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Abstract. We define the g-version of the Weyl group for quantized universal
enveloping algebras of simple Lie group and we find explicit multiplicative
formulas for the universal R-matrix.

1. For any semisimple complex Lie algebra ¢ there is a natural deformation of its
universal enveloping algebra U¥ as a Hopf algebra over the formal power series
over C [D1,]]. This deformation U,¥ is called a quantum universal enveloping
algebra or quantum group [D1]. These algebras are important in the theory of
quantum integrable systems [F] because with each U,% one can associate a
certain canonical element R in (U,%)®? which satisfies the Yang-Baxter equation

R;;R 3R33=R33R 3R, .
Here R;je U;,9®% R;,=R®1,R,3;=1®@Rand R, ;= Y, 4, ®1®p; if we rewrite R
asR=} ©®B;, o, PieU,9. '

But :Jp to now there was no explicit formula for R, except for the cases g=sl,
[D1], % =sl, [Ro2]. Drinfeld (private communication) conjectured that there is a
relation between the Weyl group and the universal R-matrix for general simple Lie
algebras. In this paper we define a completion U,% by the Weyl elements of si,

triples corresponding to simple roots. This completion gives us a description of the
quantum Weyl group as well as explicit formulas for the element R.

2. Let ¢ be a semisimple Lie algebra of rank n, g;; its Cartan matrix, and d; the
length of the i-th root (then d;a;;=a;d)).
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Let h be a formal variable. For integers n and m we use the notations:

s <n2h>
[n],=

= (]! =[nlpln—11;...[114,
sh (—)

m _ [
ml, ~ [ml, n—m3,

Following [D1,J] we consider an algebra U,% over C[[h] with generators H;, X, Y;
and relations:

[Hi’Hj:I:O’ [HI,H] a;j

ij J:
1
sh <Ed—’—lg—’)
2
[Hv ,] [Xin]=5i1——ﬁd-“5ij,
”<2>

1-ay 1— ..
X (—1)"[ ka”] XX X[m7k=0, i),
k=0 dih

1—a,

o (—1)"[ a"]d YYYTeTE=0, i)
l'h

This is a Hopf algebra with comultiplication 4:U,%—(U,%)%®2:

AH=H®1+1®H;,, A4X,=X,Q¢ * +e¢ * ®X,,
hHd; th‘

AY,=Y®e * +e * QY.

An antipode S and counit ¢ is defined by the Hopf algebra axioms:
hd;
S(Ht)z_ is S(Xi)z_eZXia
hd;

S()=—e¢ 7Y,
o(H) =2(¥) =4(X) =0.

In U,% there are important Hopf subalgebras U,b, generated by 1, H;, X; and

U,b_ generated by 1, H,, Y;. They are dual to each other over C[h™", h] with
respect to the pairing

2
<Hi9Hj>= ﬁ diaij’ <Xu J> 5;](1 —e—hd) 1 (2)

defined on the generators. The pairing between other elements can be found from
the Hopf algebra structure on Upb .,

(a®b, A(c)> =<ba,c>,a,be U,b,,ceUb_,
{4a,c®b)={a,cb),acU,b,,b,ceU,b_.
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The algebras U,% are quasitriangular Hopf algebras, i.e. for each ¢ there exists an
element R belonging to an appropriate completion of (U,%)®? in h-adic topology
satisfying the relations:

A@=RA@R™', (AQid)R=R,3R,;, ([d®AR=R,;R,,.

From the description of U,¥ as a double of U,b, it follows that this element is
unique and it is the canonical element under the pairing (2) between U,b, and
Uyb _. The first coefficient in the expansion of R in powers of X, Y(B;;=da;;) has
the form

h _
R=6Xp (E (B l)ini®H>
n hd _hdi hH; hHl
><<1+Z2sh<—2—‘> 2t X\ @e * Yi+.. )
i=1
n hd. _hd, —hd:H; hHidi
=<1+ Y 2sh<——2—') 2¢ 4 X,Qe * Y,+>
i=1

X €Xp (g (B")in,-®Hj>.

For any Hopf algebra 4 one can define the adjoint action of A on itself by
aocb= z a'bS(a;), 3)
where a' and q; are the components of A(a): A(a)= 2 a'®a;. The action
aeb=S"Yao-S(b)= Z abS~ 1(a‘)
defines another adjoint action on A is not equivalent to (3) for noncommutative
Hopf algebras. For A=U,% we have
H;ca=[H;a], @

X,oa=Xaexp <#> ~e7exp<—hi4idi> aX;, ®)

hH.d. _hai d.
Yoa=Yaexp <—%’i) —e 2exp (— h}i‘d‘)

Remark. Let 4, be the minimal nontrivial orbit in U,% under the adjoint action
(4-6). Because ¥, is an irreducible representation of U,% and at h=0 this is the
adjoint representation of 4, we have dim%,=dim% [L, Ro1]. Fix ¢; a linear basis
in %, then the action of these elements on itself defines the quantum version of Lie
brackets on %.

In quasitriangular Hopf algebras an important role is played by the element

u= 13 8B,

where o; and f§; are coordinates of the element R:R= Z o;®f;. One can show
[D2] that

aY.. 6)

13

SYa)=uau"*

and for U,% we have

H
v=uexp <— h29> ecenter of U,%.
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Here H, is an element corresponding to the half of the sum of positive roots in
Cartan subalgebra U(H)C U,% generated by elements H,, i=1,...a.

3. According to the decomposition (3) let us introduce regular generators on U,%:

hd:H, _ hdiH;
—, 4 — 4
E;=e X;, Fi=e Y,
_ hdiH; hdiH,

E=e * X,, Fi=e*y,
Proposition 1. 1. The maps ¢ and @
eH)=H;, ooX)=E;, oY)=F;,
¥Y(H)=H;, T(Xi)=Ei, T(Yi)=F_i
preserve the relations (2). o "
2. EF,=q? FE, EF,=q?FjE,
where q;=exp(hd,). J
Let us define now the g-commutator as
[4,B],=ABq—BAq~'.
Proposition 2.
(F)'o Fj=g}/40ais+nn=1) [Fi’ [Fia [F,F}] :%i]q,,ij+z ]q“—"—f@

q 4

i1

(Ei)n o Equil/4(naij+n(n- 1) [Ei’ [Ei, [E_i, E_j] m:| ay+2 ] a;;+2n-2
9.

Pl r
The proof follows from (7) by induction in n
Proposition 3. The g-Serre relations (2) are equivalent to the following ones:
(F)~®i*1oF;=0, (E) **1-E;=0.
The adjoint action of regular generators has the following form:
E,-b=Eb—K; *bK}E,,
F—iobz(F_ib_bF—i)K{_Z’
E;ob =(Eib_bEi)Ki—2 5
F,ob=F}b—K;*bK?F,.

Representations of U,% are isomorphic as a linear spaces to corresponding
representations U%. If V* is a representation of U,% with highest weight 4, then

vVr=exp(—h(A| A+2)V*.

4. Let 9=sl,. An irreducible finite dimensional representation V7 of U,sl, is
parametrised by half integers j=0,%, 1, .... The action of generators H, X, ¥, in the
weight basis e/, m= —j, —j+1,...j of the space V'’ has the following form:

Hel,=me},, Xel,=)/[i—ml[+m+1le},.,,
Yej,=)/[i+m][i—m+1]eh ;.

™
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The universal R-matrix for U,sl, has the following form

h (1___q——1)n n(n—1) hH _ u
R=R(H,X,Y|h)=exp(§H®H) ZOW‘I 4 (e Xr®(e 4Y)
nz h*

__,—1yn n(n—1) _hH hH h
=<";0(_1_[_’3h_!)q T (¢ A XPR(e” Y)n) exp (Z H®H>. ®)

It is easy to check that this is the canonical element in U,b, ® U,b _ with pairing
(2). The algebra U,sl, can be completed by the element w, defined in each
irreducible representation as

_pdU+ D) | mh

weh,=(—1y""e = 2 2 . )
Let us denote this completion by U,sl,.
Theorem [KR].
1. The element w satisfies the relation
-1
wXw l=—q'?Y, wYw '=-—q 2X, wHw '=-H. (10)
2. U,sl, is a Hopf algebra with
hH

Aw=R'w®w, sw)=we?, gw)=1,
where R is the universal R-matrix for U,sl,.
3. Let u= Y, S(B;); be the element describing the square of the antipode, then

.
w?2=ve=ue? ¢,

where ¢ is the unipotent central element e? =1, eVi=(—1)*V/.

The element w has another interesting interpretation [VS] in representation
theory of dual Hopf algebra to U,sl,.
5. In each U,% module we can define the action of the Weyl elements of s/, —
triples corresponding to simple roots of 4. Because U,% is a semisimple algebra it
1s enough to define the action of W; in irreducible representations. Let

=®(W!®V’) be the decomposmon of V’1 into irreducible ( U,sl,); submodules.

Deﬁne thc action of w; in V* as w;= (1%, ,®(w;);), where (w;); is the action of W in
V7, (see (9)). .

Let us denote the algebra U,¥ extended by w;, i=1, ..., rank 4 as U,%. The
definition of w; implies the following relations in U,%:

wHw '=H;—a;H;, wXw '=-Yq”, wYw '=-Xgq . (11)

also,
Awi = R(i) - 1Wi®wi s

where R(i))=R(H,, X,, Y}|hd;) and R(H, X, Y|h) is defined by (8).
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Theorem 1. The following relations hold in the algebra U,%:

aij _aij(ai; —2) 1
WEKw  =(~1yugs 8 e (B) o,
’ [—a j]hdi! J
_8i; _ aj(aij—2) 1
wiS(F)K; *w; t=g; ¢ 8 ———=— S((F) " F).

[—a j]hd, !
Proof. Let us first prove two auxiliary lemmas.
Lemma 1.
w;o F;=S(w;) " 'K F S(w,),

Wi o Ej= WIE_}KfUWi- ! .
Proof. Let o, and B, be coordinates of R(H;, X;, Y;|hd)= Y o, ® B,
k

wio E;= Y S(a)wiE;SW)S(B) =3 auew;E;S(w) By

(%)
= 3 a2t FyHIE(E) IS0y

n,m=0 n!

)

n!

Qp w,E;F(H;+ a,)"ET"H}q"S(w;)

ag

n,mz0

=w,E; Y. BiS* (o) K§S(w)) = w,E;Kiiu; ' S(w;)
k
=W1E_JK?UW:1 .
The similar calculations give us the action of w; on F:

W;o Fj=%: S(ow) WiFjS(Wi)S(.Bk)

hd; \"
= 4 HE'w.F .S(w,)HF?
= a"‘T LWl (w)H}F;

n,mz=0

= 5 a, M0 s prrapr BT (o)

%
4
am

n,m=0 n!

wF7(H;—2m)"(H;+ a; j)”E?qan jS(Wi)

hd,
=w, mgo a,, €Xp <—Z—' (H?+2mH;+ Hq, j0)> FPETqlF ;S(w;)

=w; K} % BiS* () F Sw)=ww" 'K¢9F Swy)

=S(wy) " K{UFS(w)).

(Ad1)

(Ad2)
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Lemma 2. The linear spaces V;j={(F)" o F ;}, 24, V;;= {(E})" o E;}, %4 are irreducible
(U sly); modules with highest weight —a;;.

Proof. From relations (1) and from Proposition 1 we obtain the following
structure of the adjoint action of (U,sl,); in these spaces:

Fio(FloF)=FI*1oF,,
E;o((F'oF)=[~ay+1—nly[nuFi"" o F},
Hio(F;’Fj)=(——aij—2n)F;'on,
Eo(BloE)=E1*1E,,
Fio(E_?oEj)=[—aij+1‘n]hd,[n]hdlE_?—l °Ej,
H;o(EtoF)=(ay+2n)El - F;.

The maps
1] a,! -4
o(FroF)= |/ Ll
[—aij—n]hd,! 2
o —a;;—nly,! -4
T(E;'oEj)= [_U_]h#e o2
[n]ha,! -2t

obviously define an isomorphism between V;;, V;;, and V™.
Now, to prove Theorem 1 let us combine these two lemmas with the explicit

action of the Weyl element for U,sl, and we immediately obtain relations
(Ad1, Ad2).

Theorem 2. The elements w; satisfy the following relations:

Wlewl=ijlw_]7 a,-j= ‘_1 5
WWWW,=WWWW;,  a;=—2, (12)
WWWW W, =WWWWW;,  a;=—73.

To prove this theorem it is sufficient to consider only rank % =2 cases. From the
relations (Ad1, Ad2) it follows that the left-hand side and right-hand side parts of
(12) can differ only by a central element (in the appropriate rank 2 algebra, 4, for
a;;= —1, B, for a;;= —2, G, for a;;= —3). Acting by left-hand side and right-hand
side parts on the h.w. vector we immediately obtain that this central element is unit.

The following two lemmas are useful for simplification of formulas (Ad1, Ad2).

Lemma 3.

g

q:

F;‘on=K{"Kj“[ [V, Y] “} Cagtan-2.
4 4
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Lemma 4.
SCY s LY, Yilg-nlg-ns2e.Jgn-2)= —q,-"‘/zq;l/z[Y,., LYY g dgn-2e Jg-neae

Now, we can rewrite relations (Ad1, Ad2) in the following more explicit form:

- L es 1 ,
WinWi ! =(~ 1)“”‘1 8 2 m [[Xb sevy [Xia Xj]qﬂ] %] —ai, =2 K?U >
~tjha;* qi

& la: 4

_Giy %y 1
WinWi—lzqi 8 2 _‘“' [I:K ceey [Y;, Y’] ‘l‘l] n,_,+2...:l *a,j—ZKi a”,
[—aidna,! ai* g 4 g 4
6. Consider elements
H}
w;=Wgq;8

and define automorphisms
Ta)=w; 'aW;.
From the relations between w; and generators of U,% we obtain
TK)=KK: %, TX)=YK:? T(Y)=-KX,,
[[%0- DX X o] 2] =2

qi

T(X)=(—-1)% [-——a_]_‘
ijd:

H:Yi"“[Y;’ Y;-] 9.41] #] Zay,=2 >
9:

9" 1qi 4

i

(13)
1

[—a;]!

which coincides with Lusztig’s automorphisms [L].

T(Y)=

Lemma 5. The elements W, satisfy the Weyl group relations:

W0 W, =W 0.
e N —
—a;+2 —a;+2

It follows from Theorem 2 and relations (11).

7. From the definition of w; we obtain the action of the comultiplication on the
elements w;:

AW, =R~ ()W, @W,,
where

o (1_qf1)n nn—1)
Ri)= Yy ——=~TL 4, * E'QF".
® ngo [n]4a,! 1 ®
Let so=s;,...s;, be a decomposition of the element of Weyl group with maximal
length in the minimal product of elementary reflections.
From relation Lemma 5 follows that the element
W0=W,-l...W,-k

is well defined and does not depend on the choice of decomposition of s,.
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Theorem 3. The universal R-matrix for U,% has the following form:
h vy gr
R=exp (2 Z (B™);H, ®H) (Wo®Wo)A(We) ™!
ij=

or

R=exp <h Uzl (B™Y;H; ®H)

~ 14
R(is;,...s ik_,)--~R(lz|Si,)R(11), (14)

where
R(ll I Si] . 'Six._ 1) =(’I;1_ ! ® ’1:1_ 1)' (’]11 1 ® ’1—;1 lx)R(ll)
and T, are the authomorphisms in (14).

To prove this theorem it is convenient to introduce the following enumeration
of positive roots. Let s, =s;,...s;, be the decomposition of the maximal element of
the Weyl group. The set of positive roots 4, can be considered as a set of roots «; ,
83,00y - ens SiyeenSi_ 0 [B, L] According to this enumeration introduce elements

i-1

Ep)=T,"...T;, 'E,, F@p)= B Y
From relations in U,% it follows (see [L] for detalls) that the elements
H™.. H?™  EQ)"...E(k)>, (15)
(H)™.. (H)™  F()"...F(k)™, (16)
where
Hi= 22 Z (B™");H;

form the bases in U,b, and U,b_ respectively.
Lemma 6. With respect to the pairing (2) we have:
CE(s), F(t)) = 0,(1 —e ™)™ 1. 17

It can be derived from the pairing (2) and from the definition of E(p), F(p). From the
formula for the action of comultiplication on w; and from the definition of T; it
follows

AT @)=R6O)™ (T ' @ T HAENRG).
This formula gives us the action of comultiplication on elements E(i).

Lemma 7. Bases (16) and (17) are dual with respect to the pairing (2) between U,b |
and Upb_:

CH™.. . H™E(1)™.. E(k)"k (HOY™ .. (HO™F(1Y".. F(k)™

“ [7pna,, ! o - ————h”"(nf m_y di,
—_— )
- 'l—=-[1 5meJ J* ].—-[ 5"17"17 (1 —hdzp)np € N

The proof follows from the lemma and formula (18).
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So for the canonical element R we have the representation (15).
8. Let us describe more precisely authomorphisms 7; as an authomorphism
of Hopf algebras.

Theorem 4. Let z be an invertible element of the quasitriangular Hopf algebra A.
Then the triple (4, 49, R®), where

A9a)=(zQz)A(z *az)z" ' ®z7 1,
RP=z"1'®z 'Rz®:z
also forms a quasitriangular Hopf algebra.
Proof. Associativity of 4 is a consequence of the following equalities:
(4?®id)4A (@) =(z®z®2)(4®id)4(a)z: " '®z"'®z"*,

({d® 44N a)=(z®2zR2) ([dR NA(a) (z *®z™'®z1).

From the definition of R® we have the relation
A(Z)(a)' =R® A(z)(a) R@—1

The quasitriangular relations also follow from the structure of R® and from
quasitriangularity of A.

Consider z=w;,'...w; ! =w and denote the corresponding Hopf algebra
structure on U,% by (Uhfﬁ)w As an algebra this is U,% but the comultiplication

now differs from the previous one for U,% and has the form:
A(W) = Tw Tw A Tw— ! 5
where T,(a)=waw ', (@=(T,®T) (AT, (@)

So, we see that automorphisms 7; are not automorphisms of U,% as a Hopf
algebra, T,” ' : (U,9),,—(U,9);,.- But they are automorphisms of the Hopf algebra
U,% in the sense of the Theorem 4.

9. Remark 1. The same construction gives us the quantum version of a Weyl
group for Kac-Moody algebras. The relations (14) are still true.

Remark 2. Elements w;,...w describes irreducible representations of the quantized
algebra of algebraic functions over G [S]. The multiplicative formula for the
R-matrix together with the construction of the dual double given in [RST] make
explicit the way for a description of cell decomposition of C,(G).

10. The authors would like to thank V. Drinfeld and M. A. Semenov-Tian-
Shansky for stimulating discussions. One of us (N.R.) would like to thank
D. Kazhdan for useful remarks and Sarah Warren for help in typing.

When this work was completed one of us (N.R.) received the work by S.Z.
Levendorskii and Ya. S. Soybelman where similar results are obtained.
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