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Abstract. We consider the double-scaling limit in the hermitian matrix model for

2D quantum gravity associated with the measure exp Z tz*, N=3. We show
=1

that after the appropriate modification of the contour of integration the Cross-
Migdal-Douglas-Shenker limit to the Painlevé I equation (in the generic case of
the pure gravity) is valid and calculate the nonperturbative parameters of the
corresponding Painlevé function. Our approach is based on the WK B-analysis of
the L-A pair corresponding to the discrete string equation in the framework of the
Inverse Monodromy Method. Here we extend our results, which were obtained
before for the particular cases N =2, 3. Our analysis complements the isomono-
dromy approach proposed by G. Moore to the general string equations that come
from the matrix model in the continuous limit and differ in that we apply the
isomonodromy technique to investigate the double scaling limit itself.

1. Introduction

We shall study the difference equation

1
Wl/zén—l m > (11)
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N
n=wi? 3 (LA
j=1

where neZ, t;eC, 1 <j<N, N =3, are regarded given parameters, and L is the
operator acting in the space y={y,};~ _, via (Ly),= Z L,,y,,- This non-

linear equation for the dependent variable w,e C has recently appeared in
connection with a matrix model in 2D quantum gravity [1, 2] and for this reason
we shall refer to it as the discrete string equation. We will outline, following [3], the
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physical derivation of (1.1) in Sect. 1.1. In this physical context one is interested in
the initial value problem:

h
" op=1,2,..,N—1, (1.2)
hn-—l

where h, are the normalized constants of orthogonal polynomials P,(z) with
respect to the following measure,

w,=0 for n<0 and w,=4

eg}

N
hdum= | P,,(z)P,,,(z)exp(E tjzzf>dz, n=0,1,2,...,t5>0, (1.3)

- j=1
and P, is a polynomial of degree n whose term z" has coefficient equal to 1.
Furthermore, in the context of matrix models (see again Sect. 1.1) one is interested
in the asymptotic limit,

llzg =P, 2<k<N, ,B:C1h_5, %Zcz"'cl—‘h%»

2 (1.4)
w,~o(1 —2h2u(&), h-0.

It has been shown in [1, 2] that the limit (1.4) with an appropriate choice of the
constants C,,C,, ¢ maps Eq.(1.1) into the Painlevé 1 (PI) equation for the
function u(é):

u<é=6u2+f. (1.5)

Also, the authors of [1, 2] conjectured that the special solution of (1.1)
characterized by the initial conditions (1.2) tends to a solution of (1.5).

A particular consequence of our analysis is that this conjecture is not true.
Actually, this has already been known indirectly from [4]. However, a certain
modification of this conjecture is indeed valid: Let in (1.3)

T dzos, | dz—s, | dz, (1.6)
- I I'm

where s,,5,e @, s, +s,, and the contours I,,", I, are the lines corresponding to
T T
rays {argz= N(m+1), 0=|z|I< oo}, {argz: — N(m#— 1), O§|zl<oo}, respec-

tively. Then, for each m=0,1, ..., ¥ , there exists an open set of parameters
q’s for which it is possible to choose the constants C,, C,, and ¢ in (1.4) in such a
way that the unique solution w, of the discrete string equation (1.1) characterized
by the initial condition (1.2) tends to a solution u(¢) of PI equation (1.5) (the details
are given in Sect. 5).

Furthermore, this unique solution of Pl is characterized by one of the following
large ¢ asymptotics:

i _8i(3\1/4 s)a 2
u=e" 3| iy e 0 g, e, argé=n¥ <,
(1.7)

8(3\1/4 s/a
u(é):< —Té“)(é‘z)> b= S oy, e,

(1.8)
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where
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(1.9)

Note that in order for u(¢) to be real, one needs |p|=1. The so-called “triply
truncated solution,” which has been discussed intensively in connection with 2D
gravity since the work [4], corresponds to p=0. This solution has infinitely many
poles only in the sector 27 < arg¢ < 2, and has regular asymptotic behavior on the
remaining Stokes rays, argé =n F ¢ [see formulae (A.11) in Appendix A].

The distinguished feature of formulae (1.9) is that they don’t depend on the
concrete choice of the parameters g’s, and the number N =3.

The particular cases N=2,3 have already been considered in the author’s
papers [5-8]. For the particular case N =2, p=0, the last of the equalities (1.9) was
also obtained in [9].

Our analysis complements the scheme [10, 11] where the isomonodromy
approach is used to study the continuous string equations (see Sect. 1.1).

To obtain the results listed above we made essential use of the asymptotic
analysis of the PI equation developed in [12].

In order to investigate the general Cauchy problem of the string equation (1.1)
we use the so-called isomonodromy method [30, 31]. This method, which is an
extension of the inverse spectral method, relies on the association of a given
nonlinear equation to a pair of linear equations known as the Lax pair. Actually,
the string equation (1.1) is associated with three linear equations (see for
example [3]),

N . 1
Ly=zy, ﬁzw=2_Zlﬂ,~L3’*1w, 8IJUJ=<L2_J+2L%’>w, (1.10)
=

where (L _),,,=L,,, for n>m, (L_),,,=0 for n<m and (Lg),m= LumOnm- This is a
consequence of the fact that the string equation is a “similarity” reduction (or
simply is compatible) with the Volterra hierarchy

= (L)~ (P (L1
ot; ' ’
Since, Eq. (1.11) is the compatibility condition of Egs. (1.10a) and (1.10¢) [13-15],
Eq. (1.1) is the compatibility condition of Egs. (1.10a)and (1.10b)[16, 3,17, 5], and
Egs. (1.1) and (1.11) are compatible, it follows that Eq. (1.1) is compatible with all
three linear equations (1.10).

It is more convenient to let ¥,(z) = (p,(2), .- 1(z))7, and to write Egs. (1.10) in
matrix form. In Sect. 2 we shall show that the relevant matrix form of Egs. (1.10) is
given by

2w —whw
¥y (2)= U, U,,(z)=< Ter T ); (112)
M0 @)+ g a(2)
a,(z) — 5 (a2)+a,,4(z
e CLAIC S * ,
: (@, (D) +a,2) —a,(2)

2z
(1.13)
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where a,(z) is given by

N N-1 N )
a2)=— Y jiz " ew2 ¥ 2Ty (LAY, L (114)
j=1 =1

1=7+1

1/2
—(02) = 144(2)
0'1’ (Z) . U”(Z)
o, =Vh@¥{2), V)= Wi ,
?(Un— 1(2)—7‘"(2)) rn(Z)
(1.15)
where v,(z) and r,(z) are given by
sz 1 izt ,
v(z)=— S — w2 Y 2HpAmAsY
2 1=1 ’
1/2 1/2
+ W"; R A YT (1162)
=2 s g
1/2 ) 1/2
+ o T = (LT s (1.16b)

For convenience of notation we have suppressed the t;-dependence.

In Sect. 3 we study the general initial value problem of the discrete string
equation (1.1), where w, are given for —(N—2)<n< N —1. We show that this
problem admits a global meromorphicin ¢;solution. This solution can be obtained

1 X .
by solving a RH problem for the function @,(z)= ¥ ,(z)exp [5 Y tjzzf]:
i=1

N LN
z2) o X ;2%

1
O (2)=d (e 2,00 se2 5 (1.17)
(B 12 0 oD BN 1 1 o .
‘pn(Z)Z< 0 ()= 172 I+ y0 50 ) -+0(3 > 270,
(1.18)

this RH problem is defined on a contour which as z— oo is asymptotic to the rays
argz=—n/2N +In/2N, 0<[<4N —1. The jump matrix S depends on the mono-
dromy data s;, 0 </<4N —1 which are defined on a 2N — 1-dimensional algebraic
variety. Having obtained @,, w, follows from w,=4BVy1), To prove this result we
show that @, can be obtained explicitly in terms of @, and then we use the rigorous
results of [18] to establish the solvability of the RH problem for &,. Also, in
analogy with the results of [18], we find that if the monodromy data s, satisfy
certain constraints and if the ¢;’s are on certain rays, then @, is bounded for all
finite t;’s (i.c. the existence of poles is excluded). An example is

Sic1=—Sy—;, 1ZISN—1;  |sy—3§]|<2; t;imaginary, 1=<j<N.
(1.19)

The case of physical interest is the so-called triangular case, which corresponds
to the special choice of the monodromy data s,;,; =0,0<I<2N —1,¢;real, ty>0.
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In this case the above RH problem can be solved in closed form in terms of the
orthogonal polynomials P,(z) [see Sect. 3, formula (3.21)].

In Sect. 4 we investigate the limit of the discrete string equation to PI equation.
It turns out that it is more convenient to consider the limit of the associated Lax
pair. We show that under the limit (1.4), where C,, C,, and ¢ are given by Egs. (5.10)
and (5.12), Egs. (1.10a) and (1.10b) are mapped to the Lax pair for the PI equation.
This Lax pair is expressed in terms of an eigenfunction Y(k, &) (see Appendix A).
The asymptotic relationship between Y and ¥, is

1 1
1—kh 1+kh

In Sect. 5 using the methodology of [19] we investigate the limit of solutions of
the discrete string equation under the ansatz (1.4). We show that under this limit
only certain solutions of the discrete string equation tend to solutions of PI. We
characterize the initial data of these solutions and also give a description of the
corresponding solutions of PI. Our analysis involves the following steps.

?’,,(z)zk““z( >03Y(k, &os+o(l), h—0. (1.20)

(a) We use the WKB method to characterize the asymptotic behavior of the
solution of ¥, =A,¥, as f—oo. We denote by ¥)"*P(z) the WKB-limit of this
solutions. For large z the piecewise solution ¥,(z)(P{Y, ..., PV~ 1) described in
Sect. 3 can be expressed in terms of ¥)¥¥(z) by

¥, (2) =PV 3(2)A,0"*27 2 exp[6,, fos], where A,=diag((B) "2 ()73
(1.21)

and J,, is a certain function of & n.

(b) The solution ¥VXB breaks down in the neighborhood of the turning points of
the equation ¥, =4,¥,. Under certain assumption (given in Proposition 5.2)
there exist 2N —4 double turning points and 2 triple turning points. We denote by
YT and Y™ the associate solutions of ¥, = A,, at these turning points. The
results of Sect. 4 indicate that W™ is simply related to the eigenfunction Y
associated with the isomonodromy analysis of PI [see Eq. (1.20)]. The dominant
part of ¥PP can be given in closed form, and does not contribute to the asymptotic
analysis. At this point the WKB-analysis of (1.13) resembles the analysis of the
z-equation corresponding to the continuous string equation (1.48) (see [10]).
(c) Using the results of (b) above and the fact that ¥¥B and %! can be related,
we find a relationship between ¥, and Y. This, in turn, induces a relationship
between {S}, the monodromy data associated with ¥,, and {G}, the monodromy
data associated with Y.

(d) The case of physical interest corresponds to the triangular case. In this case the
monodromy data {S} are directly related to initial data for w,. The relation
between the monodromy data {G} and the coefficients characterizing the large ¢
asymptotic behavior of solutions of PI has already been obtained in [12]. Thus the
result of (c) above provides a direct description of solutions of PIin terms of initial
data of solutions of the discrete string equation [see Eq. (1.9)].

1.1. The Physical Model. The starting point of the theory of 2D quantum gravity
is the partition function of the bosonic string which can be represented by the
functional integral [20],

) )" a ja
F=Y[Dg[DX exp {_,.ly/g_ i gRl/é— iﬂ/ég ”ﬁaX“obX“}. (1.22)
p 4 P P
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The notation | Dg means the integration over all possible metrics on the 2-surface
Y, of genus p; [ DX means the integration over all mappings X:y,—R” (these
mappings are the string fields). The entity R denotes the scalar curvature of the
metric g. The constants 4, and A, are the cosmological constant and the string
coupling, respectively. The pure two-dimensional quantum gravity is associated
with the partition function

F=§JDgwp{-hgv@—j;;Ry§}. (1.23)

The basic mathematical problem is to make sense of the formal expressions
(1.22) and (1.23). One of the possible ways of achieving this is the following: Let
W(p; ny, 1, ..., N5) be the number of ways that Y can be covered with n, squares,

b
ne hexagons, ng eight-gons etc. The basic idea is to approximate the functional
integral

A
)= (DgI Dx{ i [ Ve 2§ Re- | a0}
as

1
F(A)x - Wiy(ps g) e™ "4 #C 720 50, (1.24)

where
A
VV{x}(PQ q)= ) W(p; ng, g, .., Bpp)X5'X50 L XY, g =—.
ngtneg+ ... tnan=gq €
(The integral { Dg is over all metrics of total area 4 in },.) The variables x; play
only an auxiliary role as will be cleared below.

The derivation of (1.24) is based on the consideration of the triangulations of
the 2-surfaces. (For the details and history of this question we refer the reader to
the articles [21, 3].) It should be noted that Eq.(1.24) is consistent with the
following argument. It is known [22] that

1
Wi(p. q)=eg"> 2P~ 1p, (1 +0 (q)) s g0, (1.25)

where

¢, p,b,=c{x},y{x}, bp{x} .

The function y{x} for generic {x} is given by

y=—1; (1.26)
on the other hand, for a special choice of m—2 of x’s, it is possible to make
1
p=—1—— (1.27)

2m’
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The quantity b, depends on {x} in such a way that,
{x}=>{x'} = b,—b,b' 7. (1.28)
Substituting Eq. (1.25) into Eq. (1.24) it follows that

cA A\"Z2—2m-1
Fp(A)zges - e M1AT222720) (),

This implies the renormalization rule
zlzgu?, Jy=—ylne+ 12, (1.29)

which in turn leads to the following power-like area dependence of F,(A4):
F(A)xe H4g@=2n1p-450=2) (1.30)
p

On the other hand, from the scaling-gauge KPZ-theory [23-25, 21] one should
have

Fp(A);e‘)"?AA‘l”1“”’(“’5"“2), (1.31)

where
1
PVstr = E[D—i =}/ (D—-1)(D—-25)].

Comparing (1.31) and (1.30) it follows that the approximation (1.24) is valid for the
special dimensions

6
2 >
mm+1) =2

and that generic values of {x} correspond to the pure gravity (1.23) (m=2, D=0).
Introducing the notation

l=—e Mf p=e Tt ) =—e¢ (1.32)
and assuming that
JF(A)dA~ % Wo(p; qle™ 1o~ 222720 (1.33)

Egs. (1.29), (1.33) yield the representation

F= Y [F(A)dA= Y n*72 Y (=2)"W(p;q),
e reo e (1.34)
i, -0,  n(i—i)"=0(1).

However, Eq. (1.34) cannot be accepted as the definition of the functional integral
(1.22) because the series in the right-hand side has only asymptotic meaning.
Actually, using Eq. (1.25) and the classical formula

n

[ =

y ~I(1—s)(1—xyF"", x-1, s<1,
m=1

S

3
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Eq. (1.34) implies

F=F(@)= Zo >~ 2Pb I'(y(2—2p)) + reg. terms, (1.35)

e
-7
z:n<1—j—‘> . (1.36)

Equations (1.29) and (1.32) suggest that the variable ¢ has the meaning of the
renormalized string coupling, and the asymptotic series (1.35) defines the
perturbative theory for the partition function (1.22). Note that because of
Eq. (1.28), the series in (1.35) does not depend on the individual value of x’s (up to a
redefinition of ¢), but only of the number m {m™ class of universality).

To obtain the nonperturbative definition of the partition function (1.22) one
needs a well-defined generating function for the series (1.34). It follows from the
results of [22] that a candidate for such a generating function can be taken in the

form
1 2 22 N1
lOan<§,EX2,WX3,...,Z—IWV—_1XN>, (137)

where Z,(t,,t,,...,ty) is the partition function of the hermitian matrix model:

where

N
Z,=[D@exp{—TU@®)}, Ulz)= Y tz%. (1.38)
=1
In (1.38), @ is n x n hermitian matrix, and
Do=[[do; [] dd;dd;;. (1.39)
i i<j

Accepting (1.37) as the generating function for (1.34) one can reduce the problem of
calculating the functional integral (1.22) to the problem of calculating a special
double-scaling limit of the well-defined finite-dimensional integral (1.38). [The
problem is not trivial because the dimension of the integral (1.38) goes to infinity. ]
Letting

) .
oopro, i g,
n

the double limit can be formulated as follows:

Evaluate
B
logZ,| 5, Bz .-, Bax (1.40)
under the limit
4y n —1p4
p=C,h m, E=C2+C1 h*é,  h-O0, (1.41)
where
2m 1

Cy=le, A—l=Crlh*, &= —(mT1(C J)m+ 1. (1.42)
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In order for the integral (1.40) to be a well-defined generating function for (1.34) the
constants Cy, C, should be positive. Constant C, is a function of ¢’s. Using the
freedom in the choice of ¢’s one can always reach the condition C,>0 for
sufficiently large N (as a matter of fact for N = 3). Note also, that for generic values
of ¢g’s m=2 in (1.41), (1.42).

To study the integral (1.38) it is natural to factor out the integration over the
“angle” variables. Putting

d=u"'Au,

where u is a unitary matrix and A is a diagonal matrix,
A=diag(zy,...,z,), z;€R,
we find
uddu™'=dA+[A,duu1];
or introducing d® = ud®u ™, dii=duu" ',

d@ii=d2i, d@ij:(zi—‘z‘i)dﬂij.

Thus
D@—: n.(Zi——Zj)Zle,...,dZn Hdﬁudli”. (1.43)

i<j i<j

Since the integrant in (1.38) does not depend on ii;;, Eq. (1.43) implies

Z(ty,..,ty)=const | [ []dz]] (zi—zj)zexp<— y U(Z,-;tl,...,tN)>,
—oo —ow i=1 i<j i=1

(1.44)

Let (see Introduction) P,(z) be the orthogonal polynomials with respect to the
measure dze” Y@ [see (1.3)]. Taking into account the equation

det{Pj_ I(Zi)} = .n'(zi'_zj) P

i<y
one can rewrite (1.44) as
© £ UGz

Z,,=const_j Tl dz;det*{P;_(z)}e =

© —ow i=1

. . ,n ©
=const ) (—1)sisrotiens [T g dz,.e‘U(z”Pa(i)_l(z,.)Pa,(i)_l(zi)
i=1

a,0’ -

=constn! [T h_(t; ... ty)=const [] h;_(t; ... ty). (1.45)
i=1 i=1

Equation (1.45) reduces the evaluation of Z, <§, Bz, .. ﬁqN> , under the limit

(1.41), to the evaluation of the normalized constants A, (g, B4z - ﬁqN>, under

the same limit. The latter in turn leads to the study of the discrete string equation
(1.1), (1.2) under the limit (1.41), which coincides with the limit (1.4) for the case of
m=2 (pure gravity).
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' Actually, letting
h

. =1,2,...,
hn—l "
one obtains Eq.(1.1) and the Volterra hierarchy (1.11). These equations are
elementary consequences (see for example [ 7]) of the orthogonality condition (1.3)
and of recurrence relation

w,=4

1 1 1
ZQn=EWn+1Qn+1+§WnQn—1a Q,=—P,. (1.46)

“/h7n n

The important recent achievement in the theory of the matrix model of the 2D
quantum gravity is the discovery [1, 2] of the connection between the limit (1.41)
in Eq. (1.1) and the theory of KdV-equation. Suppose that under the limit (1.41)

w,,zQ<1 —2h%u(§)>. (1.47)

Then, as it was shown in [1, 2], it is possible to determine ¢ in such a way that the
function u(¢) will satisfy the ordinary differential equation

[H,4,]=1, (1.48)

where H= —d?/d&* +u(&), and A,, is the A-operator associated with the m™ KdV
equation. For the general case of pure gravity where m=2, after an appropriate
choice of the scaling constant C,, one finds the first Painlevé equation

uge=6u>+¢. (1.49)

It should be emphasized that the limiting string equation (1.48) depends only on m
and not on the concrete choice of the parameters g; (the property of universality).
Coming back to the main object of interest, to the partition function

F(¢)=limlogZ,,
one obtains the relation
Fee=—2u. (1.50)
Indeed, the second difference of logZ, satisfies the relation

A*logZ,=logZ, ., —2logZ,+logZ,_,

=logw, + explicit increasing (as n— c0) terms. (1.51)

Asitfollows from (1.41),n—n+1 = ¢ ¢ +h?™ Because of this and (1.47), relation
(1.51) implies (1.50) after a trivial additional regularization of Z,.

In connection with these results, the analytical problem of the calculation of the
parameters of the limiting solution u(¢) arises. It should be mentioned that some
partial information about u(¢) has already been obtained. Indeed, the perturbative
series (1.35) together with (1.50) show that

1 2m+1
& p

ud=y (=¢&m ™ 'C, as E-—oo. (1.52)
=
For m odd the same type of behavior takes place at £— + oo and, as it has been
shown in [10], together with the reality condition determines u(¢) uniquely.
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However, for m even the asymptotics (1.52) does not determine the solution in a
unique way. For instance, in the case m =2 there is one-parameter family (see [12]
and Appendix A) of solutions with the asymptotic (1.52):

o 1.5 _B (3 gy
u(é)=|/7‘5+ Y (8 2TC tan(—8) e S,
o —00.

The problem is to determine the nonperturbative parameter «,. The answer of this
question for the general polynomial U(z) is given in (1.9). Note, that «, does not
depend on g¢’s. This means the universality holds on the level of the limiting
function u(&) as well as on the level of the limit equations.

Our method for calculating o, has been outlined in the Introduction and is
based on the WK B-analysis of the L — 4 pair corresponding to (1.1). In accordance
with our approach, the main parameters of the limit (1.41), (1.47), i.e. the constants
C, and g, are determined by the condition that the A-equation of the Lax pair has a
triple turning point (see Sect. 4). This condition is the necessary condition for the
limit (1.41), (1.47) to map the discrete string equation (1.1) into the Painlevé I
equation (1.49) for the general case of m=2. The analogous condition for m>2,
should be the existence of higher order turning points. This observation leads to
the unexpected connection between the string equations (1.48) and the catastrophe
theory (see [26]).

Remark 1. The theory of the general string equation (1.48) has been treated via the
isomonodromy approach in [10, 117]. The nonperturbative parameter for m =3 has
been calculated in [27]. The original approach to the string equations (1.48) based
on methods of algebraic geometry was proposed in [ 28, 29]. The interesting idea of
considering Egs. (1.48) as the quantization of finite-gap potentials was put forward
in [10] and [28].

Remark 2. In this article we consider the case of general position, m=2 (pure
gravity). To extend our approach to the arbitrary even m, one needs the description
of the solutions of (1.48) with m=2k in terms of the corresponding monodromy
data (the cases m=2, m=3, and m=2k+1 are studied in [12, 27, and 10],
respectively).

2. The Lax Pair Formulation of the Discrete String Equation

In this section we start with the linear eigenvalue equation
%wnl{glwn+l+%wr{/2wn—lzzwn' (21)

In Eq. (2.1), v, and z are the eigenfunction and eigenvalue, respectively, and w,
plays the role of the potential. We shall show that associated with (2.1) there exists:
(i) A hierarchy of discrete nonlinear equations for w,; (ii) a hierarchy of discrete
nonlinear evolution equations for w,. Both these hierarchies admit a Lax pair
representation. In the case (ii) this is a well known fact [13-15]. We shall give the
relevant matrix z-dependent Lax pairs explicitly.

Equation (2.1) can be written as

Ly=zy, L=iAw'24+1iwt2471, (2.2)
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where L acts in the space of sequences {y,}1- %, and A is the shift operator. The
coordinate form of L is given by

1

S0 (23)

fee) . 1
(Llp)n = Z anlpm , L€ an §W1/25n+1 m+
In order to derive the associated nonlinear hierarchies, it is convenient to
rewrite Eq.(2.1) into matrix form. Letting ¥,=(y, v,-;)", Eq.(2.1) becomes
Eq. (1.12).

Proposition 2.1. (The Matrix Lax pair of the discrete string equation.) The
hierarchy of nonlinear discrete equations

1 X . 1
n+C=—§j;1 Cy—jwy ALY 1)"’”_1_§CN’ (2.4)
where C and C;, j=0,...,N, are arbitrary z-independent parameters,ne Z, NeZ .,

and L, ,, is defined in Eq.(2.3), admits the Lax pair formulation

0¥ ,(z
¥,(@=U000, A 40w ), es3)
where U, is defined in (1.12) and
1
a,,(z) - Z (an(z) + Ay + I(Z)wi:/
A (z)= { , (2.6a)
2_ (a,,(z) + a, - I(Z))wr}/z - an(Z)
z
[P 2N e 20-2j-1
an(z)=§ le TGyt _21 z% Z+ Cy-— AL )y n-1- (2.6D)
J= J= I=j

Proof. The compatibility condition of Egs.(2.5) yields U, =4,.,U,—U,A,.
Denoting the 11, 12, 21, and 22 entries of 4, by a,, b,, ¢,, and d,, respectively, and
writing the compatibility condition into component form we find

Ay —a)+Iwl2b, +3wle, =1, d,—a,.,—2zw, ?b,=0, (2.7)
b+, wiw, Y2=0, d, ., —a,+2zw, s =0. (2.8)
Subtracting Egs. (2.7b) and (2.8b), and using Eq. (2.84a) it follows that
UpiyFdyy=a,+d,, or a(z)+d,(z2)=y(2).
The function y(z) can be taken zero without loss of. generality, since it can be

absorbed in ¥, via the transformation ¥,— ¥, exp [ -3/ y(z/)dz'J ; thus d,= —a,.
Then Egs. (2.7b) and (2.8b) imply that b, and ¢, are the expressions appearing in
(2.6a), while Eq. (2.7a) becomes

Wht1

47

l=z(a,,1—a )+ (a +a,-1)— (@1 +ay42). (2.9)
In order to solve Eq. (2.9) we make the ansatz,

N
a,(z)= -21 aNig2im 1 (2.10)
=
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Substituting the above form of a, in Eq. (2.9), and equating the terms with the same
coefficients of z/, we find the equation
1= 22 el ) = T @ ), @11

as well as the recurrence relations

0 __~0.
(xn+1*an s

W W (2.12)
ok, —ok=— Z"(oc’,f_lﬁ-oz’,fii)—l- ';1 (il vokt)), k=1,..,N—1.
Equations (2.12) determine o) ' in terms of w,, and then Eq.(2.11) yields a

nonlinear discrete equation for w,,.
We shall show that the solution of Egs. (2.12) is given by

k : 1 o1 .
o= _Zockf,-&f.; Gn=1., @=sw, ALY, oy, j=12,...(213)
I=

2’ 2

Because of the linearity of Egs. (2.12) it is sufficient to prove that 8% is a particular
solution of Eqs. (2.12): Using that L,,=L,,,, we find

1

1
o Ak — 1/2(72k—3 2 ([2k—3
oc’,f L ﬁ—iziwn/ (L )n,n—]+§W1/ (L )n*Z,n—l

n—

© /1 1 _
=l:Z, <2W11/25n,l+ EW;/Z1511~2,1>(L2’( 3)1,n~1

= I=Z Ln*l,l(LZk_:;)l,n—l :(LZk*Z)n—l,n—l .

Using this expression, it follows that the right-hand side of Eq. (2.12b) becomes

w _ W _
%(LZ’C 2)n+ 1,n+1" ?n(sz 2)n*l,n*l

12
__Wn/+1 1 s [2k-2 1 1/2(7 2,2
- *Wn+1( )n+1,n+1+§wn ( )n—],n+1

2 |2

1 1 - 1 _
- D D DA |

2
1/2 1/2
w w
= nz+1(L2k_1)n,n+1”_ ; (LZk_l)n—l,na

which equals the left-hand side of Eq. (2.12b). Equation (2.12b) for k=1 is satisfied
with 40 = 4.
Using Egs. (2.13) into (2.10) we find

s 2'*1N7j l
afd)= 3 2 Y Cyoyoith

~
o

N[ =

' 1 N-1 N
2j—1 1/2 2j—1 21—-1
227 Cy i+ EW"/ '§1Z J 121 Cy—jet L ™)y g
I= =

=

j=1
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Letting [—[—j, this equation becomes Eq. (2.6b).

The right-hand side of Eq. (2.11) is of the same form as the right-hand side of
Eq.(2.12b), hence Eq.(2.11) can be written as 1=oaY—al, . Therefore,
o = —n—C, which is Eq. (2.4).

If we allow w, to depend on ¢t;, j=1,2, ..., it can be shown, following a similar
analysis, that the linear eigenvalue equation (2.1) can also be associated with a
hierarchy of nonlinear evolution (with respect to t;) equations.

Proposition 2.2. ( The Matrix Lax pair of the Volterra hierarchy.) The Volterra
hierarchy,

O tawy =Ly — (L), (2.14)
a, : :

admits the Lax pair formulation

0¥ ,(2) _
o,

J
where U, is defined in Eq. (1.12), and V,, is given by Eq. (1.15). For convenience of
notation we have suppressed the t;-dependence. This is the matrix z-dependent
representation of the known scalar pair [13-15].

¥,41(2)=U,(2)¥,(2), Vi2)¥,(2), (2.15)

Proof. Actually Eq. (2.4) is associated with a larger than (2.14) class of integrable
equations. To derive these equations we consider the compatibility condition of
Egs. (2.15), which yields U, =V,,,U,—U,V,. Denoting the 11, 12, 21, and 22
entries of V, by v,, q,, P., and r,, respectively, and writing the compatibility
condition into component form we find for g, and p, the expressions given in (1.15),
as well as

r,=—v,—3(lnw,), , (2.16a)

n

and

z W, W
- E(lnwn+ 1)z,=Z(Un+1 — )+ Z;‘(Un—l +0,)— %(Un+1 + Uy 2)

w, w,
— =g, (nw, o), + 2 (Inw,), . (2.16b)

[In Egs. (2.16), subscripts ¢; denote partial derivatives with respect to ¢;.] In order
to solve Eq. (2.16b) we make the ansatz

v(2)= kio Pikz2k, (2.17)

Substituting this form of v, in Eq. (2.16b), and equating the terms with the same
coefficient z¥, we find

1 . . . w, W,
—0nw, =Bl — B FITY Fhs B+ B B+ ),

(2.18)
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L .
as well as the recurrence relations
0 — RO. k __ k—l — . .
Brii=8y; k1 —Bi=—F* k=1,2,...,j—1;

) Fis Fi~t
j n+1 n—1
wn+1ﬂn+1 nﬁn 1=Wpe1—7— 2 —Wy 2

(2.19)

Equations (2.19) determine %, k=0, ..., j, and then Eq. (2.18) yields a nonlinear
evolution equation for w,. Furthermore, Eqgs. (2.16a) and (2.17) imply the
associated form of V,(z). We note that Egs. (2.192a) and (2.19b) are identical to
Egs. (2.12), thus

o_ Co C, w1

= — l:——
ﬂn 2 s ﬂn 2+

Using this general form of . we obtain nonlinear evolution equations which are
linear combinations of the Volterra hierarchy. To obtain Eq. (2.14) we restrict
ourselves to the choice

— (Lzr_l)n,n—la l=1aaj—1 (2'20)

0 " w,'? 2k—1 .
fr=—= [3,,=—T(L hn—1, k=1,..,j—1. (2.21)
j—1

Equation (2.19¢) yields pi= , which [using (2.21)] was calculated in the

derivation of Proposition 2.1, and gives

, whl2 wald
ﬁ{tz_%—(sz_l)n,n—l+—_‘n4“(L21_1)n+1,n’ (222)

The right-hand side of Eq. (2.18a) reduces to ), + 8 which equals
4{W”2 (sz_l)n+1 n+wn1"/'22 LZJ 1)"+2 n+1}
A L Sy S L0 el W

the first bracket, which was also calculated in Proposition 2.1, equals
$(L*), 4 1.n+ 1, and the second one equals 3(L%), ,, hence Eq. (2.18a) is Eq. (2.14).
Equations (1.16) follow from the substitution of Egs.(2.21) in Egs. (2.16a)

and (2.17).
It is possible to allow the C;’s appearing in Eq. (2.6) to evolve in ¢;in such a way
that the Lax pairs (2.5) and (2 15) are compatible. The equations ¥, =V, ¥, and
¥, =A,¥, are compatible iff
2V——QA +[4,,7V,] (2.23)
oz " ot " won '

Differentiating the compatibility condition of Egs. (2.5) with respect to t;, and the
compatibility condition of Egs. (2.15) with respect to z we obtain

0
iV,,=—A,,+[A,,, V,]+F,, where F,, ,U,—U,F,=0. (2.24)
0z ot;

The solution of Eq. (2.24b) is precisely of the form (2.6), thus if (F,), is zero then
F,=0. It can be shown that

is a sufficient condition for (F,);; =0.
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3. The RH Formulation of the Discrete String Equation

In this section we use the isomonodromy approach to solve Eq. (1.1), which as it
was shown in Sect. 2, is the compatibility condition of Egs. (1.12), (1.13), (1.15).
Equation (1.13) plays a fundamental role in the subsequent analysis, while Eqs.
(1.12) and (1.15) play only auxiliary roles.

3.1. The Direct Problem. The basic idea of the isomonodromy method is to use
Eq. (1.13) to formulate an inverse problem for ¥,(z) in terms of appropriate
monodromy data. This can be achieved by determining the analytic structure of
solutions of Eq. (1.13) with respect to z € C. Since Eq. (1.13)is alinear ODE in z, the
analytic structure of ¥, depends only on 4,(z). Actually, Eq. (1.13) has only one
singularity, namely an irregular singular point at z=o00. A formal solution at
z=00 has the form,

. 1 ¥ ;
Y, ~ P ‘I’f,°°’=¥’£,°°)exp[<—§ Y tjzzf+n1nz>cr3], z—00, (3.1)
=1

where ¢, =diag(1, — 1), and P{* is a formal power series in ; . However, the actual
asymptotic behavior of ¥, changes form in certain sectors of the complex z-plane
(Stoke’s phenomenon). These sectors are determined by R % t,z*=0; thus for
large z the boundaries of the sectors, which we call Z are asymptotlc to the rays

argz= W + lﬁ 0<I1<4N —1 (we have assumed that ty is imaginary). Let Q, be

4 T .
the sector containing the boundary ), i.e. zeQ,, — —— <argz <0, etc. Then if
[

2N

Y, ~ P as z— 0 in Q,, it turns out that ¥, ~ ¥{*’S,S, ... S}, as z—00 in Q,, ;,
0=<I<4N —1. The matrices S;, 0<I<4N —1, are triangular and are called Stokes
matrices. Alternatively, it is more convenient to introduce different solutions ¥,
0<I<4N such that ¥Y{ is asymptotic to ¥ in @, Then Y{*V= ‘P‘”S

0<I<4N—1; also it can be shown that P (z) = P@N)(ze2im)e2imos — 'P(“N’(zez”')
Therefore,

PUEO)=PO(7)S,, OSISAN—2, PO(5)=PEN-(ze2ing,  (32)
1
2

, as z—oo in Q. (3.3)

The Stokes matrices have the form
1 sy 1 0
S = = = .. - . .
21 <0 1 )5 S21+1 <321+1 1)9 l O) 32N 1 (34)

The case N =4 is illustrated in Fig. 3.1.
There exists a symmetry relationship for A4,, which in turn implies a symmetry
relationship for ¥, :

Af—2)=—034,(os = V(—2)=(=1)" a3} * V()05 . (3.5
Equation (3.5b) implies that the Stokes matrices satisfy the constraint

S san=03805=5". (3.6a)
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22
¥, S‘
¥,
ks SO
< N )
Yo
San-1
Uyn_ )
2o
UuN-_2 Sin-2
ZaN-1

Fig. 3.1 (N =4)

Also Egs. (3.2) imply the consistency condition
SoSy .. San_1=1. (3.6b)

The constraints (3.6) identify the set of the monodromy data as a 2N —1-
dimensional algebraic variety. Given this set, Egs. (3.2) and (3.3) define a RH
problem for the function ¥y. The quantity w, can then be reconstructed via

w, =4y, (3.7)

where BV and 7'V are appropriate asymptotic coefficients in the expression

X AV N1 (1
prmn(r (5 )1 0( 1) o

and A, is a diagonal matrix. Equation (3.7) implies that w, depends only on the
orbits of the action

S, exp(da5)S,exp(—day), deC. (3.9)

This action is well defined on the algebraic variety specified by Egs. (3.6).

Since A4, depends on »n and on ¢, it follows that the monodromy data will also
depend in general on n and t. However, it is possible to normalize ¥, in such a way
that, if w, satisfies Egs. (1.1) and (1.11), then the monodromy data are n and ¢
independent (this is a usual situation in the isomonodromy method [31]). The
correct normalization is achieved by choosing 4, so that the formal solution ¥{™
defined in Egs. (3.1), (3.8), is also a formal solution of Egs. (1.12) and (1.15). This is
the case if

A,=diag(B,")7 12,712, (3.10)
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3.2. The Inverse Problem

Theorem 3.1. The Cauchy problem for the discrete string equation (1.1) always
admits a global meromorphic in t; solution. This solution can be obtained by solving
the RH problem defined with respect to the orientation shown in Fig. 3.1:

a3 N 3N
T t;z2 P o1yz2d

B (2)=0; (e 2507 ger S (3.11a)

(B2 0 BN (1)) e
¢n:< 0 (’))(1)) 172 I+ '))Ll) 5;1) ;-}-0 27 Z , Z—0,

(3.11b)

where S=5,)"" on Y41, and S=S8y41 o0 Y,4,, 0SIS2N—1. This RH
problem is uniquely defined in terms of the monodromy data S;, 0S/<4N—1,
defined on the 2N —\-dimensional algebraic variety given by Egs. (3.6). Having
obtained ®,, w, follows from Eq. (3.7).

Proof. We first note that Egs. (3.11) are a consequence of Egs. (3.2), (3.3), (3.8)
and of the change of variables ¥, =@ exp[— = Z 1;,z% | 05; the specific form of

the jump S follows from the orientation chosen in Fig. 3.1 (¥ =%,S,, V5
=¥ S, etc.).

The solvability of the RH (3.11) for n= 0 follows from the general results of [32]
as extended in [18]. In particular, the difficulty of the existence of oscillations (as
opposed to decay) on the contour, can be handled as in [ 18] by performing a small
clockwise rotation. Also the existence of meromorphic in t; solutions is a
consequence of the explicit analytic dependence of the jump matrices on ¢;.

However, the above RH problem possesses two novelties: (a) Because of the
boundary condition (3.11b), @, involves a polynomial P, of degree n and the
question arises of how to determine this polynomial. (b) In order to prove that the
function w, defined by Eq. (3.7) solves the discrete string equation (1.1), it is
necessary to prove that the solution of the RH problem (3.11) satisfies Egs. (1.12),
(1.13),and (1.15). (This is sometimes referred to, in the literature, as proving that the
inverse problem solves the direct problem.) This step presents a technical difficulty
for Egs. (1.13) and (1.15) because z enters in a polynomial of degree 2N — 1 and N is
arbitrary. We will solve these problems as follows:

(a) We will derive the solution of @, in terms of @,; in this process the form of P,
will be determined.

(b) We shall prove that the solution of (3.11) solves Eq. (1.12). This is rather simple
since z enters only linearly in Eq. (1.12). This proof also will clarify the reason for
choosing A, in the form (3.10). We shall also prove that ¥, =A4,%¥, and
v, =VY, where A, and V, are polynomials of z or degree IN—1 and 2N,
respectlvely Then it follows from the results of Sect. 2 that the RH problem (3. 11)
also solves Eqs. (1.13), (1.15). Indeed, if ¥, ,=U,¥,and ¥,,=A,¥,, where U, is
given and 4, is a polynomial in z of degree 2N — 1, it was shown in Sect. 2 that A,,
must be of the form (1.13). Similarly for V,.
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(a) @, in Terms of ®,. Since the jump matrices are independent of n, the RH
problems for both &, and @, can be denoted by &, =&, J, &y =dFJ, or

P, (95) ' =2, (P5)"";

1 1
proll)  o() s
& ~Aa > 5 ¢0~A0< o 0)’

v 1\ 1 1 Yo O
Q,,_1+0<Z> Z—n+0<z—nrl oo

where P, is a polynomial of degree n whose z" term has coefficient 1, Q,_, is a

. 1 1 1
polynomial of degree n—1, a0=1+0<z>, 5°=1+0<E>’ ﬁ0=0<2>, and

1
10=0 (—) . Thus
z

(P.do)+ —(PBo)+

A;%=Qgﬂ%u —@wm&)““_%’ 612

where (P,0,), means multiplying P, by J, and keeping only the non-negative
powers of z. We assume that @, is known, therefore, a,, f,, 7, and d, are known to
any desired order. The matrix appearing in Eq.(3.12) depends on the 2n
coefficients of P, (p,—1,Pu—25-->Po) and of Q, 1 (q,—1>4n-2---»40)- These 2n
parameters can be determined as follows. The large z asymptotics of @, indicates
that the coefficients of the terms z/, —n<j<n—1 of the 12 entry of the right-hand
side of Eq. (3.12) must be zero. Similarly, the coefficients of the terms zJ, —(n—1)
<j=n-—2 of the 22 entry of the right-hand side of Eq. (3.12) must be zero, while
the coefficient of the z " term of this entry must be one. The coefficients of the non-
negative powers of z/ are zero by construction; the rest of these requirements imply
precisely 2n equations for the 2n unknown parameters. It is easily seen that the
relevant equations have a triangular structure thus they are always solvable. As an
example we shall consider below n=2.

In both parts (a) and (b) we shall make use of the symmetry relationship (3.6a)
of the monodromy data. It is easy to show that this symmetry induces a symmetry
for @,(z):

?,(—2)=(—1)"0;39,(z)05. (3.13)
Equation (3.13) implies
Pn=2n+pn—22n_2+ e Qn—lzqn—lzn_l+qn—3zn_3+ e

@ 1 5 1
o<0=1+a202+0<z—4>, 50=1+ng+o<;>, (3.14)

P (! A (1
ﬂf?*%ﬁ’%=7wGJ

Using these equations, Eq. (3.12) in the case n=2 becomes

2 5(2) _ R
An—lézz(z +f0_; 0 B(zl)z>/l(;1¢0
q: 4. Bo
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. - 1 1.
Demanding that the coefficients of B and of — in the 12 and 22 terms are 0 and 1,
z

respectively, we find B{Vp,+ B3 =0 and q,(BL"6 + B)=1. These equations
determine p, and ¢, in terms of the asymptotics of &,,.

It should be mentioned that the transition from @, to @, described above is the
particular case of the general Schlesinger transformation [31].

(b) The RH Problem (3.11) Solves Eq. (1.12). Using the relationship between ¥,
and @, it follows that ¥, | ¥, ' =, , @, '. Butsince ¥, , and ¥, have the same
jumps we deduce that ¥, ¥, ' is a polynomial, thusit equals lim (@, , 20,

Using Eq. (3.11b) to compute this limit [and taking into consideration the
symmetry condition (3.13)] we find

'I”T”fz _Furn gy
P W= " Ha . A,=diag(A, ).  (3.15)
Hu+1Vn+1 0
2

n

1
The — term of the 22 entry of the above equation implies BVy(Y), =1. Using
An=(BM) 2, =) "2 =(B2,)"%, Eq. (3.15) becomes

(1) \~1/2 B\ 12/ g 12

1 _ n+1

-6

i 1 ()

The definition w, =4pVyM =481/ | reduces this equation to Eq. (1.12).
-1 q

lI’n+1_

3.3. A Vanishing Lemma. For certain constraints of the monodromy data and for
the ;s on certain rays, the RH problem for the function @, is uniquely solvable,
Wthh in turn implies that @, cannot have poles for finite ¢/s.

We denote by f(z)=(f(2))* the Schwartz reflection of a matrix function f
(* denotes transposition and complex conjugate). Consider the RH problem
@, =7 J on the contour Y containing the real axis. Then it is easy to prove [18]
thatif )" and J are Schwartz reflection invariant, then a sufficient condition for the
solvability of this RH problem is ReJ >0 on the real axis. A direct application of
this result to the RH for the function @, fails. However, it is possible to use analytic
continuation of the original RH problem and then apply the above result. The
situation is precisely analogous to the one studied in [18]. For brevity of
presentation we give the result for N even only.

Lemma 3.1. Assume that N is even, that t;, 1 <j< N, are imaginary, and that the
monodromy data s,, in addition to Egs. (3.6), also satisfy

Sje1=—Soy—1, 1SISN—-1,  |so—5]<2. (3.16)
Then the RH problem (3.11) with n=0 is uniquely solvable.
Proof.
_ 1N ) 1 X .
Since ;= —t;, exp [ -3 y tjzz’oJ =exp lii Y tjzzfog,] . Also using analytic
1 1
continuation, we find ¥,=%,5,=%,5,5,, or ¥y =¥;(S,S;)" ", etc. The re-
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5657 (8485)7}
5253
Uy
(8051)7!
(SsSa)7"
L2
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Yan_2
IOSll (312513)—1 5“515

Fig. 3.2 (N=4)

quirement of the invariance under the Schwartz reflection implies (S,S;)*
=Son-2San—1=SoN-28an 1, - (San—2San— )¥=Say 125w+ 3=S57 'S5 !, where
we have used the symmetry (3.6a). These equations imply (3.16a). The require-
ment that ReJ>0 on the real axis implies ReS,S;>0 and ReS,yS,y+:
=ReS; 'S; ' >0. Demanding that both the trace and the determinant of the
matrix S,S; +(S,S,)* are positive we find (3.16b).

3.4. The Triangular Case. If the monodromy data s, have a special form, then the
RH problem (3.11) can be solved in closed form. This is, for example, the case when
Sye1=1, 1=0,..,2N—1,

(3.17)
[JE]R, j:1,...,N, IN>O.

We denote by I, the contours asymptotic to the rays at angles — % +(2k— l)i%,

k=1,...,2N. Using the orientation of Fig. 3.3, the relevant RH becomes
Y =¥'S, where S is either S5,' or S,,. In the case for example of N=4, S on
I,....Iyis given by Sg1, S,, S; %, S, So, S5 1, S4, Sg '

T3
Ty I,
Sh
Se Sz
i _1
Iy So S5 I
Sst
571
Sy
Ps FS
I,

Fig. 3.3
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We define ¢, by

1 N .

Abe 2507y (3.18)
then ¢, satisfies the RH problem
—U(z)
sra=0a(y ),
(3.19)

LA 2"+ 0(z"" 1) oz "1
== . 2‘] ~
UR=Y 7, ) ( ol znoE1)
where s is either s,, _, or —s,,_,. This RH problem is triangular and hence it can
be solved in closed form: The 11 and 21 components yield (¢,7),; =(¢, );; and

I

(#)21=(¢, );. Using these equations and (3.19b) we find
(3.20)

(45:)21 =0,-4(2),

(d):)ll =Pn(z) s
where P, and Q, _, are arbitrary polynomial of degree n with the only restriction
that the coefficient of z" in P, equals 1. Using Egs. (3.20) in the 12 and 22 entry of
Eq. (3.19a) we can find (¢,);, and (¢,),,:
p L e” YWP (wdy
g 2in u—z
= , 3.21
& 1 e U0, (d 220
Qn -1 5.
2in Uu—z
where the integral | is defined along the lines corresponding to the rays I,
k=1,...,N,
N
f= % su-2] (3.22)
k=1 Iy

and the orientation of [ is indicated in Fig. 3.4.
T
Iy
L

Iy

o

Fig. 3.4 (N=4)
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The function ¢, satisfies the boundary condition (3.19b) iff
fule” VWP (=0, [=0,1,...,n—1
and (3.23)

1 -
_Z';j,ule U(A)Qn—l(ﬂ)zél,n—la l=0>1>~"’n_1'

These equations imply that P, and Q, are simply related and that P, are
orthogonal polynomials with respect to the measure e~ V®:

b= PP V2, D=4 Qui()= — Py y(2).

n—1
(3.24)
Using the explicit formula (3.21) one obtains that in the case under
consideration
h,
hn—l '
This means that the discrete string equation (1.1) with the initial data (1.2)
corresponds to the special triangular form (3.17) of the RH problem (3.11). The

monodromy data s,,_,, k=1,...,N appear explicitly in the initial data (1.2)
through the redefinition of the integration in (1.3),

w,=4

© N
{ dz— kzl Sak—2 | dz (3.25)
o = £

(the basic case corresponds s,,_,=0, k=2,...,N).

Remark. Formulae (1.12)+1.16) for the matrices U,(z), A,(z), and V,(z) can be
derived in the case under consideration directly from the explicit formula (3.21)
(without use of the general theorem 3.1).

4. The Continuous Limit of the Discrete String Equation to Painlevé I

We consider the Lax pair (2.5), which, recalling that ¥,=(y,,v,-)", can be
written as

lenzéwr%flwn+l+%wnl/zll)n—l> (41)
lpnz:anl/)n'i_bnwn—l s bn= %(an+an+l)wr{/2’ (42)
N—-1 N
where a, [see Eq. (1.14)], after interchanging the summations ) and ) ,is
given by J=1 1=j+1

N ) N -1

afz2)=—Y jtz? " =w 2 Y I Y 2T, Ly (4.3)
ji=1 1=2 m=1

We shall show that under a certain continuous limit, the Lax pair (4.1) and (4.2)
reduces to the Lax pair of Painlevé I equation.
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Proposition 4.1. Consider the transformations

wa~o(1=2k%u@), D)~k &), wyeq~o(l=2h"u(C£h),

JeTe: 4.4)
lpnil(z)Nlp(kséih): Z:Q1/2<1+ 2 )’ h—»O,
where ¢ satisfies
NPt
o+ % —221_’1 0'Cy=0, Cj= <ﬂ> (4.5)
=2 o

(1) If y,(2) satisfies the Lax pair given by Egs. (4.1) and (4.2), then p(k, &) satisfies the
Lax pair of the Painlevé I equation,

Vee=Qu+ky, (4.6)

k 1/27,5 2 1Y lztl ’_% 1
We=—70 W Rlugp +2(k* —u)yp,], R;glzzz yar-2¢ (I=1)C5. (4.7)
(i) If A, is defined by Eq. (1.13b), then the determinant of A, has a third order zero as
h—0.
1/2

Proof. We first derive (ii). Equations (4.4a, ¢) implies L ~ QT(A +471), thus

2m—1 S 1 —lq2m-1-1
L= ~<—2“> 2 Com— 44,

hence (4.8)

Q1/2 2m—1
(Lzm_l)n—l,n~<7> C'an—l'

Equations (4.4a), (1.13b) implies that

a2

—detd,~ —(z*—0), 4.9)

z
where a is the limit of a,. Hence if a(z)|, - ,1»=0, the determinant of 4, will have a
third order zero. Using Eq. (4.8b) in Eq. (4.3) it follows that
" N j-1 N L1 m

a@ )~ — ¥ je *— Y le * ¥ S5
j=1 =2

m=1

where we have used 2C%,,_ ;= C%,. It is easily shown by induction that

-1 C'an

)

m=1

1
CZI

D2m

Using this equation to simplify a(e'/?)=0 we find Eq. (4.5).

We now derive (i). The limit of Eq. (4.1) to Eq. (4.6) is straightforward. In order
to derive the limit of Eq. (4.2) to (4.7) we need a,(z) and b,(z) correct to O(h*). For
this purpose we must know (L*"~ 1), ,_ | correct to O(h*). Because the operators w
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and 4 do commute up to O(h?), it follows that

_L
2
(L2710 = S Ol = (2m— Dh*] + O(R?). (4.11)
More detailed analysis shows that the O(h®) in (4.11) can be replaced by O(h*).
Substituting (4.11) and (4.4a, e)in Egs. (4.3) and (4.2b) and taking into account (4.5)
we find

2752

N j-1 N -1 C
Y ijtjg 2+ ¥ lt,o 2 Z (2[—2m)}
ji=1 =2

an(z) =

1 1-

2 S CZm 4
uy, lt,g Z 2m—= + 0(h%),
1=2

22m
2 . (4.12)
k*h? i -1 cm
by(z)= {}: 2,0 2+ z It 2 T (21—2m)}
1i-1 cn
—2h*u Z It %Y mn
1=2 m=1 2
N _L- m
—h%u; 3 lye 2 Y m 22,,, " +O0(h*).
1=2 m=
It is easily shown by induction that
& Con U= 1) Ch
= = 4.13
I a1

Using Egs. (4.5), (4.10), and (4.13), the expressions of a,(z) and b,(z) can be
simplified,

3
a,(z)=(—k? + wh>R + O(h*), bn(z)z(kz—u)th—»hzuéRJrO(h“), (4.14)

where R is defined by Eq. (4.7b).
After obtaining the limits of a,(z) and b,(z), the limit of Eq. (4.2) to Eq. (4.7) is

straightforward:
k™~ h ? *l/zwk:(an—i_bn)w—hbnw{‘

Substituting the expression for a, and b, in this equation we find Eq (4.7a).
Proposition 4.1 suggests the proper relatlonshlp between f and A, in order for
the discrete string equation to tend to PL Letting t,=fq,, 1<I<N, q,=73,

1N 2
Eq. (4.7b) yields R=4J, J= 32 Z 221%2 o' " Y4(1—1)CY, then in order for y, in

Eq. (4.7a) to be O(1) it follows that ﬂh5 C,,whichischosenas C,=—4g '?J7 !,
in order for (4.7a) to be the Lax operator for PI equation (1.5).
Also, in order for (4.4¢) and (4.4d) to be the consequences of (4.4a) and (4.4b),

respectively, we need

§ =Gt GG,
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where
N Qj )
Cy= Z qu'ﬁcjzj
ji=1

because of (1.1). This completes the description of the parameters of the limit (1.4)
that maps the discrete equation (1.1) into the Painlevé I equation (1.5). Letting
¥Y=(yp,p)" we obtain a matrix Lax pair for Painlevé I equations. The
transformation

1 1

. k) o, Y(E K)o, (4.14)

W(E )=k ”2<
maps this Lax pair to the Lax pair of PI studied in [12]

u iu
Yé: [<k+ %)0'3— -k—O"z] Y,

1
Y,— [(4k4+2u2 + )y — i(duk? + 207 + &g, — <2ku5+ ﬁ> o, |Y,

(4.15)

where g;, j=1,2,3 are the Pauli matrices,

(01 (0 —i (1 0
=\ oo) TG o) BT —1)
The relationship y,.~w(E+h) implies ¥,(z)~MY( k), h—0, where

M, =M,,=1, M ,=0, M,,=—h. Then Eq. (4.14) yiclds

_ 1 1
lI/n(z),\"k 1/2<1_hk 1+hk>o3Y(£>k)o.3

5. The WKB Analysis

In this section we perform the analysis of the double-scaling limit (1.4), which has
been outlined in points (a)~(d) of the Introduction.

5.1. The WK B-Solution.
Proposition 5.1 (The WKB-Solution). Consider the equation

d¥ .
t = ﬁAn(z)an 5

dz
~ (5.1)
A, is A, of Eq.(1.13b) with t;-q;, 1<j<N, q,=3.

Let
B=C1h_5’ E=C2"+Cflh4f,
b (5.2)

wy~ (1 —=2h%u(&), h-0.
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The WK B-solution of Eq.(5.1) under the limit (5.2) is given by

m'%(z) m Y3z

T,‘,’VKB(Z)=(22_Q)‘1/4[<m_1,2(z) ml/2 )>(1+O(h2))
i h*z?M 1 Bos § wu(z)dz’
+0<Z —Q> +O<Wﬂe ° . (53

Z+(ZZ_Q)1/2

m(z)= g

H(e)= (—detA,2) = A2) ( - f—)/ +0 <(f ),> :

N I=j

N—1
A= ale) + (@) 5, 21 Zﬂlq’zz_gw——l( NCis,  (5.5a)

where

(5.4)

.1
Y : 2j—1 12N-1 2j— al I_J_i 1—j
a(Z)= — 'Zl quZ J _Q / .Zl z Jj—1 Z ZCII 221 2j CZI 2j (S.Sb)
J= J=

1=j+

and z is any of the zeros of the function a(z). The asymptotic representation (5.3) is
valid along the Stokes lines given by

Re j W)z =0, (5.6)

and away from z=z, and from z=g"'%. More precisely, we assume that h*/(z> — o),
h3/(z* —0)*%, h3/(z —z,) where z,=+=g”2 and a(z,)=0, are small.

Proof. The WKB-solution of Eq. (5.1) can be represented as [33]
W YB)~ T2) exp {ﬂmu(z')dz'— fdiag( 1) T )}

where
p(z)=(—detA,(z))"/2,

and T,(z) is the matrix diagonalizing 4,(z), i.. in our case T, 'A,T,=uc;. We
choose T, in the form (T,);; =(T,)1,=1, (T,)5; =(.u—én)/6n’ (T)22=—(u+4a,)/b,,
where 4,, b,, and ¢, are the 11, 12, and 21 entries of A,. Using Eq. (4.11) we find

a4,(2)=A(2)+O(h*),
1/2 1/2

V402NN, o =" A+ O Y,
z

n

(5.7)

b=

where A(z) is defined in (5.5). These equations imply for u,=(a2+b,¢,)'/* the
estimate given in Eq. (5.4b). It should be mentioned that the terms of order O(h*) in
b, and ¢, are the same. Using this estimate and Egs. (5.7) we find

T,,(z)=< ! ! >+0<@); mf(z)¥3(2271_,2w"ﬁ. (5.8)

m, (2) m,(z) a(z)
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This equation implies

1 h3ZZN -2
diag(T,”'T, )= mdiag(—m;, m,)+0 <W> ,  (5.9a)
and therefore,
Ediag T, 'T, dz' = — %ln (z—k(zzw;nw,,)m) oy
1 h3 2N-2
+ iln(z2_wn)ao <W> (5.9b)
The usual analysis of the corresponding integral equation shows that the error in
YWKB 5 of order R thus taking into consideration the estimates (5.8)

and (5.9) we find

_ - (m,)? (m))"1? W3z 1 Bos§ u(z)dz’
PWKB(7)=(z2 —w,) " 14 [((m:)_l/z ()2 > +O<——~a(2)(zz_g)1/2>]e .

This equation immediately implies Eq. (5.3).

Proposition 5.2 (The Solution Near the Turning Points). Assume that g is a positive
solution of the equation
1 N 2g
3¢+ Lo 5 Chio'=0, (5.10)
so that +0''? are the zeros of the function a(z)/z, where a(z) is defined in Eq. (5.5b).
Also assume that this function has exactly 2N —4 zeros z;, 1 SIS2N —4, z;%z;,
z,% +0'% Then

(i) the points z=z,, 1 LI<2N —4 are double turning points of Eq.(5.1), while the
points +0''? are triple turning points.

(i) Let Yi™ and W1 denote the solutions of (5.1) near the triple turning points
z=0"2 and z= —o''?, respectively. Then

1 1 k?
TTP(,\  Jr— 1/2 = 12 By /P~
lI/ni (Z) k <1—'hk 1+hk>G3Y(é,k)o-3a V4 iQ <1+ 2 h >’
(5.11)
if the parameters in the limit (5.2) are chosen as
—127-1 AT
Ci=—do™ 7, Co= 3 JChe
(5.12)
1 X lql -1
J=3 ¥ atwe 2U-1C

Here, Y(&,k) is the eigenfunction associated with the isomonodromy solution of PI
(see Appendix A ). Furthermore,

PITP(2) =P VEP(2) (L o' ?h) Pe (I +0(1)), h—O0, (5.13)

where 0, are certain n-independent functions of &.
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(i) Let WP denote the solution of (5.1) near z=z,. Then

M2 MY (18R,
lPrln)xTP(Z):<Ml 1/2 1\/;,1/2> ( Zz) 27 +o(1),  h-0;

1

z +(ZZ__ )1/2 (5.14)
Mz TR W= AR)C,, =14 H),
Furthermore,
V(@)= — ) I +o(1),  h-0. (515)
Proof. (i) The turning points of Eq. (5.1) are determined by the zeros of det A,,, thus

2
asymptotically they are determined by (?) (z2—0)=0. It was shown (see
Sect. 4) that under the condition (5.10), a(p'/?)=0, which implies the existence of
two triple turning points.
(ii) Equations (5.11) and (5.12) were derived in Sect. 4. To derive Eq. (5.13), we

investigate ¥} *® and ¥} near z= +¢'/%. We give the relevant formulae for z
2

~h2> . Using

near 9'/?: Near z= '/ we introduce the variable k by z=¢'/? <1 +5

a,,=h2J(u—k2)+o(h4) we find
N k?
‘detAn=J2h6<k6+7f+r> +o0(h%), r#%u ~ud— éfu (5.16)
thus

z k 2
B u(z’)dz’~/3gl/2Jh5j"l/k6+%£+rkdk~2k5+ké+5+, (5.17)
ol/2 0

where we have used (5.12a). In the matching domain k*~h~*, £¢>0, the WKB-
solution Y}'*B can be represented as

1+-k 1—<k\ 4,

PWKB _ (012h)~ 12112 fl i (gk5+k.§+é )
1—<k —
1-3k 145k

Comparing this equation and Eq. (5.11) and, taking into account the known
behavior of Y(& k) as k— oo (see Appendix A) we find (5.13).

(iii) Near z=z, we introduce z=z,(1 + +h>/22). Using Eq. (5.7) and expanding the
matrix A4,(z) in a Taylor series at z=z, we find that near z=z, Eq. (5.1) becomes

1/2)

. -2

)= o) o 2 oy w).
ey
\Zl

/

The O(1) term of this equation can be solved exactly and is given by Eq. (5.14).
Expanding ¥)'*® near z=z, and comparing with Y™ we find Eq. (5.15).
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5.2. Calculation of the Parameters of the PI Equation. The WKB-solution
presented in Proposition 5.1 specifies the large f behavior of the eigenfunction
¥ (z) characterized in Theorem 3.1. The solutions ¥,(z) and ¥Y¥8(z) have different
normalizations; comparing their large z behavior it follows that
A,0* . z 1 X .
¥, (2)= lP,,"‘”‘BlL/E)Zﬁeﬁ%‘”, 5, =lim [— [ w(z)dz' — 3 Y g2+ %lnz] .
z— 00 z0 j=1

(5.18)

It was shown in Proposition 5.2 that near the triple turning points z= + '/, ¥,(z)
can be approximated by ¥ 1" which are proportional to Y [see Eq. (5.11)]. Since
I and ¥\V¥® are related [see Eq. (5.13)] we obtain a relationship between ¥,(z)
and Y:

¥(2)=CY(& k)osA,e =" 27 + o(1)),

1 1
1—hk 1+hk>“3’ h=0.

(5.19)
C#(i2hk)_”2<

27,2

Recall that z= ig“2<1 + , and Y is the representation of the piecewise

solution (Y1, Y°, Y!, Y?, Y3, Y®). Therefore, in the z-complex plane Y has the
piecewise representation (Y 1, Y°, Y1, Y2, Y?3). Since Stokes lines connect turning
points to turning points or to infinity, and since they cannot cross, it follows that
one of these Y’s (Y ?) connects with the other turning point, while the other four Y’s
(Y=L, Y% Y! Y?) connect with some of the ¥,’s.

Equation (5.19) and the independence of the monodromy data {S} of n and
imply that for the ¥,’s which are connected to Y’s the following relationship
between monodromy data is valid

S=Mi'GM,, M,= ;l'ing) 03,6 P0=F0+)75 (5.20)
It should be mentioned that because of (3.9) we do not need to calculate the
diagonal matrix M, explicitly. At the same time, formula (5.20b) gives us the
characterization of the asymptotic behavior of the quantities ", y{" from (3.10)
(cp. with [7]).

We recall that near the double turning points z,, ¥,(z) can be approximated by
¥YDTP Then, using Egs. (5.14), (5.15), and (5.18), we get a relationship between ¥,(z)
and the O(1) approximation of Y™ [see the right-hand side of Eq. (5.14)]. This
equation is analogous to Eq. (5.19). The O(1) approximation of ¥ '* is represented
by four functions (because of the occurrence of 12). However, the associated Stokes
multipliers are equal to the identity matrix (cp. with the “continuous” calculation
in [10]). Thus for the ¥,’s which are connected with the O(1) approximation of the
solution around the double turning points, we find

S=1, (5.21)

instead of Eq. (5.20).

Equations (5.20) and (5.21) allow us, for a given distribution of the location of
the triple and double turning points, to decide for which monodromy data of the
discrete string equation (and hence which initial data), the limit (1.4) exists. An
exhaustive investigation of all possibilities will be given elsewhere. Here we discuss
some generic cases and we assume that there exist 2N —4 distinct, real double
points.
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3
n

\v ‘

¥

v 4N-2
Fig. 5.1 (N=4) n

Example 1. Only one z, is to the right of ¢'/%

This situation is illustrated in Fig. 5.1. The relationships Y°=Y "'G_, and
PaN-l=paN-2g « , imply a relationship between G_, and S,y _ ,, the relations
Y?=Y'G, and ¥} = ¥2S,, imply a relationship between G, and S,; the relations
Y'=Y°G, and P2=¥""1S,y_1S,S, imply a relationship between G, and
San-180Sy:

S4N—2=M11G—1M+a S,=MI'GM,, S4N—ISOSIZM;1GOM+-
(5.22)

Using the triple turning point —'/? we find similar relations for S,y_5, S; 4 2>
Son—1> San» S142n- Using the double turning points it follows that all S’s except
San—2>S5, Son_2> S, 4,x are equal to identity. In particular, Eq. (5.22¢) implies
Gy=0,Gs0,=1. (5.23)
Thus we are dealing with the one-parameter family of solutions of PI character-
ized by (A.5). Equations (5.22a) and (5.22b) give (M , is diagonal!)
81 _ S5

bl
8a SaN-2
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which together with g, + g, =i imply

! ip SaN-2
= , =—, ===, 5.24
g1 1+p 8a 1+p 14 5 ( )

Example 2. No z, is to the right of ¢1/2,
This situation isillustrated in Fig. 5.2. In this case we get the same relations as in
(5.22a, b) but for the matrices S;, Syy_;. In the triangular case (3.7), which
corresponds to the matrix model, these matrices must be trivial. This implies the

equalities
81=84=0 (5.25)

for the monodromy parameters of the Pi function u(¢). Equations (5.25) contradict
to the cyclic relations (A.4); the Stokes multipliers g;, g, couldn’t be zero
simultaneously. This means that in this case the asymptotic behavior (1.4) for the
solutions w, corresponding to the triangular monodromy data (3.7) is not valid.

The two examples considered above are typical. It is obvious, that Egs. (5.25)
will always arise in the triangular case if the number of the points z, on the right of
0!/ are even. On the other hand, if this number is odd, we get a situation similar to
Example 1. More precisely, if the number of the points z, on the right of ¢/? is

N-3
2m+1, m=0,1,...,[T:|, then all S’s except Siy—am—25 San—2m—25 Samt 25

Son+2m+2 are equal to identity, and the formula (5.24) should be rewritten as

i ip SoN-2m-2
= R = - =, 5.26
1+p p 52m+2 ( )

=1+p’ g4

Obviously, all of the above conclusions will still be true if the double turning
points z, are in a small neighborhood of the real axis.

For every possible location of the double points z, one can conclude that in the
basic triangular case (all S’s are trivial except S, S, ) the limit (1.4) does not exist.
Indeed, the only possibility to get S, = I is to have the situation depicted in Fig. 5.2,
which leads to the contradictory equality (5.25).

In the matrix model of 2D gravity the parameters q;, j=2,...,N, play an
auxiliary role. The above analysis shows, that the zeros of the polynomial a(z)/z
(i.e. the turning point z; and ¢'/?) provide a more convenient set of independent
parameters for the double scaling limit (1.4). Also, this indicates the corre-
spondence between the hierarchy of the classes of universality (see Sect. 1.1) and
the hierarchy of the types of the turning points of system (5.1) (for more details see
[8, 26]).

Summarizing the above considerations and taking into account the results of
the PI equation obtained in [12] and presented in Appendix A, we come to the
description of the PI solution u(¢) given in the Introduction.

81

Remark 5.1. The result of the last two sections can easily be made rigorous. Indeed,
consider for example the case corresponding to Fig. 5.1. Putting in the coefficients
of Eq. (5.1) the asymptotic ansatz (1.4) where PI-function u(¢) has been chosen in
accordance with (5.24), we get the system

S BAS(2) P, . (5.27)

The calculations carried out above show that the Stokes matrices S*(h) of the
system (5.27) have the initial Stokes matrices S as the limit when 2—0. Using the
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general properties of the RH-problem (3.11) established in Sect. 3, one can
conclude that the initial matrix A,(z) has matrix A%(z) as its limit at h—0.

Remark 5.2. Let’s write down the diagonal matrix M, as

M, =fe*3.

Then, formulae (5.22) provide us with the explicit expression for the constant «,

1 is3

ao=—=lo 2

2 TSn-2—5;

or
1 is3
= — — log 2m+2

in the general “solvable” triangular case.

Pl

‘I’:N ~1
Fig. 5.2

Appendix A

According to the isomonodromy method the main role in the investigation of the
PI-equation (1.5) is played by the second equation in (4.15). This equation has two
singular points; a regular singularity at ¥ =0 and an irregular at # = co. Following
[12] we shall introduce the monodromy data for the second equation in (4.12) as
the set of Stokes matrices G;, jeZ, defined by the equations

Gy=[Y (k)] 71 Y7" H(x), (A1)

Here Yi(x), jeZ, are the canonical solutions determined by the asymptotics

o (ofl o)

(A2)
k in mf._1 <ar <7z '—|—1
- e W — ~1.

0 s\UTp)=ers=lUT,
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The Stokes matrices G; have the usual triangular structure

1 g21+1> < 1 0>
G :< . Gy=
20+1 0 1 27\ g, 1

and they satisfy the relations
G.

J

+5=0,Go,,  JEZ; iC,u30,Gs=io; . (A3)

This implies that the monodromy data for the second equation in (4.15) can be
parametrized by the Stokes multipliers {g;}>_, connected by the relations

gs=i1+g,83), &g3t+gi(1+g:83)=i, ga=i(1+g8,). (A.4)

The monodromy data {g;}; provide a parametrization of the solutions of the
PI-equation (1.5). An alternative parametrization is provided by the asymptotic
characteristics of the solution u(¢) on one of the “nonlinear Stokes ray,” given by

argf=n n 2n 47
= +— n+ —.
g ) T3 t3

The main result of [12] is the calculation of the explicit form of the connection
between these two parametrizations. In particular, for the special case

gs=0 (A.5)

and, as a consequence,
g3=i, g=Ii, gs+g =i, (A.6)

the following asymptotic behavior for u(¢) has been obtained:

2n . ~%” & e <2>1/8 g~ 18
argé= n—? ué)=e K—V@ 3 g4l<l

: 1/4
xexp{?@ |é|5/4}+o<|ér”8), (A7

—in

2 in 20 /D\1/8
argé=n+ = w¢)=e" @+e <§) g ¢

5 6 " 3n

— 1/4
e ) M B O A

Moreover, in [12] using ideas based on the analytical continuation of the
asymptotics (A.7), (A.8), the following description of the asymptotics of the
solution u(¢) on the ray argé == is proposed:

18, _
| e

xexp{— §(3>1/4(—5)5/4}(1 +o(1)). (A9)

5\2
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. . 4r . .
The behavior of the function u(¢) on theraysargé=n+ il 1s more complicated. It
depends on the combinations 5

4 4
1+ig, (ray argl=n— %) and 1+ig, <ray argé=n+ %) (A.10)

For example, if 1+ig, =0 (ie. g, =i, g,=0), the asymptotics of u(£) on the rays
4 4 . .
argé=mn— o and argé=mn+ ?7[ are given by Eq. (A.11) and (A.12), respectively:

5
9in
- FY B (3 g
8z \3
xexp{ 5@ |c|5/4}(1+o(1>) (A1)
Zm zlg 2 1/8 . 1/4
T T

(A.12)

For details and explicit formulae for the cases 1+ig; >0 and 1+ig, =0 we refer
to [12].

As it follows from the asymptotic formulae (A.7-A.11), in the case gs=0=g,,
g, =g,=g5=1I we obtain the so-called “triply truncated solution,” the solution
having infinitely many poles only in the sector Zn<argé< 2m.
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