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Abstract. The superselection structure of the Wess—Zumino—Witten theory based
on the affine Lie algebra §0(N) at level one is investigated for arbitrary N. By making
use of the free fermion representation of the affine algebra, the endomorphisms which
represent the superselection sectors on the observable algebra can be constructed
as endomorphisms of the underlying Majorana algebra. These endomorphisms do
not close on the chiral algebra of the theory, but we are able to obtain a larger
algebra on which the endomorphisms close. The composition of equivalence classes
of the endomorphisms reproduces the WZW fusion rules.

1. Introduction

In quantum physics there has been a continuous effort to define the theory from
first principles — the axiomatic approach. One of the main developments in this
respect has been algebraic quantum field theory [ 1, 2] (for further references see [3]).
For many physicists a major drawback of the axiomatic approach to quantum
field theory has been the scarcity of interesting examples. On the other hand two-
dimensional conformal field theory (conformal field theory, for short) has produced
a wealth of non-perturbatively solvable field theories. In fact rational conformal
field theory has reached such a stage of maturity that there are attempts at a classi-
fication of all rational conformal field theories. Thus it is very natural to try to
incorporate some of the conformal field theory examples into the framework of
algebraic field theory. So far this has been done only for the simplest rational
conformal field theory — that of the Ising model — by Mack and Schomerus [4].
Central to the description of conformal field theory is the infinite-dimensional
symmetry algebra of the theory. Since conformal field theories are solvable theories
it is no surprise that a large part of the information about the theory is contained
in the symmetry algebra — the kinematics. Another specific feature of conformal field
theory is holomorphic factorization. As a consequence one is led to consider a one-
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dimensional theory (the left or right chiral part) specified by the chiral algebra — the
chiral half of the symmetry algebra. A careful analysis [5] shows that in fact the
conformal field theories are living on a tube, and owing to the periodicity in the
space direction the chiral parts live also on circles S*. To each highest weight module
associated to a positive energy representation of the chiral algebra (the number of
which is by definition finite for rational conformal field theories) corresponds a
primary field which, when acting on the vacuum, produces the highest weight vector
of the module. An important element of the theory are the chiral vertex operators.
A chiral vertex operator at the point z can be thought of as an intertwiner of the
representations provided by two primary fields at zero and at z and a third one at
infinity. The data of the chiral vertex operators are equivalent to the three-point
functions of the primaries, or to the knowledge of the operator product coefficients.
The operator product coefficients are essentially the structure constants of the chiral
part of the field algebra, which is obtained by adjoining the primary fields to the
chiral algebra. Thus the knowledge of the representations of the chiral algebra and
the operator product coefficients determines the theory completely. Somewhat
coarser information is provided by the fusion rules. The fusion rule coefficients N 73
give the number of chiral vertex operators intertwining the representations 7, x x,
and n5. The analogy with simple Lie algebras is that the chiral vertex operators
correspond to the Clebsch—Gordan coefficients while the fusion rule coefficients
correspond to the tensor product multiplicities. Even though the operators compris-
ing the chiral algebra are mutually local (have trivial monodromy), in general the
primary fields have non-trivial mutual monodromy and hence give rise to representa-
tions of the braid group.

Many of the structures encountered in conformal field theory are not due
specifically to the conformal invariance, but are general to any two-dimensional
quantum theory. In particular the appearance of braid group statistics is character-
istic of any two-dimensional theory [6,7]. Therefore trying to incorporate the
different conformal field theory models (most important of all the Wess—Zumino—
Witten (WZW) [8] models, believed to be the building blocks of rational conformal
field theory) in algebraic field theory not only puts conformal field theory into a
more general framework but also provides guidelines for the general theory.

In algebraic field theory the central role is played by the observable algebra
[2,6,9]. For every double cone @ of the underlying Minkowski space-time there is
a unital C*-algebra &/(0) of observables localized in this cone. The quasilocal
algebra o7 of observables is the completion of the union of the local algebras. The
causal structure of space-time is implemented by the requirement that elements
belonging to local algebras «/(0,), #(0,) should commute if ¢, and O, are relatively
space-like. The physical Hilbert space # breaks up into a direct sum # = @ #; of
orthogonal Hilbert spaces #;—the superselection sectors, carrying irreducible
representations 7; of </,

The guiding principle of algebraic field theory is that all the information be
contained in the vacuum representation of the observable algebra. In particular,
provided that 7ny(2/) satisfies Haag duality, all the asymptotically vacuum-like
representations 7; of .« are obtainable (up to unitary equivalence) by composing
the vacuum representation n, with transportable, localized endomorphisms p; of
the observable algebra,

T X oo P;e (1.1)
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An endomorphism p is localized in O iff p is the identity on «Z(¢°), where ¢° is the
causal complement of ¢. It is transportable iff for any point x of Minkowski space-
time there exists an endomorphism j localized in @ = @ + x which is equivalent to
p. Two endomorphisms p and § are defined to be (unitarily) equivalent if there exists
a unitary U belonging to some local observable algebra such that

pla) = Up(a)U* = ay(p(a)) (1.2)

for all ae.<Z. (In general, for any unitary U e, one defines the corresponding inner
automorphism g, of .7 as

oy(a) = U-a-U* (1.3)

for all ae /)

Endomorphisms in the same equivalence class [ p] lead to equivalent representa-
tions of the observable algebra. By locality we have 7y ((0°)) = ny(Z(0)), where
the prime denotes the commutant. The important assumption above, Haag duality,
is the assertion that in fact this is an equality

7o( (0°)) = mo(#(0)) . (1.4

This means that, in a certain sense, the observable algebra </ is maximal. If Haag
duality is satisfied, one usually identifies <Z(¢) with its vacuum representation
To(4(0)).

The field algebra & is obtained from .o/ by adjoining charged fields f to ./ which
realize the endomorphisms, i.e., af = fp(a) for all ae.«/.

When one is looking at a conformal field theory from the point of view of super-
selection sectors, one must identify the various objects appearing in the conformal
field theory with corresponding objects of the algebraic theory. In general these
identifications have not yet been proven rigorously, but it is intuitively clear that
the following “translation” of notions takes place. The chiral algebra plays the role
of the observable algebra. Indeed, the fields contained in the chiral algebra are
mutually local and moreover, as is usual in quantum theory, the generators of the
symmetries are observable. The irreducible representations of the chiral algebra
should be considered as the superselection sectors. Thus the primary fields corres-
pond to the “charged” fields implementing the corresponding endomorphisms of
the observable algebra. The fusion of two primaries corresponds to the composition
of the respective transportable endomorphisms. If in the composition we are restrict-
ing ourselves only to equivalence classes of endomorphisms, then we get the fusion
rules:

[pi,°pi,] = ZN,l,z[p,_,, (1.5)

When incorporating a conformal field theory model in the framework of algebraic
field theory, one would like to use the knowledge one has about the positive energy
representations of the chiral algebra. This means in particular that we will relax
the canonical framework [2, 6,97 and allow the observable algebra to contain un-
bounded operators — the generators of the chiral algebra. Another difference is that
one allows global elements in .« this is because our “space-time” has the topology
of the circle (for example, the central element Y which implements the translation
by 27 is in 7). This means that the observable algebra cannot be identified with its
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vacuum representation 7,, since 7, is not faithful. Having relaxed the quasilocality
of o/ it is natural to look for non-localized endomorphisms of the chiral algebra
that lead to its inequivalent representations. One finds that in order to obtain these
endomorphisms, it is necessary to extend the chiral algebra. This should in fact be
expected because one does not have Haag duality for the chiral algebra. Let us give
a pedestrian explanation of why e.g. the Virasoro algebra Vir has to be enlarged to
obtain the observable algebra. Consider the algebra Vir(I) of difffomorphisms that
are localized in an interval I < §!, i.e., outside of this interval they act as the identity
map. The double commutant Vir(I)” of Vir(I) in the space #(#,) of bounded
operators in #, can serve as a local observable algebra and satisfies Haag duality
[10]. The algebra Vir(I)" certainly contains not only the diffeomorphisms, but also
bounded functions of operators that act by multiplication by functions that are
constant on I° = S'\I. Therefore a necessary condition for being able to describe
the observable algebra .«/(I) satisfying Haag duality as bounded functions of a Lie
algebra of unbounded observables, is that we extend Vir(I) by the Lie algebra of
functions on the circle. Of course one must check that this extended observable
algebra has the same superselection sectors as the chiral algebra we started with.
In addition, having obtained the non-localized endomorphisms, one has to show
that it is possible to find localized ones giving rise to the same representations.

This program was carried out in [4] for the Ising model. In this model one has
three inequivalent physical representations of the chiral algebra (the ¢ = 1/2 Virasoro
algebra Vir,,); these are the representations corresponding to the identity, the
energy operator, and the spin operator. The key point in [4] was the explicit construc-
tion of the non-local endomorphisms that correspond to these three representations.

Technically the endomorphisms were constructed by employing the free fermion
realization of the Ising model. It is well known that a free Majorana fermion has
an energy-momentum tensor which is bilinear in the fermions and has central charge
1/2. Thus one is looking for endomorphisms of the Majorana algebra which, when
composed with the vacuum representation and restricted to the Virasoro algebra,
give the three inequivalent representations of the ¢ = 1/2 Virasoro algebra. In fact
it turns out that these endomorphisms do not leave the Virasoro algebra invariant;
rather, the algebra of observables on which the constructed endomorphisms act is
an extension of the algebra of vector fields (centerless Virasoro algebra) and functions
on the circle by an infinite orthogonal Lie algebra O (consisting of finite linear
combinations of fermion bilinears) and two central elements [4]. A question which
was not investigated in [4] is “why this algebra of observables.” In this paper we also
do not have much to say about this issue; instead we will try to enlarge the set of
examples, hoping that this could provide a clue to the answer.

Since the fermionic realization of the Ising model has been the key to the explicit
construction of the endomorphisms, we will consider here the next most simple
generalization - WZW models based on level 1 affine orthogonal Lie algebras
§0(N);. For such models one can represent the Virasoro generators and the Kac-
Moody currents in terms of bilinears of N fermions.

The representations of $6(N), are of course known [11]. For N even we have
four physical representations — the basic representation, the vector, the spinor and
the conjugate spinor; these will be denoted symbolically by 1, v, s, and c, respectively.
In this symbolic notation, the fusion rules read

vkv=sxs=cxc=1, sxc=v, for NedZ, (1.6)
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respectively
viv=s*c=1, sxs=cxc=v, for NedZ +2. (1.7)

Recalling that primary fields for which the fusion product with any primary field
produces exactly one primary field are called simple currents [ 12-14], we see that
for even N all the representations 1,v,s,c correspond to primary fields that are
simple currents. It is known that the simple currents of a conformal field theory are
precisely those primaries which have quantum dimension equal to 1 [14]. In terms
of algebraic field theory, the quantum dimension of a primary field corresponds to
the statistical dimension of the associated endomorphism of the observable algebra,
and it can be shown that the endomorphisms with statistical dimension 1 are precisely
the automorphisms [15]. Thus simple currents correspond to endomorphisms
which in fact are automorphisms, and hence for even N we will be looking for auto-
morphisms leading to the fusion rules (1.6, 1.7). (Theories where all endomorphisms
are automorphisms have also been analysed, in the context of the 4, Kac-Moody
algebra, in [16].)

The case of odd N is similar to the Ising model: we have three physical representa-
tions — the basic, vector and spinor representations, denoted symbolically by 1,v,
and o. The fusion rules of the N odd case are the same as the ones of the Ising model,

vxv=1, oxo=14+v, oxv=og0; (1.8)

thus the identity and vector are simple currents, while the spinor is not. This means
that we should be looking for an automorphism to represent the vector, and a
proper endomorphism to represent the spinor.

With this input from the conformal theory it is possible to construct explicit
endomorphisms of the Majorana algebra which, when composed with the vacuum
representation and when restricted to the chiral algebra (the semidirect sum of the
Virasoro algebra Viry,, and §0(N),), give the physical representations of the chiral
algebra. The Majorana algebra and the chiral algebra and their representations are
presented in Sect. 2,'and the endomorphisms are introduced and analysed in Sect. 3.
Section 2 also contains a brief discussion of the various local and global observable
algebras. The global Lie algebra of observables, which we denote by .#, is analysed
further in Sect. 4. As in the case of the Ising model, the endomorphisms again take
us out of the chiral algebra. This time besides the algebra of functions on the circle
and the infinite orthogonal Lie algebra generated by fermion bilinears, one has to
introduce an algebra containing §6(N),; up to finite sums of fermion bilinears, the
commutation relations of this algebra which we call gl( N) coincide with those of
the al(N)(—B (1) Kac-Moody algebra. Together, the fermion bilinears, the Virasoro
generators and the generators of gl(N) form a Lie algebra, and they are transformed
among themselves by the endomorphisms. It is a non-trivial result that a closed Lie
algebra is obtained after a finite number of steps. We also exhibit in Sect. 4 a maximal
abelian subalgebra %, < £ of the observable Lie algebra; somewhat unexpectedly,
%, is not closed under the action of the endomorphisms. In Sect. 5 we show that
the composition of (equivalence classes of) endomorphisms reproduces the fusion
rules of the WZW theory. In an Appendix we have collected various aspects of the
zero mode subalgebra of the current algebra and of its representations.

The theories described in this paper are rather special conformal field theories
as they can be expressed through free fermions. One can however hope to treat also
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more complicated theories along similar lines. In particular it may be possible to
use conformal embeddings [17] to reduce theories with higher level Kac-Moody
algebras to the level one case treated here [18]. This and other open questions are
discussed in Sect. 6.

2. Majorana Fields and Observables

The distinctive feature of the conformal field theory of the §6(N), WZW theories
which makes the algebraic treatment of the theory manageable is the fact that the
theory can be expressed in terms of free fermions, so that the observables may be
constructed in terms of bilinears of the fermions, and that the relations of the observ-
able algebra can be deduced from the canonical anti-commutation relations of the
fermions. The canonical anti-commutation relations for real free fermions ¥(z),
i=1,2,...,N, on the circle S! are given by

{Wi(2), ¥ (w)} = 27i6"5(z — w)l 2.1

(to be precise, only fields obtained by smearing the y/'(z) with appropriate test func-
tions are operators for which the canonical anti-commutation relations make sense),
and the hermiticity condition is

W@y =z""y). 22

There are in fact two types of such fermions, namely Neveu—Schwarz (NS) and
Ramond (R) fermions which are characterized by the boundary conditions /i ((e*"z) =
Yig(z) (NS fermions) and yg(e*™z —l,l/R(z) (R fermions), so that they may be
expanded into a Fourier— Laurent serles as Y'(z)= )Y biz"""Y* with reZ + ; (NS)

and reZ (R), respectively. For the present purpose it will be convenient to treat NS
and R fermions in a unified way. This is done by admitting test functions which are
single-valued continuous functions on the double cover S' of S! (the coordinate on
S! will also be denoted by z). The description of the boundary condition then
requires the introduction of a non-trivial central element which will be denoted by Y:

Yie™z)= — Yyi(z), Y*=Y, Y’=1. 2.3)

Thus we define: The universal Majorana algebra of N fermions is the associative

*_algebra with identity 1 which is generated by Y and fields y',i=1,2,...,N,on S St
(more precisely, smeared with test functions of the type described above) subject to
the hermiticity and boundary conditions (2.2,2.3), and to

(W), Y(w)} = mi6 [6(z — )1 — 8(z — > w) Y],
V), Y] =0. (2.4)
The expansion of the universal fermion fields into a Fourier~Laurent series reads
Ylz)= ) biz 1712 (2.5)
qeZ)2

The algebra generated by the modes b‘ and by Y will be denoted by Maj = Maj(N),
and its restriction to geZ +  and to qu by Majys and Majg, respectively. In terms
of the modes, the hermltlclty property reads (b’) =bi ,» and the relations (2.4)
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become
{b;b{l} =365, . o[1+(—1)*Y],
[b,, Y]=0. (2.6)
Evaluating the first of these relations for p = g = 0, one sees that, for any i,
Y =4bjb} —1, 2.7
so that
Yb;=b;Y=(— 1)*?b}) (2.8)

(and hence in particular bl bJ =0 if b} e Majys and b)eMajg).

As is quite obvious, each of the subalgebras Majyg and Majy has only a single
(inequivalent) faithful irreducible unitary *-representation; the corresponding irre-
ducible unitary *-representations of the universal Majorana algebra Maj, denoted
as mys and 7y, are then defined by

nNS(b;) =0 for peZ, ns(Y)=—1,
(b)) =0 for peZ+3 m(Y)=1 2.9)

They obey
Maj/Ker(nys) = Majys, Maj/Ker(ng) = Majg. (2.10)

The corresponding modules #ys and #’; are highest weight modules, i.e. they
contain highest weight vectors [NS)> and |R ) obeying

biINS) =0 for bieMajxs, ¢>0,

. ; (2.11)
b,IR>=0 for b ,eMajg, ¢>0,

and #ys and H#; are spanned by the vectors
TP mons =1i141512G25 -+ il Insi= bil"q,,, “'bifqzbi_'q, INS) (2.12)
and
|GG )mdr = lird1si2d2s- - imGmyr:= by b b1 R (2.13)

with b | eMajys and b" | eMajg, respectively, where meZ o and g, 2 ¢, 2 0 for
I=1,2,...,m— 1. For future convenience we will also write #ys = # s D H'Xs,
where #75¢" and A% are spanned by the vectors |(7q),.dns With meven and m odd,
respectively. Also, we define the grade of a state in #g or #% as the non-negative
integer that one obtains by adding up minus the mode numbers of the fermion
operators which create the state by acting on the highest weight state of the space,

ie.as ) g in the notation of (2.12) and (2.13).
s=1 _

The global observable algebra </ which is the algebra of our main interest will
be a subalgebra of an appropriate completion by infinite power series of Maj..
Moreover, as we will see, o/ is in fact the enveloping algebra of a Lie algebra; we
will use the notation & for this underlying Lie algebra of global observables. The
Lie algebra % will be constructed by adjoining further generators to the infinite
orthogonal Lie algebra O (N) which is defined as

0, (N):=span{1,b:blli,je{1,2,...,N},p;qe3Z,p — qeZ} (2.14)

q



560 J. Fuchs, A. Ganchev and P. Vecsernyés

(note that owing to (2.7) this includes also the central generator Y). The full set of
infinite series of such bilinears that are needed for the completion . will be obtained
in Sect. 5. For the moment we content ourselves with including in the observable
algebra those operators which according to the introduction should certainly be
present, namely the generators of the chiral symmetry algebra of the conformal field
theory under consideration. For WZW theories, the chiral algebra is the semidirect
sum of the Virasoro algebra Vir with an untwisted affine Kac-Moody algebra.
Therefore we introduce the following infinite series of fermion bilinears:

1
:iz(T")u PURLA S 213
ij qeZ]2
N
—AZ Y (q—7> bibi_ i+ = (1+Y)5,, (2.16)
i qeZ/2 2 4 32

for meZ. Here T*,a=1,2,..., N(N — 1)/2, are the matrix generators of the simple
Lie algebra so(N) in the defining (vector) representation (taken to be real and
antisymmetric). The colons denote the normal ordering of the modes b, defined as

i
:bfbf;:{bqu_. for p<0, @.17)
b —bjb, for p=0.

By direct computation, one verifies that these combinations obey the commutation
relations

(e, Jo] =m0, o+ [T (2.18)
N

(L Ly]= f(m —M)dpsno+mM—n)L, (2.19)

[Lm7‘]:] - ann+"9 (220)

where f“ and k* are the structure constants and Cartan—Killing form of so(N),
respectively, i.e. [T% T"] = [T, tr(T*T") = k*®, and the summation convention is
used for the adjoint indices a, b, ... Thus the combinations (2.15,2.16) generate the
semidirect sum of the Virasoro algebra Vir (generated by the L,,) and the untwisted
affine Lie algebra SO(N) (generated by the J¢ ), with the respective central generators
fixed to the values ¢=N/2 and k=1, respectlvely In addition, of course the
commutator of any element of O (N) with an element of the Virasoro or the affine
algebra is again in O, (N). Thus we see that the global observable algebra &, we
are finally interested in, contains the Lie algebra

$=0w(N)(—DVirM2@§5(N)1 (2.21)

(with “@” denoting the semidirect sum) as a subalgebra.

The representation theory of the algebra $0(N) at level one (and of its semidirect
sum with the Virasoro algebra) is well known [11]: up to equivalence, there are only
three different integrable irreducible highest weight modules if N is odd, and four
if N is even, namely the basic module, the vector module, and one or two inequivalent
spinor modules. With respect to the so(N) algebra generated by the zero modes J§,
they reduce to the trivial one-dimensional module, the N-dimensional vector
module, and the 2"~ 1/2l.dimensional' spinor module(s), respectively. Also, the

! Here and below we denote the integer part of a rational number x by [x].
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states spanning the highest weight modules of S3(N) can be chosen as eigenvectors
of Ly; the L,-eigenvalues h are the sum of the grade of the state and the eigenvalue
of the highest weight vector, which is hy =0, h, = 1/2, and h, = N/16 for the basic,
vector, and spinor modules, respectively.

Since the observables are made out of bilinears in the modes b}, the represen-
tations 7yg and ni of Maj restrict to representations of the algebra (2.21), which are
however reducible. This is most easily seen by considering the action of the Virasoro
generator L,. Because of (2.11) the highest weight vectors NS ) =|0) of #ys and
R ) of 5#% obey

L,]0> =0,
0l0? ~ 2.22)
L,JR>=—|R)>,
olR> 1 6| )
while for the states
lions:=1i —%>Ns=bi—1/2|0> (2.23)
one finds
Lolidns = %li>NS‘ (2.24)
Using
[Lo,b,1= —ab,, (2.25)

it then follows that

heZ, for |(7q)myns€H LT

heZyo+1 for |((q),ynseH
(2.26)

Lol(iQ)myns=hl(Iq)myns Wwith {

and
0 T — . N

In particular, the lowest values h =0 and h = 11in (2.26) are obtained iff | (i § ), Yns =
[0 and [(i q)n)ns = |i)ns (for some i€{1,2,..., N}), respectively, while the lowest
value h = N/16 in (2.27) is the L, eigenvalue of each of the following 2~ independent
states:
IR)>
bIIRYISi<N
b2bUIRY 1<i; <i, <N

bYBN1..bLIR . (2.28)

It is also easily verified that the states |0, |i s and the states (2.28) have the correct
transformation properties under the horizontal subalgebra so(N) of §6(N); [0)
provides the singlet and the states |i )ns span the vector module of so(N), i.e.

J3|0> =0, J3|i>NS=Z(Ta)ji|j>Ns’ (2~29)
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while the states (2.28) span 2I¥/21*! jrreducible spinor modules (more details are
provided in the Appendix). Finally one can check that upon acting on the zero grade
states with any fermion bilinear b;b;, the number of irreducible subspaces is not
changed? and hence the multiplicities of the various irreducible §6(N)-modules in
Hns and H#y are the same as the multiplicities of the corresponding irreducible
so(N)-modules in the zero grade subspaces of #ys and . Putting this information
together, we learn that the representations myg and mz of the Majorana algebra
restrict to representations of §0(N),, and hence of (2.21), as follows: myg splits up
into the direct sum of the basic and the vector representation, while 7y gives the
direct sum of 2IN21* ! jrreducible spinor representations.

The Lie algebras of local observables corresponding to the global algebras
0 ,(N), Viry,, and §0(N), are obtained by smearing the bilinears of fields  {(z) and

T(z):= ) L,z ™%,
meZ

Joz):i= ) JazTmh,
meZ

(2.30)

with appropriate test functions. Thus to O (N) there corresponds, for any open
interval I = S* whose closure is not all of S?, an algebra (O (N))(I) of observables
localized in I; (O, (N))(I) is spanned by the identity 1 and the generators
Jdzdw(zw)™ 12 fi(z, Wi s (2D is(W), (2.31)
Stx§t
where f;; is a real € function with support on I x I = S' x §'. Similarly, the
algebra Viry,(I) is the real Lie algebra spanned by 1 and

[dzzf(2)T(2), (2.32)
Sl

with f a real C* function with support on I, and analogously for (§6(N);)(I). In the
notation introduced here, the global algebras are presented as follows. O, (N) is the
algebra spanned by 1 and the generators
_J_ dzdw(@w) ™2 £z, w) 3T W) + YTz e w) ], (2.33)
S1 xSt
where f;; is now a real C* function on 5! x S, and similarly for Viry,, and SO(N), .
This definition of the global algebras illustrates the two main differences between
the present treatment of these algebras and the canonical [2] one: first, we do not
restrict to bounded operators (by using f-a rather than exp(f"a) in the integrands),
and second, by considering the double cover S* rather than S*.
One can also show (in full analogy with the treatment in [4]) that there exists
an injective homomorphism from (0, (N))(I) to O,(N) for which the mapping
prescription is independent of the interval I. This homomorphism acts as 1—1 and

[ dzdw(zw)™ 2z, Wi ks (W)

IxI

[ _dzdw(@w)” 2 £z, w) W @YIW) + P Pe )] (2.34)

IxI

2 This is non-trivial in the case of spinor modules; some relevant formulae are again provided in
the Appendix
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Here the function f;; on the left-hand side is regarded as a function on St x S with
support in T x I, where I is one of the two disjoint intervals which form the pre-
image of I under the projection from S* to §*.

3. Endomorphisms of the Majorana Algebra

3.1. The Vector Endomorphism. For arbitrary N, define the vector endomorphism p,
of Maj by

pulbi):= py (bl = U, bi-UY (3.

with the unitary operator

Z(bx/z"'b‘—x/z on Majys,

U—U-'= f (3.2)

v v 2 ) )
\/;be on Majg.

More explicitly, this transformation is given by
p(by)=—b. for q#0,+3 (3.3)

and

. . 1 . .
p(b'y 1/2) =—b 12t Nz(bjlﬂ + bl 1/2)’

py(bi) = —bi += be (3.4)

Inspection shows that p, is a *-automorphism of Maj that projects to inner
automorphisms of Majys and Majg. Furthermore, owing to the fact that U, is self-
adjoint as well, one has

pyopy =id. (3.9)

(More explicitly, this can be seen as follows. Introducing the matrix I which has
. 1 1

all entries equal to N’IU N and the vectors by =(bg,b3,...,b0), b, ), =

(b;l/z,bi”z, b’iuz)' (3.4) can be rewritten as p,(b,,,,) = —byy,+ (b +
b_1,2),p,(bo) = (21 1)-b,. The result (3.5) then follows from the 1dent1ty I’=1)

3.2. The Spinor Endomorphisms. We also want to identify further endomorphisms
of Maj corresponding to the spinor representation(s) of so(N). In order to simplify
the expressions, let us first establish some additional notation. We denote by
0;,,i=1,2,3, the Pauli matrices, and define the 2 x 2-matrices

1 /1 i 1 [ —i i
R=$<l _i), S=—\/~5<1 1) (3.6)
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| .
and the 4 x 4-matrices

=_1_<R R>, P=<1 0>’ Q=1<n—az 11+02> (37)
\/E R —R 0 o, 2\1+0, 1—o0,

(so thate.g. 6, =SR,0, = — RS and QM = MP). We also define the vectors

Bi = (b3, b5 2, b7, bL) for ied4Z,4<i<N,
B, =100, b b ) for i€e4Z,4<i<N,
By =(b)"1,by), BY,=(b},.b",,) for NedZ+2. (3.8)

Finally, set

Maj® = {{b’g-s,bg—z,bg—l,bg,by/;z,bﬁ;fz,bf,z,bfim} for NedZ, .o
{bg—l9bgs b11v/2, blz 1/2} for NedZ +2
and denote
n=n(j)=(—1y (3.10)

forje{1,2,...,N}.
Now for Ne2Z, we define the following spinor endomorphisms p, . of Maj: For
NedZ,
. i fi Z,+1in,
pu(b) = {b‘?*"’z W (311
? bt for qeZ,,

qtn/2

except for b; an entry of B, or B ,, where

ps(By)=M~'B ,,

py(Bi,)=M-Bi, (3.12)
and
pbl) = —p,(b}) for bi¢Maj,
pc(BI(;I) = - P.M‘I,BIIV/Z,
pc(B11v/2)= _M'P’Bg‘ (3.13)
For Ned4Z + 2,
pulb}) = { tiberys for a<Zs L (3.14)
tiby,,, for qeZ.,

again except for entries of B, or B} ,, where
iy -1, Ri
pS(l.Bo) =M B:,z,} for icdZ,
ps(B1/2) = — M"B,,
ps(BIOV) = R_ ! ‘BIIV/Z,
ps(BI;J/z) =85! ‘Bg,

(3.15)
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and
pdbi)= — b)) for bigMaj’,
p(By)=S"BY,,
pu(BY,,)=R-BY. (3.16)
By direct computation, one verifies that p, . are *-automorphisms of Maj.

Next we come to the case Ne2Z + 1, in which there is only one spinor
endomorphism which we denote by p,. It is defined by

pu(b) = pb]) for j<N (3.17)
and
bYy 1) for qeiZ, and NedZ+1
po by =1 Libfy, for qelZ, and NedZ+3  (3.18)

i
—2(b’l"/2 —bY,,,) for g=0.

/2

In (3.17), p, means the spinor endomorphism p, at N = N — 1€2Z. Clearly, p, is
a *-endomorphism.

3.3. Composition of Endomorphisms. The fusion rules of the conformal field theory
correspond to the natural composition of the representations n, (with u=v,s,c
(N even), respectively u =v, o (N odd)) which is defined by

nul X nuzgnooplnopuz‘ (3‘19)

(If p,, are localized endomorphisms, then this defines an operator product on the
field algebra % .) This definition is possible because the endomorphisms p, obey

Ty = Moo p, (3.20)

for all bilinears in the fermion modes b;',, and henrce for all (finite or infinite) sums
thereof, in particular for the Kac-Moody and Virasoro generators J2 and T,,. (It
is straightforward to check that the endomorphisias p, constructed above indeed
fulfill (3.20); for some details, see the appendix.)

As a consequence of the definition (3.19) the fusion rules are isomorphic to the
composition of equivalence classes of the endomorphisms p,. Therefore we will
now compute the various compositions of the endomorphisms p, introduced above.
These results will be the basis of the calculation of the fusion rules which will be
performed in Sect. 5.

The result of the composition of two vector endomorphisms was already
obtained in (3.5) above. The formul® for all other possible compositions read as
follows.

For Ned4Z,

pseps=1d = p.op., (3.21)
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and
psopc = pcops
p.eps=—id on Maj\Maj°,
Pc°Ps(Bg) == P'Bga pc°ps(BI1v/2) =- Q'BI1V/2- (3.22)
For NedZ + 2,
psep.=id = p.op;, (3.23)
and

psops_':pcopc’
Ps°Ps= — id on Maj\Majo9
Ps°Ps(Bg) =0y ’B](;J’ psops(BI:/z) =- 02’B11v/2~ (3:24)
In particular, the compositions leading to non-trivial endomorphisms project onto
inner automorphisms of Majyg and Majg:

P50 P(bl) = poopy(by) = Uy bl Ut for NedZ (3:25)
and
psops(bi) = peop(bl) = Uy bi-Uk for NedZ+2, (3.26)
with
i
— (Y2 —ibY % — by, +ibY, ;) on Majys,
Us,= {\/5
(b3~ +bY) on Majg,
U - {b’l'/z +ib",, on Majys, (3.27)
T b¥'+bY  on Majg.
For odd N, one obtains the following results. From (3.18) we deduce that
Poop.(b))=bl for j<N,NedZ+1, (3.28)
while
Ps°Ps(bl)= —b! for j<N—1,NedZ+3, (3.29)

and also for j = N — 1 except for

Pa"Pa(Bg— 1) = Ung_ 1’

PoPoBY ;1) = — 0, BY;". (3.30)
Here we used the corresponding formule (3.21,3.24) for p,. Finally, for j= N it
follows from (3.18) that

bY for q#0
‘;il for NedZ + 1,
-\/t:(bllv—blzl) for q=0
2
—bY for g#0
CES! q
1

/2

PaoPe(b)) = (3.31)
} for NedZ + 3.

Y +bY,)) for g=0
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To determine p.°p, and p,op,, it is convenient to define the endomorphism
p, = o with
N N 4
b= {buz +b2,, on Majys, (3.32)
\/ibg’ on Majg.

It is readily checked that this is a vector automorphism, i.e. p,€[p,]; explicitly, its
action is given by

— b;' for j#N,
pbl)=3 —bY for j=N,q#0, £, (3.33)
B, for j=N,q=0, +3}
One verifies that ,op, = — p,. Similarly, p,°p, = — p, except when acting on b}

oronbY, ,, where in the first case p,°,(by) = p,(by). Thus when acting on observ-
ables aeO ,(N), one has

pyopqla)=p,la), (3.34)
while on observables in the vacuum representation,
To°Pe°Pu(@) = Moo 0y ° p,(a) (3.35)
with the unitary
U=U"'=1-2b",bY,. (3.36)

4. Construction of &

We would now like to identify a global Lie algebra Z of observables such that each
of the endomorphisms p, for u = v,s, c (N even), respectively u = v, o (N odd), of Maj
induces a *-endomorphism of #. Clearly, this endomorphism property is satisfied
for any bilinear b‘pb{,, and hence also for all finite sums thereof, i.e. in particular for
all elements of the algebra O (N). It remains to investigate the action of the endo-
morphisms on infinite sums of fermion bilinears. The infinite series encountered so
far are the generators L L, of the Virasoro algebra and the generators J of the affine
Kac-Moody algebra §6(N), which together with O (N) span the subalgebra (2.21)
of Z. As we will see, for the full algebra %, we will essentially have to double the
number of generators which are infinite sums.

Before going into details, let us make the following general remark. Let a Lie
algebra g be realized in an associative algebra A4 in terms of commutators. Given
an endomorphism p of A, we may then address the question of what is the Lie
algebraic extension of g on which the corresponding endomorphism closes. It is
clear that closure is obtained when adjoining to A appropriate successive com-
mutators of the generators, but it is not at all obvious that a closed Lie algebra can
be obtained after a finite number of steps (each step consisting either of application
of the endomorphisms p or of taking commutators). In the case at hand, we will see
that we do arrive at the final answer after a finite number of steps.

4.1. Action of the Endomorphisms on Viry,. To start, consider now the action of
the endomorphism p, on the Virasoro generators. It is given by

PoLy) = Ly + B @.1)



568 J. Fuchs, A. Ganchev and P. Vecsernyés

where

1 . . . . o
ﬁm = 2W Z([(m + l)b:..+ 1/2 + (m— l)b:"_ 1/2](b11/2 +bl 1/2) + 4mb:nb<1))' (4'2)
LJ
Thus in order to close the algebra, we have to include the finite sums f,,, meZ, of
bilinears in the b’ into the global Lie algebra of observables. Moreover, it is straight-
forward to verify that

pv(ﬁm) = _ﬁm’ (43)

for all meZ, so that at this stage no further generators are needed.

Since we include all bilinears of the bfz into the global Lie algebra of observables
anyway, from now on we will often suppress finite sums in these bilinears in order
to make the formule more readable. We will write a =~ b if a and b coincide up to
such finite sums. Using this notation, the action of the spinor endomorphisms on
the Virasoro algebra reads, for N even,

Ps,o(Lm) = Ly, + F o, (4.4)
where
1 ) ) )
F,,,:=—Z Z’ (—1)’”‘1b:n_qb;, 4.5)
2 i g>m/2
and where for later convenience we defined
1 1
Y f(p= ( Y f(p)> + Ef(m) + Ef(n), (4.6)
"pet)2 "pety

and analogously for sums which are bounded only from one side or for which the
summation is restricted to peZ + ¢/2 for ¢ =0,1 (in the latter case, the boundary
terms are included only if m, neZ + ¢/2).

For N odd, the corresponding formul® read

Po(L) = Ly + Fopt Fp, 47
where F,, denotes the operator F,, at N =N — 1€2Z, and

~ 1
Fu=—- Y bY_ bV (48)
2 q>m/2
Also,
ps,c(Fm) = _Fm (49)

for N even, so that in particular p, .°p, (L) = L,,. Analogously, p,(F,) = — F,, for
N odd, whereas in this case

po(F)=F,. (4.10)
In addition,
[Fm’Ln] g mFm+n5

o F =0 (4.11)
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and anal'ogously for F,,and F,,. Thus we conclude that for even N we have to include
F,,,meZ, into the global observable algebra, while for odd N we need both F,, and
F

4.2. Action of the Endomorphisms on s0(N),. Next we come to the action of the
endomorphism p, on the Kac-Moody generators. It reads

P = T2+ (“.12)

me

with

— N Zk (Tij((Bfy 15 + iy ), + b5, ) +4DIDE).  (4.13)
ij,

Hence we must include the finite sums 7, meZ, of bilinears in order to close the

algebra. Also,

pu(Br) = — B, (4.14)

for all meZ, so that again no further generators are needed at this stage. Next we
must consider the action of the spinor endomorphisms on the Kac-Moody algebra.
To keep the formula short, we introduce some further notation. Denote

Dzi)( m):= Zz bl _ qbfl (4.15)
q:ZT/e/Z

for meZ and ¢ = 0,1 mod 2, and
D¥(m):= D} (m) + D, (m), (4.16)
EY(m):= D"(m) — D’'(m). 4.17)

In this notation, one has e.g.
1 i ii
FmZEZ( 1) (D )(m) D(1)(m))7 (4.18)
and also

=;Z(T“),.j< 2+ Z) m-abs

q20 q>m
1 .
=~ (T%),;E¥(m). (4.19)
2
iJ

In particular, the transformation properties of the Kac-Moody generators J;, follow
immediately from those of the operators E¥(m), and hence from those of the D*/(m).

It turns out that all the operators D )(m) and D:’l ,(m) (and not just their particular
antisymmetric combinations E“(m)) must be included into the global observable
algebra. (In particular, owing to (4.18), this includes the generators F,,.) The corres-
ponding formule are obtained as follows. First we observe that

[D )(m), D:‘s')(n)] gy [5”‘D(e,(m +n)— 5”D:‘e’)(m +n)]. (4.20)

This implies
[D¥(m), D¥(n)] = 6/*D"(m + n) — 6" D*(m + n). 4.21)
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Note that, neglecting finite sums in the bilinears bi b/, the latter is the loop algebra
associated to sl(N). Including also the generators F,,, one obtains a structure similar
to the loop algebra of gl(N) = sI(N)@® u(1). As a consequence, we will from now on
denote the vector space spanned by the generators D(e)(m) by gl(N ).

Consider now first the case Ne2Z. Then

Ps.o(D\(m) = DY,y (m — 3(=1°[(— 1) = (= 1)]), (4.22)
and hence
Ps,e(D¥(m)) = DG (m + 3[(—1)' = (= 1)']) + D{f (m — 3[(— 1) = (= 1)']), (4.23)
so that in particular
Mo Py o(D(m)) = mo(DY(m — 3[(— 1) — (= 1)'])). (4.24)

Note that the shift in the mode number of DY that is induced by p; . is not symmetric
in i and j; as a consequence, p, . does not close on the antisymmetric combinations
E'(m). From (4.24) it also follows that (in the vacuum representation) taking further
commutators does not introduce any new generators. (More explicitly, one has

[D{\m), p, (D)) = 8, .+  Dity(m +n + 3(— 1F[(— 1) — (= 1)¥]) (4.25)
and an analogous formula for [D¥(m), p, .(D*'(n))]. Finally,

[Ls Dif(m)] = = nDij0m + n, (4.26)

F,, DY(n)] = 3(= 1((— 1) + (= 1)))Dg(m + n), (4.27)
ie.
[L,,D"%n)]~ —nD"%(m + n)
To([F DY(n)]) 2 3((— 1) + (= 1)))mo(DY(m + n)). (4.28)

For N odd, the calculations are identical with the ones above as long as i,j # N.
For i or j equal to N, one has

P (Diy(m) =~ DY, 1\ (m + 3[1 = (=1)""°]),

po(Digy(m)) = DZL pm—3[1—=(=1y"]),
where n =1 for Ne4Z + 1, n =1for Ne4Z + 3. From this one can infer the trans-
formation behavior and commutation relations of D*¥(m) and D¥!(m). These are very
similar to the previous results and we omit the details.

4.3. The Lie Algebra % of Global Observables. We summarize the results above in
the

Theorem. The global observable algebra % is the Lie algebra

2 =0_(N)® Viry, ®gl(N), (4.30)
where O (N) is generated by the identity 1 and the bilinears b\bJ (i,je{1,2,...,N},
p,4€3Z,p — qeZ), Viry,, is generated by the infinite sums L, (meZ ), and (for N even,

and szmzlarl y for N odd) gl(N) is generated by the infinite sums D{\(m) (i,je{1,2,...,N},
¢€{0, 1}, meZ).

(4.29)
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Up to finite sums, the commutation relations among the infinite sums of bilinears are
given by the formule (2.19), (4.20) and (4.26).

4.4. Some More Details. In the equations above, we have not written out the terms
involving finite sums of the bilinears b bJ. The explicit form of these terms is not
very illuminating; for completeness let us however present the full result, including
finite sums of fermion bilinears, for the following objects. First, we give the complete
version of (4.21) for the case j = k with i, j, [ all different; it reads

[D¥(m), D (n)] = D(m + n) + A*(m, n) 4.31)
with
= Y DBwimyz—pbimimzsp, for m+n>0,n>0,
0<p<n/2
! bzmﬂ,,z pb(m+n,/2+p for m+n>0,n<0,
. n/2<p<0
AU(m, n):= o (4.32)
Y Diminyz—pDimemyzes for m+n<0,m>0,
-m/2<p<0
= Y Dy pb(m”)/“p for m+n<0,m<0.
0<p<-—-m/2

Second, let us present the action of the vector automorphism on the generators
Dg)(m):
(D;é)( m)) = D:é)( m) + (;)(m) v(g(e)( m)) = — g:{)(mL (4.33)

where gm(m) denotes the finite sums

i m =~ 2 L6 (m)bs, — O(—m)b’.] ;bf»

. 1 j j
9giy(m) = N [00m — Dbz, 15 +00m+ Dby, 4 5

—O(—m+ )b, —0(—m— )b, TV (B, + by, (434)
1

with
0 for m<O,
f(m)=<%1 for m=0, (4.35)
1 for m>0.

Let us also discuss the extended algebra .Z in a different guise. First note that
according to (4.19), the Kac-Moody generators J; are essentially the antisymmetric
combinations E¥(m) of the operators D'(m); they can also be considered as appro-
priately normal ordered versions of the D¥(m). It is therefore of interest to re- express
the relations of % in terms of the E¥(m). The results are most easily described in
terms of the operators

EY(m, n):= Dij(m + n) — Dii (m + n) + [Di (m — n) — D (m—n)] ~ (4.36)

which carry an additional mode number n. As a consequence of (4.22), one must
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include into Z the operators E' (m,n) for meZ and n= + 1. More precisely, by
application of p, . one obtains these operators with ie2Z, je2Z + 1, or vice versa.
However, owing to (4.25), one has

LE¥(m), ps o EMm)] = E%m + n, 3[(— 1Y = (— 1}, 437

implying that these generators also appear with both i and j even or both odd.
Finally, taking further commutators, one sees that also the parameter n introduced
in (4.36) can take arbitrary integer values. Thus we have to include the E¥ (m, n)
with arbitrary i, j and m, neZ into the global observable algebra. Under p, ., these
generators transform as

Pe(ES(m,n)) = EY(m, —n+3[(— 1) —(—1)]) (4.38)
(so that in particular p .° p, ((EY (m,n)) = EY (m, n)). Finally one computes the com-
mutation relations

[EY (m,n), EX(m',n")] = 8*E" (m+m',n+n)—6"EN(m+m',n+n')

+ O ES(m+m' n—n)—6"E*(m+m',n—n), (439)
LEY (m,n), E¥(m',n)] = 0*E (m+m',n+n')— S"EN(m +m',n+n')

—*EY(m+m ,n—n')+ 6"E*(m+m',n—n’), (4.40)

[E" (m,n), L] = mEY (m + I,n) + nE% (m + I, n), (4.41)

no(LEYL (m,n), Fi1) = 3((— 1) + (= 1)) 7o (E (m + L n)). (4.42)

From (4.41), one deduces that one indeed has to include not only E¥ (m, n), but also
EY (m, n). Also note that according to (4.41) for n # 0 the operators E*] (m, n) cannot
be interpreted as the Laurent modes of conformal fields.

For N odd, one has in addition similar relations for the corresponding quantities
E™(m,n) and EV(m, n) (as well as ENV(m, n) for n # 0; note that E¥ (m, n) is not anti-
symmetric in i and j, but rather EY (m,n) = — E’L(m, — n)).

4.5. The Maximal Abelian Subalgebra Z,. Let us also consider the “zero modes”
L, and D{,(0). Together with the finite bilinears
by:=bibl (4.43)
they close under commutation, and in particular all these generators commute
with Lg:
[Lo, D(0)] = [Lo, bf1=0, (4.44)
[bY, bE'] = 67*b — 6"bl + 6*bY — §7'bk, (4.45)
[D7(0), Dy (0)] = 3, {67 Diy(0) — 6"DJ(0) + 33,0 [, bET}.  (4.46)
In particular, for ¢ = 1 the D/ (0) generate the simple Lic algebra sl(N), and fore =0
they do so up to the bilinears b¥. Including also the action of the automorphism

py. one still gets a finite number of modes which close upon commutation. First,
according to (4.1), (4.3), (4.12), (4.14) and (4.33) one has

pu(Lo) = Lo + Bo, pv(Bo) = — Bos
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py(bY) = by + 24§,
with

= N? (bt — b,

. 1 . .
0= N(b{/z —b_ 1/2);(1”1/2 +bL 12

1 | . .
Bo =5§ﬁg=ﬁ;j[b3/2,bl_l/2]. (4.48)
The generators 2 do not yet close, but if one counts the contributions
w121 = b X (4.49)

(i=1,...,N)and bil/zb{ 12 j=1,...,N)to By independently, then a closed algebra
is obtained. In contrast, after acting on the operators D//(0) also with a spinor auto-
morphism, closure can only be obtained with an infinite number of operators.

It is also natural to look for maximal abelian subalgebras of £. Among these,
the interesting ones are those which contain the Virasoro zero mode L,. We will
present one of these algebras, which we will denote by %, (other maximal abelian
subalgebras can then be obtained by acting on .Z,, with any automorphism). Let us
start by extending the definition (4.43) to arbitrary moding:

bJ:=b" b} for q=0. (4.50)
These bilinears obey the commutation relations (4.45) and
[b;',f, b’;’] = 5pq(5f"b;',‘ — 5i'b’;f) for ¢g>0. (4.51)

It follows that a maximal commuting subset of the linear span of these operators is
spanned by the central generators 1 and Y and the combinations

b2i= 1.2,
bjf‘ L2j=1 4 bj“f, q>0, 4.52)
2j-1,2j 2j,2j—

by’ ! I — by 1 g>0,

with je{l,..., N} for any N, and in addition by
bf;”", qg=20 (4.53)

for N odd. It can be checked that there are no other elements of O_(N) which
commute with these combinations, i.e. they span indeed a maximal abelian sub-

algebra of O, (N). Next we look for those independent infinite sums of the generators
b,b; of 0,(N) which are contained in .# and which commute with the operators

(4.52), (4.53). They are

1. .. "
(e 5 ),

j q>0
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H{)=—i<b3"1'2"+ Z(bﬁ"”'”—bi"““)>, j=1...,[N/2], (454)

q>0

Gy = 3 (b~ 71+ b)), j=1,....[N/2},

q>0
for any N, and in addition
Gz =% bV (4.55)

q>0
for N odd. Together with the finite linear combinations given previously, these
operators span a maximal abelian subalgebra £, of Z. Note that (in the notation
of (4.5), (4.8)), £, does not contain the zero mode F,, while for odd N it does contain
Fo= — 3" 1 LG -ve,

One might expect Z, to be closed under the action of the endomorphisms p,
which represent the superselection sectors, but inspection shows that (except for the
special case N = 1 where e.g. the list (4.54), (4.55) reduces to Ly, and Gyoc Fy = F )
this is not the case, and it also does not hold for any other maximal abelian sub-
algebra of Z. While this is a bit surprising, it does not violate any of the principles
of algebraic quantum field theory.

5. Fusion Rules

If p, and p, are any endomorphisms of Maj which both project onto inner auto-
morphisms of Majns and Majg, i.e. pi(b;) = U,b;- U¥ with U, k = 1,2, unitary, and
if either both of them are made out of odd or both out of even polynomials in the
b;, then p; and p, induce equivalent *-automorphisms of the global observable
algebra, namely via

P2=pP1°0y,,, (5.1)
where gy, is defined according to (1.3), with
Uy, =iU¥U,ex. (5.2)

In particular, if the unitary U is even in the b;, then g, €[id], and if it is odd in the
b,, then aye[p,].

Combining this observation with the results of the previous sections, one concludes
that p.op, = p, = p.op, for NedZ etc. Thus we arrive at the fusion rules

[pyop,J=1[id],

[osep] =[pcop.]=1[id]
[psopcd=1[peops] =[]
[osepd =1[pcop] =[id]
[osepsd =[peop.d=[p)]

Using these results (and in addition, for Ne4Z + 2, the fact that ¢,-S=R ™! and
o,°R = —S71), one also deduces immediately the remaining non-trivial fusion rules

} for NedZ,

(5.3)
for NedZ + 2.
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for Ne2Z:

[psep, 1 =[pvons] = [p.],
[pcep,d=1Lpyop.]=Lps] (54

Thus the composition of equivalence classes of endomorphisms reproduces the
fusion rules (1.6) and (1.7), as it should be.

For Ne2Z + 1, the situation is more complicated. First from (3.34), (3.35) and
the fact that g e[p,] we see that

[osop I =1[p.op.1=[p,]. (5.5)

To determine also [p,°p,], let us to define the operator
II,.= b'l"/zb’ﬂllz. (5.6)
This is a projector, I1,I1, = I, on #,. Moreover, I, (and hence also the orthogonal

projector 1 — IT,) lie in the commutant of p,°p (&) since b}, and b" | , are not

contained in the image by p,°p, of Maj. In the following we show that the invariant
subspaces I1,#, and (1 —I1,)#, with respect to p,op, carry representations
in the equivalence class of n, and ny° g, for Ne4Z + 1, and of ny°p, and =, for
NedZ + 3, respectively. Let us define the observables

5 =( ﬁ a,,) II,,
o (5.7)
S = py(F)

with

ay=by, b1+ BY by, for neZ (5-:8)

n=1 n=1

to verify (compare the similar calculation in [4] for N = 1) that they obey
II*=FI* =1,
S* g =11, (5.9
I*F =1-1I,

m m—1
(and with the product defined iteratively as [] a,=a, [] a,,). It is not difficult

so that the maps

I o Hy— Ho,

j: (1 _Ho)%()_’fo
are bijective. Moreover, the operator # possesses the following intertwining
properties for Ne4Z + 1: b9 = #biforj < N,and by # = #b),  forqeZ, F }; for
Ne4Z + 3 similar relations are valid. As a consequence, by comparison with the
properties (3.28) to (3.31), and defining o, by

U=>bY;!+ib¥h, (5.11)

(5.10)

one has
a¥f =SIp,op,(a) for NedZ +1,

(5.12)
oy(@)f =Fp,op,(a) for NedZ +3
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for dll bilinears a = b;b; in the vacuum representation (here we write a for my(a)---)
and more generally for all generators of 7,(#). Similarly, using §,° p,(a) = p,(a) for
U as given in (3.32), it follows that

ﬁ‘,(a)f7 =Jp,op,(a) for NedZ +1,
poay(a)f =Fp,op,(a) for NedZ + 3. (5.13)

Next we notice that U is linear in the fermion modes so that gy, is a representative
of the [p,] equivalence class. Analogously, the fact that U-U is quadratic in the
fermion modes implies [p,°0y] = [05,] = [id]. Putting all these results together,
we can conclude that

psop,]=T[id] + [p,]. (5.14)

Thus we see that also for odd N the composition of equivalence classes of
endomorphisms reproduces the relevant fusion rules, namely (1.8).

6. Discussion

In this paper we have analysed the level one so(N) Wess—Zumino—Witten conformal
field theories from the point of view of algebraic quantum field theory. We have
constructed the endomorphisms which represent the superselection sectors of the
theory on the global observable algebra (Sect. 3, (3.1), (3.11)—(3.18)), and checked
that they reproduce the fusion rules of the WZW theory (Sect. 5). A large part of
our paper is of a technical nature, expressing the fact that most of our results are
obtainable through calculations which are tedious but straightforward. What is less
straightforward is the basic task of constructing the endomorphisms. This is the
main point where the information coming from conformal field theory, namely on
the chiral symmetry algebra, the spectrum of primary fields and on their fusion rules,
becomes essential. Without these guidelines from conformal field theory the search
for the endomorphisms would be a rather hopeless task.

The endomorphisms do not close on the algebra . (2.21) which is the natural
first guess for the Lie algebra of global observables as it corresponds to the chiral
symmetry algebra of the WZW theory, supplemented by the fermion bilinears
(including the two central elements 1 and Y). The complete Lie algebra Z of global
observables on which the endomorphisms close is given by (4.30); it contains as a
subspace the vector space gl(N) whose generators have commutation relations
which up to finite sums of fermion bilinears coincide with those of the sI(N) @ G(1)
Kac-Moody algebra; it contains the subalgebra of functions on the circle which is
similar to G(1). A deeper understanding of the gl(N) part of the global observable
algebra is still lacking. Certainly it should be one of the main issues of research in
this area to learn more about the appropriate way of extending the naive global
observable algebra, and in particular about the relation with Haag duality. It is also
tempting to try to identify the Lie group which has 2 as its Lie algebra.

The generators D(E)(m) of gl(N ) close under commutation only up to finite sums
of fermion bilinears, i.e. form a closed Lie algebra only when combined with the
infinite orthogonal Lie algebra O (N) (2.14). (Nevertheless gl(N ) contains the S0(N),
Kac-Moody algebra. This is so because, after taking antisymmetric combinations
of the gl(N)-generators, one is left with a closed algebra generated only by infinite
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sums, pr’ovided that one properly adjusts a finite number of terms in the sums. The
operators obtained this way are precisely the generators J2 of the affine algebra
§0(N),.) Note that there is no way to obtain a closed algebra by adjusting the finite
contributions to the non-antisymmetric generators D{(m). It would in fact be rather
disturbing if this were possible, because then the operators D (m) could be
interpreted as the modes of a primary conformal field of conformal dimension 1.
Such a field would necessarily be a Kac-Moody current, and as a consequence the
chiral symmetry algebra of the theory would have to be larger than the semidirect
sum of §0(N), and Viry ,, which is, however, just the correct maximal chiral algebra
of the WZW theory.

Another line of research is to extend the results to more complicated theories.
The WZW theories considered here provide an infinite number of conformal field
theories, but all of them are rather simple theories, manifested by the fact that the
level of the relevant affine algebra (S0(N)) is equal to one. As WZW theories are
believed to be the building blocks of all rational conformal field theories, one should
next try to extend the results to higher level WZW theories. Since the progress made
in the present paper relies on the realization of the affine algebra in terms of free
fermions, one may first look for higher level theories which share this property. Such
theories exist [ 19]; in fact, they are in one to one correspondence with the conformal
embeddings [17] in the classical affine algebras §0(N), and ﬁ(N)1 [19,20], so that
one could apply the results of the present paper rather directly to these more
complicated models. Note, however, that in the case of conformal embeddings the
maximal chiral symmetry algebra (which is the algebra one is usually interested in
in conformal field theory) contains the large level one classical affine algebra rather
than only its higher level subalgebra. Nevertheless it seems to be possible [18] to
obtain non-trivial results also for the superselection structure of the higher level
WZW theory. Another possibility to go to higher level is to use constrained fermions
or free fields coupled to a background charge. It is, however, not at all obvious how
to describe such systems in terms of algebraic quantum field theory.

Let us also mention the following problem which will arise when more
complicated theories are considered. For the theories considered in this paper, one
can express the quantum dimensions 2, of the primary fields (i.e. [6] the statistical
dimensions of the corresponding superselection sectors) as & = 2ind(Pub/4 " where
ind([p,]) is the index of the representative endomorphisms p,e[p,] of the
Majorana algebra (this follows in the same way as for the special case N = 1, i.e. the
conformal Ising model [4]). For theories with more complicated fusion rules this
is certainly no longer true because the quantum dimensions are generically not just
fractional powers of 2.

Finally let us recall that one can construct the field algebra which describes the
superselection structure in terms of the observable algebra and of additional
operators which intertwine between the sectors. One then obtains a natural product
in the field algebra, which should correspond to the operator product expansion of
the conformal field theory description. Thus it may be possible to compute the
operator product coefficients of the conformal field theory as the structure constants
of the field algebra, which in principle can be determined from the explicit form of
the intertwiners.

Acknowledgements. It is a pleasure to thank L. Alvarez-Gaumé, G. Mack and V. Schomerus for
interesting discussions, and B. Schroer for providing a copy of ref. [18].
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A. Appendix: The Zero Mode Currents

A.l. Cartan—Weyl Basis. The zero mode generators J§ of the current algebra
§O(N), span the horizontal subalgebra so(N) < §6(N),. Throughout this appendix,
we will neglect the contributions with mode numbers different from 0 or + 5 to these
zero mode generators, because these do not contribute when acting on the states of
zero grade in any of the affine highest weight modules; the conclusions concerning
the action on higher grade states are also not altered. The Lie algebra so(N) is then
spanned, in the Ramond sector, by the operators b} b/, and in the Neveu—Schwarz
sector by [b},,b" ], with i je{l,...,N}. Explicit expressions in terms of
Majorana bilinears for an orthogonal basis of the Cartan subalgebra and for the
elements corresponding to the simple roots of a Cartan—Weyl basis of so(N) are

given as follows.
We write N =2r and N =2r + 1 for N even and odd, respectively. Then in the

Ramond sector, one has
HY = — b2k~ b2k, k
Egkz%(bgk—l +lbgk)(bék+l _ibék+2), k=
B = {%(bé"3 + ib(z,"'z)(bg’"1 +1ib2"), N=2r,
(bF T+ ibZ b2, N=2r+1,
and in the Neveu—Schwarz sector
Hy = =213 — b7, b3, k= dr
E3 =3[(b%3 +ib, ) (b3 — b2
— (b2 +ibZE BT —ib3 )], k=1,...,r
L3+ ibz_’f/zz)(bf;z’1 + ibf;‘z”)
Ey=14 —(®¥;+ib¥, )b}, +ib}; )], N=2r,
(b¥ 3 +ibZ bH I —b i bY S +ibY,), N=2r+1,
These operators satisfy

1,...,r,
yees —1,
(A.1)

(HY* = HE, (E3)*=Eg™, (A.3)
and obey the commutation relations
[HE,H,]=0,
[HG, ES]= o ES,
2(oq, H
(B, B o = 20 H) (A4)
(0es 00}
Here H denotes the vector with components H. Also, the components of the simple
roots a,,...,a, have been chosen as

1 _ —
Oh=0p = Sesrn  k=1lo.,r—1,

O(l — {5r— 1,1 + 5r,ls N= 2rs (AS)
" s N=2r+1

in an orthogonal basis on the weight lattice.
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A.2. Highest Weight Modules. As a consequence of the choice (A.5), the highest
weights of the trivial, the vector and the spinor representations of so(N) have the
following components in the Dynkin basis (second column) and in the orthogonal
basis (third column), respectively:

©): (0,0,...,00 (0,0,...,0),
®: (1,0,...,00  (1,0,...,0),
O 0,001 Gk 1 4,
©: (,...,0,1,0) (5,..,2, %),} "

©@: ,...,0,0,1) @&..1%)  N=2r+1

The corresponding vectors in the NS sector that have these eigenvalues with respect
to the chosen Cartan subalgebra are

(0): INS),
(v): (bL,,+ib%,,)INS)

for the trivial and the vector representation, respectively. Acting with all bilinears
b' |, b}, on (L, ,+ib> ,)INS), we generate the N-dimensional space spanned
by the vectors (2.23), i.e. the vector module, while acting on |[NS) we always get
zero, i.e. |NS > spans the trivial one-dimensional module. Thus the so(N) singlet and
vector modules appear precisely once in the zero grade subspace of the Neveu—
Schwarz sector. These multiplicities are also the multiplicities of the basic and vector
representations of $0(N) in myg because bilinears do not make transitions between
A" and .

The analysis of the R sector is more involved. We begin by introducing some
notation. Define B&¥, with e, = 0,1 mod 2,k = 1,...,r, as follows (abusing notation
for 5, we will use both the multiplicative notatlon + and the additive notation
0,1 mod 2):

(A.6)

|+ NI.—-
va—a

(A7)

1
B?_}" 1Fib21pZ, B = ﬁ(bé"" L+ibZb). (A.8)
Immediately we obtain
(B(;)k)l =0= B(i{)kB(g)k, B(l)kB(e:)k B(e+ 1k (A.9)
and
bi,B9*]1=0 fi j # 2k — 1,2k,
[ 1= or J# (A.10)

biBY* =¢BET V% for j=2k—1,2k

with /2¢e{1,i, —i}. The step operators from (A.1) are in this notation E*=
BUOkBWEH1 for k=1,...,r—1, and E*=B" " !BMr for N =2r, respectively
E* = \/_B‘”’bz’+1 for N 2r+ 1.

Now consider first the case N = 2r. Obviously the 2¥-dimensional space spanned
by the basis (2.28) can equivalently be described by the basis consisting of the vectors

o(d, B):= By ... BU|R ), (A.11)

with R,EE(ZZ)’. This big space breaks up into irreducible subspaces under the
action of so(N) or equivalently under the action of bilinears bjb] withi,j=1,...,N.
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Using (A.10) the following is obvious. If both i and j are in {2k — 1,2k} for some k,
then bi bl v(d, f) is proportional to o(%, f). If ie {2k — 1,2k} while je{2k' — 1,2k}
with k # k', then the elements of the two pairs (o, ;) and (o, B¢) are “flipped,” and
because we are acting with bilinears we always flip two pairs. As a consequence the
irreducible subspaces can be described as

Va(E37) = {0(%, B)I& + f = € mod(Z,, | f| = ymod 2}, (A.12)
where

y=0mod2 forspinors, (A.13)

y=1mod2 forconjugatespinors,

and || =B, + --- + f,mod 2. Each of these spaces Vy(%;y) has dimension 2" 1.
From (A.9) it is clear that the highest weight vector of the spinor module Vy(€;0)
isv(€;(+ --- + +)) while the highest weight vector of the conjugate spinor module
Va(E; 1) is (€5 (+ - + —)).

Consider now the case of odd N = 2r + 1. The 2¥-dimensional space is spanned
by

o(%; B3 8):= (b3 *)’v(, ) (A.14)
with o, ﬁg( ) and deZ,. Acting with so(N) on a vector like this it is clear that
both o + f# and |f| + é remain unchanged, i.e., we have irreducible spaces

Va(E;y) = {v(cx;[?;é % + f =€ mod(Z,Y,|B| + & =ymod 2}. (A.15)

Each of these spaces has dimension 2". The highest weight vector in such a space is
V(&5 (4 4+ + )y
Finally let us consider the action of arbitrary fermion bilinears b'bJ,i, j=
., N, p,qeZ. Obviously for N = 2r the fermionic Fock space Maj|R ) is spanned
by (b Yo(, f) with @, fe(Z,),k=0,1,2,..., and (b )* being any product b;‘lb;}zn-
b”‘ with all p; < 0, while for N =2r + 1 the Fock space is spanned by (b )*o(; B; 6).
In‘a way analogous to the finite-dimensional case we may argue that

V0, (E;9) = {(b<)v(, P)\E + f =% mod(Z 1Bl +k=ymod2} (A.16)

provide the irreducible spaces of the spinor (y = 0) and the conjugate spinor (y = 1)
representations for even N, and

Vare1(€:9) = {(b)0(@; B;0)|d + f = mod(Z,),|Bl+ 6+ k=ymod2} (A.17)

give the irreducible spaces of the spinor representations for odd N. In fact it is readily
checked that these subspaces are irreducible under the action of any (finite or
infinite) linear combination of fermion bilinears. As a consequence, they provide
irreducible subspaces of the whole Lie algebra £ of global observables.

As an illustration, let us describe the so(N) spinor modules explicitly for the zero
grade subspace in the case N = 3. Passing to the notation

(= 1)"Dap:=v(a+n;mb+n) (A.18)
for a,b,neZ,, the highest weight vectors are given by

I4+>00:=BPURD, |4+ >10:=BPYRY, |+ 01:=b3l+ oo, |+>11::b(3)]+>10~
(A.19)
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They ate annihilated by the single raising operator E = (b} +ib2)b3, while the
lowering operator F = (— b} +1b2)b3 acts as

Fl4+)pcl—Dum (A.20)
for a,b =0, 1, where

]—>01:=B(_1’1IR>, I_>11:=B(£))1|R>s |—>oo3=b3|*>01, |">103=b(3)|—>11~
(A.21)

Finally, the states | — ),, are annihilated by F, and the Cartan subalgebra generator
H= —ib}b? acts as

Hl+)p=%311 0 (A.22)

Thus there are four irreducible two-dimensional modules V;(a; b) each of which is
spanned by | + >,, and | — ), for fixed a,be{0, 1}.

A.3. Action of the Endomorphisms. Let us also check that p,(J¢) and p, . (J3)
respectively p,(J§) indeed provide the vector and spinor representations of so(N)
on the space #,. We start with the endomorphism p,. To save space we consider
first the antisymmetric basis

Jti)j=bi—1/2b{/2_bj—1/zbi1/2 (A.23)
of so(N). One finds
PIDI0> =1i>—1j>, (A.24)
where
. 1 .
|l>:="N‘Z’:bl-1/2bl—1/2|0>» (A25)
and

. 1 . 1 . 1 . .
JIDD = == )|i>— —=38"|Ij> + — (6" = 6|0). A2
PIND (N >I1> (N >|J>+N( )10 (A.26)
Thus p,(J¥) closes on the vacuum and the states (A.25). Also, since
1 . A
le)=-2——Z{b'_l/2,b’_1/2}|0>=0, (A.27)
i N

only N — 1 of the states |i) are independent, and hence together with the vacuum
|0) there are N independent states. Thus these states span the vector module of
so(N).
Moreover there is a representative of the vector endomorphisms, namely
p,:= oy with
1

/2

U:= (b}, —ib},+bL,,+ib% ), (A.28)

such that the map
U:H, - H, (A.29)

maps the highest weight vector of the vector module to the highest weight vector
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of the singlet,

- 1 ~ )
U|A>VEﬁU(b1_1/2+1b2_1/2)|NS>=|NS>, (A.30)
and obeys the intertwining property
0P, (@)U = Urn,(a). (A.31)
Similarly one verifies that
p(H:)0) =110) for i=1,...,r,
1 .
; 20> for i=1,...,r—1, (A.32
pc(H0)|0>={ H . )
—3|0> for i=r
for N =2r, and
P (H)I0Y=2110> for i=1,...,r (A.33)

for N =2r + 1, as well as
PS(E¥)[0) = p(E*)[0) = p,(E*)|0) =0 for i=1,...,r. (A.34)
Thus the vacuum state in the NS sector provides us with the highest weight states
of the various spinor representations through the action of the corresponding spinor
endomorphisms. Therefore the identification maps
i fu - '%0
" alA, > pu(@)[0)
for u =s,c, 0 map the equivalent highest weight modules into each other and obey

the properties that the image of the highest weight states are again highest weight
states.

(A.35)
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