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Abstract. We study the largest Liapunov exponent for products of random
matrices. The two classes of matrices considered are discrete, d-dimensional
Laplacians, with random entries, and symplectic matrices that arise in the
study of d-dimensional lattices of coupled, nonlinear oscillators. We derive
bounds on this exponent for all dimensions, d, and we show that if d > 3, and the
randomness is not too strong, one can obtain an explicit formula for the largest
exponent in the thermodynamic limit. Our method is based on an equivalence
between this problem and the problem of directed polymers in a random
environment.

1. Introduction

Consider a classical Hamiltonian system of mass points, arranged on a
d-dimensional lattice and connected by (non-linear) springs along the lattice edges.
At high energies per site, the time evolution of this system may be quite chaotic and
we want to measure the chaoticity in terms of Liapunov exponents. In the case of a
one dimensional lattice (i.e., a chain of oscillators) extensive numerical results
[5, 8] suggest that the Liapunov exponents approach some sort of thermodynamic
limit as the number of oscillators approaches infinity. In earlier work [ 3] we have
argued heuristically that the Liapunov exponents for such a system could be well
approximated by the Liapunov exponents of a product of random, symplectic
matrices.

In the present paper we analyze rigorously the largest Liapunov exponent of a
product of such matrices. We describe the exact form of those matrices below, but
first we summarize our results. We first derive an upper bound for the largest
Liapunov exponent of such systems, valid in all dimensions, d, and for any number
of oscillators. We then show that for dimension d = 3, and when the randomness is
not too strong this upper bound gives the exact value of the Liapunov exponent in
the thermodynamic limit. The proof consists basically of two steps. We begin by
showing that one can rewrite the expression for the Liapunov exponent as a
random walk in a random environment. The second step uses recent ideas of
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Imbrie and Spencer [4] to derive the desired bounds from this random walk
representation.

We now describe in greater detail the class of random matrices we consider. We
denote by i the d-dimensional vector

i=(iy,...,0y).
We fix a rank M, and define
ILy={i:isi,=M,k=1,....d}.

In general, we shall consider periodic boundary conditions, and thus we define
d
fiil= 3 distij.

where the distance is measured mod M ', For future use we define B, as the set of
non-directed bonds

By ={b=(iJ):Ljely,li—jl=1}.
Now suppose we have a system of coupled oscillators whose Hamiltonian is of
the form
p?
HAPp.a)= Y -+ Y Via—q). (1.1)

icTy 2 i,jeln

li—jl=1
If at some instant of time, say t,, the momentum and position of the system are
(p(0), g(0)) then for a sufficiently small interval of time 7, we can approximate the
trajectories of the system (1.1) by expanding the Hamiltonian in a Taylor series
about (p(0), ¢(0)) and retaining only terms of second order or less. The resulting
linearized equations of motion may be solved exactly, and the tangent matrix to

this linearized flow 1is
wpfe( 8, 7O

with ¥~ the M x M“ matrix given by
7 (q(O),;= b:; . V"(g(0);—q(0)), if i=j,

(g5 = — V"(q(0)— q(0);), if fi—jl=1,

and all other elements are 0.

Note that the indices of ¥~ are d dimensional vectors. Here, and whenever we
encounter such matrices in what follows, we define the product of two such
matrices, ¥~ and 7 to be

(1.2)

(Vﬁ)i,j = % Vl:,k“/7k,j :

! We shall only need the notions of small distances, to describe nearest neighbors and similar
things. Therefore we prefer the (incorrect but more readable) notation |i—j| instead of dist(i, j)
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In [3] we argued that at sufficiently high energies one could choose the time
interval t such that one could simultaneously insure that the linearized approxi-
mation was valid and that at successive times t, and t,, + 7, the elements of ¥"(¢(t,))
and 77(q(t,+ 1)) would be uncorrelated with respect to one another due to the
chaotic nature of the trajectories of the system. Thus, we concluded that the
Liapunov exponents of the system (1.1) could be approximated by those of the
product of random, symplectic, matrices

S=exp{r<_01 ﬁ)} (1.3)

The matrix Q in this equation is defined by assigning to every bond b in B, (see
above, for the definition of B,;) a random variable, w,. These random variables are
assumed to be independent and identically distributed. Note that one should think
of w, ; as representing 7 ; in the above tangent matrices. Then a M? x M? matrix
Q(w) is given by

Q= 3 oy, if i=j, (1.4)
b=0,k)
and
Q= —wgy, if Ji—jl=1, (1.5)

all other elements being 0.
In the present paper we will study rigorously the Liapunov exponents of
products of random, symplectic, matrices of the form

1 Q
x= (1 1+9>’ (1.6

with Q as above. One can think of such matrices as an approximation to the =1
case of the matrices (1.3), and although t=1 is far outside the region of
applicability of the theory described above, previous numerical work [5, 8] (again
limited to d=1) has shown that the Liapunov exponents of matrices like (1.6)
behave in a fashion very similar to those of Hamiltonian systems of the type (1.1).

We now give a concise statement of our principal results. Let ... denote the
average of the enclosed quantity with respect to the distribution of the random
variables w. Let fi be the largest eigenvalue of the averaged matrix (X). (Note that
this eigenvalue is independent of M — see Sect. 4.) We will assume that the random
variables w have a distribution with strictly positive support, together with some
integrability assumptions detailed in the next section. Finally, let 1,, be the largest
Liapunov exponent of the product of matrices of the form X.

Theorem 1.1. For all dimensions d, and all M one has
iy Slogit.
If d=3, and the variance of the random variables w is sufficiently small, we have

lim A,,=logj.

M-
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Note that logj is the largest Liapunov exponent of the product of constant
matrices (2, so we will sometimes refer to the second conclusion of Theorem 1.1
as the “self-averaging” of Liapunov exponents. For reasons discussed in Sect. 3 it is
also related to the equality of the “annealed” and “quenched” averages in spin glass
theory.

The only previous work with which we are familiar, that allows one to compute
the largest Liapunov exponent for products of random matrices is that of Cohen
and Newman [2] and Newman [ 6, 7]. That theory requires that the distribution of
the random matrices, S, be such that S”S is rotationally invariant, and that the
density of states of these matrices converges to a non-random function in the
thermodynamic limit. Such a condition holds, for instance, for the well known
“Gaussian orthogonal ensemble” whose density of states satisfies “Wigner’s circle
law” in the thermodynamic limit. In [6] a formula is given which expresses the
largest Liapunov exponent as one half the logarithm of the second moment of the
limiting density of states. One can write down an integral equation for the density
of states of the matrices 2 in (1.6) using the methods in [3]. While it is not possible
to solve that equation exactly, one can determine the support of the density of
states, and one finds that the eigenvalue ji, appearing in Theorem 1.1 is precisely
the upper bound of the support of the density of states, rather than the square root
of its second moment. Thus we are evidently in a rather different situation than
that studied by Cohen and Newman.

We conclude this introduction by reviewing the organization of the remainder
of this paper. We begin in Sect. 2, by discussing a slightly simpler situation —
namely, the Liapunov exponents of products of the random matrices Q introduced
above. Note that in the absence of randomness, the matrices 2 would just be the
d-dimensional lattice Laplacian, so we refer to Q2 as a “random Laplacian.” We
introduce the random walk representation for the Liapunov exponents in this
section because this allows us to introduce the principal ideas of our method in a
notationally simpler context. Section 3 shows how one can bound the random
walk representation for the random Laplacians, while Sect. 4 treafs the additional
complications encountered in the symplectic case. In Sect. 5 we give some
generalizations of classical results on random walks, found for instance in [10],
and finally in Sect. 6, we present numerical evidence which strongly indicates that
in d=1, the self averaging property discussed above does not hold.

2. Liapunov Exponents for Random Laplacians

2.1. Liapunov Exponents

We are interested in computing the largest Liapunov exponent of a product of the
random Laplacians @ introduced above:

Jy= lim %log 19 (w)e] . (2.1)

t— o
Here,
Q@)= Q" QA" ~?)...Q),

is the t-fold product of random matrices and e is a nonzero vector.
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If we average Q — i.e., compute the matrix (Q) (throughout this paper, {-)»
denotes expectation with respect to the w’s) — then (Q) is proportional to the
d-dimensional lattice Laplacian, D, with periodic boundary conditions.

If one has a constant matrix whose largest eigenvalue is real and positive, then
the largest Liapunov exponent of the product of such matrices is just the logarithm
of this eigenvalue. Thus, if we compute

Ty = lim L log|<QY el (2.2)

- [

this is just the logarithm of the largest eigenvalue of D. This eigenvalue is equal to
4d (independent of M) so that 7,, =log(4d). In Sect. 3 we will prove upper and lower
bounds relating 4, to 1.

It is clear that the Liapunov exponent is independent of the choice of any
(equivalent) norm on R™“. The norm most convenient for our purposes is the L'
norm. Throughout this paper we will take

lol = ¥ o

2.2. Existence of the Liapunov Exponents

We will assume throughout that the random variables w{’ have a density, g, with

(H.1) suppo (0, o),

(H.2) logw e L} o(w)dw),

(H.3) w?e LY{o(w)dw).
Definition. If a random variable o satisfies H.1-H.3 above we shall say that
we(l’nI?),.

Lemma 2.1 If the P are in (I°), then the Liapunov exponents of the product (2.1)
exist. They are almost surely independent of w, and the largest Liapunov exponent
A IS given by

/‘»M=< lim ! log HQ‘(c_o)eH> — lim | Clog | 2@)el> (2.3)

-0 L t-w L
Proof. By [9], a sufficient condition for the conclusions of the lemma to hold is
log™ | Q@)|> <o, (2.4)
where log ™ (x)=max(0, log(x)). We now show that (2.4) holds for our matrices €.

Since we are working with L' norms, and the w, are all positive, we have

[{Q{lgmax Y |Q“(a))|§ Y |Qij(0))[§4d Y, @y,

Ll
i ielnpr i,jeln beBnr

where we have used the special form of Q. We next note that

log™ | Q)| <log* <4d ) Y wb> <log"* (4dM" max wb>

eBar beBar

<log® (max cob> +log(4dM?).

beBns
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S
Here we first used card(B,)=M" Then we used that for x;>0, log” <Z X j>
<log <s max xj>. But i=1
j

<10g+ (max a)b>> < bEZBM Uog™(wy)y <0,

beBar
because we(L°),. Therefore (2.4) follows.

Remark. The results of [9] further imply that the limit in (2.3) is almost surely
independent of the vector e. In fact, it does not depend on e if e lies outside of a
given hyperplane.

2.3. An Equivalent Problem

Note that if the random variables w{? are identically distributed with non-zero
mean, then multiplying each w{ a constant factor, ¢ just multiplies Q(w) by ¢’, and
hence changes 4,, by an additive constant log|c|. Since we will assume that the
random variables have non-zero mean, the above remark implies that we may
assume this mean to be 1, without loss of generality. We will do so from now on.

We next remark that we can replace the matrix Q(w) by one in which the off
diagonal elements are positive, without changing the largest Liapunov exponent.

Lemma 2.2. Let Q(w) be a family of random matrices as defined in Egs. (1.4), (1.5 ),
and assume that all o® have the same sign. If M is even, then the largest Liapunov
exponent of Qw) coincides with the largest Liapunov exponent of I'(w), where

Q.. if i=j,
F L= 4
(@) ; —Qy:, otherwise.

Proof. This is similar to the relation between ferromagnets and antiferromagnets.
Choose an initial vector e with the property that

& =(—1)"e,

ij>

where the “parity” P is defined by
-
P(l): Z ik’
k=1
and ¢;>0. In the sequel, i denotes (t + 1)-tuples (i, ...,i"), with i eI,,. It is then
casy to see that all terms in the sum below have the same sign:

(Qt(@)ep)j = Z jS(t— (@™ ”)Qi(t - Djte - 2)(60([ ). ~Qimi<0>(w(0))eil:0) .
1

In fact, this sign is even independent of j. Taking absolute values, we see that
Q@)™ =T (w)e)yl
where &, =e¢; for all iel,,. Thus,

lim * log |2{(@)e”| = lim * log || I"(@)e].

t— o0 t t—w t
Since this holds for all @ and for ef and &1in a set of positive measure, it implies that
the Liapunov exponents are equal.
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2.4. The Random Walk Expansion
The main point of this section is an interpretation of |[I"(w)e]|| as a random walk.
We will assume that the components of e are non-negative. Then

IMwel = ¥ (' @ekl= Y (Mwe)

ielyrr iclar

=1
= F +1); (,U(p) e.
i,j;lM <i:i(t)=iz,i(o>:j pl;lo it oin(@)e; ).
Note in particular if we choose the initial vector, e, to have component ¢; =1, and
all others zero, where i, is an arbitrary element of I, then we have

t—1
[Mwell= 1T L+ 1)i<p)(60(p)). (2.5)

i:i®=ip p=0
Note 2.3. The proofs we are giving are independent of the particular choice of i,
and any other vector with positive components would be acceptable. Throughout,
we shall fix i,. As we remarked earlier in this section, the largest Liapunov
exponent is independent of the initial vector so long as it lies outside of some
hyperplane. Since our results are independent of which of the M? vectors ¢;, that we

choose, they must give the largest Liapunov exponent.

We interpret i as a random walk in 1,;, where at time p we step from i) to i * ).
Because of the sparseness of 2 and I', the only nonzero terms in (2.5) are those in
which only “horizontal” and “diagonal” steps occur, corresponding, respectively
to i =i"*Y and Ii“’)~i”’+’)|=1.

We associate to each walk a probability w™)(i) and a weight, which is one in the
absence of randomness. The probability density w*)(i) comes about as follows. We
have a representation similar to (2.5) for ||{I")'e||, and the contribution in this case
is a factor of 2d for every “horizontal” step and a factor of 1 for every “diagonal”
step. This makes I, a probability space with weight w*)(i), when we normalize
properly. We call these walks “free” walks.

More precisely, let f,=2d and f, =1, and f;=0 for j=2, and define

t—1
WEM)@): H fu(pﬂ)—i(pq,
p=0
and finally
wi(i)

TN

i1 =io

wi(i) = (2.6)

It should be noted that, in principle, the normalization factor depends on i,. In the
case of the random Laplacian, it is in fact independent of iy, and equal to (4d)’. We
shall, however, not use this information, so that the generalization of our methods
to the case of random symplectic matrices will be easier. It will also be useful to

define
ta—1

W o= T1 fioro—iw, (2.7)

p=ig

W) = b6, (). (2.8)

so that
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Definition of the Variables . We now introduce new random variables, ¢, defined
by o,=w,—1 if the bond b is diagonal, and o= Y (w;—1)/2d, for
jli-il=1
horizontal bonds. In more generic notation, we can write for b=(i, j),
L — <TG
o= ——— 2.9
! <Ly 29)

whenever [i—j 1.

Remarks. 1) With the above definition, all ¢, have mean zero.
2) By hypothesis H.2, and because g is a probability measure, the g, have finite
variance. We define

o = max (var(ay)).

b

In terms of o we get the following nice representation for A, — 4,

T O L0
g — g = }H?o ; log KTye] = thﬁrg ; logZ,, (2.10)

with the identities

t—1
ZM(g)= W) [T (140w o), (2.11)
i:i@=i p=0
and ’
t—1
; WOOG) [T (1 4+ 0Bhyer
ZM(g)= Z;M)(g) :“(“Z)% — 0 pDo( o)
L ZM(g)y > W)
i:i(@ =ig
t—1
= Y w™) [ (1+0fon). (2.12)
i:i0=ig p=0

Notation. We shall use henceforth the more readable notation
0(p;_i):0§ﬁ})i<p+1).

Note that Z(g) is precisely the partition function for the diffusion of directed
polymers in a random environment, [4]. In general, we will not write explicitly the
M-dependence of Z,(g), but it is understood that the random paths vary in I,,. In
this diffusion the random paths are chosen with a probability which is independent
of the random environment g. We are diffusing here on a finite lattice with periodic
boundary conditions (of period M, M even), and hence the results of Imbrie and
Spencer are not directly relevant for our questions. We will see in Sect. 3 how some
of their ideas can be made applicable to our case.

2.5. Inequalities for Arbitrary Dimension

Using the random walk expansion of Sect. 2.4, we may easily derive some rigorous
bounds on the largest Liapunov exponent, cf. also [1] for other bounds.

Proposition 2.4. If the random variables w; are in (L°),, i.e., if they satisfy
Jdu(w) log(|o))| < oo, (2.13)
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then for all even M and in all dimensions d=1 one has the inequality
)LM § IM .

Proof. Since 4, is almost surely independent of @ (and hence ¢), we may average
over w (respectively ¢) and obtain
- 1
)»M~ZM=< lim ;loth(g)>. (2.14)
t— o0
We now note the important fact that all the random variables o{¥’ have mean
zero and are independent, identically distributed for different p. (The distribution is
also independent ofi and j in the sense that there is one distribution for the case i =]
and another for the case |[i—j|=1, cf. the definition of ¢.)

Definition. We summarize these properties as the “time-independence” of the ¢’s.

By the time-independence of the o’s, we have the identity

t—1
Zioh= ¥ w0 [] Atopiid= 5 wii)=1.
i:i(0) =ig p= i:i(0=ig
By (2.3), the interchange of the limit and the average in (2.14) is allowed and we
find, by Jensen’s inequality,

, = .1 .1
Ay = lim - (logZ(g)) = lim —log(Z(¢)) =0,
t— o >
and the claim follows.
This proposition may be easily generalized to yield

Lemma 2.5. Given a probability measure ¢ on a set of matrices {S(w)} such that
log|S(-)|| € L'(¢dw), define

\

Isyil Isial oo |51m|)
9

Sav—( : :
,Smlf lsm2! ,Smml

i.e., we replace each element by the mean of its absolute value. Let [i be the largest
egienvalue of S*. Then the Liapunov exponent, A, of the product of such matrices
satisfies

A=Zloglil. (2.15)
Proof. Since / 1s almost surely independent of w, we have
1
A={Ay= lim . logl|S'e|>. (2.16)
t—= w0

Here, the interchange of the limit and the average is justified as in the proof of
Proposition 2.4. By Jensen’s inequality, the right-hand side of (2.16) is bounded by

lim 1log(HS’elD.

1o I

But {||S%e||> Z[(S**Yel <)@l |lell, and the lemma follows.
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We remark that in the case where the random variables are almost surely non-
negative, Proposition 2.4 will in general give sharper estimates than the bounds of
[1], which are based on the I* norm.

Jensen’s inequality also leads to a lower bound on 4,,. For this bound we
observe that

~ 1
Ayt — Ay = lim —(logZ ,(0)>

t>w L
1 t—1
= lim — log{ wi™@) [1 (1 +a(p;j))}
= i:i9=ig p=0

> lim ! Y wiM() <log llz[l (1 +J(p;_i))>-
. o

t— o0 i:i@=jg

This step used the fact that w{*)(i) is the density of a probability measure. Note next
that
(log(1 +a(p; 1))> 2 min(log(1 + a{) ), log(1 +af)))=C,,

where in the second average |i —j| = 1. Thus, since the distribution of log(1 + a(p; 1))
is independent of p, (2.17) is bounded below by C,, and we have the

Proposition 2.6. For all M and all d>1, the inequality
Ip— Ay =C,

holds. The constant C, tends to zero if the w tend to one in (L°),.

3. Three or More Dimensions

We have already derived upper and lower bounds on the largest Liapunov
exponent valid in all dimensions d. In the present section we show that for
dimension d = 3, one can compute the largest Liapunov exponent explicitly in the
thermodynamic limit, i.e., when M — co. Our main result is

Theorem 3.1. If d=>3 and the variance * of the noise is sufficiently small then

lim 2,,=log(4d).
M-

In thermodynamic language, this says that the quenched average of logZ,, is
equal to the annealed average. Note that the right-hand side of this equality is just
> (Which is independent of M!) and we will prove the theorem by showing that

lim (A —/Z4)=0. (3.1)
M-
To establish (3.1) it is only necessary to prove a lower bound on A, — A, since
Proposition 2.4 implies 4,, — 4,, <0 for all M. From the random walk expansion of
Sect. 2.4 we know that

~ 1
g —Fag= lim - (log Z™(0)), (3.2)

1~ [
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and we shall prove the lower bound by using this representation. We indicate the
M-dependence explicitly only when it seems necessary, cf. (2.11), (2.12).

Before entering into the technical details that follow, we review their goal. We
wish to use the ideas of Imbrie and Spencer [4] to show that fluctuations of Z (g)
about its mean value of 1 are small. The method of [4] is based on the fact that in
d =3, a random walk in a nonrandom environment is non-recurrent. However,
since the walks that define the partition function, Z(g), in our problem take place
on the finite lattice I, they will always be recurrent after a sufficiently long time [in
fact, O(M%]. In the following paragraphs we show that we can estimate the
partition function by walks of sufficiently short length so that they do not “feel” the
finite size of the lattice, and this allows us to use some of the methods of Imbrie and
Spencer.

3.1. Reduction to the Infinite Volume Case

Throughout this section, M is a fixed, even, and finite number, all walks are in I,,,
and the ¢ are random variables indexed by time and by bonds in B,,.

We may evaluate the limit of (3.2) along any convenient subsequence and we
choose {t,;} =IL, where Lis a large integer. We will always choose L < M/2. We will
provide a lower bound by “decoupling” the partition function over “time” and
then giving lower bounds on the decoupled factors. We begin by:

Proposition 3.2. There is a constant C such that for any L, and for any dimension d,
we have

1 o 1 g C
. > _ =
[ osZyle)yz | (oeZ,(@)— 7 logL, (3
for [=1,2,.... In particular,
- 1 C
iy — 42 ClogZy(e)) —  (logL+logM). (3.4)

Proof. To prove Proposition 3.2, we note that since Z,, is defined as a sum over

random walks, all of which have positive weights, we obtain lower bounds if we

exclude some of the allowed walks. We now describe these exclusions in detail.
We define a new class of partition functions: For > s, we set

t—1
Zidstio)=  * ) [ (1+0(pi), (33
ielprt~s*!? P=s
where the * on the sum denotes a restriction of the sum to walks i which “walk”
only from time p = s to time p =t, and satisfy the boundary conditionsi® =y, i = z.

Note that the W are unnormalized weights.
We fix the noise configuration, g, and define the recursively a sequence of
“stopping points” {y(0)}’ -, for Z, (o) as follows:

Definition 3.3. We set yo(g)=lo, and, for j=0, ..., 1, we define y;, ,(g) as a point
y which maximizes
Z;‘(g)’ y(tja Livqs 0),

with t;=jL. (One can choose any maximizing y.)
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Note that with this definition, one has

-1

Z (O- H Zyj(a) yJH(a)(t tj+1’ _)s

because the right-hand side corresponds to a restriction of paths. Thus,

1 e} 1 -
o ogZ,(a)> = t_ Z A08ZY o)y, i tptis1: 0 (3.6)
(g} j=

We compute the terms on the right-hand side of (3.6) by conditioning on the event
that y,(¢)=y. Thus,

<lOgZyJ(cr) vl ;7)([ l}+15 _)>
= Y logZ¥, . otptiii;0)|yfa)=y) Prob({g|y/o)=y}).

yelar

There are now two important observations. First, note that Z¥ vy o1l tis130 o)

depends only on the random variables o)’ with t,<p<t;,,.In partlculdr by time-
independence, the random variables ZMIH g)(tj, tj+1:0) will have the same
distribution as Z¥ |, /(t, L4 15 0) (With a relabeling of random variables). The
second important observation is that because of our periodic boundary
conditions,

the distribution of Z§ (), 1;+; 0) is independent of y. (3.7)

These two observations imply that

-1
Z <10gzy1(6 yJH(a)(tp t_]+15 _)>"l<10gzy0 yl(a)(o Lv Q')> . (38)

j=0

Thus we get the bound

- <10gZ (0)>> 7 ClogZg, (0. L; 2)).

Note next that
Zi(o)= Z vo.y(0, L; 0). 3.9)

Since Z¥ (0,L; g)=01if |y— yol > [, (each step of the walk has length at most 1!)

Yo, ¥
we have (th most O(LY) terms in the sum (3.9). Furthermore, Z% .o(0,L; g) is the
largest term in this sum, and therefore
C
Z3, oL OZ 5 Z4(0). (3.10)

This proves (3.3). We now turn to the evaluation of <ZQ,l(g)>. We prefer to do this in
a slightly more complicated fashion than is absolutely necessary, because this will
allow a more straightforward generalization to the symplectic case. Note that

(Z,(0)y=|{I"el.

Now {I') is a fixed matrix whose largest eigenvalue, y,, is simple. If ¢ has a non-
zero component in the direction of this largest eigenvalue, and if i, is a bound on
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the remainder of the spectrum, 0 <, <u;, then we have

H<I—v>tze” =constu1” ’ <1 +0 <M <l—/j£>n>> .
1

<o<1°gLM>. (3.11)

Thus, for all [,

1 g
;. log{Z(a)) — 5 10g<Z (@)

Combining (3.3) with (3.11), we have

S~y = lim —(<logz<"“(a>> log<{ZM(g)))

I-o0 L 1

2 | (ogZii)y—log (Ze)y) -0 (ELH10EM
= 1 logzifigy—o ((EEEIEM ),

This completes the proof of Proposition 3.2.

Remark 3.4. Had we used the explicit form of (@2}, the term containing log M
would be absent in the above estimate.

We now compare the partition function Z{(g™) to Z{™)(¢*). For this we
need to compare configurations of ¢’s on I, and on Z¢=

Definition 3.5. We say that ¢'™ coincides with ¢’*) in a disk of radius L<M/2
around i, if
O-(p) =gitp

ij o
for p=0,1,..., and [i—ig| =L, |j—iy| = L (measured on 1,, for ¢ and on I, for ¢’).

In other words, we first extend the configuration ¢ periodically from I, to Z<. It
is the configuration which is then compared to ¢’ on a disk centered at i,.

Proposition 3.6. If M is even and L.< M/2 and ¢™ coincides with ¢ in a disk of
radius L<M/2 around i, one has

ZM (M) = Z(=) (=) (3.12)

Proof. We have already pointed out that in a “time,” L, the walk can move a
distance at most L from its initial point i,,. Since L < M/2, no two walks in the sum
defining Z{™)(g) can ever reach points a distance M, or more, from one another.
Therefore we will not change the distribution of the random variable Z{M)(g) if we
replace the periodic array of random variables on Z¢ (outside a disk of radius L
around i) with a set of independent random variables with the same distribution.
This completes the proof of Proposition 3.6.

3.2. The Infinite Volume Case

By Proposition 3.6 we see that it suffices to control the limit, as L goes to oo of

1
| log<ZEe )
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In this subsection, M is always infinite, the random walks are on Z¢ starting at i,
and the weights are w{™)(i). This means that we are in a situation very similar to the
one considered by Imbrie and Spencer. We henceforth omit the superscript (o).

We first use the assumption H.1 we made on the random variables w;; (or
equivalently ay;), in the following form:

Hypothesis. The support of the random variables wy; is contained in the interval
[e™*, o0) for some u, O0< pu< 0.

This hypothesis gives an (obvious) pointwise lower bound on the partition
function which is of the form

Z(g)ze " (3.13)

Before starting the Imbrie-Spencer part of the argument we make one more
simplification. Define, for x>0, log~(x)=max(0, —log(x)) and log™(x)
=max(0,log(x)). With this notation,

logZ, =log"(Z,)~log"(Z,).

Since we only need to derive a lower bound on (1/L)logZ;, we can replace logZ;
by —log™(Z;), and we have

1 1 -
[ (logZy(a)y 2 — 1 <log™(Z,(0)- (314)
We also note that (3.13) implies
1
0= plog"(Z o) =p, (3.15)

so that we have an a priori uniform bound.

Proposition 3.7. If the noise is sufficiently weak, and d = 3, then we have, for L;= 2,

1
lim i3 (log™(Z, (0))>=0. (3.16)
Jj= o

Proof of Theorem 3.1.1f we combine (3.4) and (3.14) with (3.16), then we see that for
every ¢e>0 and M sufficiently large,

It — Py > —¢.

Since we have already shown 4,, — 1,, <0, this completes the proof of Theorem 3.1.

The remainder of this section is essentially devoted to the proof of Proposi-
tion 3.7. We need first a notion of “irreducible part” of the partition function. We
begin by defining, for s<t,

t—2

pitiss)= ¥ oft—Liiw, @ [] (1+o(psi).  (3.17)
1:108) =ip, 1O =4, p=s

(Recall that w is the (normalized) probability on the infinite domain Z¢, for paths

starting at i,.) The quantity p, is an “irreducible propagator,” which collects all

terms in which the last “interaction” ¢ occurs at time t — 1 and in a bond ending in
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i,, We can write the “full” partition function in terms of these irreducible pieces as
L
Z(0)={Z () + t; . sz pi(t,i;; 0).

Note that <{Z,(¢)» = 1. The idea of the proof of Proposition 3.7 is now to show that
with large probability, Z;(¢) is close to its mean 1.

We choose a particularly convenient subsequence of L’s in order to evaluate
the bound in (3.16). Let L, =0 and, for j>0, L;=2/. We will consider the partition
functions Z; and we rewrite them as

ZLm(Q-)=1 + .ZI S(LJ_ I’Lj; 0),
j=

where we define, for ¢, >, 25,

St tz39= 3 3 piltiss). (3.18)

t1<t<t; ireZ4

Note that for s'>0, S(¢, +5, t,+5'; s+5') has the same distribution as S(t,, t,; s).
We next state a basic bound on S:

Proposition 3.8. If o2 is sufficiently small and d =3, there exists a constant C; >0
such that for all non-negative t*, t, <t, one has

US* +ty, tF + 1,55 9P S Coo*(1 +1,) " 22, (3.19)

Corollary 3.9. Under the hypotheses of the previous proposition, there are constants
C, and Cy such that

Prob({a | [S(t* + 1y, t* +t,; t*)| > (Ca*(1 +1,) "~ 2/

_<_ C302(1 —24)(1 + tl)—(l —2m(d-2)/2 ,
Sfor 0<n<1/2.

Proof. This is an immediate consequence of Proposition 3.8 and of Chebyshev’s
inequality.

We now fix # in (0, 1/2). Postponing the proof of Proposition 3.8 we continue
the proof of Proposition 3.7. We consider first special noise configurations g.

Definition 3.10. We say a noise configuration ¢ is eventually good if there is some
m* =m*(g) < oo such that

IS(Lj, Ly 15 L) <(Coa®(1+ L) =722y, (3.20)
for all j=m*.

Proposition 3.11. If o is sufficiently small, then for every g which is eventually
good, one has

lim - log"(Z,, () =0.

We shall see below that almost all ¢ are eventually good.

Proof. Assume g is eventually good and let m* be defined as above. Choose L=1L,,
with m>m* and set t*=L,,.. We will bound Z,(g) from below by again restricting
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the sum over random walks, much as we did in the proof of Proposition 3.2. With
the notation of (3.5), (but now for M = o), we have
L—-1

Zfo)= ¥ wil) [] (1 +o(p:i)

L—-1

= o2 owdd [ (+o(p: D)

150 =) =, p=0

( o5, t*<>'p1_1 (1 +o(ps ))) (2 )
x {}; e 1) n*( +alp: »}, (321)

where the last sum is over walks starting at time t* and ending at time Land wy ; is
the corresponding (normalized) weight cf. (2.8).

We now claim that both factors in braces are bounded from below by a
constant which is independent of L. We shall denote the quantity in the second pair
of braces by Z(t*,L). Note that in terms of this notation, Z, =Z(0,L). More

generally, we set
ta—1

2ty )=y w0 [T (T+o(psi).

iti(t) =ig p=ty

We can write
m~1
Z(t* L,) =14+ % S(L;,L;;t%).

Jj=m
Using the bounds (3.20) on S, we see that the sum over j converges and we have
Z(t* L) =1~ Cle?1(1 —271d=2/2)= 1, (3.22)

for all m>m*. This bounds the second factor.
To bound the first factor, we remark that the hypothesis H.3 on the random
variables implies, for some ,u>0

[] (1+a(p;1))=e ",

We also have
Y W)= Cur), (3.23)

HHOENCOES
provided at least one term in the above sum is positive. This is the case since there is
at least one path connecting the 2 endpoints, which only involves non-zero factors
Siiw+ v =iy, cf. (2.7). Thus, we have only to bound

Wi (@)
i) =iy

Y W, L(U )

i@ =i,
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Recalling how the w are defined, we see that this quotient is exactly

KT e
= = C4(t%),
j<rytey =
and this inequality holds for all L. (For large s, the vector {I'y’e is essentially
colinear with the eigenvector corresponding to the largest eigenvalue of <I"), and
hence the quotient in fact approaches e *'*".) Thus, the first factor in braces [in
(3.21)] is bounded by

Ca(t9)Cs(t*)e ",

for all L.
Combining (3.22) with this, we get

) 1
lim - log"(Z,,(e))=0.
whenever ¢ is sufficiently small. This proves Proposition 3.11.
It remains to show that a.e. ¢ is eventually good, and to give the proof of
Proposition 3.8.

Proposition 3.12. If o7 is sufficiently small, then almost every ¢ is eventually good.

Proof. We note that for a ¢ to fail to be eventually good, there is, for every m*, a
minimal j = j(m*, g) = m* for which (3.20) fails. We can now construct a sequence of
j, as follows: Set j,=0. Then define m,=j,_,+1 and j,=jm,,g), for n=1,....

Define

t :Lm,,:Ljn,,+1;

n

where we recall that L, =2 If ¢ fails to be eventually good, then, with the above
choice of the j’s we have

IS(Lj Ly, o3 1) Z(Co0?(1 Ly )42y, (3.24)

J

forn=1,2,.... Given j,, ..., jy we denote by g, ;. the set of ¢ for which the
above construction yields the j; in question. Note that j, > j, ;. We now define

as the set
(777
IN= o Tgieeiny
IN>...>j1>0

Clearly, () #ycontains all ¢ which are not eventually good. The condition (3.24)
N>0

for a given n only depends on o' with p=t,,...,L; ., —1. By construction, t,
=L; y>L; ,,—1. This implies that these conditions are independent for
different n. Therefore, using Corollary 3.9, we find

Prob(#y) = > PrOb(g(jl,....jN})
iN>...>j1>0

N

N (L (RS

JN>..>j1>0 m=1

§(C62(1 —2»1}(1 - —2;,)(11_2)/2)_ l)N )

IIA

)~-(l —2n)(d— 2);"2)

m T Jm—1

Since N is arbitrary, this proves Proposition 3.12.
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Proof of Proposition 3.7. Since Proposition 3.11 and Proposition 3.12 imply that

1
lim —log™(Z,,(¢) =0,

m— o Loy,

for a.e. g, one has, by (3.15) and the dominated convergence theorem,

lim - Clog"(Z,(¢))) =0,

m

which is Proposition 3.7.

Proof of Proposition 3.8. We begin by noting that by time-independence the
estimate will be independent of the starting time T* so that it suffices to do the
estimates for T*=0. Using the definition (3.17) of the irreducible kernel, we see

that
(S(Ty, Ty O > = . <[Z<T 2 Apilt iy 0)py(t5,1550)) (3.25)
T1<12§T§ e

We now note that because of the time-independence of the s,

(a(t; Da(s; j)) =0, (3.26)

unless t=s, and the bonds b=({i",i** V) and b’ =(j**,j** ) are neighbors in the
sense that they either coincide or at least have a common endpoint. This remark
allows us to expand (3.25), and to rewrite it, using (3.17), as

T>

NURGHUIDEED)

T1<t<T, n=1 0=sp<s81<...<sp=t

n
x [T Y  Lals,—1Dols,— 15§D
p=1 jlsp=1) jlsp)
jlsp= 1), jlsp)

> P.(s)p~ 1=sp- 1(i(5p— D __j6sp- 1))P%p_ L=sp- J(j(Sp‘ 1)__j(sp - 1)) X (327)

The s; can be viewed as “hitting times” of the paths i and j. Here, we take i'” =j©
=i,. The probabilities P, are defined by

Poi= 3 wo ).

i:1(0) =ig
it =j

The factors of P, result from the fact that in between their times of intersection, the
walks i and j are just “free” random walks on the infinite lattice in dimension d.

Note now that |i¢» ™1 —jer =Y it =D _j6o)|and |j® =P —j¢)|, must be less
than or equal to 2 in order to get a non-zero contribution in the sum. This reduces
the four-fold summations in (3.27) effectively to summation over a single index i.
On the other hand, for fixed i®, j*, we get using Corollary 5.3 of Sect. 5 for

|i(u> _j(u)| < 2’ ’ C6
Py —i)Pg (0 =) = TR
i —jw<2 ]u—vl

Furthermore, the factors of

{al(s,—1;Da(s,—1;])>
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are all bounded by ¢*. Summing over the i®? and j*» in (3.27) we find

T>
US(Ty, Ty; )Py =C . <Z<T ; o

n

n —dj2
x Y Ch I (5, 5,-0) 2.
0=s0<s1<...<sp,=t p=1

n
Note that in the product, [] (s,—s,-,) “?, there must be some p with s,—s,_,
p=1

>t/n. (In all cases, s,—s,_,; =1.) Thus

a2
H (Sp_sp—l)_d/zécnn <?> .
1

0=50<s1<...<sp=t p=

This implies
T2

USTL T 0P SC S 5 o (Cro?ymt +02

T <t<T; n=1 142
§C102(1 + Tl)-(d—Z)/za

for sufficiently small ¢%. This completes the proof of Proposition 3.8.

4. Symplectic Matrices

In the present section we demonstrate that the results of the previous sections
generalize to the case of symplectic matrices

1 Q
2= (1 1+Q> 1)

introduced in Sect. 1. Unlike the previous case of random Laplacians we cannot
scale out the mean of the random variables w in the symplectic case. We have to
consider explicitly their mean and we define, throughout this section,

e=<wy).

In analogy with our definition for the random Laplacian we define the random
variables ¢, .1 as in (2.9), by

. :ny__<2xy>
= ONOI

whenever (2, > +0. We then set

(4.2)

o?= max (var(g,)).
b
In this section 4,, refers to the largest Liapunov exponent of X, not Q.

4.1. Statement of Results

Our principal result is the following set of estimates on Liapunov exponents:
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Theorem 4.1. For all d>1 and all even M one has the inequality

Sy <log(1+2ed +21/ed + £2d?) . (4.3)

If d=3 and o* is sufficiently small one has
lim J, =log(1 4 2ed +2|/ed + &*d*).
M-

Remark. Note that in terms of the original random variables , the condition o
sufficiently small means that there exists a small constant ¢ >0 such that var(w)
<ce’.

Proof. We prove this theorem by comparing the Liapunov exponent, Z,,, to the
(explicitly calculable) Liapunov exponents of the matrix averaged over the
randomness. As a first step, we note that —for the purpose of computing Liapunov
exponents — the argument we used in Sect. 2.3 allows us to replace the random
matrices Q by random matrices I', all of whose entries are non-negative. By an
abuse of notation, we call the new matrices X as well, and from now on we will con-
sider only these latter matrices.
We next note that {I'y=e¢D,,, where
t, if Ji—jl=1,
Dy =1 2d, if i=j,
0, otherwise.

The subscript M indicates that the distances are measured mod M. Thus, if we
consider <X, we have
(5= 1 eDy,
1 1+eDy)’

Let 6 denote the largest eigenvalue of Dj;. This eigenvalue is 4d. An elementary
calculation shows then that the largest eigenvalue, p, of (X is given by

p=1+%ed+3)/4e0 +¢>6%. 4.4

Since u is positive, the largest Liapunov exponent, Ay, of (X is

Ty=log(1 +2ed +2)/ed + 2d?).

Thus, Theorem 4.1 is equivalent to showing that in any dimension,

It =ing s (4.5)
while for d=3 and o7 sufficiently small,
lim (A, —/74)=0. (4.6)
M-

Since (4.5) follows immediately from Proposition 2.4, we only need to establish
(4.6), and Theorem 4.1 follows. This is again done via a random walk expansion.

4.2. The Random Path Expansion for Symplectic Matrices

One has a random path expansion for random products X", with X as above, which
is similar to the one developed in Sect. 2.4 for the product of random Laplacians.
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The main idea of our method consists in viewing the space of indices 1, ...,2M? of
the 2M? x 2M* matrices X as elements of a two layered torus. More precisely, we
associate to every index 1 <i<2M“ a pair of indices (j, &) by defining a map ¢: The
indices of X2 are naturally divided into two groups, corresponding to the
representation (4.1) of 2. We set

)= {(i,u), if 1<is<Me,

47
G,4), if Mi+1<i<2M‘, “7)

where i is associated with the index in the corresponding submatrix, as in the case
of random Laplacians. Thus the index set 1,..;,2M* is identified with I,, x &
where 1, 1s, as before, the torus of side M, and % is the set of “levels” which we call
“upper” (case of u) and “lower” (case of £). Note that this periodicity is in agreement
with periodicity of the matrices Q or I" occurring in X. We now define weights in
analogy with Sect. 2.4, corresponding to the averaged matrix {X). We set

fdO)=1,  [0=1, f/0)=c2d,
.fuf(l):'ga f/g(o)=1+82d, f(’f(1):1+8

All other values of f,,(n) are set equal to zero. We now assign to every walk x of
length ¢t in (I, x &) the weight

(4.8)

t—1
"{)’iM)(X): Ho fx(zw- 1)x12p)([x(1p+ 1)_X(1p)|), (4.9)
p=0

where we use the projections onto components
x(p) = (T(l(X(p)), 7-EZ(X(IJ))) s

Le., the “1” component is in I, and the “2” component in .¥. Now let the vector
ee R"™*< have a component x, = (i, %o) = 1 and all others zero. Define the norm
on the space R"™ *¥ as the L' norm of the components. Then we have with the
above notation:

KZel= ¥ W)

x:x(0)=xq
We again define

t—1

ZM@)= Y W) 1 (1408w ),

x:x(0) =xgq p=0

where the random variables a%), .+, are defined, as in (4.2). We also define the
normalized partition function Z; by

ZM(g)

A= ey

We need some more notation to take care of the two levels. We shall always fix the
“position” i, at which the paths start, but we will have to allow for both “levels” in
the evaluation of Z. Thus, we define

t—1

ZMa o)=Y M) [T (1408w ). (4.10)

x:x(0 = (ig, @) p=0
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4.3. Reduction to the Infinite Volume Case

We follow Sect. 3.1 quite closely, and remark only on the changes due to the more
complicated state space. Our principal result is again

Proposition 4.2. There is a constant C such that for any L, and for any dimension d,
one has the inequality

1 . 1 ; C
— (logZ > min - = :
L logZ,(o)) 2 min - (logZ,(2,0)) I logL, (4.11)

for £=1,2,.... In particular,

logM +logL

- 1
Jg— Tz - min (log ZM(e, ¢)) —C
L aed L

(4.12)
Proof. Recall that

= lim | Clog Z0)
t— oo
The proof is now an almost verbatim copy of the one for the random Laplacians,
and is obtained by replacing the variable i in I,, by x in I, x #. The only new
difficulty comes from the presence of the two “levels” and is connected with the
difference in transition probabilities for these two levels. We now indicate where
these things matter, by following the steps of the proof. The Definition 3.3 is
unchanged (except for the replacement of i by x which we will not consider as a
change any more). The argument goes through except for (3.7) which holds no
longer. We now have that the distribution of ZF, (¢ t;11;0) (with y,
Yj+1€ly x &) can only take two values, depending on whether the second
component of y is u or /. (If the second components are fixed, then by the
periodicity of the boundary conditions, the distribution is independent of the first
component of y.) Therefore, we find, instead of (3.8),
£—1
Z <10gZ;{<j(q},y;’+ z(g)(tj’ Lj+1s a)yzt min <10gz;ko,yz(zz)(0’ L;a)). (4'13)

j=0 yo=(ip,a):ae.¥

It follows that (3.10) must be replaced by
. C
Z% o0, L; 0) = min 7 Z (o, 0). (4.14)
ae¥

We see that (4.11) holds. We turn to the evaluation of (Z, Ao, 0)>. Note again that
Z o0y ={2)"e,,

where ¢, is the vector in R"™ *# whose component (i, ) equals 1 and all others are
zero. Because neither (i, u) nor (iy, /) are orthogonal to the eigenvector of the
largest eigenvalue of (X), we find that

lim © log [(Z)'e,|

t»w t
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t
isindependent of o, and ||[{2)'e, || = const 1} <1 +0 <M <—Z3> >>, where u; and i,
1

are respectively the largest and second largest eigenvalues of (2. The analogue of
Proposition 3.6 follows word for word from the proof in Sect. 3 and we find

Proposition 4.3. If M is even and L<M)/2 and ¢™ coincides with ¢"® in a disk of
radius L<M/2 around i, one has

Z3e, ¢™) =25 o1, ¢'). (4.15)
for all o.

Thus we may concentrate our attention on the infinite volume case. Again
following the outline of Sect. 3 we see that the proof of Theorem 4.1 will follow if we
prove

Proposition 4.4. If o2 is sufficiently small, and d =3, then we have, for L j=2f, and
any o,

1my%(mgng%@»=o. (4.16)

Jjmoo A

The proof of this proposition is again very similar to the random Laplacian
case. One first defines

plxi= Y ol Liw ) 1] (o). (417)

x:x(8) =x0,x® =x,

with o(p; X) =08 ). e+ 0y We then set

S(txa’fz;S): Z Z pl(taxt; S)- (418)

11<t=<ty x¢eZIx ¥

Once again one can expand the partition function as
ZLM(Q)=1 + 'Zl S(Lj— 1 Lj; 0),
=

and then one has the following two propositions:

Proposition 4.5. If ¢ is sufficiently small and d =3, there exists a constant C, >0
such that for all non-negative t*, t, <t, one has

AS(E* +ty, 5+ 633 9D S Cra?(L+1,) 722, (4.19)

Corollary 4.6. Under the hypotheses of the previous proposition, there are constants
C, and C; such that

Prob({g||S(t* + 11, 1% + 1,5 t%)| <(C,o*(1 +1,) "~ 212)m)
é C3O’2(1 —271)(1 + tl)‘(l —2n)(d—2)/2 ,
for 0<n<1/2.

The proof of the corollary is immediate given the proposition. The proof of the
proposition follows that of Proposition 3.8.
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Proof of Proposition 4.5. The time independence of the random variables allows
us to take T*=0. Then

AS(Ty, T3 0)1%) = r <Z<T Z {pity,iy; 0)py(t2,155 0)) (4.20)
Ti<nsTs

We now note that because of the time-independence of the ¢?’s,

Ca(t; x)a(s; y)) =0, (4.21)

unless £ =s, and the bonds b= (r,(x""), n,(x**V)) and b’ =(n,(y?), =,(y** 1)) are

neighbors in the sense that they either coincide or at least have a common

endpoint. This remark allows us to expand (4.20), and to rewrite it, using (4.17), as
T

US(Ty, Ty; O)f*) =

T1<t<T, n=1 0=s50<s1<...<s,=t

n
x 1 Y (a(s,—1;x)a(s,—1;¥))
p=1 x(sp~ 1, x(sp)
ylsp =1, y(sp)

X Pi‘;(_x(ls;fs?);fnz(x(s,, - 1))(7'51(X(Sp N 1)) - nl(x<3p - 1)))

X PUA T L e ¥ D) Ty, (422)

Ta(y(Sp - D), ma(ylsp ~ D)

where we have set
t

Z* H fap ) lolp(i(p* 1) _i(p))

P, yi)= P , (4.23)
H fa e (i“’_ 1)~—i”’))
0 =i, p=1" " 7
AQs oeny el ag=ua
and used the notation
* ==
- 0 =ig,i® =i
AQy ones el apg=a,ar=p
From Corollary 5.3 we know that
PUHE — i) P (0 — ) < .
@B |itw - je| <2 |U—U|
o
Inserting this estimate in (4.22) yields
T n
JS(Ty, ;001> <C Y, Y o™ )y Ce T (sp—s,-0)" 2,
T <t<T; n=1 0=s0<s51<...<sp=t p=1

and from here the proof of Proposition 4.5 follows Sect. 3 word for word.
The proof of Theorem 4.1 is completed by defining the eventually good noise
configurations in exactly the same fashion as in Sect. 3, namely,

Definition 4.7. We say a noise configuration ¢ is eventually good if there is some
m* =m*(g) < oo such that
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IS(Lj, Ly 15 L)l <(Coo*(14 Ly ) 4722y, (4.24)
for all j=m*.
One then has
Proposition 4.8. If o2 is sufficiently small, then almost every g is eventually good.
and

Proposition 4.9. If ¢? is sufficiently small, then for every g which is eventually good,
one has

. 1
lim —log ™ (Zy,(#0) =0,

for all o.

The proof of Proposition 4.8 follows verbatim from Sect. 3, while that of
Proposition 4.9 involves only minor notational changes which we do not detail.
These two propositions lead immediately to a proof of Proposition 4.4, and
complete our discussion of the symplectic case.

5. Random Walks in Three or More Dimensions

In this section, we summarize some well known results about random walks in
dimension 3 or more, and formulate results in the form in which we use them. The
cases we consider are special cases of the more general setting of “aperiodic”
random walks in the sense of Spitzer [10].

The state space in which our random walks take place is of one of two types:

1) The lattice #,=2°, with d=>3,

2) The “double-layered lattice” #, =72 x ¥, where % is the set of “levels”,
% ={u,/}, as we discussed it in Sect. 4.

The transition probabilities have already been defined in earlier sections. We
summarize them here again.

1) In the case of the lattice Laplacian, cf. Eqs. (2.6)2.8) the transition
probabilities are translation invariant. We get in the case of the infinitely extended
domain, M = o0, the transition probabilities

i

2d+1 .

Pi)=

We have used the notation from Sect. 2.4.

2) In the case of the symplectic matrices, we define P, (i) = f,(i) / Y JoupB)s €

(4.8).

Note that we are looking here at the “free” walks, i.c., all w{}’ are equal to 1. In
other words, they are defined in terms of the averaged matrices, (Q) and (2, and
hence do not depend on the random variables g.
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We next state several facts to fix the terminology, although the proofs are
obvious.

Lemma 5.1. The random walks, for M = co, defined by the Laplacians {Q) on R,
and by the symplectic matrices (X on R, can reach every point in their state space,
starting at an arbitrary point in state space.

Proof. Assume a path starts at the “origin” [i.e., at i, in %, respectively ati,@¢ (or
ip®u)] in #,. Given any other point jin 4, it is obvious that there is some finite
power m of the random matrices Q(w) for which Q™(w); ; is not zero. The
analogous statement holds in %,.

The above lemma implies that the random walks on %, i=1,2 are aperiodic in
the sense of [10].

We now discuss the case of walks in £, only, the walks in £, being an easier
subcase. We define P}, (i) as the transition probability from (0, «) to (i, ) in time t,
t>0, and F (i) as the corresponding unnormalized weight, defined by

t
Fr i) = ) 1 /oy 0 70 =i).
i:i(0=0,i®O=j p=1

Oy .nns weZ ao=a,a=p

In terms of this definition, Lemma 5.1 is in fact proved by showing that for t=2
and arbitrary «, one has

F 4))>0 (.1)
for d linearly independent directions in Z.

Proposition 5.2. If the conclusions of Lemma 5.1. hold, and if f,,(i)=0 for finitely
many i, then there is a constant C such that for all t>0 one has

)

ieZd

Y P ()

2< o
s = td/z

Proof. This proposition is a slight generalization of results in Spitzer. We first
define the quadratic forms Q, 4, for o, fe Z, by

Q)= 3 (0-F 0. (52)

Note that because F; (i) is zero when |i|> 1, the sum in (5.2) extends only over
ij = L=2. The forms Q, ; are positive definite by (5.1). Therefore, there is a 1>0
such that

Q,.5(0)=4(0-0),
for all e R® We next define the characteristic functions @, by

D,40)= 3 F3 e’
ieZd

Since our random walks are symmetric, i.e., I, 4(i)=F ,(—1i), we see that @, ; is
real, and we have the identity

P5(0)— B,yl0)= Y. (1—-cos(0-D)FZ,()=2 Y sin® (%) F2 (i).

ieZd ieZ
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When |0 <n/L, we have sin?(0-i/2)=(0-i/n)? in the above sum because of the
support properties of F7 ;. When || =n/L and e ¢ =[—n,n]%, we have @,4(0)
—®,,(0)>0, since ,4(0)=D,4(0) in € only if 0=0. Thus, for some 4’ >0, we have

Poy(0)— D, 4(0) 2 (0 - 0),

for 0e%. In other words,

0= D,4(0) =P, (0)e * @, (5.3)
Note next that
SELOPS Y| Y FL6P (5:4)
On the other hand,
1 . t
S F2 ()= [dOe T o, (0. 5.5
3, Fl)= g [0 5[] 9,0 (53
Combining (5.4) and (5.5), we sce that
] t t
F=L@)1* < do ¢ X D, .
1; l aO‘B( )l - (Zn)d‘g Ayeny wed pEII ap_,ap( ) Ay ey ae? p=1 p-t p( )
1 t 2,
< do P 0 —AH0-0) 5.6
< (2n)d<£ <ab'§ley pll iy 1, )) e (5.6)

where the second inequality used (5.3). We now note that with o, =f§, one has

Z H (pap 1azp( ): iezzd Fazztﬁ(i):

ya 1€ p=1

so that

FZtﬁ(l) ‘
2 12, .0

Alseste—1€F p=1

PZtﬂ(l)

Combining this remark with (5.6), and then performing the Gaussian integral
yields the claim of Proposition 5.2, for all even ¢ > 0. Since there are finitely many
transitions per unit time, the assertion then follows for all > 0.

Corollary 5.3. For every finite m, there is a constant C such that for all t >0 and all
o, B, o, B’ we have

) C
Y PP S
Lj:[i—jl<m
Proof. We start by writing

1
Fitﬂ(i) —2—)‘ fd@e - '@‘ (9)

2z
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Then
i,j;“Zjlém S OFZG) = iy <2 ) de(?de' LAOVD 1 ()P
= % Z(Z )degdf), L(O)DL 5 (0)e! 00 g0
= %: )d [d0d0 &L,0)D, ;. (0)e™” "
=2 (27)3 [dOdO P, ()@, 5 (0)e
<C 4’25(02%,,,(0)_.

Here, the sum over u extends over the set of possible paths of length at most m
which can be taken from a given site. By definition, this set is finite for finite m. The
claim of the corollary then follows by dividing by the normalizing factors.

6. Numerical Experiments for d=1

We have seen in Sect. 3 — for random Laplacians - that in dimension three or
higher, the largest Liapunov exponent 1,, is “annealed”, i.e., it is equal to the
Liapunov exponent 4y, of the product of the averaged matrices {Q), when M — oo,
In this section we present numerical evidence that the self-averaging does not take
place in dimension d=1. We have performed numerical experiments with the
matrices I, as defined in Sect. 1 for a random variable ¢ distributed uniformly in
[1—a, 14+a], where a<1, and for several values of the matrix size M.

0.8

07

— Ok

—

- 03

%//’: 07
e 01
T T T T 1

64 32 % 12 8 6 b
Fig. 1. Results of a numerical simulation. We show for various values of M (horizontal axis), and
various values of a (labels on curve) the computed Liapunov exponents and the “theoretical fit”.
The vertical scale is proportional to 4y — Ay
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In first approximation, we find a law
I — i@~ Ca* /M + Cy(a),

where C; ~0.1702 and C,(a) ~0.0071a*. The numerical evidence is summarized in
Fig. 1, which shows that C, is reliably constant over the domain of a considered,
but that the fourth order behavior of C, is less clear. On the other hand, there
seems to be some consistency with bounds which can be obtained from estimating,
through the diffusion kernel, the number of intersections between different paths.
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