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Abstract. We construct a Hamiltonian formalism for general Zakharov-Shabat
equations (zero curvature equations with rational dependence on a parameter)
as well as their constants of motion, and prove that the latter are in involution.
The field-theoretical (multi-time) Hamiltonian formalism is used.

Introduction

As soon as the complete integrability of the KdV equation was discovered it was
also found that this equation was a Hamiltonian system. Later on Hamiltonian
structures were suggested for all hierarchies of integrable equations: for generalized
KdV, for KP,AKNS etc. However this was not done for the most general
scheme for obtaining integrable systems given by Zakharov and Shabat. They
considered a zero curvature equation with a rational dependence on a spectral
parameter.

Here we construct a Hamiltonian structure for these equations. We have a
typical case when a field-theoretical (or multi-time) formalism is natural since both
independent variables are equal by right and there is no reason to prefer one of
them to the other as a time variable in which the system evolves. It is enough to
know a Lagrangian, and then all the elements of the formalism are recovered
automatically. Our construction of the Lagrangian generalizes that given by
Zakharov and Mikhailov [8] for the case of simple poles.

The Lagrange—Hamiltonian field-theoretical formalism is well-known. However,
the specific form we use fits very well to integrable systems under consideration.
It has a formal-algebraic character and admits easy calculations. Briefly it was
described in a lecture [11] (an earlier sketch in [4]). A complete description is
in [3].
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1990: Mathematics Department, University of North Carolina, Chapel Hill, NC 27514, USA
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1. Equations
Let us consider the zero-curvature equations (see [1])
Ur, - V§ = [Ua V]a (1)

where U and V are matrix meromorphic functions of a variable z:

Ni N2
U=U0+Z Uk’ V=V0+Z Vk’
k=1 k=1
nxk my
U= Zo U,z — a)"h V= Z’o Virlz — b))~ @

The equations must hold identically with respect to z, the poles a, and b, are
constant. Some of a, may coincide with some of b;; without loss of generality we
can assume that in this case they have the same subscripts, i.e. a, # b, if k £ I. The
resulting equations for {U,, V, } are called Zakharov—Shabat equations.

It is easy to see that in order to prove that Eq. 1 holds it suffices to verify that
the principal parts of the left-hand side and of the right-hand side coincide in all
the poles and that the limits of the left-hand side and of the right-hand side when
z— 00 are equal, i.e.

Uoy— Voe=L[Uo, Vo1 ©)
The latter equation implies the existence of a matrix ¢ such that
U0=t_1t€, V0=t_lt”. (4)

An elementary computation shows that the number of equations is less by 1 than
the number of unknown matrices, i.e. one of the matrices can be chosen freely.
Moreover even after this choice there remains freedom of choice of a number of
diagonal matrices (like in a matrix equation [4, X] =0 where X is unknown: in
the basis where A is diagonal X may be an arbitrary diagonal matrix), a detailed
analysis of a special case see in [2], see also below. Equation 1 can be written as

[6:+U,0,+V]=0;, 0,=0/0, J,=0/om, )]
which implies that this equation admits gauge transformations

0s+U=g(0;+O)g,
ie.
U=gUg ' —gg™", V=gVg '—guyg " (6)

With the aid of this transformation one can e.g. destroy matrices U, and V,, letting
g =t ! (see Eq. 4). After that the number of equations will be equal to the number
of unknown matrices (the freedom in diagonal matrices remains). However, we
will not do this transformation yet.

We do not specify here how many diagonal matrices stay free (this will become
clear later). Actually, the scheme of our reasoning will be as follows: Eq. 1 will be
equivalent not to one but to a set of Hamiltonian systems, each of them corresponds
to a choice of undetermined diagonal matrices. Each solution of Eq. 1 is a solution
of one and only one of these Hamiltonian systems.



Hamiltonian Formalism for General Zakharov—Shabat Equations 487

2. Dressing and Undressing
Let us fix a pole a,. The rational function U (z) can be expanded into a Taylor
series in a neighborhood of this pole: U(z) = z Ui, (z—a) "% for r20 the

coefficients U, , are the same as defined above, those for r <0 can be expressed
as differential polynomials in elements of all the matrices U;,, 0<r=<n;. The
differential algebra of all such polynomials is denoted as =7, (correspondingly, oy
for the matrix V, and & for the algebra of differential polynomials in elements of
both the matrices).

Proposition 2.1. There exists a gauge transformation
0r+U=g(0¢+ A)g™! (7)

where g and A are formal series in z — a;:
@ ni
g= ;gr(z - ak)” A= Z Ar(z - ak)—r_l’
—®

and elements of matrices g, and A, belong to <y, such that all the matrices A are
diagonal.

(This time, in contrast with Eq. 6, matrices g depend on z.) Equation 7 should be
understood as an equality of formal series.

Proof. We perform this gauge transformation in two steps. At first, reduce the
matrix U, , to a diagonal form (assuming a generic case):

Uk,nk = gOAnkg(;l
and let -

- me ~
Now U= Y U,(z—a,) "', where U, = A,, is a diagonal matrix. Then we must
solve the equation
@+ 0) =g+ A3,
ie g, + Ug — §A = 0. Substituting the series in z — a, one obtains a sequence of
equations:
Undo — GoAn =0,
Undi+ Up-1d0 — §An—1— 9140, =0,

oe + Unkgnk+1 + o+ U 1Go— oAy — ~Gme+14n,=0.

Put §, = I, and let the diagonals of all ji, k > 0 be zero. Taking the diagonal part
of the second equation one can find A4,, _, while the off-diagonal part determines
g, from an equation of the form [4,,,4,]=---. In a generic case, when all the
diagonal elements of A4, are distinct, this equation determines uniquely off diagonal
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elements of §,. All the other matrices A4,, _,,J,,... can be determined in succession.
Finally, we put g =gg,. [

Corollary. Matrices g and h= g~ satisfy the equations

g:+Ug—gA=0,
—hg+hU —Ah=0, (8)

which hold as equalities for the formal series in z — a,. (The second equation can be
easily derived from the first.)

Proposition 2.2. Letting
0,+V=g(0,+Byg!

with the same g as in Proposition 2.1 we obtain
-1 my
B=Y B(z—a)™"" !, if by#a, and B=) B(z—a) "' if a,=b,
e )

where all the B, are diagonal. Moreover,

A,—B;=0. ©)
Proof. We have

A,— B,=[A4,B].
For coefficients in (z —a,) ™"~ this yields
Ay—B, = SH;_ 1 [A4,, B.].

In this equality B, with the smallest number is B,_; _,, in the term [4,,,B,_;_,.].
Ifitis already proved that all B, with t > r — 1 — n, are diagonal then the off-diagonal

part of this commutator vanishes which proves that B,_, _, is also diagonal.
Taking the diagonal part of the equation one obtains that 4, —B,=0. [

Corollary 1. Another pair of equations
gp+Vg—gB=0,
—h,+hV —-Bh=0 (10
holds.

The operators 9, + U, d, + V are called “dressed”, and 9, + 4,0, + B “undressed.”
It is clear that we could write expansions in poles b, as well.

Corollary 2. Matrices U,, see (2), can be represented as
Uy=(gA4-97")-,

where the subscript _ means the principal part in the expansion at the point a,. (In
this formula g can be understood as a n,-jet: only terms with (Z — a;)" with r < n,_ are
involved.) If b, # a,, then (A_),=0. If b, = a,, then V, =(gB_g~')_ and

(4-),—(B-);=0. (11)
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Remark. The equality (11) is the only condition imposed on matrices A_ and B_.
Therefore we have min (n,, m;) + 1 diagonal matrices (in the case a, = b,) depending
on both the variables ¢ and n which can be freely chosen. This is the “diagonal”
freedom we spoke of above.

3. Resolvents

Let
R=gCg™},

where C is a constant diagonal matrix, g the same as above, R is defined as a
formal series in powers of z — a,. R is called a resolvent in the pole q,.

Proposition 3.1. Resolvents satisfy two equations
R,=[R,U] and R,=[R,V], (12)
by virtue of Eq. 1.

(Equation 1 is nothing else but a compatibility condition for these two equations.)
Proof is evident if these equations are written in the form [d,+ U,R]=0,
[0,+ V,R]=0 and Eq. 7 is taken into account. [J

Proposition 3.2. The following variational relations hold:

otrU,R=tr(6U"R), + 0 ),
StrV,R=tr(6V"R), +,( ),

where 0.( ) and 0,( ) are derivatives of 1-forms in variations 6U,8V and their
derivatives.

Corollary.

Otr R(U,dé + V,dn)=0,tr R(OU A d& + 6V A dn)+d( ), (13)
where d( ) is an exact differential of a 1-form in variations U, 6V and their derivatives.
Proof of the Proposition. Let us take the variation 6 of Eq. 8:

0ge+ Udg + 6Ug — 6gA — g6 A =0,
— Oh; + 6hU + héU — Adh — 6Ah =0, (14)
and let us differentiate Eq. 8 with respect to z:

9ge:+Ug,+U.g—g,A+gA,=0,
—hgz+h,U+hU, — Ah,— A,h=0. (15)

Multiplying the first of Egs. 14 by Ch,, the second by g,C, adding them and taking
trace, then transforming them using integration by parts:

tr(6g;Ch, — g,Céhy) = 0, tr (5gCh, — g,Cbh) + tr (— 6gCh, ¢ + g, . Ch),
and substituting h, . and g, . from Eq. 15 we obtain
tr6RU, = tr R,6U —tr 64-C(h,g + hg,) + tr CA,(hdg + ohg) + 0,( ).
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Terms with A vanish since hg = 1. Adding tr R6U, to both the sides we get the
required identity. The second equation can be proved in a similar way. []

4. Constants of Motion (First Integrals)

Let
F=trR(U,d¢ + V,dn). (16)

Proposition 4.1. The relation dF =0 holds by virtue of Eq. 1.
Proof. Using Eq. 1 and Proposition 3.1 we have
dF =tr((R,U,+ RU, ,)dn A d¢ + (R;V,+ RV, )d¢ A dn)
=tr(—[R,V]U,—RU, ,+[R, U]V, + RV, )d¢ A dn
=tr(R[U,,V]1+R[U,V,]—R[U,V],)dé ndn=0. [

Corollary. Expanding F into a formal series:
F=YF,(z—-a)
[4)

we get dF, =0 by virtue of Eq. 1.
Definition. A constant of motion (first integral) of a partial differential equation
Q =0 (the independent variables are &,,¢,,...,£,) is a form

S=T (e A NG A A d

(two such forms being identified if they coincide by virtue of the equation Q@ =0
or if they differ by an exact differential d( )), such that

df=2%d(§l A AdE=0
% 0&;
by virtue of the equation Q@ = 0. (If one of the variables &; is a time variable, e.g.
¢, =t, and others are spatial variables then the condition means that for any
domain V

a/atj---£f1d§2~-~d§,,=—j---aj;fda, where f=(fy,..., fu)s

ie. f; is a conservative quantity and f is a flux.)
Thus, F, are constants of motion, and F is their generator.

5. Lagrangian of General Zakharov—Shabat Equations

Here and below we use a field-theoretical Lagrange—Hamiltonian formalism
(see [11]).

The suggested construction for a Lagrangian generalizes a formula given by
Zakharov and Mikhailov [8], where a case of simple poles was considered. As we
have seen in Sect. 2 the operator d, + U can be undressed in a neighborhood of
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any pole a,:

0+ U =g,(0:+ A)gy "
Here we will be interested only in principal parts of U and A at the point q,, ie.
U, —Z U, ,(z—ak) r=1 and A, —ZAk Az—a,)""" ', g, may be considered as a

finite sum 9= ng Az —a,), ie. as a n,-jet. In other words

Uy =@ Axgi ')-- (17)
Similarly, at the points b,
Vi = (hByhy 1)—- (18)

(Attention! The letter h has here another meaning than in Sect. 2 where it was g~ 1.)
If b, = a; then h, = g, (one should take max (n,, m,)-jet), see Proposition 2.2.

Now let 4, , be arbitrary functions of &, B, , arbitrary functions of # if a, # b,,
and in the case when a;, = b, let 4,, and B,, be arbitrary functions of ¢ and 7
submitted to the condition A, ,— By, =0, k<min(m,n,). Let Uy=t"t,
Vo=t""'t, and let g, and h, be n, and m,-jets at a, and b,. If a, = b, then g, = h,.
These g,, h,, and ¢ will be variables with respect to which a Lagrangian is variated.
Let

N1 N2
& =tr {Z res,, gi 10, + Vo)giAr — Y 1es, by 10+ Uo)h, B,
1 1

N2

Ni
+ 3 ¥ resa (@) (hBh)- }d& A dn. (19)

be the Lagrangian. (Recall [11] that, speaking more precisely, this is not a
Lagrangian but an action,; it is understood up to exact differentials d( ).)

Remarks on the definition of the Lagrangian

1. One can consider the operators J, and d, whether acting on 4, and B, or not:
additional terms cancel out according to the above remark.

2. In the double sum there are no terms with a, = b,, the residues of these terms
vanish.

3. This formula seems to be asymmetric: the double sum contains residues at a,
but not at b,. Actually instead of res,, one can write — res,, since ifa meromorphic
function has only two poles a, and b, and f(z) = O(z %) when z— co then

res,, f(z) = —res,, f(2). (20)
We shall use this transformation many times.

Proposition 5.1. The variational relation

Ni N2
8L =tr {Z 1e8,, [Us, 0, + V106G, g ' + Y resy, [0, + U, V, 10k, b
1 1

Ni N2
+ (Z res, [U,, 0, + Vol + Y res, [0: + Uy, Vk])t‘lét} A dE A dn —do'?
1 1
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holds where

Ny N2
oV = tr{zresakukdi ASgi gt + Y tesy, Vidn A by !
1 1

Ny N>
+ (Z res, U, dEé +Y res,, den> AtT lét}. (1)
1 1
(Taking the variation we considered matrices {g,}, {h.}, and ¢ (recall Uy =t""'t,,
Vo =t"'t,) as independent variables.)

The proof can be performed by a simple calculation. [

Corollary 1. The variational equations 6<% /6g,=0,0%/6h, =0, and 6.L[6t=0
have the form: for any k
a) If a, #b,

[Ud,+V]_=0, [0:+U,V,]-=0, (22)

where the subscripts minus denote principal parts at corresponding points a, and b,.
b) If a, =b, (then g, =hy)

[Uy,0,+V]-+[0:+ U, V,]_-=0, (23)

and one more equation
Ni N2
Zl:resak (U0, + Vol + };resbk [0:+ Uy, Vi 1=0. (24)

This system is equivalent to Eq. 1.

Proof. First of all it is clear that Eq. 24 follows from the two preceding equations
and gives nothing new. Equations 22, 23 express the equality for principal parts
of the expansions of Eq. 1 in all the poles. Now the difference between the left-hand
and right-hand sides of the equation is an entire function and zero in z = o, i.e.
vanishes. []

Remark. Nothing will change if we variate also the variables A, and B, as
independent. It is easy to check that in this case two more equations, g, , + Vg, =0
and — h, .+ Uh, =0 will appear if a, # b,, and an equation g, ,— gy + Vg, + Uh, =0
if @, = b,. Taking into account Egs. 17, 18 we obtain (applying the transformation
20) Uy ,=[Us, V] and -V, . =[U,V,]if a, # b, and the sum of these equations
otherwise, i.e. we obtain the same equations as before.

Corollary 2. The symplectic form of Eq. 1 is w = 0", where &'V is given by
Eq. 21, ie.

Ni
w=tr{2resak(6Uk AdEANSG gt — U dE A Sgi-gr * Adgigi V)
1

N2
+ Y res, (6Vi Adn A Sheht — Vidn A Shy i * A Shy b )
i
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Ny N2
+| Yres, 0U, A dE+ Y res, SU, Adn | At™16t
1 1

Ny N2
+ <Z res,, U,dé + Y res,, den> AtTI0t AL lét}. (25)
1 i
Proof. See [11]. O

Proposition 5.2. The Hamiltonian of Eq. 1 is

Ni N2
H=—tr Y Y res, UVdlndn. (26)

k=11=1

Proof. Direct calculation according to the formula connecting the Lagrangian and
Hamiltonian:

H = — L +dE A i)™ +dy A i3 )P

(see [11]). Recall from [11] that we use two types of differentials: variations, df,
and df =0f/0&-dE + 0f /on-dn. Correspondingly, there are two types of vector
fields, defined by their inner products with forms. Firstly, 0, and 0,, with i(0,)d¢ = 1,
the result of substitution of this vector field into other forms being zero etc. Secondly,
5¢ and 5,, with i(5§)5f = 0f/0¢&, otherwise zero. []

Formula 26 is remarkably simple.

6. Symmetries Related to Constants of Motion, Eq. 16

Let us take a resolvent R in a pole g,,. A generator of first integrals F =
tr R(U,d¢ + V,dn) was constructed whose expansion F =) F, (z—a,) yields
infinitely many first integrals. To every F, a vector field corresponds having the
form

i i ; 0
{kil rZ Zai),agm ZZZ”L"ahw +(2.~):y()W}'

Here we use a notation: if a is a matrix then 0/0a is a matrix with entries:
(0/0a);; = 0/0aj;. The last formula admits also a simpler representation:

0
{ Z Zres,,k ad 3t (,) + Z Zres,,k B — ah“’ + ZV 3 t“’} (27)
where g{’ = Zg"’ z—a,), 0/0g = Z 3/ogd(z—a) " ad = Za"’ (z —a,) etc.

Proposition 6.1. The vector field £,_ | corresponding to F,_, is given by Eq. 27 with

me
akgk_l =p ZO [(Z - ak)—r— lR]p(z - ak)’a

Bibi'=p ¥ [ —b) " IR]z-b, 1=0, (28)
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where the subscript p denotes the coefficient in (z — a,,)” in the expansion in powers
of (z—ay,).
Proof. The equality

OF, 1 =i(¢,-Jo+d() (29)

should be verified (see [11]). Equations U, =(g;Augx ')-, Vi=mBh)-,
UO =t ltg, Vo =t lt" lmp]y

5Uk=[5gk'gk—l’ Uk]-’ 5Uo=t"5t¢——t‘15tUO,
oVi=[0heh ', V1., 6Vo=t""6t,—t" 1otV (30)
According to Eq. 13:

OF =3 tr ROU A dE+ 8V A dy)+d( )

Ni N2
=aztrR{Z[5gk'g—laUk]— A d§+2[6hkhk—l’ Vk]— A d"
1 1

+ (710t —t710tUo) A dE +(t7 10t — t~16tVo) A dn} +d( ).

Using integration by parts we can replace Rt~ !dt, by Rt™'t,t~ 16t — Rt ™'t =
RUt™ 16t — [R, U]t ™16t and perform a similar transformation for Rt ~'4t, (chang-
ing the term d( )). We get

N

N2
0F =0, trR{Z[égk-g,,“, UJd- AdE+ Y [Ohh 'V ]- Adn
1 1

—[U—-Ug,t™1ot] ndE—[V— Vo,t"lét]/\dn}+d( ) (31)

The right-hand side should be understood in the following sense. All the expressions
[6g:-gs *, U,]- etc. are rational functions of z, they can be expanded into series
in (z — a,,); R is such a series by definition, hence the right-hand side is such a series,
too. We find the coefficient in (z — a,,)? !,

oF,_, =p-res,,ko(z—a,‘o)""‘trR{--'}+d( ) (32)

where in the braces there is the same expression as in the preceding formula. This
must coincide with (i({)w),-, where the vector field is given by Eqs. 27 and 28,
and the symplectic form by formula 25. We find

i(€)0U, = iQ)[0gi g '» Uid- =g LUl i)oVi=[Bechc ', Vil-,
and taking into account that y =0 we obtain

N
i(Q)w=tr {Z res,, ([0g,gx ', Uy d + [t 7108, U Dagy ' A 0E
T

N2
+ Y tesy, ([Oh by 1, Vi 1+ [e7 0t ViDBihi ' Adn } (33)
1
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Expressions 28 should be substituted into this formula, and after that one has to
prove that the result coincides with Eq. 32. To this end both equations, Eq. 33
and Eq. 32, will be transformed since Eq. 33 involves residues at all the points
a,, b, and Eq. 32 at one point a,, and it is difficult to compare them. We transform
them using Eq. 20. Let us take the term with d¢ of the right-hand side of Eq. 32:

p.trres,, (z—a,) P 'R[Ogy g ' +1t7 01, U] A dE.
Let k # ko. Then in this formula R can be replaced by the segment of the infinite
series: R(p) = Zp:R,(z —a,,)". We consider this polynomial on the whole complex
plane z. Then 2he above term can be transformed to
—p-trres, (z —a,,) P 'R(p)[0gi-gs * + 110, U] A dE. (34)

The term with dn transforms similarly.
If k = k, then the corresponding term is

prtrres, (2 —a,)™P” 'R(p+m + )[0gi, 9, +t 108, U, - AdE. (35
If, in addition to this, b, = a,, then the formula will contain one more term:
petrres,, (2 —a,,) P R(p +m + 1)[0gi, gk, + 17108 Vig]- A dn.
Now let us transform Eq. 33 taking into account Eq. 28. If k # k, then
[z —a)~""'R],
= res,, (2 — t,) P [(2— @) T 'R] =165, (2 — @) P T RNz — @) "
= —res,, (2 — a,) PRIz —a) Tt = ~[E—a,) P RO,

where the subscript r denotes here the coefficient in the expansion in the powers
of (z— a,) (and not of (z — a,,)). Then Eq. 28 becomes

agx ' = —pz—a) " 'R(p),

where the right-hand side is understood as an expansion in the point a,. Substituting
this into Eq. 33 we obtain a term

—p-trres, [8g,gc ' +¢710t, U J(z — @y, ) "7 'R(p) A dE
which coincides with the expression 34. In the same way we discuss the term with dn.
If k =k, then Eq. 28 yields the term
%o’ =P ZO Rys,41z—a,) =p[R(p+m + 1)z —a,) "7 '],.

Substituting this into Eq. 33 we obtain exactly the term 35. The same occurs with
the term containing dy. []

7. Involutiveness of the Constants of Motion

Proposition 7.1. The Poisson bracket of two first integrals generated by F (Eq. 16)
is zero.
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Proof. For any two vector fields with y =0 we have
{FI’FZ} =w(¢;,¢,)

Ny N2
= tr(Z res, [0§2g; 1, U, JofVgy dE + Y tesy, [BPh 1, Vi 1B by ‘dn)
1 1

N, Ny
=tr{ Y, 2 [@Pgc '), Uy, s, JodVgi 1), de

k=1ry,r2=0

ry,r2=0

N2 myg
+ ; Z [(ﬂ;CZ)hk_l)n’ Vk,n+r1](ﬁ;c”hk_l)r2d”}'

Let vector field £, correspond to a resolvent R in the point a,, and &, to resolvent
R® in a,,. (If a pole a,, is replaced by a pole b, the proof will stay the same.)
It is sufficient to consider the generators RX(z,) and R®(z,) and to prove that
the expression

N, 0

a’(&l, 62) =tr { z z [(zl - ak)_“ - IR(”’ Uk,n +rz](22 - ak)_rz_ lR(Z)dé + .- }
k=1ri,r2=0

(where R = RW(z,), R® = R?)(z,), and dots mean a similar expression with dr)

is an exact differential. Using the formula

+Z= (zy—a) ™" "Nz - a) " =(2,—2y)” Wz —a) 7 = (2 — a)™"h)

we obtain

(z2 — z1)w(&,¢5)
N1 o U U
=t RWM _ —kr __|R@ _ R(l),__ﬂ__:lmz))d 4o
rkzll r;()([ (z4 —ak)'—l] [ E—ay*! ¢

=tr ([RM,U(z))JR® + [R®, U(z,) JRV)E + -+
= tr (RWRP + RPRM)AE + -+ = tr d(RVRP)E + ---

=d(). O
Remarks. 1. Construction of solutions of Eq. 1 is studied in [9]. 2. The idea to
apply the field-theoretical formalism to integrable systems was also used by
Shadwick [10].
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