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Abstract. In this work we study the behavior of embedded eigenvalues of Sturm-
Liouville problems in the half axis under local perturbations. When the derivative
of the spectral function is strictly positive, we prove that the embedded eigenvalues
either disappear or remain fixed. In this case we show that local perturbations
cannot add eigenvalues in the continuous spectrum. If the condition on the
spectral function is removed then a local perturbation can add infinitely many
eigenvalues.

Introduction

Let us consider selfadjoint realizations of differential expressions of the form
(lw) (x)= —u"(x) +q(x)u(x),  x€e[0, ),

where g is a real valued, locally integrable function defined in [0, c0). The end point
0 is regular and we assume that the limit point case occurs at co. We are interested
in studying the behavior of embedded eigenvalues when we add a function of
compact support to the potential g.

In some way these local perturbations are very natural and the operators
considered are very simple since they are second order ordinary differential
operators. Nevertheless the behavior of embedded eigenvalues in this case is not
yet completely understood.

The main hypothesis of this work is that the spectral function of the
unperturbed operator should have a positive derivative. This prevents the
occurrence of new eigenvalues and allow us to prove that the remaining
eigenvalues cannot move.

Since we are using tools of the theory of ordinary differential equations our
results hold only for one dimension. Under other assumptions on the potentials
and for higher dimensions many interesting related results can be found in Agmon-
Herbst-Skibsted [1].
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The organization of the present paper is as follows: in Sect. 1 we define an
unperturbed operator L and the corresponding perturbed operator L using the
theorem of Gelfand-Levitan (see [9]) in a similar way as is done in [3], but here we
allow the operator L to have embedded eigenvalues. We end this section stating
formally the result mentioned above.

In Sect. 2 with the help of several lemmas we give a proof of the theorem stated
in Sect. 1. The main point is to generalize some results of [3] which allow us to
prove that the eigenvalues of the perturbed operator are contained in a certain
discrete set. Among other results this enables us to prove that the embedded dense
point spectrum disappears under any local perturbation.

In Sect.3 we prove that some local perturbations will remove embedded
eigenvalues.

In Sect. 4 we give some examples of potentials which generate operators with
embedded eigenvalues in the continuous spectrum and which have the property
that any local perturbation cannot add embedded eigenvalues.

1. Construction of the Unperturbed and Perturbed Operators

Let us construct operators L and L in the following way. Let {1,}2, be an
arbitrary sequence of real numbers and let

¢;:R->R for i=1,23
be non-decreasing functions such that

a. g, is absolutely continuous in I, for n=1,2, ... and

o1l SN0

d’{ Aely,
holds, where I,CIR are intervals, not necessarily disjoint, such that A,eI,,
n=1,2,....

b.

e:= ¥ aHi-1),

0

where a,, are positive numbers such that Y a,<oo and H:IR—R is defined as
follows: "

0 if u=<0

1 if u>0

C. 03 is singular continuous in I,, n=1,2,... or 9;=0.

d. The function g:=p,+0,+0; satisfies the hypotheses of the theorem of
Gelfand-Levitan (see [9]).

Definition of L. By (d), we know that there exists a differential operator L with
spectral function g, defined by the differential expression

H(u):={

() ()= —u"(x)+g(x)u(x), 0=x<o0,
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where ¢:IR* >R is continuous, and the boundary condition
u(0)cosa+u'(0) sina=0.
The limit point case occurs at 0.
Remarks.
1. If we choose, for example
if 1<
e

and a,, n=1,2,... small enough, then we can take {4,}; to be any arbitrary
sequence of positive real numbers and the function

0:=Q110>
will satisfy the hypotheses of (d). See [6], p. 101.

2. Thesequence {4,},° , could be finite (we have only to choose A, =1, ; =4,4 ...
for some n).
3. The constant N can depend on I,

Definition of L. Let v:IR* »R be a locally integrable function with compact
support SCR*. Let us define the selfadjoint operator L as the one generated by the
differential expression

Tu=—u"+{q(x)+v(x)}u xe[0, )
and the boundary condition
u(0)cosf+u'(0)sinf=0 fe[0,2n).

The limit point case occurs at oo since this happens for L.
We are interested to see how the embedded eigenvalues 1,, n=1,2, ... behave
under the local perturbation v.

We shall prove the following result.

Theorem 1. Besides A,, n=1,2,... (which are eigenvalues of L) no other point in

I=

n

I

1

n

8

can be an eigenvalue of L. The spectrum of L in I\{1,|n=1,2,...} is purely
absolutely continuous.

We shall need first some definitions and some lemmas.

2. Proof of Theorem 1

For peRR and 60,y€e[0, =), let us define the regular operator I}, as the operator
generated through the differential expression

u=—u"+q(xu O0=xZp
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and the boundary conditions

u(0)cos 6+ u'(0)sinf =0,

u(p) cosy+u'(p) siny=0.

Simi_larly we define the operator I, as the operator generated by the differential
expression
Tu=—u"+{g(x)+v(x)}u 0=x<p

and the boundary conditions

u(0)cos 8+ '(0)sinf=0,

u(p)cosy+u'(p)siny=0.
Lemma 1. Let y', ye[0,7), y'+y. If p is an eigenvalue of L, then y cannot be an
eigenvalue of L,.

Proof. Let ¢(x, u) be the eigenfunction of I corresponding to the eigenvalue p.
Assume that p is also eigenvalue of I, and let y(x,u) be the corresponding
eigenfunction.

Since ¢ and v are solutions of

lu=pu 0=x=p

and satisfy the same boundary condition at zero their Wronskian is zero and they
are linearly dependent. Hence it follows that they satisfy the same boundary
condition at p and we have a contradiction since y'+7. Q.E.D.

This lemma holds also for T, I,
Let 6 be an arbitrary but fixed point of [0,7) and choose peR such that
S (0, p), where S is the support of v. Let a and f8 be as in the definition of L and L.
Let {uy(x, z), u,(x,2)} be a fundamental system of solutions of

(lu)(x)=zu(x) k=1,2and 0<x<w0

such that
u,(0,z)=sina,
u1(0,z)= —cosa,
u,(p,z)=sind,
uy(p, z)= —cosd
holds.

Analogously, let {#i,(x, z), éi,(x,z)} be a fundamental system of solutions of
(@) () =z@(x) k=12 0=x<owo
which satisfies
1,(0,z)=sinp,
#,(0,z)= —cosf,
ti,(p,z)=sind,

ii5(p, z)= —cosd.
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Now, for all neN let
A,={Ael,|Wuy,u)(A)=0 or W(i,,i,)(2)=0,
or W(ii;,u,)(4)=0},

where W denotes the Wronskian evaluated for some x> p.

The points of 4, are isolated since they are roots of analytic functions which are
not identically zero. To see this, assume that W(u,, u,)(-)=0holds. Then it follows
that every point is an eigenvalue of E’a and we have a contradiction. In the same
way it can be seen that W(ii,,i,)(-) is not identically zero.

If % f or v£0 then it follows that the spectrum of I, is different from the
spectrum of If (see for example the end of [5]) and thxs implies, similarly to
Lemma 2 of [3] that W(ii,,u,)(-) is not identically zero.

The set A, depends on the boundary condition satisfied by u, and ii, at the point
p. In order to make this dependence explicit we shall write 4,(6).

We shall denote by #i(z) the Weyl-Titchmarsh-Kodaira coefficient of L with
respect to i, #,. By § we denote the spectral function of L.

Lemma 2. If a=p orv£0and Lel,is an eigenvalue of L, then Ae A,(d) for every 6
in [0, m).

Proof. Assume A ¢ A,(d) for some 6 € [0, 7). Similarly to Lemma 4 of [3] it can be
proven that it is not possible to have

lim |(A + ig)| = 0
(See Remark 4 at the end of the proof.)

On the other hand, since A is an eigenvalue of I we have that § is discontinuous
at A and therefore the symmetric derivative equals infinity, i.e.,

i 8040 —80—)

=D = .
el0 28 20 o0

Since A e I,\A4,(6) we have W(ii,,,) (1) #0 and from here it follows, as in the proof
of Lemma 7 of [3], that

lim |4 + ig)| = 0

el0

Therefore we have a contradiction and 1€ 4,(0). Q.E.D.

Remarks

4. The critical step in the proof of Lemma 4 of [ 3] is an estimate which depends on
the inequality

dQ1
> 0.
i N>

The particular form of the non-decreasing function g, and of the boundary
condition satisfied by u,, i, at pis not important in the proofs of Lemmas 14 and 7
of [3]. In fact, to conclude that § is absolutely continuous, it is only necessary to
have the inequality above and g continuous.
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5. If some bounded interval I, contains an infinite number of embedded
eigenvalues of L, then any local perturbatlon is gomg to leave only a finite number
of them. This follows from the fact that if 11, is an eigenvalue of L then, from
Lemma 2, we know that 1€ A4,(d). Since the points of 4,(d) are roots of analytic
functions and I, is bounded we have that 4,(5) s finite and, therefore, I has at most
a finite number of eigenvalues in I,. This happens in particular if we have a dense
point spectrum in I,. If the eigenvalues are not embedded, then for any local
perturbation we may have an infinite number of eigenvalues. This happens for
example if the spectrum of the unperturbed operator consists of isolated
eigenvalues in a bounded interval which accumulate to a point of the interval. This
is a consequence of the fact that the essential spectrum is preserved under local
perturbations.

Lemma 3.
{Ael,|W(i,u)()=0}= () A,9).

de[0, )

Proof.

“C”: We need only to observe that ﬁl,vu1 do not depend on J.
“>”: Take Ae () A,(0) and assume W (i, u,)(4)%0. Take 6, €[0,n). Then

de(0,
we must have W(ulf uz)),,l(/l)=0 or W(ii,,,);,(1)=0.

We have written the subscripts d,,J, to stress the fact that the Wronskians
depend on the choice of §,,9, since u, and i, do.

Without loss of generality, assume that Wj (uy,u,)(4)=0 holds. This implies
that 1 is an eigenvalue of I:. If we take 8, +6,, 3, € [0, 7), then using Lemma 1 it
follows that A cannot be elgenvalue of I22 and therefore we have W(ii, i,),,(4) =0.
This implies that 1 is an elgenvalue of E’Z If we choose 5 € [0, 7) different from J,
and J, we have, again using Lemma 1, that 4 cannot be an eigenvalue of I and /1
cannot be an eigenvalue of I3? either. This implies that

Wiy, 6,)5,(A) %0 and W(uy,u,)s,+0.
Together with the assumption W(ii,,u,)(4) =0 it follows that 1 ¢ 4,(55) which is a
contradiction. Q.E.D.
Proof of Theorem {. Assume Ael= U I,,is an eigenvalue of L. From Lemma 2 it
follows that Ae () A,(9) for some ne]N
Using Lemma 3, we obtain that W(d,, u,) ()= 0 holds. From here it follows that
ty(x, A)=ku,(x, 1),

where k is a constant, for x = p. Hence, A is an eigenvalue of L. Now, take an interval
I'c¢\{A,|n=1,2,...}. The inequality

de,

>
7 =2N>0

holds in I'.
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Since @, is constant in I’ we have that ¢=¢,+¢, +¢5 is continuous in I'.
From here it follows, as in [3] (see Remark 4), that § is absolutely continuous

in I Therefore L has purely absolutely continuous spectrum in
N{4,|n=1,2,...}. QED.

The function W(ii,,u,)(-) is an entire function of order less than or equal to %
(see [7], Sect. 4, Prop. 1). From the factorization theorem of Hadamard we know
that the roots r, of W(ii,,u,)(-) satisfy

o0
Y <o
n=1

for some integer 6> —
Assume now, for cxample that L has embedded eigenvalues {4,},>, and
lim 4,=o00. If ),,,, n=1,2,... are also eigenvalues of the perturbed operator L,

n—o

then we must have W(ul,ul)(l,,)_O, n=1,2,... and, therefore,
Y AT <0 (1)

must be satisfied.

If we choose for example 4,=0(n*) with 0 <a =<1 then condition (1) is not
satisfied and therefore there are 1nﬁn1te1y many A, which cannot be eigenvalues of
L. In other words, infinitely many embedded elgenvalues disappear under any
local perturbation.

Corollary. If v =0 and o+ p then L has no embedded eigenvalues inI.

Proof. From the theorem it follows that A must be an eigenvalue of L if Ae I is an
eigenvalue or L. It can be seen directly or by applying Theorem 4 of [2] that it is
not possible to have the same eigenvalue for two different boundary conditions.
Therefore the conclusion of the corollary follows. Q.E.D.

3. Another Result

From Theorem 1 we know that local perturbations cannot add eigenvalues in 1.
The question then is whether embedded eigenvalues can disappear under these
perturbations. The next theorem asserts that this happens for many perturbations
but not for all. Assume ¢ is an eigenfunction of L with corresponding eigenvalue /.
Let peR be such that SC(0, p), where S is the support of the perturbation v. Let
y€[0,n) be such that

@(p)cosy +¢'(p)siny =0
holds.

Theorem 2. 1 is an eigenvalue of L<>A is an eigenvalue of T

Remarks

6. We need only assume that L is in the limit point case at co and that 1 is an
eigenvalue of L. The theorem holds without any other assumption on the spectral
function of L.
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7. The point 4 is an eigenvalue of I,. Therefore the theorem asserts that 4 is an
eigenvalue of L if, and only if, the local perturbation is such that the regular
operators [}, and [; have the common eigenvalue A. Therefore, not every local
perturbation is going to make the eigenvalue A disappear but there are many for
which this property holds.

Proof of Theorem 2.

<) Let  be the eigenfunction of f?,, corresponding to the eigenvalue . Let us
define y as the solution of

() (x)=4Ax(x) p=x<o©
which satisfies
21p)=%(p),
1 @)=7(/).
Now, let us construct @ as follows:
Plx) if 0=x=p
x(x) if ps<x<oo.

P(x)= {

We shall prove that @ is an eigenfunction of L with corresponding eigenvalue 4.

Since P and ' are absolutely continuous in [0,p], x and y’' are absolutely
continuous in every bounded subinterval of [p, c0) and y(p)=P(p), ¥'(p) =P'(p), it
follows that @ is continuously differentiable in [0, c0) and that ¢’ is absolutely
continuous in every bounded subinterval of [0, o0).

From the definition of ¢ it is obvious that { satisfies the boundary conditions at
zero. So we have only to prove that @ is in L,(0, c0) in order to have that @ is an
eigenfunction of L.

From the construction of @ it follows that

@(p) cosy + ¢'(p) siny =1(p) cosy +'(p) siny =0. 2
Now, the eigenfunction ¢ which satisfies
Lo=1¢

also satisfies the boundary condition (2). If we calculate the Wronskian of ¢ and ¢
at the point p we obtain

W(®,9)(0)= ()¢’ () —o(P)§'(P)=0

since ¢ and ¢ satisfy the same boundary condition at p. Therefore, there exists k
such that

P(x)=ko(x) p=x<o©

and, since ¢ € L,(p, o), it follows that @ e L,(p, o0).
Now, from the definition of @, it follows that

[§=Ap
and, therefore, 4 is an eigenvalue of L.
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=) Let us assume that ¢ is the eigenfunction of L corresponding to the
eigenvalue 4. We know that there exists & € [0, z) such that
cosd&@(p)+ sind@'(p)=0

holds.

If &=y then it follows that 1 is an eigenvalue of I, since ¢ satisfies in this case
the boundary condition at p.

Assume that @=+7. In this case we have that ¢ and ¢ are linearly independent
functions in [p, o0) since, otherwise, we would have a constant k such that

Pp(x)=kp(x) p=x<o

holds and this would imply that @ and ¢ satisfy the same boundary condition at p.
Since ¢ and $ are linearly independent and are solutions of

(u)(x)=Au(x) p=<x<oo, 3)
it follows that for every solution u of (3) there exist constants ¢, ¢, such that
u(x)=c;P(x)+c,0(x) p=x<o
holds.
Since ¢ and ¢ are in L,(0, o0), we have

f ju(t)dt = T ey () + o p(0)dt

<2 T [ley GO+ lesp(0)21de
<o,

and therefore ue L,(p, o) for every solution u of (3).
Since L is in the limit point case at oo, we know that there always exists
u¢ L,(0, 00) [and therefore u¢ L,(p, 00)] such that

Lu=Au

holds (Weyl’s alternative). Here we have a contradiction and, therefore, we have
=y always. Q.E.D.

4. Some Examples

Example 1. Let qy(x) be a periodic potential in [0, c0). Let ¢4(x,4) denote the
solution of the initial value problem

—u"+qo(x)u=4u,
u0)=1, v (0)=h,.
Choose 1, S where S is the set of stability intervals and consider

4= go(x)— 20y & | PO
0 " 1y | g 2o
0

where o, >0.
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Now, let us define the unperturbed operator L as the one generated by the
differential expression

) (x)=—u"+q(x)y 0=x<w
and the condition
u(0)=(ho—o)u(0).

The spectral function g of L has the form (see Levitan [8, p.45])
M) =go(A)+aoH(A—40),
where g, is the spectral function of the operator L, generated by
—u"+qo(x)u
and
u'(0) = hou(0).

In other words, the operator L has the same spectrum as the operator L, except for
the embedded eigenvalue 4,,.
It can be proved that

dao
di Aely

where I, is an arbitrary stability interval and I, is an arbitrary compact interval
such that I, CI,. 5
Now, ifv(x) is a function with compact support and we consider the operator L
generated by the differential expression
u=—u"+{q(x)+v(x)}u
and the boundary condition
u(0)cosf+u'(0)sinf=0

then, from previous theorems, we know that the embedded eigenvalue 4, can
disappear or remain fixed depending on how we choose v and that L cannot have
other embedded eigenvalues.

zN,>0,

Example 2. Let qo(x) be a potential in [0,00) which admits the following
decomposition:

9o(x)=4q4(x) +q5(x),
where ¢q,(-) is of bounded variation in [c, 00) with g,(x)—0 for x— oo,
q2( : )G Ll(c’ w) s

where ce(0, o0) (see [10, p. 233]).
It can be also be proved that

do
d/‘" rel

where I is an arbitrary interval such that I (0, co) (see [4]).

=N>0,
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If we construct the operators L and L exactly as in the preceding example then,

from previous results; we know that the embedded eigenvalue 1, can disappear or
remain fixed but cannot move in (0, o0).
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