. The fact that CH is an iterated Ore extension is an induction
based on [2, 1.3] using Proposition 3.4.1. Theorem 2.7.1 implies that C,, is an Ore
extension of CH. Thus C,, and C¥ are both domains. Since B,, is a localization of
C,, (Theorem 2.6.1), it too is a domain.

Now let feC,,. We may write f in the form f= ), < o, M", where M" is the
monomial described in 3.9, o, e C[t£?!, t5 '] for allnand o, + 0. By Theorem 3.9.3,
there exists an a€ A4 such that a is a product of elements of the form X;; and such
that

0 fn<m
(ada)M,,={1 if n=m.
NOW 0y = Y cr(a)0ta, r» Where o, , € C[tF1, 15 1],. Moreover,
(ad a)a,, , M, = (ad ayy) o, ,(ad az) ) M, = x(ay) o, ad agpy M,
= o, yad(r(a)) M, .
But r,(a) = A,a for some non-zero scalar 4,. Thus

(ada)f=Y Ay0m €C[ti!, t511\{0} .

Since C[t{!, t$1] is a semi-simple ad-4 module, this proves the second assertion.
The third statement then follows easily from 3.7. O
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Remark. We can identify C% with C[H,,], the algebra of functions on the torus
H, = H/Staby%,, (see Theorem A.3.1).

4. Primitive Spectrum of C,[G]

4.1. We begin with a result showing that the study of Spec A and Spec B may be
reduced to the study of Spec 4,, and Spec B,,, we W x W respectively.

Proposition 4.1.1. Let PeSpec A (resp. Spec B). Then there exists a unique
we W x W such that P > 1, (resp. P> 1,nB) and PN E,, = 0.

Proof. Let PeSpec A. Define the elements w@e W, i=1,2 to be the smallest
elements of W; such that ¢;/,€ P for all y > w¢}). We want to show that there exists
aw, e Wx Wsuch that w, = w (W) for i = 1, 2. It is easily verified that this will
occur if and only if W' wg + w@(W,). Suppose that w'Pwo = w@(W,). Recall the
Plucker relation

2 (=P el o3 me =0.
yeWw,
Now for y >;w®, ¢{ ,€P by definition. On the other hand, if y <, w{, then
ywo >, wwy = wP(W,) by Proposition 1.8. Hence ¢ ,,,€P. The remaining
term, which is a scalar multiple of ¢;",wc; @, must therefore lie in P also. However
neither ¢; ,onor ¢, ,»lie in P by hypothesis. Moreover ¢;",»is normal modulo P by
Lemma 2.1. This contradicts the fact that P is prime.

A similar argument produces an analogous element w_. Thus there exists an
element w = (w,, w_) such that ¢f,e Pforally > w; and ¢/, ¢ Pfori=1,2.In
other words, P o 1I,, and PnE, = 0. It is clear that such an element must be
unique.

Now let PeSpecB. By [13, 10.2.10], there exists a Q € Spec 4 such that P is
minimal over Q N B. By the first part of the proof there exists a w such that Q = I,
and Q N E,, = 0. Hence it is clear that P = I,, n B. Suppose that ce P N E,,. From
the minimality of P over Q n B and the fact that ¢ is normal modulo I,, it follows
easily that ce Q, a contradiction. O

Corollary 4.1.2. Identify SpecA with {PeSpecA|P o1,, PNE, =0} Then
SpecA = | |wewxw SpecA,, where || denotes the disjoint union. Similarly
Spec B = | |, cw «w Spec B,,.

The analogous result concerning the primitive spectrum is also true. However,

this is a subtler question and the proof requires the characterization of the
primitive ideals as the locally closed elements of Spec A.

4.2. We now return to the study of B,, and C,,. Define the algebra C, by:

ch, if wy, =w_;
CHLEY, if wy =w_(W) and wy + w_(W))

TN CHLEEY, 1], if wy + w_ (W) for i=1,2 but w_ % . wo;
Chleit], il w_ = w,w,

and define B, to be C,[d"']. Then it is clear from 2.7.1 and 3.7.2 that
C,~C,®C% and B, =~ B,® C%. Moreover both C, and B, are integral
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domains by 3.10.1. We now show that B,, is simple. It will then follow that all prime
ideals of B,, are induced from C%,

Lemma 4.2.1. Let I be an ideal of B,, (respectively C,,). Then I is an ad A-submodule
if and only if I = (I n C%)B,, (respectively I = (I n C*)C,,).

Proof. Since B, is a localization of C,, and C,, is ad-invariant, it is enough to prove
the result for C,,. Let I be an ideal of C,, and suppose that I strictly contains
(InC*C,,. Choose feI\(InC%)C,, and write f (as in the proof of 3.10.1) as
F=a<m0taM", where o,€Soc C,, for all n and oy, + 0. Assume that m is minimal
for such elements. The argument used in the proof of 3.10.1 implies that I contains
Y Ay0m, , for some non-zero scalars A,. Since I is ad-invariant, it therefore contains
each 4,0y, ,. But 4,0, ,€(C,,), = u, C% for some unit u,. Thus A,y ,€(I N C¥)C,,
and so au My e(I n C%)C,, contradicting the minimality of m. [

Theorem 4.2.2. B, =~ B, ® C%, where B, is a simple algebra. The center of B,,
is C% and all ideals of B,, are generated by their intersection with the center.
Thus Spec B,, = Spec C% and Prim B,, = Prim C%. All primitive ideals of B,, are
maximal and all prime ideals are completely prime. If PePrimB,, then
GKdim B,,/P = I(w) + s(w).

Proof. Let P, be the ideal of B,, generated by elements of the form ¢ — 1, where
te{t}t5|n,meZ} N C%. Then clearly B, =~ B,,/P,. Hence P, is a completely prime
ideal of B,,. From the lemma we have that P, is a maximal ad 4-invariant ideal of
B,,. Since A4, is a finite normalizing extension of B,, it follows from “Lying over”
and “Going up” [13, 10.2], that P, is in fact a maximal ideal of B,,. Hence B, is
simple. Because B, satisfies the nullstellensatz [13, 9.1], it follows that B, is central
simple and the assertion concerning the spectrum is a consequence of [3, 4.5.17. By
the nullstellensatz again, the primitive ideals are generated by the maximal ideals of
C%, Since the quotient of B,, by such an ideal will always be isomorphic to B,, all
the primitive ideals are completely prime. Since every prime ideal is an intersection
of primitives it follows easily that all the prime ideals are completely prime. The
assertion concerning the Gelfand—Kirillov dimension follows from the description
of B, as a localization of an Ore extension and a slight generalization of
[13,82.10]. O

4.3. We may now use Corollary 4.1.2 to deduce some global results about the
primitive spectrum of B. We shall say that a Noetherian C-algebra R satisfies the
Dixmier—Moeglin condition if the following conditions are equivalent for a prime
ideal P: (a) P is primitive; (b) P is rational (the center of the ring of fractions of R/P
is C); (c) P is locally closed in Spec R. Recall that the action of H by right
translation on B induces a natural action of H on Prim B.

Theorem 4.3.1. In the notation of Sect. 2.8, we have that
PrimB= || Prim,B.
weW xW

Moreover Prim,, B is a nonempty H-orbit for each we Wx W. If Q,, is a primitive
ideal of type w, then H/StabyQ,, is a torus of rank 2 — s(w). All primitive ideals of
B are completely prime. B satisfies the Dixmier—Moeglin condition.

Proof. Let P be a primitive ideal of B of type w. Then by the nullstellensatz [13, 9.1]
and [3, 4.1.6] PB,, is maximal. On the other hand if P is a prime ideal of B of type
w and PB,, is maximal, then any prime ideal strictly containing P intersects the set
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é,, of regular elements nontrivially. Hence the set P is locally closed in Spec B and
again by the nullstellensatz [13, 9.1.8], P must be primitive. The fact that all prime
ideals of B are completely prime follows immediately from 4.1.2 and 4.2.2 by
standard facts about localization. [

Remark. Notice that these results imply that for any primitive ideal P of B there
exists an Ore set E,, and a normal element d such that (B/P);, =~ C,[d '] and C, is
an iterated Ore extension. This should be compared with the structure of primitive
factors of the enveloping algebra of a solvable Lie algebra [13, §14.8].

4.4. We now deduce the main theorem. Recall that 4 = C,[G].
Theorem 4.4.1. In the notation of Sect. 2.8, we have that

Primd = || Prim,4.

weW xW

Moreover Prim,, A is a nonempty H-orbit for each we W x W. The map P+ PA,, is
an isomorphism between Prim,, A and Prim A,,. If P, is a primitive ideal of type w,
then H/Staby P, is a torus of rank rk G — s(w). GKdim A/P, = l(w) + s(w). 4 satis-
fies the Dixmier—Moeglin condition.

Proof. Let P, be a primitive ideal of 4 of type w. It follows from Sects. 4.2 and 4.3
that P, A,, is a primitive ideal of 4,, and that P,, » B is a primitive ideal of B of type
w. Furthermore the prime ideals of A4 lying over a given primitive ideal of B form
a I'-orbit and are all primitive. The fact that the Dixmier—Moeglin condition passes
from B to A follows from [9]. [

4.5. As noted in the proof of Theorem 4.4.1, it follows from the description of the
primitive ideals of B,, that if Pe Prim A4,,, then P N B,, is a primitive ideal of B,, and
that the primitive ideals lying over a fixed primitive ideal of B,, form a nontrivial
I-orbit. Using a detailed analysis of the structure of A4,, as a crossed product of
I’ over B,,, one can calculate the exact number of primitives of 4,, lying over a given
primitive of B,,.

Proposition 4.5.1. Let PePrim A,,. Then P n B,, is a maximal ideal of B,,. Con-
versely for all maximal ideals Q of B,, the number of primitive ideals P of A, such that
PnB,=0Qis:

4 if w={(ee)

2 ifwy=w_=eW) and wy or w_ % e(W))

1 otherwise .
All primitive ideals of A,, are maximal and completely prime.

In particular this last result implies that all prime ideals of C,[G] are com-

pletely prime. Goodearl and Letzter [6] have recently proved that all prime ideals
of C,[SL(n)] are completely prime. '

Remark. The authors have recently generalized the results of this section, proving
Conjecture 1 of 2.8 for C,[SL(n)].
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List of Notation:

12 2, U, g 32 72,1

1.3 C,[G] 33 S

1.4 X,-j 34 R(s, i,y)
1.5 c, w 35 R«

1.6 ¢4, 36 [adm]
1.7 q(bt) I(w, A) 3.7  Fio)
19. W, W, <, =; 39 ¢

22 1,,6,,E,, A, 310 C% H,
2.5 H I,B, B, 42 C,, B,
2.6 ,t,Cy, diy d

27 ff

2.8 Prlmw, Symp,,

A. Symplectic Leaves in a Semi-simple Poisson Lie Group

A.l. Let G be a connected complex semisimple Lie group with Lie algebra g. Let
h be a Cartan subalgebra of g, let R be the associated root system and R* a choice
of positive roots. Denote by x(—, —) the Killing form on g. Let n* = @,cx + g,
andletb®* = h@ n*. Letd = g x g. The Iwasawa decomposition of d (as defined in
[3, 1.13.14]) is then d=g@®a @ u™, where g is identified with the diagonal
subalgebra of d, a = {(x, —x)|xeh} and u™ = {(x, y)|xen”, yen~ }. Define the
bilinear form {(—, —) on d by:

(r(x1, X2) = K(y1, ¥2)) -

N[ =

<(x15 }’1), (Xz, J’2)> =

Denote a® u”* by g,. Then (g, g,, d) is a Manin triple in the sense of [4]. There is
then a Poisson Lie group structure on G associated to this triple [4]. The
corresponding Poisson tensor is the tensor © defined by n(g) = ;xR — r,R, where
R=3%Y,.0E, A E_,eg A g and [, and r,, are the differentials of left and right
translation respectively. The associated local double Lie group is then (G, G,, D),
where D = GxG; G is identified with the diagonal subgroup {(x,x)|xeG};
G, = AU", where 4 = {(x,x " !)|xeH} and U* = {(x,y)eN*, ye N~} and H,
N * and B* are the closed connected subgroups of G associated to h, n* and b*
respectively.

Consider the map p: G — D/G,. Define I to be G n G, = ker p. It is easily seen
that I' = {(h, h)e H|h* = 1}. Hence I is a finite subgroup of D isomorphic to 756,
Define G to be G/I' = GG,/G Since GG, is open in D, it follows that G is an open
subset of D/G,. Since m is H-invariant (and therefore I'-invariant), it induces
a Poisson tensor on G.

Recall that a symplectic leaf of a Poisson variety is defined to be a maximal
connected symplectic subvariety. We denote by Symp G the set of symplectic leaves
of G. There is a natural partial order on Symp G by inclusions of closures.

Theorem A.1.1. 1) The symplectic leaves of G are of the form G N G,xG,/G, for some
xeG.

2) The symplectic leaves of G are the connected components of the inverse images
of the symplectic leaves of G.
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Proof. Since p: G— G is étale, we have that for all xeG, T,G==T, p(x,G
= TpwD/G,. We recall some results from [11]. The left action of G, on D/G,
induces a map ¢ from the Lie algebra g, to the Lie algebra of vector fields on D/G,.
For a eg, we denote by o,(x) the corresponding element of 7, G. The bilinear form
{—, — ) identifies g, with g*. Therefore, each o € g, induces a right invariant 1-form
«, on G. Define the right dressing vector field on G by {p,(«), &> = m. (e (x), &) for
all (e T¥G. By [11, 3.13], p.(a) = —o.(a) for all aeg, and xe G. Hence

rk 7, = dimo,(g,) = dim G,xG,/G,, VxeG.

It is easily seen that G,xG,/G,n G is a Poisson subvariety of G; hence it is
a symplectic subvariety by the above equality. The theorem then follows
easily. [

A.2. Denote by Q = TU* = HG, the positive Borel subgroup of D. Recall the
Bruhat decomposition D = | |wewxwQWQ = | |wew xwQWG,. For each we Wx W
we fix a representative w of w in the normaliser of T and we set: 4, = G,wG,/G,,
%, = OwG,/G, = | Jyenh¥,. Hence D/G,=||,cwxw®.. Set %, =%,nG,
B, =%,nG, o, =p *(4,). Fix a connected component .«,, of p ~(4,;). Notice
that QwG, N G + 0 for all we W x W. This can be proved as follows by induction
on [(w) (the length of w). Assume that s is a simple reflection; so s = (s, €) or (e, s,)
for some aeR™*. If s=(s,,e) we have that QsQ "G = (B*s,B*",B")nG+0
since B*s,B* " B~ = 0, similarly for s = (e, s,). In the general case, set w = sw’,
where s is a simple reflection and I(w)=I(w')+ 1. Then by induction
OwQ NG > (QsQ N G)(QWQ N G) + 0. Therefore A, =%,nG=+0 and since
% = Unewh®,, we have that h%, n G + 0 for all he H. These observations to-
gether with the theorem of section one give the following description of the
symplectic leaves.

Theorem A.2.1. 1) Each symplectic leaf of G is of the form h4,, for some he H and
weWx W.

2) Each symplectic leaf of G is of the form hst, for some he H and some
weWx W.

Let w = (wy, w_)e Wx W. Define A, = w(4) N A = {ae A|awG, = WG, }. Set
A, =A/A,. Then A, is a torus of rank s(w)=dimA — dimA4, =
codimyker(w,w-*—1). When G=SL(nC) we have that s(w)=
min{m|w,wZ! =ry ...r,, where r; is a transposition for all i}.

Define U = w(U*)n U™ and recall that we have an isomorphism of varieties
U*~U, xU,;, and that U, =~ C'™. Thus we have that 4, = AU *wG,/G,

= AU, wG,/G,. Using a standard argument one verifies that the multiplication
A, x U, — %, is anisomorphism. Thus we have proved the following proposition.

Proposition A.2.2. %, =~ A, x U, , where A,, is a torus of rank s(w) and U ,, = C'™,
Hence dim%,, = I[(w) + s(w).

A3. Let we Wx W. Set H,, = {heH|hG,wG, = G,WwG,}. Then H,, is a closed
subgroup of H and H,, = H/H;, is a torus of rank rk G — s(w). We have that
%, = H%, and the same argument as in the previous subsection shows that the
multiplication map H,, x €, - €,, is an isomorphism.

The group G, acts by left translation on %, and therefore on the product
H,, x%,.Itis easily seen that the algebra of G,-invariant functions on ¢,,is C[ H,,].
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This proves the first part of the theorem below. The second part is a consequence of
the description given above.

Theorem A.3.1. 1) The G,-orbits in €, are the fibres of the natural projection
(gw - Gr\\(gw = Hw~ _

2) The symplectic leaves of type w in G are the fibres of the induced projection
%,— H,,.

We now summarize the results about the set Symp G of symplectic leaves in G.
Denote by Symp,, G the set of symplectic leaves of type we Wx W.

Theorem A.3.2. 1) Symp G = | |,,cw «w Symp,,G.

2) For each we Wx W, Symp,,G is a nonempty H-orbit. If o/, is a fixed
symplectic leaf of type w, then H/Stabyof, is a torus of rank tkG — s(w).

3) The dimension of a leaf of type w is I(w) + s(w).

B. The Case G = SL(2, C)

B.1. In this appendix we outline the classification of primitive ideals of C,[SL(2)]
and of symplectic leaves of SL(2, C). The proofs of the two theorems below are
straightforward calculations. In the notation of Sect. 1.4, C,[ SL(2)] is generated by
the elements a = X4, b= X,,, ¢ = X,;, and d = X,, subject to the relations
ab = q*ba, ac = q*ca, bd=q*db, bc=ch, ad—da=(q*—q ?)bc, and
ad — q*bc = 1. The Weyl group in this case is just W = {e, s}, where s> = e. The
ideals I, for we Wx W are given by I . = (b,c), I, ep=(b), I, =(c) and
I(s, 5) = (0)

Theorem B.1.1. The following is a complete list by type of the primitive ideals of
C,[SLQ)]:

(e,e): P a=(bsc,a—Ad— A1), AeC*,
(s, €): Pis,ey = 5,0 = ()
(€,8): Pie,sy = I(e,y = () ,
(8, 8): Ps,s),2=(b—Ac), AeC*.
All prime ideals of C,[SL(2)] are completely prime.

Remark. Let M* and M~ be modules with annihilators P, and P, , respec-
tively. Then M ™ and M _ are modules of type (s, e) and (e, s) respectively. The
existence of such modules is used in Sect. 2.3.

B.2. We now describe explicitly the symplectic leaves of SL(2, C). We continue to
denote the coordinate functions of the standard representation of SL(2, C) by aq, b,
c and d as above. The standard Poisson bracket is then given by: {a, b} = —ab,
{a,c} = —ac, {b,d} = —bd, {b,c} =0 and {a,d} = —2bc.

Theorem B.2.1. The following is a complete list by type of the symplectic leaves of
SL(22,C):
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A
(e, e): A0

[e)
N
|

}, AeC*

i
(5. {[ 91:1a,yec*}
i

Ia,ﬂeC*}

= KR
K

R
=

(e, s): 0 ot

(s, ) {B ?]WeC*,aé——,{yz:l}, LeC* .

Combining these two theorems yields a positive answer to all the conjectures

given in Sect. 4.

Corollary B.2.2. There is an order preserving bijection f: Prim C,[SL(2)]

-

Symp SL(2, C). Furthermore, if L = B(P), then dim L = GK dim C,[SL(2)]/P.
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