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Abstract. We study the generalized transfer operator &, f(z) = ). <z n n) X
n=1

f(/(z+ n)) of the Gauss map Tx =(1/x)mod1 on the unit interval. This
operator, which for f =1 is the familiar Perron-Frobenius operator of T, can
be defined for Re 8 > 1 as a nuclear operator either on the Banach space 4 (D)
of holomorphic functions over a certain disc D or on the Hilbert space
H'Ep(H _, ) of functions belonging to some Hardy class of functions over the
half plane H_,,,. The spectra of #; on the two spaces are identical. On the
space H'Qy(H _,;,) &, is isomorphic to an integral operator ", with kernel
the Bessel function &,;- 1(2\/5_1?) and hence to some generalized Hankel
transform. This shows that %, has real spectrum for real §> 3. On the space
A (D) the operator . can be analytically continued to the entire f-plane with
simple poles at f =, =(1 —k)/2,k=0,1,2,... and residue the rank 1 operator
N0 f =1(1/k") f®(0). From this similar analyticity properties for the Fredholm
determinant det (1 — Z;) of £, and hence also for Ruelle’s zeta function follow.

Another application is to the function {,(f)= Y. [n]®, where [n] denotes the
n=1

irrational [n] = (n + (n? + 4)1/2)/2. {,,(B) extends to a meromorphic function in
the S-plane with the only poles at f = + 1 both with residue 1.

1. Generalized Transfer Operators for the Gauss Map

If I =[0, 1] denotes the unit interval in IR the Gauss (or continued fraction-)map
T:[0,1]—[0, 1] is defined as

Tx— I/xmod1l x#0
10 x=0

From ergodic theory for general hyperbolic systems T:M — M it is known [Bo],
[Rul] that systems like the Gauss map allow for a description in terms of symbolic
dynamics n:F*+ - M with an alphabet F and a transition matrix A=(A,,)
o,0'eF, defined through a Markov partition & =(0,),.r. This way T gets
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semi-conjugated to the shift map t:F%+ —» F¥+, (t&);=¢&,,, for £ = ($i)icz,, » On the
one sided subshift of finite type with the above data. For the Gauss map F turns
out to be IN and hence the symbolic dynamics takes place on a one sided subshift
of infinite type. The physical system corresponding to such a subshift is a spin
system on the lattice Z, whose spins take values in IN. Of special interest in the
ergodic theory of hyperbolic systems are the equilibrium states [Bo] which are
T-invariant probability measures defined through the Gibbs-ensembles of the above
mentioned lattice spin systems. These Gibbs-ensembles are determined by some
interaction energy characterizing the spin system [Rul]. A rather special role from
the physical point of view in this approach plays the interaction determined by
the function ¢,(x)= —log|det D, T(x)|, where D,T denotes the derivative of T
along the unstable directions of the hyperbolic system T [Rul], [Bo]. For
1-dimensional systems this is the function ¢,(x) = —log| T"(x)|, which for the Gauss
map reads @,(x) = log x2. Through the symbolic dynamics n: F%+ — I this defines a
function A(£) = @, °n(&) in F+. As shown in [Ma3], the map n:IN*+ - for the
Markov partition & =(I,),p I, =[(1/n+ 1),(1/n)], of the Gauss map T:I -1 is
given by

) =[&o,¢1,---1 il E=(C)iez,s 2

where [n,n,,...,] denotes the number xel whose continued fraction expansion
has entries n;elN, ieZ, . Strictly speaking, the map = is not surjective since n(¢)
is irrational for £eIN%+, This means that we are treating this way the Gauss map T
restricted to the invariant subset I,,, = {x€l:x irrational}. As long however as we
are interested only in measures which are absolutely continuous with respect to
Lebesgue measure the properties of T:I,,,—I;,, and T:I -1 are the same since
I/1,,, is countable and hence has Lebesque measure zero.

A powerful method within the so-called thermodynamic formalism as developed
in [Rul] is the transfer operator method. It is a straightforward generalization
of the transfer matrix technique for lattice spin systems with finite range
interactions [Ma2]: if C(FZ+) denotes the space of continuous observables of the
spin system on Z, and if AeC(F*+) is any such observable, the transfer operator
Z:C(F*+)—> C(F*+) is the following linear bounded operator:

yf(é) = ZF Aa',f:o exp A(65 é)f(d5 é)’ (3)

where (0,&) denotes the configuration &' = (&) with & =0 and &= 6",‘1' If
this ¢ is allowed then A, . =1 otherwise A, . =0. In the special case of
a locally expanding Markov map T:M —» M and the function 4= ¢;°n with
¢, = —log|det T"(x)| the operator &£ obviously induces an operator £ on the space
of observables f of the system T:M — M which has the form
2769 = 3, 1det yox)| Foyo(tro, (x)

and hence coincides with the so-called Perron Frobenius operator [LaM] of T.
For the Gauss map the operator has the form [Mal],

~ ~ & 1 \24/ 1
gf(x)=,.;<x+n) f<x+n> @
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and its spectral properties in the Banach space 4, (D) of functions holomorphic
and continuous over the disc D = {z:|z— 1| <3} have been studied in [Mal],
[MaR1], [MaR2]. The main application of operators of the form (3) originally
was to construct invariant measures for the system T:M — M, a special case
being the Sinai-Bowen—Ruelle [BoR] measure corresponding to the choice
A(&) = @, °n(&) with ¢, as before [Ru2]. For general 4 one gets by this construction
Keane’s g-measures [K]. From equilibrium statistical mechanics of lattice spin
systems one knows that the Gibbs states corresponding to the interaction SA(¢),
considered now as a function of the parameter 8, which corresponds in fact up to
Boltzmann’s constant to inverse temperature, describe the physical properties of
such a system when coupled to an exterior heat bath of fixed temperature. From
this one could expect that also for the dynamical system T:M — M the function
@4(x) = — Blog|det (D, T(x)| respectively the corresponding observable for the spin
system A4(£) = @gon(£) plays a crucial role in the description of the properties of
the system T:M — M. The transfer operator then has the form

Lsf ()= A,z exp Ay0,8)f(0,8). )

aeF

Specialising to the Gauss map and going immediately over to the induced operator

on C(I) we get
© 1 28 1
Lpf¥)= ), < ) f( > (6)

asi\x+n xX+n

where for reasons of simplicity we have omitted the tildes in (4). To our knowledge
the first time where in ergodic theory an operator analogous to £, has been used
to characterize invariants of a dynamical system was in [PaT] for Markov chains.
It was shown that the highest eigenvalue A,(f) of a certain generalized transition
matrix has a convergent power series around f=1 whose coefficients define
invariants of the Markov chain. Instead of the eigenvalue 4, () it is more convenient
to study the quantity P(f)=1logA,(f). For real § the eigenvalue 4,(p) is positive
and P(p) hence well defined. It can be analytically extended around the real axis,
at least for systems where F can be chosen finite: one applies simply the
Ruelle—Perron-Frobenius (RPF) Theorem [W1] to %, which shows that for real
p the leading eigenvalue 4,(f) is positive and simple. For these f-values P(p) is
nothing else than the pressure of the observable f¢ for the system T:M — M, and
hence a convex function in f [Rul]. P(f) can be defined independently of the
operator £, in analogy to equilibrium statistical mechanics through the systems
partition functions Z,(f¢) [Rul]:

P() = lim _ logZ, (o), g

n— o

where

Z(Bo)= 3. exph'y, o(T*x) ®

xeFixTn
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and Fix T" = {xeM:T"x = x}, respectively the variational principle [W2],

P(B) =sup { h(T) + B AI{ w(X)du(X)}, ©

where the supremum is taken over all T invariant probability measures y, and
h,(T) denotes the Kolmogorov—-Sinai entropy of T with respect to u. The measures
maximizing the right-hand side in (9) are just the equilibrium measures p for the
observable fo. For ¢ = ¢, we recover thereby the Sinai-Bowen—Ruelle measure
for the dynamical system T:M — M [BoR] [Ru2].

The results of Parry and Tuncel in [PaT] have been generalized recently by
Rand et al. [Ra], [RaB] who showed how practically all quantities introduced
over the last years to characterize chaotic behaviour of hyperbolic systems like
entropies, dimensions, singularity spectra etc. can be derived from the function
P(B). In complete analogy to equilibrium statistical mechanics where the quantity
P(p) is up to sign and a factor of f§ just the free energy of the spin system attached
to the map T through its symbolic dynamics, the analytic behaviour of P(f) as a
function of f is used to define phase transitions for the dynamical system T:M — M.
It is clear from the RPF-Theorem that for hyperbolic systems with finite F no
such phase transition can occur for real . The situation changes completely if F
is countable infinite, as we will show in the special case of the Gauss map. Similar
results are expected to hold for all hyperbolic systems with a countable infinite
Markov partition. Candidates are the higher dimensional versions of the continued
fraction transformation as for instance the Jacobi—Perron algorithm. Their transfer
operators for =1 have been discussed in [Ma5].

In this paper we restrict the discussion to the ordinary Gauss map in dimension
1. It would be interesting to see how far our results for this case can be extended
to higher dimensions. By applying the same arguments as in [Mal] respectively
[MaR1], [MaR2] one shows for general feC with Re >4 that for a discussion
of the pressure P(f) of the Gauss map one can restrict the generalized transfer
operator £ in (6) to the Banach space 4,,(D) of holomorphic functions over the
domain D defined as for the operator ¥, = % in (4). As for f =1 one has

Proposition 1. The operator £4:A,,(D)— A, (D) with

0 1 28 1
Zpf ) =,.Zl <z T n> f(z + n)

is nuclear of order zero for feC with Re > 3. For real >} &, has a leading
positive eigenvalue A,(f) which is simple such that P(p)=1logA,(p) is the pressure
of the observable @y for the Gauss map. For any melN the following trace formula
holds:

m—1
l‘[ (Tkx)Zﬂ
k=0

el m—1 :
xeFix T’ 1— (_ l)m l_[ (Tkx)Z
k=0

trace £ = (10)
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As a consequence we hence get for the partition functions

n—1

Z,B)= ) exp ) @nTrx):
xeFix Tn k=0

Corollary 1. Z,(f)=trace £" —trace £", where the generalized transfer operators

Z9,5=0,1, are defined as

© . L 1 2(B+s) 1
ZPf@=(=1r ¥ (Z +n> f(z +n>. (11)

Obviously £ = ¥, and £ = — £, with £, as in Proposition 1. Since the
map f— £ o' is holomorphic in § for Re(B + s) > 3 we find that the function

(p=exp 5, 240 LA 12)

which by a standard argument can be written as
det(1 — 2§)
det(1 — 29)

is a meromorphic function in the domain Re f > 1. Thereby one makes use of the
fact that the Fredholm determinant det(1 — £§) is a holomorphic function of
in the domain where £§’ depends holomorphically on f [G]. Obviously, the
function {(p) has poles in the domain Re >} among those § values where £
has 2 =1 among its eigenvalues. This is certainly the case for f =1 where A1=1
is the leading eigenvalue of #‘” and hence is simple. Since in this case £§" is just
the operator — Z), whose leading eigenvalue is strictly smaller than 1 in absolute
value, the Fredholm determinant det(1 — #{V)#0 and hence f=1 is a simple

pole of ().

Problem. What is the residue of {(f) at = 1?

It is one of the aims of this paper to show that the function {(f) in (13) can be
extended to the entire f-plane and defines there a meromorphic function. Before
doing this we want to relate the generalized transfer operators £ in (11) to some
integral operator with a simple kernel acting in some Hilbert space of square
summable functions. The resulting integral transform turns out to be a generalized
Hankel transformation. This extends an analogous result for the case =1
discussed in [MaR1], [MaR2]. Since the arguments for general f,Ref>1 are
slightly more complicated than for f=1 we present them in more detail in the
next section.

{(p= (13)

2. The Operators £ in Generalized Hardy Spaces

Since £’ = — £ | it is enough to discuss the operator £ which for simplicity
we denote again by #;. If fe A,,(D) is an eigenfunction of £(f) then one deduces
recursively from the eigenequation

© /1 \* [ 1
(@)= ;( >f<z +n>=.<fﬂf(z) (14)

zZ+n
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that f can be extended to a function holomorphic in the entire complex z plane
cut along the line (— oo, — 1]. This follows from the contraction properties of the
maps ¥,(z) = 1/(z + n). If we therefore denote by H; the half plane

H;={zeC:Rez >}, (15)

then any eigenfunction f of £ in A (D) is holomorphic in every half plane H_, .,
for any ¢ > 0. It is also evident from Eq. (14) that any such eigenfunction vanishes
for |z]| - oo in these half planes, and hence is also bounded there. From this one
can expect that #; can be defined on some Hardy space of functions holomorphic
in a half plane. We denote by #®(H,) the ordinary Hardy space of functions
holomorphic over the half plane H; [D]:

HD(H;)= {f:f holomorphic in H;, f bounded in

+
H;, foralle>0and [ |f(6+iy)*dy< oo}. (16)
This space is known to be a Hilbert space with scalar product

1 + o i .
(i fo)=5- | f10+iy)f206 +iy)dy. (17)
Furthermore the Paley—Wiener Theorem holds, giving a simple characterization
of the elements of this space [D]:

Theorem 1. A function f belongs to the space #'®(H,;) if and only if there exists a
function pe ¥ ,(ds,IR ) such that

fla)= Oj? dse™ 2 e%¢(s).
0

The function ¢ is unique (in the &, sense) and

1 + oo oo}
1/ 15y =5— § /@ +ipl*dy = g dslo(s)* = llel2,.

From what we have found earlier for the eigenfunctions of £, one could expect
that the Hardy space # ?(H,) for appropriately chosen 6 > — 1 would be a good
space for £ to be defined on. The discussion of the case =1 in [MaR1] shows
however that a slightly modified class of functions is better for simplifying the
operator .Z. Generalizing the procedure in [MaR1] we define for arbitrary real
a1 the space #?)(H;) as follows:

H'D(H;) = {f:f holom. in H;, fes#'®(H;, ) for any ¢ >0 and

O 8

x2%72dx T) dy(|fx+o+iy))P?—|fx+d+i+ipH)< oo}.

-

(18)
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We want to show that s#*)(H,) is a Hilbert space. Since any fe#?)(H;) has the

property that j dy|f(6 + x +iy)|* < o for x >0 we find that for any ¢ >0 and
N < o0,

Jxe 2 | (e 6+ P — 14543+ )P)

N +
X222 Jx j‘ dylf(x+5+ly)'2 j‘x2a—2dx j' dy|f(x+(§+%+iy)]2.

m‘—:z

Changing in the first term of the right-hand side the variable x to x = x’ + 3 gives
—(1/2)+N + o
left-hand side= [ (x'+ %)% 2dx’ j dylf(x' +%+ 6 +iy)|?
—(1/2)+e¢ -
ij“ 2dx j dy|f(x+6+1+iy)%

Introducing next the function ¢y (x) with

0 x<-—%+¢ x>N
0O (x) = (x+3)*2 —ztesx=se (19)
N (x+3*2—x2"2 g<x<—-i1+N ’

—x2*72 —14+N<x<EN

we have shown for any ¢ >0, N < o0

N +
[x272dx | dy(Ifx+ 0+ i) —1f(x+3+3+iy)?)

+ o + o

= | j POy (x)dxdy| f(x + %+ 6 +iy)|%

For fe#?(H,) the limit ¢ —0, N — oo on the left-hand side exists, and hence also
the limit on the right-hand side exists and the two coincide. Since ¢y converges for
¢—0, N — o0 to the positive density @,(x), where

0 x<—1
P (x) =1 (x +3)**7? —35x50, (20)
(x+%)2a—2_x2a—2 0§x

we have shown that for fe#?(H;),

+
x272dx [ dy(f(x+0+y)* = fx+6+3+i))

O 8

- J_To Pa(x)dx tfw dy| f(x + 6+ +iy)> 1)

This shows that #?)(H,) is indeed a Hilbert space.
The Paley—Wiener Theorem for this space takes the following form:

Theorem 2. A function f belongs to the space #'?(H;) if and only if there exists a
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function pe¥,(ds,R ) such that
fle)= jdse‘s’ €252 V2 (1 — e™%) " Y2 p(s). (22)
The function ¢ is unique in the & ,-sense and
1 oy =5z § ¥2dx | Ay +64 P =1+ 6+ 3+ n)P)

I'e—1) =
= fastowr

Proof. The “if”—part of Theorem 2 is easy: assume f can be written as in (22). Since
the function g,(s) = e *s*~*2(1 — ) !/? is bounded on the real line 0 < s < oo for

any ¢ > 0 the function g,(s)¢(s) belongs to .#,(ds, R , ). The Paley—Wiener Theorem
then implies that the function

1@ = | dse™"+94,(5)(s)
0

belongs to #'?(H,,,) for any ¢>0. Furthermore any such f obviously is
holomorphic in H;. Applying next for x > ¢ Plancherel’s Theorem to the function

fx() = f(x + iy) we find
respectively for x >0,
51; iI: Ifx+0+ i)’)lzdy=°£dse‘2”‘s2““(1 —e™*) ols)l*

From this we conclude that for x >0,

1 + . . =] _ _
E_j (If(X+5+ly)I2—If(x+5+%+ly)|2)dy=gdssz“ tem 2 g(s)I%,

and hence
1 © + o0
m (f) X2 dx _I (1fx+0+iy)P—1f(x++3+iy*)dy
I'2a—

— j‘ dssla II(P(S)|2 j’ x2¢ 2 —2sxd ___22a_1__ J‘ dsl(P(S)|2~

To prove the “only if” part of Theorem 2 we proceed as follows: for n >0 we
define for any fes#?)(H;) the function

fo@)=f(n+2). (23)
Then we have

Lemma 1. For any fe#?(H,) and > 0 the function f, is in # 2 (H ;) #P(H,)

and lim f, = f, where convergence is in the space # P (Hj).
n-0
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Proof of Lemma 1. By definition any fe# 2 (H,) belongs to the space #*(H,.,)
for any n>0. By Paley—Wiener this means f(z)= Te‘”e“’*””(p,,(s)ds with
& ,(ds,R ). Hence f,(z)= j'e‘”e“%p,, s)ds belongs t% #'?(H,) and trivially
also to #?(H,,,) for any &> 0 To prove that f,e#?(H,), we have to show

that ||f"||3?‘22)(H6) < 00. But

{2 | dyf+5n+ )P = 11+ 443+ )
= J o2y a4 54 P - 1+ 3+ )P

Since a > 1 and f dy|f(x' +6+iy))?= j | f(x'+ 6+ 1 +iy)|? for x' >0 [D] we
find for any n = 0
”fq ”,)f(z)(HJ) ”f”)f(z)(l-[‘,) (24)

To show finally that f, converges to f in the space #?)(H;) we argue as follows:
since f — f,e# P (H;) we know from relation (21) that

+ o + o
[ @®)dx | dylf(x+0+3+iy)— f(x+d+n+3+iy)|* < co.

Hence there exists for any ¢ >0 a compact set K, such that both f and f, are
holomorphic in K, and

[ @u(0dxdylf(x+5+L+iy)— fx+0+n+1+iy)? <§. 25)

R2\K,
On the other hand there exists # = n(¢) such that

-1
sup|f(z+0+H—fz+n+d+3)I<= (f(pa(xdxdy> , (26)

zeK,

and hence lim || f — f, 1|3 # Py = 0 follows. This concludes the proof of Lemma 1.
n—0
To proceed then with the proof of Theorem 2 we apply again the Paley—Wiener

Theorem, now to the function f, which by Lemma 1 belongs to #®(H ;) for # > 0.
Hence there exists a function ¥, %,(ds,R ;) such that
fi(D)= :f dse ey, (s). @7)
Plancherel’s Theorem then gives for all x =4,
2 1 U+ Py = [ dsem e 1y, )7 8)
Since f,e# P(H,;) we have

+ o0
x2*72dx | (If(x+6+iy)> —|f(x+ 5 +5+iy)|*)dy < 0.

o= 8
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Together with relation (28) this shows that

Ot 8

x**72dx | dse”2%(1 — e ™*)|y,(s)|*ds < oo,
0
and hence by Fubini
[ ds(1 —e?) Y (9)? [ dxx?*"2e™ 2 < 0. (29)
0 0

The x-integration can be performed to give (I"(2x — 1)/22*~1)s~ ¢~ 1 From (29)
therefore we deduce that there must exist a function ¢,e.%,(ds,R ;) such that

Uuls) = @, (s)s*~ 2 (1 —e™*) 712 (30)

From this we conclude that the function f, = f(z +#) for # >0 has the unique
representation

f@)= ij dse™5ePs=12(1 — =)~ 2, (5) 31)
such that
1 rQu—1)=
o Loyl fe+ o+ hr =T D fago,r. @2
T g2 0

Since by Lemma 1 the sequence {f,} is a Cauchy-sequence, it follows from (32)
that also {¢,} is a Cauchy sequence in #,(ds,IR ;). Hence there exists a unique
peZ,(ds,R ) with lim ¢, = ¢ in the &£, sense. Define finally the function

n—-0

fl2)= 0j?dse'“e"’s""”z(l —e )" V2¢p(s), (33)
0

which by the first part of Theorem 1 belongs to H'P(H,). From relation (32)
applied to the function f — f, we get

lim f,= f.

n—0

But by Lemma 1 we also have lim f, = f, and hence
n—-0

f@=T@ = | dse™=es2(1 — &™) M2g()
0

with an unique pe.%,(ds,IR ;). This concludes the proof of Theorem 2.
Equivalent to Theorem 2 is the following

Corollary 2. A function f belongs to the space #'¥(H,) if and only if there exists
¢e¥L,(dm,R ) such that
ds

T (34)

f (Z)=Tdm(s)e"”e“””z"s"’”z(ﬁ(s), where dm(s) =

The function ¢ is unique and

13y = | dm)I Q9P
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Proof. Set ¢(s) = (e — 1)12¢p(s).

In (18) we defined generalized Hardy spaces H(?(H;) for real o> 1. This
definition can be extended to o’s with a >4 as follows: if « > 1 then any function
fin #P(H,) obviously has the property that its derivative f* with f'(z) = (d/dz) f(z)
belongs to the space 52 , (H;). Hence we can define for arbitrary « with1 <a <1,

H'D(H;) = {f:f holom. in H,, lim f(x + iy) =0 and f’e,}fﬁ’l(HJ)}. (35)
Then it is clear that Theorem 2 respectively Corollary 2 hold for general real «
with o > 4.

If one wanted to define the spaces #¥(H;) also for a« <3 the situation gets
more complicated as one can see already from representation (22). For such a-values
the function e 5*~9s*~1/2(1 — ¢7%)71/2 js for x > &, because of the singularity in
s =0, not any more bounded, even not ., on [0, c0). Hence such a representation
can be interpreted in the whole half plane H; only in the sense of distributions.
Since for our present discussion we do not need values « <1, we do not enter this
problem here. The following result shows how the above spaces #?(H,) are
related to the generalized transfer operators % of the Gauss map:

Theorem 3. If Lp:#@y(H_,,,)— HZs(H_,,,) denotes the operator
B Repl -1y [ /

s’ﬂf(z>=§< : )Zﬂf<

> and A 5% ,(dm R, )—> Z,(dmR )

n=1\Z+n z+n

denotes the integral operator A ﬁ(p(s)=ofdm(t)8-2ﬂ_ 1(2\/§)¢(t) with dm(t) =
0

dt/(e' — 1), then the two operators are isomorphic for all BeC with Re >4, They
are both of trace class.

Hence we have also

Corollary 3. The operators £, and A gz have the same spectrum, that means all
eigenvalues are identical and have the same multiplicity. For real B they are real.

Proof of Theorem 3. For fixed = f, +if, by Corollary 2 any element f of the
space #)(H_,,,) has an essentially unique representation as

F@)= | dm(s)e™5s*~12(s) (36)

with ¢eZ,(dm,R ) and dm(s) = ds/(e’ — 1). There we have taken out a factor s*2
from the function ¢ of that Corollary. Applying the operator £, to such a f we find

2,0)= 3% (

n=1 Z+n

28
) { dm(s)s? =112 p(s)e ==+, (37)
0

Absolute convergence of both the sum and the integral allows us to interchange
summation and integration in (37) to get

L3f@)= ] dm9 12006 3 (

1\
s n> e—s/(z+n). (38)
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The sum under the integral can be rewritten by using the Hurwitz zeta function

Us,2)= z(lf (39)

zZ+n

as follows:

i ( )M st = (——s—)kC(k+2/3,z+ 1). (40)
=1 \z+n K=o k!
For Res> 1 on the other hand the function {(s, z) has the integral representation
[GR]
1 w@p—lg=G—1x
I'(s) g e—1
so that the right-hand side in (40) can be written as
i —s) 1
¥=o k! I'k+2B) o
or, after performing the k summation [GR]:
ST Gk MY Y CNAD) @)
K=o k! I'(k + 2p) (¢rs)p=12 >

where §, denotes the Bessel function of order f, we find

{(s,2)= dt, 41)

right-hand side of (40) j tt 2812 gm (1),

right-hand side of (40) = s'/27# Z P12 (24/5). 43)
Inserting this into relation (38) we therefore get
L3f(2)= I dm(s)p(s) z dm(DP= e~ G, (24/50).
Interchanging once more the order of integration we finally arrive at
ZLyf(2)= :I:dM(t)t” T12eTHA y @), (44)
where A 5: L ,(dm,R ) — &£,(dm,R ) is the integral operator
(A p0) (1) = I dm(s)F 5 1(2/51)9 () (45)

If we therefore define for f=p, +ip,, f, >+ a linear map j;:&,(dm R, )—
Reﬁ(H—l/Z) by

Bi-12 «
jﬂ(¢)(2)=w (j) dm(t)e™*tP~112¢(t), (46)

then by Corollary 2 j,; is an isomorphism of the spaces #,(dm,R.) and
H'P(H_,),). Relation (44) furthermore shows that

gﬁojﬁ=]ﬂofﬁ5 (47)
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and hence #; and ' are isomorphic. The proof of Corollary 3 is clear.
Obviously, the integral operator & in & ,(dm;R ;) is trace class for Re f >3
and its trace is given by the well known formula

trace A, = I dm(s) A 5(5,5) = I dm(S)F15- 1 (25). 48)

By Theorem 2 respectively Corollary 2 the operator £, in the Hilbert space
H'P(H _y,,) is trace class too with trace &, = trace # 5. In an appendix we will
use the integral operator 4 to give a new derivation for the K-S entropy of the
Gauss map from standard perturbation theory of a symmetric operator.

3. Trace Formulas, Fredholm Determinants and Zeta Functions

To calculate the trace of the operator )", respectively £ from expression (48) we
apply the formula [GR],

e " Frpo1(25)ds =27 @B D £ )7V [(n2 + 42— (49)

Oty 8

Since the solution x, of the quadratic equation x? 4+ nx — 1 = 0 with x, > 0 is given
by x, = — n/2 + (n® + 4)'/2/2, and hence its inverse x,, ! by x; ! = n/2 + (n*-+4)*/2/2,
which implies

X, + x; L= (n?+4)'2,
the right-hand side of (49) can be written as

right-hand side of (49) = %. (50)
Summing over n then gives
© 528
trace A 5 = ”; ﬁ (51)

If we compare this result with the trace of the operator £;:4,,(D)— A, (D) in (10)
we find

trace A", = trace £y =trace Lyl 4 p) (52)

H5ls
This is a special case of the following general result:

Theorem 4. The nuclear operators £:A,,(D)— A,(D) and Ly HQp(H_,,5)—
HEp(H_,,,) have the same eigenvalues, multiplicities included.

Since the proof proceeds more or less along the same chain of arguments as for
the case f =1 in [MaR2] we can be rather brief. The main problem for general
B =B, +iB,, By >} is to show that every eigenfunction fe A, (D) of £, belongs
to the space #P(H_,,,). To see this consider first the case f; 2 1. If Af(z) =

Y. (1/z +n))*f(1/(z + n)), we know that f is holomorphic in every half plane
n=1
H_, ,;for6>0.ForzeH_, , ;and |z| large enough we certainly have | f(1/(z +n))| <M
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uniformly in n and |z| > R, say. From the eigenvalue equation one then deduces
C
| f@)]~ PR (53)
for z— oo and zeH_,, ;6 >0, where C =|f(0)/4|. Therefore
+ oo
J dylfx+iy)l? < oo

forall x> —1+6,5>0 and all B, >2, and hence fes#PH_, ;) for all 6> 0.
We have still to show that

1 © + © . .
11 V0= 57 | X7 72dx [ dy(f Gt iy = DI = 1S+ i)l?) < oo

From the asymptotic behaviour (53) it follows that in the half plane H, one has

4

C
fz=DP - If(Z)iI pMFCO S (54)

Using polar coordinates z =re*’,n/2 < ¢ <n/2 in H, the norm of an eigen-
function f in 4 (D) can be written as

1 «© _ /2 _ X ;
1A%, =2—§ r?=tdr [ do(cos )12 (| f(re™ —3)I* — | f(xe™) ).

! T o —n/2
Convergence properties of the integral on the right-hand side of this expression
are because of (54) the same as those of the integral

© ©
I po @B 12801 g j 2B gy
R R

which certainly exists for f, = 1.

This shows that any eigenfunction fe A, (D) of the operator £, belongs to the
space H'P(H_,,) for all BeC with B, = Re f = 1. To extend this result to f’s with
B. > 1 we have to show that for such B values any eigenfunction f€A4 (D) has the
property that f’ belongs to s, ,(H_,,), since obviously lim f(x + iy)=0 and

feA DH_,, ;) for all § >0. From the equation ¥ oo
@ 1 28+1 1 © 1 2p+2 1
)= —26 n; (z + n) f(?ﬁ) B ..;1 <z + n> fl(z + n>’
one deduces
C
Lf (Z)l oz |2,;, zeH_y 45, (55)

and hence e #P(H_, ;) for all 6 >0.
On the other hand we find for the #{), ,(H_,,,)-norm of f":

, 1 © _ + o , ,
11 W =5 [ X002 | (£ = HP =17 @)
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An argument analougoous to the case ff; =1 then sgows that ||/ ff},zl)ﬂ(,,_m) is
finite if and only if | r*#'**(1/r*¥+*1)dr exists. But | dr/r?’* obviously exists for
R

R
B, > 1. This concludes our remarks to the proof of Theorem 4.
An immediate consequence of Theorem 4 is

Corollary 4. For any nelN the following fermula holds:

:fdm(s,,)m °f () Fap-1(27/5352) Fap—12/Sre 150 Fap— 1 @/5051)
o0 H lk ceipiy:
= X - . (56)

n
i1, e =1
Tl (=1 n Xise- iy -
where x;,...;

., denotes the irrational number whose continued fraction expansion is
periodic of period n and whose entries are the integers iy,...,i,.

Since £§) = — P!, the results for £, =2 can be applied also to the
operator &: this operator is isomorphic to the mtegral operator —% ;. ; and
a formula analogous us (56) holds. A consequence of this is

Corollary 5.
D | E
=}:dm(sn)...Zfdm(sl)[("yzﬁ_1(2\/51_32)...8”_1(2\/3;; .
&ap+ 1(2@)"'8‘2“ 1(2\/;':;7)]

= trace A" — trace (— A p,,)" = trace L¥" — trace LG". (57

By Corollary 5 the calculation of the infinite sum on the left-hand side has been
transformed to an n-dimensional integral. Resulting advantages for the numerical
determination of these quantities have been discussed for =1 in [MaR1]. They
apply for general f with Re > 4.

In the first chapter we had introduced a zeta function {(f) which by (13) could
be expressed as the quotient of the Fredholm determinants det (1 — £§), s=0,1.
From Grothendieck’s theory of such determinants we concluded that {(B) is
meromorphic in the half plane Re >4 with a simple pole at f=1. We want to
extend this result now. For this we consider the operators £ again as acting in
the Banach space A (D). It is enough to treat the case £’ = 5,” s- For this operator
we can prove

Theorem 5. The map p— & 5 extends to a meromorphic function with values nuclear
operators of order zero in the entire complex [ plane. Its poles, located at f§ = (1-k)/2,
k=0,1,...,are all simple with residue the rank 1 operator N f(z) = (f*(0))/2k!.

Proof. Any feA(D) has a power series expansion around the point z =0 which
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is uniformly convergent for |z| < 1. Hence for |z| £ the function
5 1¥0)
fud=1@0— ¥ 122,
k=0 k
which obviously is in 4,(D), fulfills the bound
[fx@I=ClzIN" 1 (58)
Furthermore the map #y:A4 (D) — A (D), defined as
Pnf = I (59
is bounded. For B with Re §> 1 we can write Z,f also as
Lof =Lo(f—fn)+ ZLpfn- (60)

The first term on the right-hand side of (60) can be calculated explicitly for Re f > 1:

N Q) o FH(0) @ 1 \2$/ 1 \
55’”(};0 k! Zk>_;;0 k! ,,Zl<z+n> <z+n>'

But the right-hand side is simply
8 190)
,;0 k!

where {(s,z) denotes the zeta function of Hurwitz as defined for Res > 1 in (39).
Denote by A"§:A4 (D) — A (D) the linear bounded rank 1 operator

A
k!

{k+2B,z+1),

NP f(2)= {k+2B,z+1). (61)

Then we can write the operator £, for Re f > 5 as
N
k=0
where the projector 2y of A (D) onto the subspace AY(D) of functions in 4 (D)
vanishing in z = 0 at least to order N + 1 has been defined in (59).

Let us consider first the map f— 4P with A" the rank 1 operator in (61).
By Hermite’s representation of the Hurwitz zeta function [E]

Ji-s 0osin[stan"(é)] it
' (63)

1
C(S, Z) =5+ 1 +2 g (22 + t2)s/2 e _1°

2z s—

valid for Re z > 0, the function {(k + 28,z + 1) is meromorphic in the entire S-plane
with only one simple pole with residue 4 at f = (1 — k)/2 and is for fixed B # (1 — k)/2
a holomorphic function in z for Rez > — 1. Hence the map f— A#"{ is a rank 1
operator-valued meromorphic function in the entire complex f plane with a simple
pole at B = (1 —k)/2 and residue the rank 1 operator /" ®:4_(D)— A (D) with

_1*®0) "

/V(k) f(Z) T .




Thermodynamic Formalism for Gauss Map 327
This follows from [E]

. 1
ﬂ—*(lirzlk)/Z (C(k +2B,z4+1)— m) =—yY(z+1), (65)

where Y(z) = (d/dz)log I'(z) and I" is Eulers function. Obviously, the operators A4®
N

are nilpotent for k=1. This shows that also the map f— ) 4§ can be
k=0

meromorphically extended to the entire complex f-plane with simple poles at the
points B = (1 —k)/2, 0 <k < N and corresponding residues 4"®.

Let us next discuss the operator #z°2y. Since by (58) for any feA(D) the
function (2 f)(z) = fx(2) fulfills |37’Nf(z)] < C-|z|¥*! for all |z] £1 we see that in
the representation

seor=3 (L) A(L) »

the sum converges uniformly and absolutely in D for all feCwith2Re f+ N+ 1> 1,
that means Re §> — (N/2). This shows, that the operator & ;:AY(D)— A (D) is
nuclear of order zero for all § with Re > — (N/2). Since 2y:A4(D)— AY(D) is
bounded the operator £ o2y is also nuclear of order zero for Re > —(N/2).

Obviously, also the finite-rank operator Z AP is nuclear of order zero away

from the points f=(1—k)/2, k=0,. N All this being true for general N the
proof of Theorem 5 is finished.
Interesting by itself as we see later is the following

Corollary 6. The function g(f) = trace £, extends to a meromorphic function in the
entire B plane with only one simple pole at the point B =34 with residue }.

Proof. By (62) we have for Re f > —(N/2), B #(1 —k)/2
N
trace & = Z trace /Y + trace £ g0 Py.

But the trace of the rank 1 operator A4 is given by

trace /P = Fd_"azﬂ +k,z+1)|,=0. (67
Using next the formulas
d
—C(S’ Z) = - SC(S + 1, Z) (68)
dz
respectively
® 1
s, )=Crs)= ), —, (69)
n=1MN

we find for k> 1,

trace N = 0 41028 + 2~ 128 + 20, (70)
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respectively
trace /Y = (x(2P). (71)

Since Riemann’s zeta function {g(s) in (69) can be extended to the entire s-plane
with a single simple pole with residue 1 at s =1 we conclude that trace A4 for
k=1 is holomorphic in the entire f- plane and trace #'Y’ is meromorphic in f
with a simple pole at f =% with residue 3. Since on the other hand Zy°2Py is
nuclear of order zero and holomorphlc in ﬁ for Re > —(N/2) we find that the
function g(p) is meormorphic in this region with a simple pole at 8 = 3 and residue
1. Since N was completely arbitrary the proof of Corollary 6 is finished. Another
consequence of Theorem 5 is

Corollary 7. The Fredholm determinant det(1 — %) extends to a meromorphic
function in the B-plane whose only poles are at the points B, = (1 —k)/2,k=0,1,2,...
which furthermore are simple.

This follows from the formula [G]
det(1—Zp =3 (—1)trace A, Ly, (72)
r=0

where A, £, denotes the r-fold exterior product of the linear operator Z; in the
space A.(D) together with the representation ;= Z NP+ LpoPy in (62),

where A"} is an operator of rank 1 which as a functlon of p behaves for f— f, =
(1 —k)/2 as ' P)B — B,) with A&® defined in (64).

Remark. In the “basis” of A, (D) spanned by the functions f, with f,(z)=
{2B+k,z+1), k=0,1,2,... the operator £, can be represented for Re >1by
a matrix M=M, ,(f), k,/ =0,1,2,... with

(—1FTQ2B+¢+k)
M, ()= W T@E+7)

From this one concludes that all matrix elements IM, ,(B) with k = 1 can be analytic-
ally continued to the entire f-plane whereas the elements M, ,(8) = {z(2f + £) are
meromorphic in the f-plane with simple poles at the points f = f, = (1 — /2. This
gives a formal proof of our results for the operator &;.

Corollary 7 now implies

(r(2B+ 1+ k).

,.(ﬁ)

Theorem 6. The function {(f)=exp Z withZ,()= 3. ]_[ (T*x)?* extends

xeFixTr k=
for the Gauss map as a meromorphzc functwn to the entire f plane. { has trivial
zeros at =0 and B =3. Its nontrivial zeros are at =, such that — 4,41 has
eigenvalue 1 = 1, its nontrivial poles are at p = p, such that ¥4 has A=1 as an
eigenvalue. There are no poles besides B =1 on the real axis p = 1 and no zeros for
B=0.

Proof. Apply Corollary 7 to formula (13).

Remark. We expect besides f =1 no pole on the entire real axis.
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Another trivial application of the above results concerns analyticity properties of
the following function {,,:

CulB)= 3 . (74

where x, denotes the irrational number which has periodic continued fraction
expansion of period 1 with entry n as defined after relation (49). It is clear that
asymptotically for large n x, behaves like n™!, and hence {,,(8) should be somehow
related to Riemann’s zeta function (g(8)= Y. n~%. Corollary 6 implies

n=0

Proposition 2. The function {,(f) extends as a meromorphic function to the entire
p-plane with the only poles at the points f = + 1 with residue 1.

Proof. Since by Corollary 1,
{u(2B)=Z,(B)=trace £ —trace L4 =trace &+ trace Ly, ,,

we get from Corollary 6 that {,,(2f) extends to a meromorphic function in the
entire complex B-plane with simple poles at the points § = +3 and residue 3. From
this Proposition 2 follows.

We have seen that formally the operator #; can be represented by the matrix
M with

—1)*IrRB+7¢+k)
k! T'(2B+7)

M, ,(f) =" (R2B+ £+,

By using this matrix the trace of £, can be expressed as

© (—1)I(2B + 2k)
t K= —
race s =) Tk TRE+K
This series is not absolutely convergent so that one has to be rather careful to
calculate its values.

Since the function {,,(f) in (74) can be expressed as

Cr(2B + 2K). (75)

{m(2B) = trace L + trace Ly, 1,

we find after a simple calculation using representation (75)

x (=1 I'(B+2k)

SulB) = B,;o k! T(B+k+1)

This representation can be used indeed to rederive the analyticity properties of
the function {,,. We are going to show namely that

Cu(B) = (r(B) — BLR(B+2) + ¥(B), (77)

where ¥(p) is holomorphic in the entire f-plane. Corollary 5 shows that for
n=1and Ref>1,

Cr(B + 2K). (76)

oo

d
CulB) = [ 57 L8p-1(29) + By (29 (78)
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Using the functional equation for Bessel functions [GR],
2v
%v+ l(z) + 30— I(Z) = 7 30(2),

this simplifies to
® ds 3ﬂ(2s)

CulB) =B [ =5 (19
If we introduce the finite power series 8‘”’(25)
P )k 2k
N)(9¢) — S
By (25) =5 Z kvr(k+ﬂ+1 (80)
we get for Re > 1 the following representation for {,,:
© ds FM(2s) ds (2s) — FM(2s
=g 2 BB T 8 S-SR @
The first integral in (81) can be performed explicitly to give
® ds 8‘”’(2s) —1)* (B + 2k)
2k
= (r(B) — BLr(B+2) + P™(B). (82)

The function ¥™(B) is obviously holomorphic in the entire -plane for all N = 2.
The second integral in (81) defines a function @™(B) which is holomorphic in
for all § with Re f> —(2N + 1) since

Fp(25) — FV(2s) ~ $PT2NHD), (83)
s—0
This shows that the function {,, can indeed be represented as
{n(B) = Cr(B) — BLr(B +2) + ¥(B), 34
where
¥(B)=¥NM(B) + N(B) (85)

is independent of N for N = 2 and hence holomorphic in the entire f-plane.

Since the function {,, is defined by the numbers [n] which have nice arithmetic
properties like periodic continued fractions, one could wonder if {,; does not fulfill
some sort of functional equation. Unfortunately we cannot say much to this
problem at present.

Let us add some remarks concerning the transfer operator .#; and its Fredholm
determinant det(1 —.%4). Quite recently M. Pollicott gave a new approach to
Selberg’s theory of compact surfaces of constant negative curvature through the
transfer operator method [P]. He applied this method to the Bowen—Series maps,
analytic expanding Markov maps of the boundary of the unit disk, which have
been used by these authors to construct symbolic dynamics for the geodesic flow
on these surfaces [BoS]. It turns out that there exists a close connection between
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the Fredholm determinant of the transfer operator for these boundary maps and
the Selberg zeta function for the flow on the surface. Its poles are known to
determine the spectrum of the Laplacian on that surface and this means that also
the transfer operator for the corresponding Bowen—Series map determines this
spectrum. The operator however is completely determined by the classical geodesic
flow on the surface.

From this one should expect that very similar things are true for the modular
surface: the Bowen—Series map in this case is just the Gauss map T in (1) whose
transfer operator we have studied in this paper. One could therefore hope that
there is also a close relation of the function {(f) in Theorem 6 and the Selberg
zeta function for the geodesic flow on the modular surface. Indeed, the pole =1
of {(B) corresponds, when translating Pollicott’s formulas to the present case, just
to the lowest lying eigenvalue 4 =0 of — A for the modular surface with f = const.
as eigenfunction.

Let us finally come back to our discussion of phase transitions in hyperbolic
dynamical systems in Sect. 1. There we argued that hyperbolic dynamical systems
with a finite Markov partition cannot have such a phase transition, that is a
singularity in the function P(B) for real . For the Gauss map, whose minimal
Markov partition is infinite, this is not true. From what we have found for the
transfer operator %, it follows that P(f) has a logarithmic singularity at =13,
and henceforth T has a phase transition for “finite” temperature. This follows from
the behaviour of £, for f— B, =3 determined by relations (64) and (65):

lim (6 — fo) Ly = . )

B~ Bo
This shows that for real § the leading eigenvalue 4,(f) behaves for f— g, like
1 1
B—Bo 2t

where 3 is the eigenvalue of the operator 47, All the other eigenvalues 1,(B) have
a finite value for = B, =1. This is just what one expected from Corollary 6.

A1(B) ~

Appendix. The K-S Entropy of T Through the Thermodynamic Formalism

From the variational principle (9) together with Pesin’s identity
1
hy s(T) = gdﬂc(X)IOng'(X)l, (A1)

where dug =(1/log2)— T 1)dx denotes normalized Gauss measure for T, one
derives the formula [Ra], [RaB]:

hy o(T) = P(ﬁ)lﬂ - (A2)

~dp

Since P(B)=1ogA{(B) with A,(B) the leading eigenvalue of the transfer operator
& in Proposition 1 we find

hK—S(T) = - '1,1([3)|ﬂ= 1 (A3)
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because 4,(1) = 1. Since for real §>1 the eigenvalue A,(p) is simple it is analytic
in # in a neighbourhood of =1, and hence

A(B)=1+(B—=DA(1)+ - (A3)

is a convergent power series for | — 1| small enough. Since o(¥;) = a(A ) with
A g the integral operator in Theorem 3, standard perturbation theory applied to
the selfadjoint operator J";, f real, gives

A1) = (91, H194), (A4)
where 7| is defined through the power series expansion of the operator ", as
Hpg=H 1 +(B-DA 1+, (A5)

¢, is the normalized eigenfunction of ", with eigenvalue A,(1) and (,) denotes
the usual scalar product in the Hilbert space #,(dm,R ). The eigenfunction ¢,
is known explicitly [MaR1]:

1
s) =
(pl( ) \/@
The operator 2™ on the other hand is defined through the kernel
d
K50 =2 B2 /501 (A7)

This kernel can be written as [AS]

© (m+2)
Kll(s, t)= l: (2\/_)logf ; M\/__zm-'.lm:fm‘i' 1)']

Using this representation one finds
1 & (=1
Z k+ 1!
/log?2 ¥=o (k + 1)!
Inserting this into formula (A4) leads to
2 © ( _ 1)k+ 1
log2iso k+1
Since Y(k +2) =k + 1) + 1/(k + 1) we get

sT2(1 —e79). (A6)

st 12 (logs + Yk + 1) — 29 (k +2)).

H'1p4(s)=

()= Wk +2)—y(k+ 1)) (A9)

2 & (—1)" n?
(1) = -
A log2 « ; ~ 6log2’ (A10)
and therefore finally
2
hes(T)= 105 (AL1)

Obviously, this result can be derived directly from Pesin’s identity (Al). The
approach presented above however is more general in that it allows to determine
also the higher derivatives of P(ff) at f =1 which themselves are again interesting
invariants of the system T:1— 1.
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