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Abstract. We study the propagation of lattice vibrations in models of disorder-
ed, classical anharmonic crystals. Using classical perturbation theory with an
optimally chosen remainder term (i.e. a Nekhoroshev-type scheme), we are able
to show that vibrations corresponding to localized initial conditions do
essentially not propagate through the crystal up to times larger than any inverse
power of the strength of the anharmonic couplings.

1. Introduction: General Ideas and Main Results

In this paper we study the trapping, or localization of lattice vibrations in models
of classical, disordered anharmonic crystals. Localization is a phenomenon
observed in the study of wave propagation in disordered media. When the disorder
is large enough waves can get trapped or propagate anomalously slowly. This
implies that there is no transport of energy in such a system.

Anderson first studied localization in the motion of quantum mechanical
electrons through a random array of scatterers [ 1]. This is relevant for an analysis
of electrical conductivity in disordered metals. Anderson’s arguments have been
made rigorous in [2] (for one-dimensional systems) and [3] (higher dimensional
systems). Electron waves are linear waves whose propagation is governed by the
Schrodinger equation. In contrast, the transport of heat or sound through bulk
matter, or of electromagnetic waves through a non-linear medium, poses a problem
in non-linear wave propagation. One would like to understand, for example, the
transport properties of a disordered, anharmonic crystal. A conventional idea is
that if the disorder is large enough there is no transport of energy in such a system,
or transport is anomalously slow. A proof of this conjecture would require
mathematical control of wave propagation over arbitrarily long time scales. For
a special class of models of classical anharmonic crystals and some very special
initial conditions, such control has been achieved in [4]. But the results in [4] do
not permit one to establish bulk transport properties of those model systems.

Real or computer experiments are performed in a finite, though possibly long
time interval. One might argue, therefore, that it is of interest to study wave
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propagation over long, but finite time intervals. Consider, for example, a classical,
anharmonic disordered crystal with a Hamilton function that is a small perturba-
tion, measured by a parameter ¢, of a quadratic Hamilton function. The disorder
in the system renders the frequencies of the harmonic vibrations non-resonant,
with large probability, and those vibrations remain localized for all time. One may
therefore expect that vibrations of the anharmonic crystal with localized initial
conditions remain localized up to times T'(¢), with T(g)— oo, as ¢ —0, faster than
any inverse power of ¢. Such a result would explain, to some extent, the absence
of transport encountered in real or computer experiments performed on those
systems.

It is the purpose of our paper to rigorously establish localization of vibrations
in classical disordered crystals which are perturbations of strength ¢ of disordered,
harmonic crystals, up to times larger than any inverse power of ¢&. Our method of
proof is classical perturbation theory which is applicable, because disorder renders
resonances highly improbable. We shall construct functionals on phase space which
are integrals of the motion up to some order M in the strength ¢ of the anharmonic
perturbation. Our main result follows from an optimal choice of M, depending on
¢. This method is inspired by the work of Nekhoroshev [5,6].

We now introduce the models studied in this paper: we consider an infinite
array of oscillators, one at each site of a d-dimensional lattice, here chosen to be
Z°. These oscillators are coupled by an anharmonic interaction. In standard
canonical coordinates p = {p,} 4, 4 = {4}z, the unperturbed Hamilton function,
H,, is given by

A
where w = {w,}, ¢ 1s a family of infinitely many independent, identically distributed
random variables. For the sake of concreteness we choose the distribution of a
single frequency, w,, to be Gaussian, i.e.

1

dp(o,) = e d,, (1.2)
(2 Y

but our methods extend to a rather general class of dp’s.

The anharmonic perturbation, H,, is a sum of polynomials Vy, where X is an
arbitrary finite subset of Z“, and Vy only depends on {p,,q,},.y. Moreover, Vy is
exponentially small in the cardinality, | X|, of X and becomes small rapidly in the
diameter of X. It need, however, not be of finite range. It has been shown in [4]
that rather realistic models of classical, anharmonic disordered crystals can be cast
in this form. (This follows from the methods of [3].)

For simplicity we shall only consider two-body interactions (| X|= 2) which
are cubic in g and independent of p. But we should emphasize that our techniques
apply to much more general interactions.

Denoting by % the set of unordered pairs of sites in Z¢ called lattice lines, the
interaction Hamiltonian can be written in the form

Hip,q)=Hyp.9) = Vidy.q5). (1.3)

les
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where s, s are the ends of the line /, and V; is a cubic polynomial in ¢y, g,.; as
will be explained more precisely later, ¥, will be required to decay rapidly with
the length of I. The complete Hamiltonian is then

H(p,q) = H,(p,q) + H;(p. q). (1.4)

Assume our system is given a small initial excitation localized around the
(arbitrarily chosen) origin, i.e. we choose initial conditions satisfying

(P2 + gD < ep(ish). Isl= Z [sil, (1.5)

where  is a suitable function, which decays to zero for large |s|; the precise form
of Y will be introduced later. Our aim is to prove an estimate from below for the
time-scale at which the initial excitation significantly evolves and, in particular,
delocalizes.

We define ®@5(p, q) = 3(p? + ¢7), so that H, = Y w,®%. Clearly, for each seZ*,

sez
@3 is an integral of motion of H,, and also an approximate integral for the

complete Hamiltonian: Indeed, the Poisson bracket {H5, @%} is cubic, so that
3= (H, @3} = {H;. 05} = ((z"), (1.6)

and since @3 is only of order ¢, it needs a rather long time-scale ¢(e™}) to
significantly evolve. To go beyond this first-order result, one can work perturb-
atively, and look for almost-integrals in the form of polynomials of higher order, say

@*M(p,q) Z D5(p.q), MZ3, (1.7)

where @3 (p,q) is a homogeneous polynomial of order m in p and ¢; ®** should
be localized in some sense around the site seZ*, and satisfy

M = IH, (psM} OEM Y, (1.8)

If one succeeds in this program, then one expects that any initial excitation localized
around the origin takes a time of order ¢ ™ * ! to significantly evolve and delocalize.
Moreover, following Nekhoroshev [5,6] (see also [7-10]), one can attempt, for
small ¢, to go beyond any finite order in ¢; this means one wants the order M to
be a function of ¢, with M — oo for ¢ — 0. In the finite dimensional case, it is possible
to let M grow like an inverse power of ¢, and get time-scales of oder exp (gy/¢)’, &,
and a being suitable positive constants (however, ¢, and a depend on the number
of degrees of freedom, and vanish as n— o0). In our infinite-dimensional problem,
there are some essential difficulties in proving such a result, and we are only able
to control the motion up to time-scales of the form

a(lne™1)?

P g (19

which still grow faster than any finite power of ¢ 7!, but are definitely much shorter
than Nekhoroshev-like time scales.
In order to provide a formal statement, let us define precisely what we



98 G. Benettin, J. Frohlich and A. Giorgilli

mean by “rapid decay” of V,. For any lattice line | with ends in Z¢ with
projections [,,...,l; onto the lattice axes, let |[| =|I, |+ --- +|{,|. Denoting V(¢ . ¢,-) =
3

Y. v9lqd7, we say that V, decays rapidly, if there exist positive constants U,
ji=0

IE, 4, with 0 < 1, such that one has

3
Z JUz,j|§U€ﬁmH”)é- (1.10)

Jj=0

We also introduce the notations (x)=(1 +x)~' "% and k=Y y(|s]).
ez’
Our main result is the following theorem.

Theorem. Let
H=Zw3®§+ZV,, (1.11)
ez’ ley

as defined above. Assume that {w,},_,« are independent, identically distributed gaussian
random variables, with variance o, and that V; decays rapidly with |l|, as defined in

(I1.10). Then there exist a set of frequencies Q, with mes Q < y(x/o \/;), and two
constants 7, G, depending on d, U, K, 9, v, such that, for ¢, and any initial
condition (p°, ¢°) satisfying
O3(p° q°) S 5P|, seZ, (1.12)
with & small, one has
|@5(p(0), q(1)) — P3(°, ¢ = G (|s)), seZs, (1.13)
for

|t| < eg“e{l/liy(lnﬂ‘1)2,r’lr1]nz:’1

The proof of the theorem is contained in the next three sections. In Sect. 2, we
explain the algebraic scheme of our perturbative construction. In Sect. 3 we show
how one can introduce rigorous estimates in our infinite-dimensional problem.
Finally, in Sect. 4, we obtain the main estimate and conclude the proof of the
theorem.

2. The Algebraic Construction

Denote by IT,, the set of homogeneous polynomials of degree m in py, q,, seZ*,
depending only on a finite subset of coordinates. Our purpose is to construct, for

M
cach seZ% a polynomial @*M(p,q)= ) @} (p,q), with M =3 and @;,ell,, for
m=2
m=2,...,M, such that

(H, "MV ell, . 1)

Since H=H, + H; and {H,, ®%} =0, this equation is immediately scen to be
equivalent to the M — 2 equations

(Hy, @5} + #5,=0, m=3,...,M, (2.2)
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with
R =1{H3, P}, 1}; (2.3)

indeed, if these equations can be solved, then one has
{H, @M} = {H;, @, ey, .

Each of the equations (2.2) should be regarded as an equation for @3, %511,
being a known term. Clearly, one can solve these equations recursively, as far as
one is able to invert the linear operator L = {H,,-} inside IT,,; for this purpose,
one must show that %5, has no components in the null space, 1712, of L.

Now, as is well known, the operator L, acting on polynomials with finitely
many variables, is diagonalizable: if one introduces complex canonical variables

:—L(ps+lQS)) Vs = _‘\-}E(ps_lqsl (25)

S

then L takes the form

0 0
=i) w — . 2.6
\; < ( xS yS (F'?,»VS ) ( )
It is then clear that a basis of eigenfunctions in I7,, is given by u;(x, y) = x/y*, for

any j, keN% with Y (s + kg) = m; (N denotes here the set of non-negative 1ntegers).
seZ
The corresponding eigenvalue is iw-(j — k), so that the null space ITS, is spanned

by those functions uj,, for which w-(j — k)=
We now restrict our attention to the so-called non-resonant case, i.e., we consider
frequencies w = {w,} 44, such that

wv=0=v=0, 2.7)

$Sse

for each veZ%' of compact support; in this case 119 is spanned by functions of the
form uy; = (i/2)I1,(p? + ¢2), jeZ"”".

A very elementary argument, taken from [ 117, shows that in this non-resonant
case, the terms %5, m = 3,...,M, cannot have components in /13, so that Eq. (2.2)
for @3, can be solved. Indeed first of all it is clear that HS,, m=3,....M,
contains only functions which are even in p. Since H; and @3 are even in p,
5 = {H,, @4} is odd, and cannot have components in /19 : consequently, the first
equation can be solved for @3, and since {H,, @%} is odd, with H, even, @3 is
necessarily even. Proceeding by induction, one finds that, for any m=3...,M, %,
is odd in p, and all equations can be solved, with the solutions, @3,, even in p.

Using the complex coordinates x and y, and introducing the notation

‘%fn = Z %m jkx y (28)
j.AENZ
the solution of (2.2) can be written in the form
Z A, Jk ik
@), = X, (2.9)
Jhe ~Nz¢ lw- (] - k)
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3. Small Denominators and Diagrams

Our aim is now to supplement the formal scheme outlined in the previous section
by rigorous estimates. For this purpose, for a generic polynomial fell, written

in the form ‘
f= Z fjkx}ykv (3.1
/,AENZJ
we will make use of the norm
Ifll= > |ful (3.2)
/.keNZd

In the finite-dimensional case, it is not too difficult [12] to produce efficient
recursive estimates for the quantities %3, and @3, entering Eq. (2.2). The scheme
is the following: First of all, one makes use of the definition (2.3) of £, to estimate
| #;,1l, assuming || H4| and || @$,_, | are already estimated; then, using (2.9), one
can write

[ @511 = o, (| 251 (3.3)

where a,, is the absolute value of the smallest denominator appearing in (2.9).
Finally, to estimate «,,, one usually introduces a Diophantine condition on w of
the form

RIErTR (3.4)

n being the number of degrees of freedom. In fact, on the one hand such a condition
is satisfied by a large set of frequencies, while, on the other hand, when used in
(3.3), it still prevents too fast an explosion of the estimates.

This simple scheme poses some essential difficulties in our problem with
infinitely many degrees of freedom: it is not easy to replace (3.4) by another
condition, which, although satisfied by a set of frequencies of large Gaussian
measure, leads nevertheless to reasonable estimates. The way out we propose is
based on a rather finer analysis of the solution (2.9) of Eq. (2.2); the main idea is
to replace estimates of the form (3.3), which are rather crude because they treat
all small denominators uniformly, by finer ones, where different terms, with different
small denominators, are estimated separately. To properly classify the terms, we
introduce a convenient diagrammatic technique.

Let ¥ denote the set of lattice lines, i.c. the (non-oriented) segments with ends
on lattice sites. If /e.# has projections of length I;,...,l, on the lattice axes, then
we let |[|=1[; + --- + [,. Lines [ of null length are also included. Denote by D any
finite connected diagram, i.e. a finite connected set of lines belonging to . (the
same line can appear several times). Denote by | D| the number of lines in D, and
by &(D) the support of D in Z¢, i.e., the set of ends of the lines of D. Finally, denote
by Z° the set of diagrams such that se #(D), and by &5, the subset {DeZ*%|D| = m}.
For later notational convenience, we also include in 2° a diagram D with zero
lines, assuming, for this diagram, (D) = {s}; the set Z§ < 2* is intended to contain
just this diagram.

Our purpose is to write the polynomials @$,e I1,, we are dealing with, in the form

= 3 P (3.5

S
DeZy
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where @3, p is a homogeneous polynomial of degree m in p, and q,, te (D). For
m =2, @4 already has this form; thus, assuming that @3, has this form for m > 2,
let us show that @3, , can also be written in this form.

As already remarked, the interaction Hamiltonian has the form Hy =) V),
[
where V, depends only on the variables attached to the ends of I. From (2.3) one

then has
Hwer= 2 LAV @upls (3.6)
De}, ., €Z
and, clearly, the Poisson bracket is different from zero only if at least one of the
ends of / belongs to ¥ (D'), i.e., if D"U {l} is connected, and thus belongs to &5, _,
One then has

P +1= Z ‘%frH»l,D’ (3.7)
with P
P +1,0 = Z {Vl’(pan\‘l‘} (3.8)
ieD (1 d)
D\{l}eZp—,

where u(l, D) is the multiplicity of the line [ in the diagram D (which must be
introduced to avoid overcounting). It immediately follows that @3, , , = — L™'%5, |

can be written in the form (3.5), with m + 1 in place of m, and
Dhiip= _LAlf%fn+1,D' (3.9

(Let us notice that L™! does not alter the order of the polynomials, nor does it
introduce new variables, so that @, . ; , has indeed all the required properties.)

The idea is now to work out rigorous estimates for %5, m=3,....M + 1,
proceeding recursively as in the finite-dimensional case, but keeping track, at each
step, of the diagrammatic classification appearing in (3.7), (3.9). To begin with, let
us first prove the following elementary lemma.

Lemma 1. If fell,, and f'ell,,., then one has | {f.f' I <mm | f 1 f'].
Proof. 1f f=Y fux/V¥, "= f%.x/y*, then one has
T g

{ffy= Z SaS e Z (ks — jekg)xI ~ eyt s, (3.10)

sez?

where eseNZd has all components vanishing except the one corresponding to the
site s, which has the value 1. One then has

{1 = Z Ll 1/l 2 Gski + k). (3.11)

sez?

Now, since j,, k, <m, one can write y (jki+ k,jo) SmY (j. + ki) =mm’, and the
N

S

conclusion is immediate. [
This lemma can be applied to Eg. (3.8), to get the estimate
(R pll £ Y 3m| V@550 (3.12)

[EDS
D\{l}e% >
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(the multiplicity of lines in the diagram D has been disregarded, as it hardly could
be used to improve the estimates).

We now pass to the most crucial step: We introduce our Diophantine condition
for w. The idea is that, for each diagram, more precisely for all seZ% m >3, and
for any DeZs,_ ,, one writes the condition in the form

lw-v|>a, , VIv|Sm, suppv < S (D) (3.13)

the numbers o, , are chosen as large as possible (in order to have good estimates)
with however the requirement that condition (3.13) is satisfied by a set of w’s of
large measure. Our choice is the following:

n (8K)—(m—2) 1

s . /

T AT -2 k(1 )T

(3.14)

where y is a (small) positive constant, while x denotes the sum of the convergent
series Y (1 +|s|)™*~'. With this choice, the set of frequencies which do not satisfy

sez?
condition (3.13) has measure of order 7, as guaranteed by the following lemma.

Lemma 2. The set, Q, of frequencies weR?%" which do not satisfy condition (3.13),
with o, p given by (3.14), has gaussian measure estimated by

mes 2 < (3.15)
N4

where ¢ is the variance of the gaussian distribution.
Proof. For seZ’, m=3, DeZs,_,, veZ” with supp v € (D), denote

;.00 = {weR™ o] <, p); (3.16)
then one has

mes 2 §ZZZZ mes 23, 5(v) (3.17)
The measure of £2;, ;(v) is easily estimated by

Unp _ %m.D

o) f fvile = \/;’

where || v||, is the euclidean length of v. This follows from the invariance of the
Gaussian distribution under rotations, by integrating out all components but the
one corresponding to the direction orthogonal to v.

To perform the sum over v, one must recall that the number, J, ,,, of integer

mes %, ,(v) < (3.18)

. . (m+n—1 . . .
vectors veZ", with |v|=m, is < >, as is easily seen by recurrence; in our
m

I L 2m—2
case nis the cardinality of #(D), whichis|D| + 1 =m—1,and thus J, ,, :< " > <

m
2?m~2 The sum over D of the products over [eD is also easily accomplished, and
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one gets

1
2 H(T?_Il|)1+d<(m“2)fk"”2; (3.19)

s leD
Degm‘Z

this corresponds to the fact that (with some overcounting) all diagrams of &,,_,
can be obtained by diagrams of Z,,_;, by attaching to any of the m — 2 vertices
a line, whose free end runs freely over Z¢. One then has

,Y m—1 1 '}}K

mes(2)< = = e 3.20
@< 22 +is|“f’m>3<> 2, (20
as claimed. []

Let us now show how the Diophantine condition is used in our estimates.
From (3.9) and (2.9) one has, by taking into account (3.13),

#,
||d)an”—-Ha ol oz (3.21)

m,D

In turn, this inequality, together with (3.12), gives rise to an iterative scheme, whose
result, for any seZ‘, m =2, De%,_,, is easily recognized to be

1% s 1 pll <37 ! ”(DSZHHHVZHAmDa (3.22)

where A5, , =1 for m=2, and

Ayp= Y Sl (3.23)

S
PR T A T TR R T

for m > 2, the sum being extended over the set
{lis.. by €D D5 s D\{L}ED 5y ... .D\{IJ\ - \{l,_1} €25}, (3.24)

Let us now use the expression (3.14) for o, ,. One has

As — ~m+2( +|S|)(d+1)(m—2)(8K)(1/2)(mf1)(m—2)
(m=2--10 Yy E (3.25)
ly,.... [—
with
Ellv-‘~’nx—2:[l—l(1+,ll)d+l:|”.|: 1—[ (1+|l|)d+1]
feD eD\{l3} + {2}
< n(1 +[Iy@+Dom=2) (3.26)

One can then estimate the sum over Iq,...,l,_; by a factor (m — 1), and use this
result in (3.22), to get

| Ry pl < 3™ Ty 72 (Br) DM )21
.(1+S)(d+1)(m—2)n|“/l“(1 +”l)(d+1)(m~2); (327)
leD
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the factor | @% | has been omitted, since, by its very definition, one has || @%| = 1.

From this expression one sees that, in order to dominate the last factor, || V,|
must decrease with |/| more rapidly than any inverse power of |/|. It is then natural
to assume

|V, < Ee K0+u?, (3.28)

where E and K are arbitrary positive constants, and 0 < ¢ < 1. This is exactly what
we assumed in Sect. 1, E depending on the constant U introduced there. Using
the well known inequality

x%e P <ot e, (3.29)
with x = (1 +1))%, « = (d + 1)(m — 2)/5, p = K/2, and the trivial estimate 2!...m! <
m2mm=1 " one gets

“ '%in-F I.DH é 3m* ly*n1+2(8K)(1/2)m(m *l)m(l/Z)m(m—l)(l + {S|)(d+1)(m~2)

((d+1)/0)y(m—2 —((d S (m—2
H[(dg— 1>( +1)/0)( )<!<;> @+ 1)9)( )Ee"’( 2)(l+lf)é:l. (3.30)
1

Such expression can be given the form

9
125+ 1.1l < AgBECG™ ™ HmM2mem= (1 4 |s])@ “""‘2)]:[ e WANHIT(3.31)

with suitable constants 4,, By, C,, depending on d, J, y, K, E.

4. The Main Estimate

As already remarked in the introduction, we are interested in studying the evolution
of initial excitations localized around the (arbitrarily chosen) origin of our
d-dimensional lattice. We thus consider initial data in the set %, given by

(p? + 492 < eyls)), seZf, (4.1)

where /(x) = (1 +x) ¢!, and try to work out a lower bound for the time-scale
at which the initial excitation starts to significantly evolve; say the time at which
the orbit escapes the slightly larger domain 4, defined by

(p2 + g2 < 2e0(]s]), seZl, (4.2)

ie. by @5 < &*(|s|)* Let us insert the latter inequality in our estimates. From the
definition (2.5) of x, and y,, it follows that, for (p, q)e %, | x4, | vs| < e¥(|s]).

For a polynomial fell,, let us now introduce, besides the already considered
norm | f||, the supremum norm in 4, precisely | f [|* = sup, ., | f(p,$)|. I fell,,
has support S = Z¢, then one clearly has that || f ||* <&™y(n)™ || £ ||, with n =min,g|s].
From (3.31) one then concludes that

| Zn+1.0 [*< et 1¢'(’7)er 1A0B8’Cg("‘" b

5
~m(1/2)m(m= 1)(1 + is‘)<d+ 1)(m—2) n e-(K/Z)(HIII) , (4'3)
leD

where # =ming ., [5'].
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We now distinguish between two cases:

i. =4s|. In this case one has () <27'/(1 +s|)**!, and consequently one
obtains (1 + |Sl)(d+ 1)(m—2)¢/(’,,)m+1 g 2(d+ 1)(m+ 1)‘//(“[)3-

ii. 7 <3/s|. In this case one cannot make any use of the factors y(x); however,

] R o
now one has that ) |I/|>]s|/2, and consequently [T,e */2! 11" < o (K/H20+10
leD

[T e~®A0+0° < ook bl g AU Using the  inequality  (3.29),
with x = (1 + ls})" a=0"Yd+ 1)(m+1), p=2"°"2K, one obtains

(1+|S|)(d+1)(m Z)He (K/2(1+ll! (1+IS|) 3d+1)

[(d + 1)5(m + 1):'(d+1)('"+ e [27072Ke]@+ D+ 1)/6“ o~ KA+’ (4.4)
leD

For #;,. , p, one obtains in both cases an estimate of the form

. _ _ _ ]
[P0l = " 1| s])° A BYCTO ™ D/ 2mn= D T (RO (4.5)
1

with suitable constants A, B,, C,;(in particular, the change from C, to C, accounts
for the leading term (m + 1)¥*Dm+ 102 in (4.4)).

Next we want to sum over De&;,_,, to get our final estimate on || %5, , || *. It
is not difficult to recognize that one has

Z He KA+ <m![ Z o (KA 1+[‘Ujl _1; (46)

DeZy, 4 leD vez!
this follows by induction, noting that all diagrams DeZs can be obtained from
diagrams D'e2;, _,, by attaching a line at any one of the n vertices of D’, and
letting the other end, s, of [ range over Z%. Our basic estimate can then be given
the form

[ s 1 1% < €™ ([ 5]) A B CH = D /2mn =10, (4.7)
Moreover, one can find constants F; and F,, such that, for any m > 3, one has
m/2mn=1) < F (g — 3)34)0m =37
A,BECHM D < Foy(m — 3)/Hm=3)2 (4.8)

(for m = 3, one sets 0° = 1); the quantity (m — 3) has been introduced here for later
convenience. Using (4.8), our estimate (4.7) for %5, , takes the simpler form

[ 1 I1* = Fey(|s])>em ™ Hm — 3" 3
:F83l//(lsl)3 —[n—2)ne” " —(m— 3) [n(m—-3)], (49)

where F = F,F,. This constant F depends on all constants entering the problem,
more precisely on d,9,7, K, E.

Let us now choose m= M, in order to arrive at an estimate for our final
remainder %3, ,. At this point we introduce the basic analytic idea underlying
Nekhoroshev estimates: We let M be a suitable function of ¢, such that M — o0,
as ¢ —0. The idea is to choose the e-dependence of M in such a way, that, for each
¢, the right-hand side of (4.9) is as small as possible. Here we find an important
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difference in comparison with the finite dimensional case: Instead of taking M to
be an inverse power of ¢ the best we can do here is to let M be of order
Ing~!'/2Inlne™'; a convenient choice is

1 1

Ine™ Ine™
1 _3< BE 4.10
2Inlne ! <M 3“2lnln8‘1’ (410)

which yields, as is checked immediately,

_ (Ine 1?
(M= 2)lne ' —(M =3’ In(M 324 - . (4.11)
One then has the estimate
| By sy |5 < Fedyp(|s])Pe Vome omin (4.12)

which is much worse than Nekhoroshev exponentials. Yet, for ¢ — 0, it tends to 0
faster than any power of ¢. Let us recall that this estimate is correct for (p, g)e 4,
i.e., provided one has

@5 <eyY(ls|), seZs (4.13)

M
Next we need an estimate for @Y — @3 = Y @3 . Following almost literally
3

m=

the estimates for #;,, it 1s not difficult to get
L)1 < e™p(s)* Gim —3)™ 2, m =3, (4.14)

G being a suitable constant, and thus

|04 — 03 [* < Gl Y. (elm— 32
m=3
M-3
S GNP Y (e(M — 33y, (4.15)

m=0
Since M —3<(Ine” )/(2lnlne 1), one has (M —3) 73 <¢ 12 so that, for e<7,
say, one finds
|| @M — @3 [1* < 2G> (|s])*. (4.16)

Now we choose initial data (p°¢° satisfying (4.1), ie, @5(p° ¢°)<
(/20 (Is|)?. As far as the orbit p(t), ¢(r) remains in 4, as given by (4.2), we can
use our estimates (4.12) and (4.16). We note that

D5(p(1), q(1) — D3(p%, 4°) = P3(p(1), (1)) — @M (p(1), 4(1))
+ @*M(p(1), g(1)) — @*M(p°, ¢°)
+ @M%, q°) — D5(p°, ¢°), (4.17)
and use (4.12), (4.16) to estimate the right-hand side.

Recalling that @™ = {H, M} = %3, . ,, one concludes from (4.17) and (4.16)
that

| D5(p(t), q(1) — @5(p°,q°)| S 4GeP([s)* + el | Ay [1*. (4.18)
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Thus, for ¢ satisfying

It %eu/s)(lne“)z/lnlns“ (4.19)

IIA

>

one has

|05(p(0). a(t) — @5, q°) < SGY(s)’e?, (4.20)

ie., the initial excitation essentially does not evolve. Let us notice that, for
e <(10G)™!, one has from (4.20) | @5(p(1), g(1))| < e*ys(s)?, so that (p(t), q(t))eB,
as required for consistency.

The inequalities (4.19) and (4.20) are our final result and coincide with (1.12),
(1.13) of the theorem stated in Sect. 1, provided one sets ¥ = 5G and 7 = G/F.

5. Summary and Outlook

In this paper, we have established a Nekhoroshev-type estimate for some
Hamiltonian systems with infinitely many degrees of freedom which are anharmonic
perturbations of infinite systems of uncoupled, non-resonant harmonic oscillators.
The anharmonic perturbation couples finite subsets of oscillators; the couplings
decrease rapidly in the cardinality and the size of those subsets. For models in
which the frequencies of the harmonic oscillators are independent, identically
distributed random variables with smooth, e.g. Gaussian distribution, we have
shown that our non-resonance conditions on the frequencies hold with large
probability. The main result is that if the non-resonance conditions hold we can
control motions of our systems with localized initial conditions, in the sense of
inequality (1.12), up to times, T,, of order exp [const.(Ing)?/Inlne '], where ¢
measures the strength of the anharmonic perturbation (for the given initial
condition).

Such motions are close to integrable motions and essentially remain localized
in a bounded lattice region, in the sense of inequality (1.13), up to times < T..

Our result suggests that, in such systems, transport of energy is anomalously
slow. But, in order to establish transport properties of our systems, we would
have to control their motions over arbitrarily long time spans and relax our
non-resonance conditions. We would have to admit configurations of oscillator
frequencies in our analysis with the property that small, dilute subsystems of
oscillators are at resonance. It is expected that the large region of non-resonant
oscillators surrounding small subsystems at resonance will still provide an effective
barrier preventing rapid transport of energy. Such a situation has been studied in
[13], but, in that paper, motions are controlled only up to times of order ¢!
(which makes transport properties entirely inaccessible).

Nearly resonant subsystems appear in the analysis of [3], and the results in
[3] provide control over motions on arbitrarily long time scales. But the dynamics
of the systems studied in [3] is linear. This has a very important consequence: the
location of nearly resonant subsystems is time-independent. In contrast, if the
dynamics is non-linear, resonant subsystems may be born and disappear again, as
time evolves. We do not know any methods that would yield control over the
disappearance of resonant situations in finite subsystems, as time evolves.
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A drawback of most currently known methods is that they attempt to control
the motion of a system on a “microscopic level.” For our goal of establishing
transport properties of Hamiltonian systems with infinitely many degrees of
freedom we should pass to “coarse-grained” descriptions of the dynamics of finite
subsystems, based on following the motion of collective degrees of freedom. Our
description ought to become more and more coarse-grained, as time grows. This
would render resonant situations in small subsystems more and more “invisible.”
This is the idea behind the analysis in [3]. It is reminiscent of the renormalization
group strategy, but we do not know how to implement it in practice for non-linear
dynamical systems. We thus lose control over the motions of our systems after
large, but finite times, (although existence of dynamics for all times is usually easy
to prove).

Our methods could be applied to translation-invariant systems of plane rotors
weakly coupled by forces of short range. Thanks to the anisochronicity condition
satisfied by the unperturbed Hamilton function resonances can be avoided by a
suitable choice of initial conditions of finite total energy. See also [13, 14] for results
concerning systems of coupled rotors.

Control of transport properties at positive temperature (initial conditions with
finite energy density, but infinite total energy) looks largely inaccessible at present.
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