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Abstract. Differential geometry and topology of principal loop bundles (bundles
of loop groups over loop spaces) are investigated. String structures, defined as
bundle extensions corresponding to the central extension of the structure group,
do not always exist. Various methods for deriving the obstruction to the
existence of string structures are discussed.

1. Introduction

Recently, Killingback [ 1] introduced a notion of string structure and suggested that
it should play a similar role in defining the Dirac-Ramond operator on the loop
space, LM, of a compact riemannian manifold, M, as the spin structure does in the
case of the usual Dirac operator on M.

For a principal fibre bundle, LP, over LM, with a structure loop group, LG, the
string structure is defined as a bundle extension of LP to LP, whose structure group
is the central extension of LG. In cases which are interesting in applications to string
theory the bundles on the loop space are obtained from some bundles over the space
itself, for example, from the spin bundle of M or some G bundle which corresponds
to the background gauge fields on M. It has been also observed in [1] that in such
cases the topological conditions, which one derives by requiring that a string
structure exists, are similar to those that guarantee the anomaly cancellation in the
two-dimensional chiral supersymmetric o-model on M, coupled to gauge and
gravitational backgrounds. This turns out to be quite natural once one realizes the
role of the supersymmetric o-models in defining the Dirac-type operators [2—6]. For
example, it is known that the usual Dirac operator corresponds to the supersymme-
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try charge in the Hilbert space of a one-dimensional chiral supersymmetric g-model
(supersymmetric particle) [3]. In this case the absence of anomalies, from the point
of view of canonical quantization, means that one can construct a Hilbert space for
the quantized system as the space of sections of some vector bundle associated with
the spin bundle on M. In other words the absence of anomalies is equivalent to M
being a spin manifold [7,2].

This argument can be generalized to one dimension higher [1,6]. Upon
quantization the supersymmetry charge of the two-dimensional o-model will define
the Dirac operator on the loop space. If the chiral fermions in the o-model are
coupled to some gauge bundle with the structure group, G, the resulting Dirac-
Ramond operator will naturally be coupled to the bundle over the loop space whose
structure group is LG. It is reasonable to require that the matter fields on which this
operator will act should transform under the unitary representation of the structure
group. In the case of the Dirac operator, one enlarges the structure group from SO(n)
to Spin(n) to allow for half-integer spin representations. Here, in the case of the
Dirac-Ramond operator, one has to enlarge the structure group LG to a central
extension since LG has only projective unitary representations [8].

The obstruction to the existence of a string structure on loop bundles is the
vanishing of a certain cohomology class, A, in H*(LM, Z.). As already pointed out in
[1], this class can be related to the class, 4, in H*(M, Z) which is responsible for the
anomalies in the g-model [9,2,10]. However, although the vanishing of 4 implies
that A is trivial, the opposite does not need to hold, and, in fact, examples when it
happens are known [11].

When M is an orientable riemannian spin-manifold, one can define spinors on
LM by using a projective spin representation of an infinite-dimensional orthogonal
group [12]. The existence of such spinors on LM is a stronger requirement than ours
and will not be discussed here.

The purpose of this paper is to provide various derivations of the condition for
the existence of string structures. Since A is an element in the integer cohomology of
LM, in general, it may have a torsion part. However, when there is no torsion, it can
be expressed in terms of differential forms on the loop space. This is different from
the case of spin structures where the obstruction, the second Stiefel-Whitney class in
H?*(M, Z,), can never be written using the de Rham cohomology of M. Thus in the
free case (no torsion component in A) one should be able to prove the existence of a
string structure by studying whether a gauge field on LM with a gauge group LG can
be “embedded” into a gauge field with the structure group LG. The mechanism of
how this works is that the resulting gauge field with the gauge group LG also has
components with values in the U(1) part of the Lie algebra of LG, and these can be
used to construct explicitly a 2-form H on LM such that A = dH. An obvious virtue
of this derivation is that it is explicit and that one needs almost nothing beyond
elementary properties of gauge fields. A drawback is that it does not capture the
torsion phenomena and is more lengthy than an “abstract” topological proof.
Indeed the problem of extending structure groups of fibre bundles is rather standard
in mathematical literature and can be related to obstruction thory. In our case once
one accepts the classification theorem for principal fibre bundles, the derivation of
the condition for the existence of string structures is remarkably straightforward.
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The paper is organized as follows. Section 2 contains a brief development of the
calculus of differential forms on loop spaces and a discussion of the relation between
the cohomology of the loop space and the cohomology of the space itself. In Sect. 3
we gather information about extensions of groups, in particular of loop groups, and
discuss the definition of a string structure for a loop bundle. In Sect. 4 we present an
explicit derivation of the obstruction using gauge fields on the loop space. For
technical reasons we assume here that M is 2-connected, that is, 7, (M) = n,(M) = 0.
The general case is discussed in Sect. 5 using more powerful methods of obstruction
theory. In Sect. 6 we collect a handful of typical examples, mostly of bundles over
homogenous spaces, in which the existence of string structure can be verified
directly. Finally in Appendix A we recall standard facts about the calculation of
homotopy groups of loop spaces and fibre bundles, and in Appendix B we describe
an explicit construction of line bundles.

2. Differential Geometry of Loop Spaces

2.1. General Definitions. Let X be a finite-dimensional smooth manifold and LX
the corresponding loop space. Pointsin LX are smoothmapsy:S! — X. The tangent
space, T,LX, to LX aty is the space of sections of the vector bundle y* T X over S*. A
tangent vector {eT,LX, which as usual can be considered as an infinitesimal
deformation of the loop y, is a loop of vectors &(1), teS”, such that ¢(1)e T,, X. A
n-form w at y is defined as a n-linear antisymmetric map from 7,LX x --- x T,LX
into R. The tangent and cotangent bundles over LX are obtained by taking
J T,LX and |J T}LX, respectively. Vector fields and differential forms

yveLX yeLX
are then sections of the corresponding bundles. Our approach will be rather formal

and for that reason we will not discuss in detail the problem of defining the proper
smooth structure on LX and on bundles over it. An interested reader is referred
to the mathematical literature, for example, [13,14].

2.2. DiffS* Actionon LX. On LX there is a natural action of DiffS?, the group of the
difffomorphisms of the circle, given by

y—>d*y, ¢eDiffS!, yeLX. (1)

The Lie algebra of DiffS! can be identified with the space of smooth vector fields
on S'. For a given smooth function f(f) on the circle, we will denote the
corresponding generator of DiffS* by L(f)= fd/dt and the fundamental vector
field on LX at y, which corresponds to the above action, by Lf ),- In terms of the
canonical tangent vector yeT,LX given by a loop of vectors tangent to the loop
7, 9(t) = dy(t)/dt, we can express the latter as L(f),(t) = f(t)j(z). Note that the vector
field 7y itself corresponds to the generator L(1) of the subgroup of constant rotations
along the circle.

2.3. Loop Forms on LX. Let w be a differential form of degree n on X. It is
convenient to introduce a corresponding n-form & on LX, with values in LR, which
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at yeLX is defined by
(I)(y;él""7£n)([):U)(A/y(t);él(t)""’én(t))’ éla"wénETyLX' (2)

This generalizes to forms @ which take values in some vector space V and gives
forms @ with values in LV. We will refer to @ as a loop form corresponding to w.
For a loop form @ we define its derivative da/dt as

d _ d _
(dtco)(e:l,...,én)(r):mw(¢1,...,é,,><t).

Similarly the integral [@, which maps @ into an R-valued (or more generally
V-valued) form on LX is defined by

(f@(fnm,ﬁn):Sjldt@(éf],m,fn)(tl

Both the derivative and the integral are defined for any forms on LX provided they
take values in some loop space of a vector space. An obvious property is j d/dt = 0.
Since d/dt and f are linear operators in the space of values of loop forms, they
commute with the usual operations of the differential calculus of forms such as the
exterior derivative, d, and the contraction with a vector field £, i, which are defined
on LX. Consequently they also commute with the Lie derivative along &, which, as
usual, is defined as
Le=diz+i.d.

From the definition (2) and the action of DiffS? in (1) we deduce that loop forms
are DiffS! equivariant in the following sense:

L1y® = L(f)o.

Here the operator on the left-hand side is the Lic derivative along the funda-
mental vector field L(f) on LX, and L(f) on the right-hand side is the differential
operator f(t)d/dt in LR.

24. Local Forms and the Evaluation Map. Another important operation is the
averaged evaluation map, E, which sends n-forms on X into (n — 1)-forms on LX. It is
defined by

Ew = [io,
or more explicitly

Ew(%él’ . ',6n—1) = .Sj; dtw(y(t)s '))(I), él(t)a"wén—l(t))' (3)

Notice that the form Ew is obtained as follows. First we use the evaluation map
e:S' x LX — X, e(t,y) = y(t) to pull back o from X to e*w on S* x LX and then
integrate it over the fibre S!. The forms on LX which are in the image of E will be
called local.

Alllocal forms are DiffS* invariant. This follows from the manifest reparametriz-
ation invariance of the integral in (3) that defines E. Infinitesimally we have
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An obvious remark is that, since not all forms on LX are DiffS! invariant, there exist
forms which are not local.
An important property of E is

Ed= —dE. (3)
Proof.
dEw=di,0=[di,0=[[L,—i,d]d= j%@— {i,de =0 — Edo.

This shows that closed forms on X are mapped by E into closed forms on LX.
Therefore, the complex of closed local forms on LX is a subcomplex of closed forms
on LX, and E induces a map from the de Rham cohomology of X into the de Rham
cohomology of LX.

Consider the following example. If @ is a 1-form on X, then Ew is a function on
LX whose value on loop y is given by the line integral of w

Ew(y) = [o.

This generalizes to higher-degree forms as follows. Let ¢, be a n-chain in LX. Then
e(S' x c,)is a (n + 1)-dimensional submanifold in X (possibly with singular points).
For a (n + 1)-form w in X we have

JEo= | o (6)

Cn e(S1 Xcy)

The pairing between forms and chains defined in (6) can be extended to singular
chains and cochains (one must simply replace the integrals by abstract pairings), and
defines an extension of the averaged evaluation map E to singular cohomology.

2.5. Relation Between the Cohomology of X and LX. To understand the relation
between the existence of a string structure and the absence of anomalies in the
corresponding o-model we must know the precise relation between the cohomology
of X and LX and, in particular, whether E, as a map from H"(X, *)into H" ™ }(LX, *),
is injective. We do not know the complete answer to this question. If X is a simple
compact Lie group G, then it can be shown that E is an isomorphism between
cohomologies of G and LG [8].

From the duality between homology and cohomology, the question whether
E is injective is the same as whether H,(X, *) is generated by cycles ¢, which are
of the form e(S! x ¢, _ ;). This happens, for example, if all ¢,’s are homologous to
homotopy spheres. In such a case we can use an explicit cover of S" with loops
which intersect cach other only at the north pole (the set of such loops is
topologically S" ') to construct the corresponding cycle in LX. We can apply this
observation to the casc when X is simply connected. Let us recall that for simply
connected X the Hurewicz theorem [15] guarantees that the first nontrivial
homology group H,(X, Z) is isomorphic to n,(X), and that the next one, H, , (X, Z),
is generated by the image of =, ;(X). Therefore, we can conclude that whenever
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7,(X) =0, E is an isomorphism in the first dimension where homology is nontrivial
and becomes an injection in one dimension higher.

3. Loop Groups, Loop Bundles and String Structures

3.1. Loop Groups. The loop group, LG, of a finite-dimensional Lie group, G, is
defined [8] as a group of smooth maps from S' into G with the pointwise
multiplication, i.e., (g,9,)() = g,()g,(t), g,,9,€LG, teS*. The Lie algebra of LG
can be identified with the space of loops in Lie G with the commutator

[&n1(0)=[E0,n(®)], & nelielG, teS".

LG is an infinite-dimensional group and can be given a structure of a smooth
Hilbert manifold. An important property of loop groups is that the exponent map
Exp: Lie LG — LG is locally a homeomorphism. This is not always true for any
infinite dimensional group and the notable example when Exp is not a homeomor-
phism is DiffS* [14]. From the practical point of view a nice exponential map
means that we can check a lot of properties at the level of the Lie algebra and
then generalize them to the level of the group. In fact, to a large extent differential
geometry involving loop groups can be done in a similar way as with finite-
dimensional groups [16]. We will make use of this in Sect. 4.

3.2. Group Extensions. We say that a group H is an extension of a group H if
there exists a homomorphism ¢ from H onto H. Thus to define an extension we
must specify the pair: group H and epimorphism ¢.

Any extension defines a principal fibration

~

kero=N — H

|

2
H~H/N

in which H is the total space, H is the base and N = ker ¢ < H is the structure group.
We will consider two classes of extensions, group coverings and abelian central
extensions.

3.2.1. Group Coverings. This is the case when N is a discrete group. The exact
homotopy sequence for the fibration (A.1)! gives

m(H) = m(H), kz2,

ny(H)/ny(H) = N.
An important example of a group covering is the universal covering of the group
H which is defined by the condition that H is simply connected. In this case
n,(H)=N.

3.2.2. Abelian Central Extensions. In this case N is an abelian group and the group

! See Appendix A
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multiplication in H, which, at least locally, is a product space H x N, is of the form
(h,n)-(W,n)=(hH,c(h,W)nn'), h,h'eH, n,neN, (7)

where ¢( , ) 1s a cocycle. In general ¢ must be considered as a section of some
bundle; however, if H is globally a product H x N, then ¢ is a function,
c:H x H— N.In order that (7) defines a group multiplication, ¢ must satisfy cocycle
conditions, which in the product case can be written explicitly as

Q) c(l,h)=ch1)=1,
Gi) el Wh")e(l,h") = c(h, )c(hk', h").

Note that locally ¢(h,n)=h and N is a subgroup in the center of H.

(8)

3.3. Central Extensions of Loop Groups. In the following we assume that G is
simple and simply connected.

3.3.1. General Definitions. We wish to describe briefly an important class of central
extensions of LG by U(1). For a more detailed discussion and proofs, the standard
reference is [8].

On the level of Lie algebras a U(1) extension LG of LG can be written as
Lie LG = Lie LG@® R with the Lie bracket

LS. (i, f)1 = ([Sn), (& m) & melie LG, o, feR,

where
1 2= d

is a cocycle on Lie LG. The cocycle condition for the group multiplication as given
in (7) implies that

o([&n1,0+ o([1,(1,9) + o([,€Ln =0, ¢ n,{eLicLG. ©

However, as we will see later not all cocycles on Lie LG can be obtained from
some cocycle in LG.
All the cocycles, and thus all central extensions of Lie LG, are completely
determined by the choice of a symmetric invariant form ¢ , ) in Lie G.
The Lie algebra cocycle w can also be considered as a left-invariant 2-form on
LG,
wl(g;dL,¢, dL,n) = w(é,n), geLG, & nelielG. (10)

From the cocycle condition (9) it follows that this form is closed and thus defines
a cohomology class in H?(LG,R).

The fundamental theorem is that the extension of Lie LG defined by w can be
integrated to an extension of Lie groups if and only if the cohomology class of
/27 is integral, i.e., @ integrated over any closed 2-cycle gives a multiple of 2.

3.3.2. Explicit Construction of the U(1) Central Extension of LG. The Lie group
(if it exists) corresponding to Lie LG is a U(1) bundle over LG and w/2n represents
the first Chern class of this bundle. Since LG is a simply connected space (A.2), @
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determines this bundle completely. The situation here is analogous to finite
dimensions. Using the construction descrlbed in Appendix B we can give the
following explicit representation for LG [8]. One considers the set of triples
Lg.l(g),ul, where geLG, I(g) is a path in LG from the unit element of LG to g,
and ueU(1). In this set one can define an equivalence relation which identifies
[g,l(g),u] with [g',l'(g),w] if and only if g=g' (ie., g(t)=g'(t) for all t) and

=A(I'sI”Y)u'. Here I'«I™" denotes a closed path in LG obtained by going first
along I and then back along I, and

A"y =",

where ¢ is an arbitrary surface in LG bounded by I'+[™!. As a set LG is then the
set of all triples divided by the relation we have just discussed. The group
multiplication in LG is

Lg:, i u 1[92, u2] =19192, Li*g1 15, uqu,].

It is straightforward to verify that this is well defined with respect to the equivalence
relation. The projection on the first entry in [ , , ] is the homomorphism ¢ onto
LG whose kernel is the center U(1).

3.3.3. Basic Central Extension when G is Simple. When G is simple all the U(1)
central extensions of LG can easily be classified. Since G is simple, all bilinear
invariant forms on Lie G are proportional (all bi-invariant metrics on G are
proportional), and there exists a smallest one for which w/2n is integral. This
form is called basic and is explicitly given by

&, n>——<é N6

where { , )¢ is the Killing form and ng is the dual Coxeter number [17]. The
corresponding central extension LG has two important properties [8]:

(i) It is universal in the sense that any central extension & of LG by an abelian
group N can be obtained from it by specifying a homomorphism p:U(1)— N.
Then & =LG x vayN, where we identify pairs of the form (g, k) ~ (g, p(a™ 1)k),
§eLG, aeU(1) = LG and keN.

(i) LG is 2-connected, i.c., n,(LG) = n,(LG) =0.

The second property easily follows from the homotopy sequence for the fibration
LG(LG U(1)), (A.4). It is convenient to think about the basic central extension
LG as the U(1) bundle on LG with the “lowest monopole charge.”

3.3.4. Central Extensions with G Semi-Simple. When G is not simple, but instead
has several simple factors, G =G, x --- X G,, there also exists a basic central
extension which is universal, but it is an extension by a n-dimensional torus rather
than a single U(1) [8]. In the context of string theory the extensions of non-simple
groups that one considers are extensions by a single U(1) with a cocycle of the form

w((él: [ERE] én)’ (’71’ ERRE} ”n)) = .Zn:l miw(i)(éi’ ’7i)9 éis niELie LGiJ (1 1)
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where o are the basic cocycles in Lie LG,, and m; are integers. These extensions
can be obtained from the basic one by choosing p:U(1)"— U(1) of the form
POy 0t,) =0y ™ o, ™

3.3.5. Relation Between H*(LG) and H*(G). As we already mentioned in Sect. 2.5,
the averaged evaluation map E is an isomorphism between cohomology groups
of G and LG. The generator of H3(G) is represented by an invariant 3-form ¢
given by

1
o(&ml) =g <&, n leLieG. (12)

The image of ¢ in LG under E is a 2-form Eo on LG given by
2n
(EO’)(g, dLgé’ dLgr’) = g dt a(dLg— lg(t)a é([)a 7]([))

However, Eo is neither left nor right invariant. It is nevertheless cohomologous
(as it should be) to the left-invariant basic form w in LG defined in (10). The precise
relation between w and Eo is [18]

1
—w=E
oy @ = Eo +dp, (13)

where the 1-form f is given by
1 2n
Plg:dLy&) = = ¢ 5 T diCdL,-+(0),E0). (14)

3.3.6. Central Extensions when G is not Semi-Simple. When G is not semi-simple,
all the central extensions by U(1) can also be classified. However, it is much more
complicated than in the simply connected case [8]. Firstly, the loop group LG is
not connected, and extensions of the connected component do not necessarily
extend to the extension of the whole group. Secondly, the connected component
of the identity, LG, is not simply connected and, as a result, U(1) bundles over
it are not completely determined by the curvature 2-form, i.e., by the cocycle in
the Lie algebra.

3.4. Loop Bundles. Let P(M, G, ) be a principal fibre bundle with total space P,
base M, structure group G, and projection n:P— M. The corresponding loop
bundle, LP(LM, LG,r,;), is obtained by considering the space of loops in P. If p
is a loop in P, then 7, (p) =7op is a loop in M. It is obvious that any two loops
in P that project onto the same loop in M are related by an element in LG. The
action of LG on LP is free and we conclude that LP is a principal LG-bundle
over LM.

The action of DiffS* on LP as a loop space (see Sect. 2.2) defines a lift of the
action on the base, LM, and is an action of a group of twisted automorphism of
the bundle LP in the sense that

o(pg) = ¢(p)p(9) peLP, geLG, ¢eDiffs". (15)
Note that usually an automorphism  would act by ¥(pg) = ¥(p)g.
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3.5. String Structures in Loop Bundles. Let LP(LM, LG) be a principal loop bundle
and LG a U(1)-central extension of LG with the projection ¢:LG—LG. We will
say that LP(LM, LG) admits a string structure [1] if there exists a principal bundle
LP(LM,LG), with base LM and the structure group LG, together with a map
@:LP — LP such that @(pg) = @(p)p(g), for all peLP and §eLG. More precisely
we require the following diagram to be commutative:
LPxLG—LP 1,
l(b@(p l<1> LM
LPxLG —LP %

Remarks.

1. The notion of string structure is relative to the bundle LP and the extension
LG. It can be defined for any LG bundle, not necessarily a loop bundle. Most of
our discussions and, in particular the existence conditions that will be described
in Sects. 4 and 5, are valid in the general case. If G is simple, we will usually take
LG to be the basic central extension. For non-simple groups we may also consider
string structures corresponding to more general toroidal extensions of LG.

2. We will say that a bundle P(M, G) has a string structure if its loop bundle has
one, and that a spin manifold M admits a string structure if its spin bundle does.
The latter is in analogy with the similar convention for spin structures.

3. The right action of U(1) = LG on LP gives it a structure of a U(1) bundle over
LP. This bundle, when considered over the fibres of LP(LM, LG), is isomorphic
with the bundle LG(LG, U(1)). We will make frequent use of this observation.

4. Gauge fields on Loop Spaces and the Existence of String Structure

In this section we assume that 7;(M)=0, i <2 and 7,(G)=0,i< 1.

4.1. Gauge Fields as Principal Connections. Let P(M, G) be a principal fibre bundle
with a principal connection A. We recall that 4 is a Lie G valued 1-form on the
total space P which satisfies [19]

(i) A(,)=¢ Celieg,

16
(i) R*A=Adg™'4, geG, (16)

where E,, is the fundamental vector at pe P corresponding to &, and R, is the right
action of G on P.
The curvature 2-form, F, is obtained by
F=dA+1[A4, 4],

and satisfies

i) i F=0

9) =0 (17)
(i) R*F=Adg 'F.

Finally, let us recall that in order to obtain the description of the gauge field
more familiar to physicists, one must choose a set of local trivializations of the
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bundle P, which consists of covering {#,} of M with open sets together with local
sections ¢,:%,— P such that noo, =id. The gauge potential 4 on the open set
%, is then obtained by pulling back A from P onto #,, namely A® = ¢* A. Local
sections are related by o,(x) = 04(x)g,(x), XEU,N Uy, Where g,5: Uz Uy— G are
the transition functions. Properties in (16) and (17) then imply the familiar trans-
formation laws for gauge potentials and field strengths.

4.2. Chern-Simons Forms on P and LP. The fibres of P can be identified (up to
the choice of the origin) with the group G. Thus on each fibre there is a third
cohomology class corresponding to the cohomology class of G discussed in Sect.
3.3.5. The form which represents this cohomology class on the fibre can be specified
by its values on fundamental vector fields and will be called 6. We can choose,
for example,

6(51)52:23)20(61’62’63)’ 619629636Lie G9 (18)

where the right-hand-side is given by (12).
It is standard that, using a connection A4, one can extend ¢ as a Chern—Simons
form [20] w, to the total space of the bundle

w3=8—71zz<A,F—%[A,A]>. (19)

Here the product {, ) of Lie algebra-valued forms should be understood as follows.
Let T, be the generators of Lie G. Then (A4, F )= A' A F/{ T, T;), and similarly
for the second term.

Using (16) and (17) for 4 and F, it is easy to check that w; restricted to the
fibre indeed reproduces 0. Moreover, dw; is a basic form, that is, there exists a
4-form A on M such that

dews = % ). (20)

To show this, one must check that izdw; = 0, which follows from (i) of (16), and that
L zdw, = 0, which follows from (16), (17) and ad-invariance of the form ¢ in Lie G.
Note that 4 is necessarily a closed form and thus represents a cohomology class of
the base, which is called a transgression of the cohomology class of the fibre
represented by ¢. In our case we can choose A= —(1/872)(F,F)>. When G is
Spin(n), A= —%p,, where p, is the Pontrjagin class.

Let LP(LM, LG) be the loop bundle obtained from P(M, G) as described in Sect.
3.4. Consider the 2-form Ew; on LP. Using (5) and (20) we find

dEwy = — Edwy = — En*A= — n}¥EJ. 21

The 2-form Ew; is equal to Eo when evaluated on fundamental vectors at pe LP.
Thus upon restriction to the fibres of LP, Ew, represents the cohomology class of the
form w on LG that was used in Sect. 3.3.1 to define the central extension LG. In the
case of LG we had (1/2n)w = Eo + df. Here we will show that one can introduce a
2-form ¥, whose restriction to the fibre is exactly equal to the form w, and
(1/2n)¥, = Ew; +dY, where Y is some 1-form on LP. To achieve this we use the
natural connection in LP given by the loop form A4, where A4 is some connection form
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in P. Using (16) and (17) it is easy to check that the following form defined on LP.

120 /1/_d - S
Y,=—\dt{ =( A,—A4 ) —<KF,A(y 22
=5 | (2< . > < (v)>> 22)
satisfies ¥, 7,) = (&, 7).

We saw in Sect. 3.3.5 that on LG the form w was cohomologous to Eo. Let us
show that the same holds for their extensions to LP. Consider a 1-form, I", on LP,

Y= At A, AR)D. (23)

N
=3

1
8n?
Let us show that

L'1’2=E61)3—l-d)”. 24)
2n

The proofis an elementary use of formulae from Sect. 2. We shall write it out in some
detail to point out the importance of A being a loop form on LP. We have

—8n2dY =d [<{A,i,A) = [[{dA,i,A) — (A(ZL;—id)A)]
_ y[_ <z,j_t;> +2¢dAi Ay~ iy.<dz,;>]
= —4n¥, + 8n?Ew;.
From (20), (21) and (24) we obtain

1
2—d¥’2=d(Ea)3+d)’)= —nfEA (25)
7
Remark. On LP, Ew, is explicitly given by
1 _ _

Notice that the right hand side of this expression is well defined if we replace A
by any connection .«7 in LP. This defines a form on LP which we will call ®,. In the
same way forms ¥, and Y can be defined for any connection .« in LP. Moreover, we
can define ,, ¥, and ¥ for any LG bundle over LM, without assuming that it comes
from some G bundle over M, provided it admits a lift of the S! action on the base to
the twisted group of automorphisms (3.4). In this case we simply replace y in (22), (23)
and (26) by the fundamental vector field of the S!-action. Then one can check that
d'¥, is a basic form, that is

1
2n
where A (not to be confused with 1) is a closed form on LM. However, in this more
general situation one cannot prove that, for any connection .o/, ¥, is cohomologous

to w,. This can be seen from our explicit calculation after (24) in which we used the
fact that the connection A4 was DiffS*-equivariant in the sense of Sect. 2.3. In order

d¥, = —1}A, (27)
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that the relation (1/27) ¥, = w, + dff holds for an arbitrary connection .o/ we must
restrict the class of allowed connections to those which are given by S! equivariant
forms, that is, they satisfy
d
LA =—d.

’ dt
For such forms one can also show that the cohomology class of A does not depend
on the choice of the equivariant connection used to define it. We can thus consider
(1/2m) P, as a generalization of the “Chern—Simons” forms to loop bundles, and A is
then the generalization of the Pontrjagin class. Of course, when the LG bundle
comes from some G bundle, A is cohomologous to EA.

4.3. Existence of String Structure. We will now discuss in the framework of gauge
fields on LM the existence of string structure for the bundle P(M, G). First we will
prove that the vanishing of A is a necessary condition for the existence of a string
structure. The strategy is as follows. Assuming that an extension LP exists, we extend
the gauge field in LP to some gauge field in LP. Then we use the U(1) component of
this gauge field to construct explicitly a 2-form H in LM such that dH = A. We will
first discuss the case where G is simple and LG is the basic central extension.

Let LP(LM, LG) be an extension of LP(LM, LG) which defines a string structure
of the bundle P(M, G). As we discussed before, LP can also be viewed as a U(1)
bundle, LP(LP, U(1)), over LP that is isomorphic with the central extension
LG(LG, U(1)) over the fibres of LP.

Corresponding to the decomposition of the Lie algebra of LG, Lie LG =
Lie LG @R, there is a decomposition of any principal connection < in LP into its
LG and U(1) parts. Let .o = (7, 0). A natural question that arises is whether it is
possible to combine arbitrary connections .« in LP(LM, LG)and 0 in LP(LP, U(1))
insuch a way that they form a connection <7 in LP(LM, LG). In general the answer is
negative, since in order to be part of a connection in LP(LP,LG), 6 cannot be
arbitrary along the fibres of LP. In fact, from the infinitesimal form of (ii) in (16) and
the commutation relations of Lie LG, we find that

L= —[¢ A )yqy= — (), (28)

where & is the fundamental vector field in LP corresponding to the generator
¢eLlie LG < Lie LG. However, one can check that this condition is not only
necessary but also sufficient to define a principal connection .7 in LP.

One can also prove that an arbitrary connection ./ in LP can be extended (in
many ways) to LP, i.¢., that it is possible to construct a 1-form 0 on LP which satisfies
condition (28). The argument is very similar to the one that is used to construct a
gauge field in an arbitrary bundle out of local trivializations and a subordinate
partition of unity (see, e.g. [21]).

Let o7 = (o, §) be an extension of «Z. We will choose .« to be S'-equivariant, for
example .o/ = A. Using the properties in Sect. 4.1 and the fact that U(1) is in the
center of LG, we can easily verify that 0 defines a principal connection in the U(1)
bundle LP(LP, U(1)). Moreover < vanishes on the U(1) fundamental vectors, and is
invariant along the U(1) fibres. Thus it goes to the quotient LP/U(1), which is just
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LP, and defines a principal connection in LP(LM, LG). Similarly, the curvature, @,
of the U(1) connection is a basic 2-form on LP and can be viewed as a 2-form on LP.
Note that although df is cohomologically trivial on LP, @ is never trivial as a
cohomology class on LP. This is because the bundle LP(LP,U(1)) is always
nontrivial, and @ /2n represents its Chern class. In what follows we will show
that ¥, + O is a basic form on the total space of the bundle LP(LM, LG) and that
the 2-form on LM which is determined by it is precisely the one that trivializes A.

In LP the curvature 2-form, £, of .7 can be decomposed into its LG and U(1)
parts

Quy=d0+3[A, A1y = O + 1o(A, ), (29)
Qo=dod +3[A, o] . (30)

As for d6, all the curvature components in the above equations can be considered as
well-defined forms on LP.

To prove that the 2-form ¥, + ® on LP is basic, we must show that for any
fundamental vector field & with eLie LG

iZ(¥,+ ©)=0, (31
LAY, +0)=0. (32)

To verify the first condition we observe that £y, vanishes on fundamental vectors
of Lie LG. Thus from (29) i:® = — w(¢, o) while, from (22), i: ¥, = + o(Z, o). As
for the second condition, using (31) and (27) we have

gz( 'Pz + @) = (lgd + dlg)( IPZ + @) = igd lPZ = — z§nf(2n/l) =0.
This shows that there exists a unique 2-form H on LM such that
¥, + O = —nf(2nH). (33)

However, since @ is closed we also have

1
nfA = —Ed( ¥, + O)=dn}fH=n¥dH,

which implies that in fact A = dH. This concludes our proof that the vanishing of
A(= EA)in cohomology of LM is a necessary condition for the existence of a string
structure.

To prove that the vanishing of A= EA is also a sufficient condition for the
existence of a string structure we will use the explicit construction of U(1) bundles
over simply connected spaces which is described in Appendix B. First we show that
the vanishing of A allows one to introduce a closed integral form /27 on LP,
which when restricted to the fibres is equal to — w/2n. Then we construct the total
space of LP as a U(1) bundle over LP (with 9/27 being its Chern class). Finally, we
exhibit a free LG action on LP and prove that LP is a string structure for P(M, G).

It is in this part of the proof that we need to assume that M is 2-connected.
From the homotopy exact sequence for P(M, G) we then find 7;(P)=0, i=0,1,2
(see, Example 2 in Appendix A). Then for the corresponding loop bundle we have
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n;(LP)=0,i=0,1. Thus any curvature 2-form of a U(1)-bundle over LP determines
this bundle completely.

From the discussion in Sect. 2 we know that if M is 2-connected then E is an
injection from H*(M,R) into H3(LM,R). Thus, from the vanishing of EA in the
cohomology of LM we deduce that there exists a 3-form 4 on M such that A = dh. Let
o/ = A and ¥, be the corresponding Chern-Simons form on LP. Then

S=— V¥, +n¥EQ2nh)

is a closed 2-form on LP which, on the fibres, is equal to — w. Comparing with (33)

it is clear that 9 looks very much like ®. However, in order to prove that 9 can

be considered as a curvature form of some U(1)-bundle we still need to show that

9/27 represents an integral cohomology class in LP.

To prove that §/27 is integral we observe that it can also be written as

L8= — E(wy —n*h)—dY, (34)
21

where Y is given by (23). On the other hand the 3-form /4 on M is only determined up

to the addition of an exact form. It is standard in the theory of Chern—Simons forms

[20] that for A = dh one can use this freedom to adjust h such that the closed 3-form

w3 — n*hrepresents an integral cohomology class in LP. The image of this form by E

is also an integral form, which by (34) is cohomologous to —3/2x.

We can now use the construction from Appendix B and apply it to LP with
the closed, integral form 9/27. The total space of the resulting U(1)-bundle LP can be
represented by equivalence classes of triples [p, [, ,, o], where pe LP, 1, , isa path
in LP from a fixed base point p, to p and «e U(1). The precise form of the equivalence
relation is given in Appendix B.

A similar method was used in Sect. 3 to construct the central extension of the
loop group. We can now put both of them together and show that Lp is in fact
an LG bundle. Let p=[p, Lipo.pp @] and g = [4g, l(g), u] represent points in LP and
LG, respectively. Consider the following expression:

[pa l(po,p)) O‘] ! [g: l(g)a u] = I:pga l(po,p)*pl(g)7 OCu], (35)

where pl(g) is a path in the fibre of LP from p to pg. It is not difficult to convince
oneself that the equivalence class of the element on the right-hand side depends
only on the equivalence classes of the factors on the left-hand side and thus (35)
defines an action of LG on LP. In fact this action is free and gives to LP a
structure of a LG-bundle over LM. In this bundle we have following projections:

0 LD Loy a]eLP
LP>p - l i,
> m(p)eLM
From this diagram it is almost obvious that LP together with the projection @ define

a string structure. This completes the proof that the vanishing of EZ is also a
sufficient condition for the existence of a string structure.

4.4. Nonequivalent String Structures. A natural question that arises is to what
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extent a string structure LP is determined by LP and LG. If we think about
LP as a U(1)-bundle over LP, then the choice of the central extension LG fixes
this bundle over the fibres of LP; however, there remains a freedom in extending
this bundle from the fibres to the total space LP. One can easily enumerate all
nonequivalent extensions. Let LP,, and LP,, be two string structures with
the corresponding U(1) curvatures @, and @, respectively. By subtracting
Egs. (31) and (32) with @ = @,, from the same equations with @ = @, we
obtain
ig(@(n - @(2)) =0
gf(@(l) - @(2)) =0
which shows that @, — @, is a basic form on LP. Thus
Ou)=0On +niH,,

teLie LG,

where H,, is a 2-form on LM. Since @, and @, are closed and integral forms
on LP, H,, is a closed and integral form on LM, i.e., it defines an element in
H?(LM, Z). Before we conclude that nonequivalent string structures are para-
metrized by H?(LM,Z), we must check that n¥:H*(LM,Z)— H*LP,Z) is an
injection. When M is 2-connected this can be deduced as follows:

(i) from the long homotopy exact sequence for the fibration LP(LM,LG) we
find that (7)), :7,(LP) - n,(LM) is a surjection (because n,(LG) = 0);

(ii) from the Hurewicz theorem (i) implies that (), is a surjection from
H,(LP,Z) onto H,(LM, Z),

(iii) by duality n¥:H*LM,Z)—H*LP,Z) is an injection. Therefore non-
equivalent string structures are parametrized by H*(LM, Z).

This concludes our discussion of the existence of string structures in the free
case.

4.5. Generalizations. The above discussion can be straightforwardly generalized
to the case where G= G, x --- x G,. Let =Y m;0?”, meZ, be the cocycle that

defines LG. A gauge field in LP can be decomposed into components .o,
i=1,...,n, where /" is the projection of ./ onto Lie LG;. Let ¥9, i=1,...,n,
be 2-forms obtained by substituting in (22) A4 with /. Then the only
modification which is needed to extend the previous discussion to this more
general case is to substitute everywhere ¥, by > m;¥9. The result is that the

necessary and sufficient condition for the existence of a string structure

corresponding to the cocycle w is

mEA" =0 in H3LM,R).
i=1

5. Existence of String Structures and Obstruction Theory

5.1. Extension of the Structure Group of a Principal Fibre Bundle. Our
discussion here will closely follow ref. [22]. Let (H, ¢) be an extension of the
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group H in the sense of Sect. 3.2 and P(X, H) a principal H-bundle over some
space X. We say that this bundle admits a H extension if there exists a principal
bundle P(X, H) and a bundle map @:P — P such that @(ph) = O(p)ep(h).

The existence of such extensions can be studied using the classification
theorem for principal fibre bundles [23]. This theorem says that for any group
G there exists a universal principal G-bundle Ey4(Bg, G) whose total space Eg
is contractible. Its base By is then called a classifying space for principal
G-bundles and enjoys the following property: any principal G-bundle P is
obtained as a pullback of f}(Eg;), where fp is a map from X to B The map
fp is called the classifying map of the bundle P. Moreover, any two maps fp and
f» which are homotopic lead to isomorphic bundles P, P’ and vice-versa.

5.1.1. Relation Between By and Bj. For a given group the classifying space is
determined only up to homotopy equivalence. In the case we want to study this gives
us the freedom of choosing the classifying spaces B;; and By such that they form a
fibration
BN - Bg

y

By
whose fibre is the classifying space of N = ker ¢. Since this property is less known
we recall briefly its proof.

The first observation is that since N < H, it acts freely on Eg, and we may
therefore consider the quotient E;/N. Thus E; is also a principal N-bundle over
E;/N and, since Ej is contractible by hypothesis, By =E;/N is a classifying
space for N-principal bundles. The second observation is that By is a H-principal
bundle over Bj. Indeed, starting with E;, we may build the associated bundle
E, x gH/N, which is a H/N-bundle over Bj. Since this associated bundle is
nothing else but E;/N itself, the conclusion stems from the fact that H is isomorphic
with H/N. The third observation is that we can build a space B} which has the
same homotopy type as By and which can be fibrated over By with fibres By.
We construct it as the bundle Bj; = E, x , By, associated with Ey(By, H) by using
the H-action on By(By, H). The fact that Bj; has the same homotopy type as
Bj; can be seen formally by noticing that, locally,

B ~By x By ~Ez/N x Ey/H~E;/H x Ey ~ B;; x Ey,

where Ej is contractible. Since classification of principal bundles is a homotopy
classification [23], we can forget the difference between B; and Bj; and use the
latter as a classifying space for H-principal bundles (from now on we will write
By rather than Bj).

The only thing to remember is that whenever we have an exact sequence

0->N-H-YSH—0,

we may both consider H as a principal N-bundle over H and B as a By-bundle
over By (of course, the latter is not a principal bundle!). We will denote by p the
projection B; — By.
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5.1.2. ConditiAon fgr the Extension of the Structure Group. In order to extend
P(X,H) to P(X, H), it is necessary and sufficient to find a classifying map f;
from X to B; making the following diagram commutative:

By
2 s
X258,

Such a map f; can be considered as a section of the bundle f#(Bg), with
base X and fibre By obtained by pulling back B;(By, By) along fp.

Finding a global section in a given bundle with base X and fibre F is of course
not always possible, and this is the subject of the obstruction theory [24]. The
idea is to build the section explicitly by using a simplicial decomposition of X:
there is no problem at the level of O-simplices but when 7y(F)# 0, there is a
potential problem at the level of 1-simplices; one can prove that the obstruction
lies in HY(X, ny(F)). If a lift of the 1-skeleton can be constructed, one tries to
extend it to the 2-skeleton, and so on. In general, in order to extend the section
from the n-skeleton to the (n+ 1)-skeleton, one finds an obstruction in
H(X, m, - 1(F)).

In the present case F = By, and we find a sequence of obstructions given by
classes in HY(X, ©,_ ;(By)).

5.1.3. Example: Spin Structures. As a particular example of these techniques,
let us consider the case where H = SO(n), H = Spin (n) and N = Z,. Using 7,(By) =
T—1(N) we find that the only nontrivial homotopy group of B, is m,(B,,) =
n9(Z,)=7Z,. The only possible obstruction is therefore an element w, in
H*(M, Z,), and we recover the usual condition for the existence of spin structures.

5.2. Obstruction to String Structures. We now apply the preceding techniques to
the case of U(1)-extensions of principal loop bundles. Then N, H and H are replaced
by U(l), LG and LG respectively. The possible obstructions lie a priori in
H"(LM, m,_;(By,))- Since m,_ ; (BU(1))=m,_ ,(U(1)) and the only nontrivial homo-
topy group of §* is m;(U(1)) = Z, we see that the only possible obstruction for a
string structure is a particular class in H3(LM, Z.).

We must now identify this obstruction explicitly. Actually this has already been
done, at least for some cases, in Sect. 4. We remind the reader that we introduced
a map E (the composition of evaluation map and integration over the fibre S?)
going from H¥M) to H*~}(LM). We saw that the obstruction could be written as
EA. We will see that, in general, 1 is an element of H*(M, Z) and is actually a
characteristic class since it comes from H*(Bg, Z) via the classifying map. Indeed
we have the following picture:

. BJZG
4 l"
LM 2B,

where f, is the classifying map of LP(LM, LG) and f, the classifying map of
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LP(LM, LG). We know (cf. A.5) that H3(B,;, Z) = Z and H3(B;, Z) = 0; therefore
the obstruction is the characteristic class obtained by pulling back (via f;) the
generator of the third cohomology of B, ;. One can convince oneself that B, ; can
be identified with the space of loops LBg of Bg, but H*(LBg;) ~ H*(B), a property
which can be proved by using the evaluation map S! x LB; — Bg and integrating
over the fibre (notice that H*(B;) is the smallest cohomology group of B; when
G is semi-simple since H*(B;) ~ H3(G)). We have the following diagram

HYLM, Z) L H3(B,,, 7)

e

HYM,Z) £_H*B,,Z)~H¥G,Z)

The obstruction can therefore be written as EAe H3(LM, Z), where Ae H*(M, Z) is
a characteristic class.

In the case where P is the spin bundle, 4 is actually the integer class 1p,,
where p, is the Pontrjagin class of the tangent bundle.

Notice that EA =0 does not necessarily imply 4 = 0. We discussed this already
in Sect. 2.

Finally, we would like to remark that there is actually a faster—but more
abstract-way to arrive at the same conclusion. This method was used in [1]. The
idea is to consider the exact sequence

0-— U(l)—>LG—5LG—0
and the associated cohomology sequence
— HY(LM, U(1)) %> H (LM, LG)) -2 HY(LM, LG) ~2 H*(LM, U(1)).

It happens that such a sequence is meaningful, at least in the lowest degrees,
although LG and LG are not abelian [25]. Moreover, the bundles LP and LP
can be considered as elements of H'(LM,LG) and H'(LM, LG), respectively.
Therefore,

[3LPeH'(LM,LG) such that ¢ (LP)=LP]<[LPekerd,],

ie., d,(LP)= H*(LM, U(1)) = 0. Hence the obstruction is equal to J,,(LP) and lies in
H?(LM, U(1)), which, by the universal coefficient theorem [21], can be related to
H3(LM, Z). The same homological argument tells us that if LP, and LP, are two
nonequivalent lifts, we obtain ¢*(ﬁP1) = q)*(f,PZ) yielding cp*(]:P1 —LP,)=0,
ie, LP, — LP,ei H'(LM,U(1)). Then LP, = LP, + i,(f), where fe H'(LM, U(1)),
and we find that nonequivalent lifts are parametrized by elements of H*(LM, U(1)).
This, in turn, can be related to H*(LM, Z), cf. Sect. 4.4.

6. Examples

6.1. String Structures on Coset Spaces G/H. Let us assume for simplicity that both
G and H are simply connected, and that G is simple while H=H, x --- x H, is,
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in general, a product of n simple factors.
On any coset space G/H we have a canonical H-bundle

H->G

.

G/H
whose total space is the group G itself. The corresponding loop bundle is

LH-*5 LG

N

L(G/H)

Let LG be the basic central extension of LG. The induced bundle if LG over LH
defines a central extension of LH associated with the cocycle.

0= i mo',

where wf!* is the basic cocycle on LH; and m;eZ is the embedding index? of H;
in G. It is obvious that for this particular central extension of LH, LG defines a
corresponding string structure in the bundle LG(L(G/H), LH).

With our assumptions G/H, is a 2-connected space and therefore always a spin
manifold. We can also consider the existence of a string structure for the spin
bundle S(G/H, Spin(d)), d = dim (G) — dim (H). This bundle reduces to the canonical
H-bundle G and we have

S(G/H, Spin (d)) ~ G(G/H, H) x 5 Spin (d),

where the right-hand side consists of equivalence classes [(gh, p(h™Y)s)], g€G,
seSpin (d), heH and p: H — Spin (d) is the embedding via the isotropy representation
of H. The corresponding loop bundle is isomorphic to LG(L(G/H),LH) x ;4
L Spin (d), where we use the embedding p, : LH — L Spin (d) induced by p. Note also
that the total space of the bundle LG is a subspace of the total space of the loop
bundle LS. Thus a string structure (if it exists) in the loop bundle LS corresponding
to the central extension L Spin(d) induces a U(1)-bundle over the total space of
the bundle LG and its Chern-class (up to a factor of 27) restricted to the fibre LH
is represented by the cocycle w” on Lie LH given by

wf = Z m?CUHi,
i=1
where m? are the indices of H; in Spin(d) by the embedding p.
Since G is simple, H%(LG, Z) is one-dimensional. Therefore, even though the
space of nonequivalent cocycles on Lie LH is n-dimensional, there is only a 1-
dimensional subspace of those which correspond to U(1)-bundles over LH that

2 The embedding index is m; = (ny /ng)(c,(Ad G)/c,(Ad H,)), where ng and ny, are the dual Coxeter
numbers of G and H,, respectively, and c¢,(r) is the second index of the representation r of H, defined
by Tr(t,t,) = — c,(r)d,,, with t, being the generators of H; in the representation r
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can be extended over LG. Using this observation we can deduce that the spin
bundle on G/H has a string structure if and only if the cocycles w® and w” on LH
satisfy @” = mw®, where m is some integer.

Remark. Since G/H is 2-connected, we find that the above relation is a condition
for the Pontrjagin class of G/H to vanish.

Example 1. Spheres S”

Since S" = Spin (n 4+ 1)/Spin (n), the canonical and the spin bundle coincide and
there is no problem with defining a string structure. This of course agrees with
the well-known fact that p,(S")=0.

Example 2. Quaternionic projective spaces HP"

Quaternionic projective space HP"= Sp(n+ 1)/Sp(1) x Sp(n) is a 4n-dimen-
sional spin manifold. For the canonical Sp(1) x Sp(n) bundle we find @*"*1 =
@SPM 4+ %™ while for the spin bundle we get ” = nw*™ + »3™, which shows
that w” is proportional to w*®* "V only for n =1 and this is the only case where
one can define a string structure for the spin bundle of HP". Once more this agrees
with p,(HP") # 0, n = 2 [26], while, for n = 1, HP! = S*, and this case reduces to the
previous example. Notice, however, that Sp(n + 1), considered as a principal bundle
over HP" always admits a string structure.

Remark. Real projective spaces RP" are not simply connected. On the other hand
complex projective spaces CP" admit a spin structure only for n odd. Since the
total Pontrjagin class is p(CP") = (1 — x)"*1, where x is a generator in dimension
2, p1(CP™) # 0 except for n = 1. However, CP* = 2, so this example is rather trivial.

6.2. String Structures in Hopf Bundles. Consider SU(2)-principal bundles of the
form
SU(2)—>S4"+3
I nz=l
HP"

They correspond to the nontrivial SU(2)-instanton on HP" with k=1, and it is
well-known that the second Chern-class is nontrivial. Thus these bundles cannot
admit a string structure. This can also be checked explicitly as follows. The total
space of the corresponding loop bundle, LS*"*3, n > 1,is 2-connected which implies
that any U(1)-bundle over it is trivial. This excludes the existence of a string
structure since it would lead to a trivial U(1)-bundle over the fibres LSU(2) (cf.
Remark 3 in Sect. 3.5).

Appendix A. Homotopy Groups of Loop Spaces and Loop Groups

A.l. Long Exact Homotopy Sequence of a Fibration. The basic tool in computing
the homotopy groups of a fibration

F—

SoR ™
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is the long exact sequence of homotopy groups [21],

e T(F) 5 1 (E) s m(B) sy (F) > -
w2 o(F) = mo(E) — mo(B) — 0.

Here i, and n, are the homomorphisms between homotopy groups induced, respec-
tively, by the inclusion of the fibre F in the total space E and the projection onto
the base M. The extent to which the fibration is not a product is measured by the
homomorphism 4, called the “homotopy-holonomy” operator.

Example 1. Universal G-bundle E4;(Bg, G).
Since E; is contractible, all the homotopy groups of E; vanish. Then one obtains
the well known relations

T(G) = M4 1(BG).

Example 2. P(M, G) a principal bundle, and G a simply connected Lie group.
Since G is a Lie group, we must have n(G)=0, i <2, and the long exact
homotopy sequence implies that

ni(M)=ni(P)’ l=09 1’ 2
In particular, if M is 2-connected, the total space P is 2-connected as well.

A.2. Homotopy Groups of a Loop Space. The loop space LX can be viewed as a
fibration

QX ——>LX

I

X

where 2X is the space of based loops at x,€X, i is the natural inclusion and n
is the projection onto the origin of the loop. It is a standard fact® in topology
that 7, (2X) =, (X). Since any closed sphere in X can be lifted to LX, for
example as a sphere of constant loops, the J,, map is trivial. Therefore the homotopy
sequence can be truncated after each J,, so that we get

o (QX) - m (LX) m(X) 255 0

[
T+ 1(X)

where i, is one to one while n, is onto. Consequently,
T (LX)/ml( X ) = w4 (X))

In particular, if X is 2-connected, LX is simply connected.

3 As a matter of fact this can also be shown by considering the homotopy sequence associated with the
fibration of the space, PX, of paths in X with fibre 2X and base X
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A.3. Homotopy Groups of LG. Since the loop group LG is topologically a product
LG ~ G x 2G, the homotopy groups factorize [21],

L (LG) = m(G) x m(2G) = m(G) X w4 1(G).

If G is a simply connected simple Lie group, this implies 7,(LG) = n;(LG) = 0 and
,(LG) =14(G) = Z.

A.4. Homotopy Groups of LG. Consider the case where G is simple and simply
connected. Since LG is a U(1)-bundle over LG and n,(U(1)) =0, k > 1, we must have

(LG) = (LG), k=3.

For k <2 the homotopy sequence becomes

0 1,(LG) > 1,(LG) 25 7, (U(1)) > 7, (LG) — 0.

I |
4 Z

Here 0, is given by evaluating the Chern class of LG on the generator of
7,(LG). If LG is the basic central extension, d,, is an isomorphism and we get 7;(LG)
= 7,(L.G) = 0. For higher extensions associated with cocycles mw, meZ, we find that

7,(LG) = Z/mZ and 7,(LG) = 0.

A.5. Homotopy Groups and (co)hAomology Groups of Bg, By g and B, Let G
simple and simply connected, and LG the basic central extension. Then, from A.1

and A.4, we have
m(Be)=0 i=3, my(Bg)=1,
T(Breg) =0 =2, m3(Bg)=2,
m(B;g) =0, iZ3.
The Hurewicz theorem for a g-connected space X (g = 1) reads
n(X)=H(X,Z) for i<g+1.
On the other hand the universal coefficient theorem gives
H(X,Z)~H(X,R)® T, ,(X),
where T,_,(X) is the torsion part of H(X, Z). Henceforth we find
H(BgZ)=0, i<3, H*%BgZ)=12,
Hi(BLGv 2)=0, i<2, H3(BLG> 2)=1,
H(B;,,Z)=0 i<3.

Appendix B. U(1)-Bundles on Simply Connected Spaces

On a simply connected space X a closed 2-form w, such that w/2n represents an
integer cohomology class in H2(X,R), defines, up to an isomorphism, a principal
U(1) fibre bundle P over X. Reciprocally, such a U(l)-bundle determines the
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cohomology class of w. Although this property is well-known, we prefer to recall its
proof here, since some of the ingredients entering the derivation play an important
role in Sect. 4.

In order to establish the above correspondence, we first fix a base point x,e X
and consider the set of triples

P = {[X, lxo.xy» ®1; X0€X, Iy, @ path in X from x, to x, aeU(1)}
along with the equivalence relation

[x, lt), 0] ~[x,I'(x),’] iff x=x" and o =Al'*]" "),

where
A(l’ >l<l~ 1 ) == e“fu(l'*[ﬂ)(u,

where o(I'+1~ 1) is any surface in X whose boundary is a closed loop '+~ ! obtained
by going first along path [' and then back along .

Remark. The integrality condition for w/27 implies that the phase A(I'I~ 1) does
not depend on the choice of o(I'+1 ™). Such a surface always exists since X is simply
connected.

Toshow that 2/ ~ isa U(1)-bundle, we exhibit a projection 7 onto the base and a
free U(1) action along the fibres. They are defined as follows:

TC([Xa l(xo,x)a CX]) =X,
Rﬂ([x5 l(xo,x)’ OC:I) = [)C, l(xg,x)’ O(ﬁ], ﬁ in U(l)

It is obvious that these definitions do not depend on the representative of an
equivalence class in 2. By choosing a local cover in the space of paths in X that
originate at x, one can also exhibit an explicit local trivialization of 2/~ .
Finally we describe a connection 8 in 2/~ whose curvature is equal to w. The
easiest way to define such a 6 is to give an explicit prescription for the paraliel
transportin 2/~ . Let [, .., be a pathin X and [x, [, ., ®] a point in 2/ ~ which we
want to parallely transport along [, . The result is [X', [ o * [, x» @], Where the
path I, . %1, from x, to x" is obtained by the usual composition of the path
lixg.xy With I ., Once more one can check that this does not depend on the
representative in the equivalence class and defines the correct connection 6.

Remarks.

1. This representation of line bundles using equivalence classes of paths and phases
is particularly convenient if we want to study explicit lifts of the action of some
symmetry group, S, on the base, to the total space of the bundle. In the present case S
is DiffS* and its action has the following properties: (1) the point x,, is a fixed point of
the S action, (2) w is S invariant. In such a situation an explicit lift is given by

S[X, Lo xp 0] = [8X, Sliyg vy, @], SES,

where sl (1) = 5(l4,.5(7)) is the image of the path [, ) under s.

2. The previous construction of the U(1) bundle can also be described as follows. Let
P, X be the space of based pathsin X, i.e., the space of paths [:[0, 1] — X with origin
X0, [(0) = x,. Let £2,_X be the space of based loops in X which carries a natural group
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structure. Then, the mapn:P, X — X associating a path with its endpoint is a
bundle projection. Indeed, if [ and I’ are two paths with the same endpoint, then
I'+1" ! is a closed loop with origin x,, hence an element of £, X. We may consider
P, X as a principal bundle over X with structure group £, X, and n being the
projection. Let us show that a closed 2-form w on X, such that w/2n represents an
integer cohomology class, determines, up to an isomorphism, a principal U(1)-
bundle P over X.

Consider the action of the group 2, X on U(1) defined by o' = (x)a, where
ke, X and A(x)=exp(—i | w), with o(x) being any 2-surface in X such that

o(x

do =« and o, o'€U(1). Using )this action, we build the associated bundle P =
P. X x 4U(1) by identifying (I, o) with (Ik, A(x " ')a). P is a bundle with base X and
fibre U(1). There is no longer any £, X action on P (since we have divided by this
action!), but there is a free right U(1) action defined by [/, o] = [/, «f]. This proves
that P is a U(1) principal bundle.
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