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Abstract. Using large deviations in combination with the Berezin-Lieb inequali-
ties, we analyse the phase-transition in the BCS model with non-constant
energies and interactions.

1. Introduction

N.N. Bogoliubov and his school have made several attempts at solving the full BCS
model with hamiltonian

1
H=— Y e®af a,—— ). Z aty ag Uk Kay yay -y (1)
k,s=+%1 14 k k'

(see [1] and the references therein). The first of these was by a perturbation
expansion which can be made rigorous only at zero temperature. Later they
developed a mini-max principle which allowed them to treat a class of interactions.
In this paper we provide a new method for treating BCS-type models in the quasi-
spin formulation

H= -3 coi— ¥ Y o7 Ulk K)oy (12)
k k k’

which can be applied to more general interactions. The result in this paper have
already been announced without proof in [2] and an extension of the method to
treat this type of model in the original formulation of (1.1) will be given in [3]. The
techniques developed here have also been used for the full spin-boson model [4].

Recently Cegla, Lewis, and Raggio [7] have been able to obtain the free energy
density for quantum spin systems with homogeneously decomposable hamil-
tonians. Their methods, amongst other things, allow them to streamline the
treatment of the thermodynamics of the BCS model [5, 6] in the strong coupling
limit in which (k) and U(k,k’) are replaced by their average value and of other
models whose hamiltonians are functions of the total spin operators. They obtained
a large deviation principle [8, 9] for the measures arising from the multiplicities of
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the irreducible representations in the decomposition of the total spin. In some cases
the partition function on each irreducible representation can be calculated
explicitly. When this is not so the Berezin-Lieb inequalities [10-12] are used to
obtain upper and lower bounds for the free energy which coincide in the
thermodynamic limit.

The hamiltonian (1.2) which we treat in this paper is not simply a function of the
total spin operators. Our method consists of partitioning the system into smaller
subsystems and approximating by hamiltonians which are constructed from
functions of the total spin operators for these subsystems. The approximating
hamiltonians can then be treated by an extension of the techniques in [7]. The
approximation is shown to become exact as the number of subsystems is increased
and it is proved also that this limit can be interchanged with the thermodynamic
limit. This procedure gives a variational formula for the free energy density. This is
done in Sect. 2. The variational problem is treated in Sect. 3. The associated Euler-
Lagrange equation turns out to be the gap-equation [13]. It is shown that the
solution of this equation bifurcates at a certain critical temperature. In Sect. 4 we
modify the work Sects. 2 and 3, to calculate the order parameter which is shown to
have a non-zero value below a certain critical temperature. In principle other
intensive quantities can be calculated in the same way.

Before leaving the introduction we say something about the work of Anderson
and Thouless [14, 15] on the full BCS model. In their treatment the hamiltonian is
written in terms of the quasi-particle operators through an arbitrary Bogoliubov
transformation. In the resulting expression that part which is not a function of the
quasi-particle number operator is neglected ; this reduces the problem to a classical
one in which the free energy can be obtained by minimizing over a function of the
quasi-particle densities. Finally the result is minimized over the free rotational
parameter in the Bogoliubov transformation. The variational problem arising,
which is solved only in the strong-coupling limit, is very similar to the one we solve in
Sect. 3, if we identify the quasi-particle densities with the spin densities and the
rotational parameter with the spin orientation.

The BCS model has many simplifying features when studied in the thermo-
dynamic limit from the start (see for example [16,17]). However this approach is not
in the same spirit as in this paper since the methods used are algebraic, although in
some cases not explicitly so.

2. The Thermodynamic Limit

We consider a slightly more general model than that described in the introduction.
Let {A,:/=1,2,...} be a sequence of regions of Euclidean space R and denote the
volume of A, by V,; we associate with the region A, the sequence of momenta
{k,(j):j=1,2,...}, where each k,(j) is in R*. We make the assumption that the
sequence of measures {4, } giving the distribution of momentum states

HeB)= 4 K ()< B)

for Borel subsets B of R”, converges weakly to a measure u which is absolutely
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continuous with respect to Lebesgue measure. We shall be considering only those
momenta in a cut-off region Q which is a closed bounded region in R* and we
assume that p(Q)< oco.

N,
The hamiltonian for our model acts on #, = ® Z,, where N,=V,1,(2) and &,
i=1

is a copy of C2. It is given by
N, NN
Hi== 3 ok oi=—p 3 3 ol U@k (o 2.1)
i= i=1 j=
whereee C(2), Ue C(QxQ)and ¢ =1®... ®c* ®... ® I, the ¢’s being the usual
Pauli matrices. Here the ¢(k,(;)) include the chemical potential.
Let f,(f) be the free energy density

)= = 5 Intracee H 02)
3

We shall prove that f,(f8) converges as /— o0, and we shall obtain a variational
formula for the limit f(f). The variational problem is solved in the next section. Our
method is to approximate H, by a hamiltonian for which the method of [7] can be
used. Choose L >0 such that [— L, L]">Q and for each M e N partition [— L, L]®
into M disjoint cubes of side 2 L/ M. Denote these cubes by BY m=1,..., M*, and
let BM =B ~ Q. We define the approximating hamiltonian by

. .o
HY=—=3% & % 0?—7 Y UmMm< Y oi+>< Y oj),
m= ¢ m,

L k()eBY m=1 k,(1)e BM k,()e B
where (2.3)
0 it u(BMy=0
W ou@e i a(BY)+0
T e(K)u it w(B,
W) g
and
- 0 it pu(BY) (B =0
m,m’: 1 , .
BB N UK ROk BB +0 .
" m') BY x B

Let fM(B) be the corresponding free energy density, then we have:
Theorem 1. As M — oo, fM(B) converges to f,(B) uniformly in ¢.
Proof. By Bogoliubov’s inequality [18] we have

B MBI | HY —H, |V, .

Therefore
v
(B =M BNE Y 1 (BY) sup Jen —e(k)|
m=1 keBY
M
+ Y (B u(By) sup UM, Uk, k)| .
mym' =1 keBY

k'e BM
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Since ¢ and U are uniformly continuous given ¢>0 we can find M, such that for
M>M,,

sup [eM —g(k)|<e/C
keBY

form=1,....,M",
sup |UM,. — Uk, k') <e/C
keB)
k'e BM

for m,m'=1,... M"*, where C is a number greater than u,(Q)+ (u,(2))* for all 7.
Then for M > M,,

MY MY
|f;<ﬁ>—;“(ﬁ)l<§{z W+ Y m(Bsfmf(B,%)}

m=1 mym =1

= (W@ +(u@r<c. O

We next obtain a variational expression for the limiting approximate free energy
density.

Theorem 2. /M (B)=1lim fM(B) exists and is given by
£ 0

fM(B)= —sup {yM(r, 0,¢):rel0, 1M 0e0,n]™", p |0, 2nM") (2.4)
where
[
SM(r, 0, ) =5 Y w(BM)eMr, cos b,
m=1
e

+ Z ﬂ(BnA:I)#(BrIZ{) Ur}r\zl,m’rmrm’ sin Qm sin Qm' €os (d)m - (bm)

m,m’' =1

LS e, + L maue) 2.5)
ﬁ m=1 ﬁ
and I is given by
Ix)=3{(1+x)In(1 +x)+ 1 =x)In(1 —=x)} . (2.6)

To prove this theorem we shall use the method of large deviations and a result
from [7]. For the sake of completeness we shall first describe Varadhan’s
formulation of the large deviation method and then state the required results
from [7].

Let {K,:n=1,2,...} be a sequence of probability measures on the Borel subset
of a complete separable metric space Eand {V, :n=1,2,...} a divergent sequence of
positive numbers. We say that {KK,} satisfies the large deviation principle with
constants {¥,} and rate function /: E— [0, co] if the following conditions hold:

(1) I is lower semicontinuous on E.
(i) For each m< oo, {x:I(x)<m} is compact,
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(ii1) For each closed subset C of E,

1
lim sup Vln]K,,(C)g —inf I(x) .

n— o0 n xeC

(iv) For each open subset G of E,

1
liminf — InK,(G)= — inf I(x) .
n— o Vn xeG
We shall need the following version of Varadhan’s theorem (cf. Theorem 3.4
of [8]).

Varadhan’s Theorem. Suppose that the sequence of probability measures {K,} on E
satisfies the large deviation principle with constants {V,} and rate function I. Let {fu}
be a sequence of continuous functions f,: E—R which are uniformly bounded above,
and suppose that f, converges to f: E—IR uniformly on bounded sets; then

lim 7 In j exp (V, /(X)) K, (a’x)—sup {f0)—1(x)} .

Let 7 be the irreducible unitary representation of SU(2) acting on €2, Let %, be
the tensor product of €2 with itself # times and define the unitary representation 7,
of SU(2) on #, by

1,(9)=n(9) @n(9) ®...®n(g9) , geSUQ) .

n times

For n>1, z, is reducible and decomposes into the direct sum

c(n,J)

=® @ 't

Jed, k=1

where 4, ={0,1.....n/2} il nisevenand 4,={1/2,3/2,...,n/2} if nis odd. n”*is a
copy of the irreducible representation n” which acts on €*7**, and has multiplicity
¢(n, J). In [7]it1s proved that the multiplicities ¢ (n, J) have the following property:

Lemma 1. Define a probability measure P, on the interval [0, 1] by

IP,,(B):]v Y QI+Den ),

where B is a Borel subset of [0, 1]. Then the sequence of measures {P,:n=1,2,...}
satisfies the large deviation principle with constants {n} and rate function I, where

I)=3 {(1+x)In(1+x)+(1 —x)In(1 —x)} .
MY
Proof of Theorem 2. Let NJ'=V,u,(BM) and let h, be the operator on ® %,
defined by m=1

MY

h/__z 8mo-m_A Z Z

m=1 m'=1
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If p, and p’ are the representations of the Lie algebra of SU(2) corresponding to =,
and n’ respectively, then

HY'=pyi®...Qpyyh, .
Thus

trace ¢ ~PHY = y (N}, J))...c(NM, Jyp) trace exp

, M
JeAn, x XAN{

Bl ®...@p)h,} 2.7)
Let £M(8,):10,11 >R be defined by
M(B,r)= —ﬁ1—V Intraceexp —B{(p”' ®... @p’/»)h,} (2.8)
12

if r;}=2J;/Nj,j=1,...,M". By using the Berezin-Lieb inequalities [12] in the
Appendix we obtain upper and lower bounds for fM(f,r):

fﬁ“ <1+ > i 40, (0, p)e ~PVAN0.0.9) < o —BVSH (B
Ny

m= (Sz)M“
MY M
<1 (1 +£';;> [ A2 0, g)e PHI0) 2.9)
m=1 (SZ)MV
1 M —
where dQMV:W [T sin6,dd,dep,, and fM(r,). fX(r,-) are real valued
n m=1 -
functions on (S?)™" defined by
- 1
.f{M(raga gb):fOA,/I/(’ 0 ¢)_7 Z muf(BrIr‘l/!)rm<1 —COSGm—E Sin20m> s
£ m=

1 M
SP(r, 0, 0)=1%(r, 0, ¢) — v, Z~ Unto

. <#[(B,1,Y)rm +u, (BM)r,. +;> sin0,,sin 6, cos (¢, — )

3

5 3\ .
2 V/ mzl {(E #[(Bry)"m+7f> sin’ Hm
(,uf(BM)r - )(1+cos() )}

1 M
—— Y &Mcosd,
¢ m=1
and

1 M
1%, 0, ¢) = —3 Y My (BY)cosH,,
m=1
1 M

- Z HI(Bry)“l(BrInM’)rmrm’ UnI:lm' sin Gm sin gm’ Ccos (¢m _(z)m’)

4 m,m' =1
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We therefore have

1 M .
~ In 2 | e PHITO DGR, (r, 0, )< fM(B)
BV ([0.1]x $)"

1 -
< ———In2N [ e TPIICONGK (r 0, $) | (2.10)

BV ([10,1]x SHM”
where dIK,(r, 0, ¢)=dP,(r)dQ,,.(0, $) and IP, is the product measure
]PN,' X ... XIPN;IV .

By the above lemma the sequence of measures {IPN[m 1£=1,2,...} satisfies the
large deviation principle with constants {N*} and rate function 7. It is clear that
this sequence also satisfies the large deviation principle with constants {fV,} and
rate function ™' u(BM)I. Since with respect to the constants {fV,} the measure
dQ,,» considered as a constant sequence satisfies the large deviation principle with
zero rate function, the product measure IK, satisfies the large deviation principle
with rate function.# ' ([0, 1] x S*)M" - [0, co], which is the sum of the rate functions
of the measures {IPN;x:m=1 ... M"} (see for example Appendix 1 in [7]); that is

1M
Sy, 0,05)———3 ZI W(BIOI(ry) 211
Both the functions fM and fM converge uniformly on compact subsets of
(10,1] x SHM" to fM where
e

RI0.0)= 5 5 eurn(BY)cos,

~ m=1
1 MY MY

4 SN uBMYuBEY T Uy e sin 0,100, cos (¢, — ¢,,,))
m=1 m'=1
2.12)

Therefore by applying Varadhan’s theorem to both sides of the inequality (2.10) we
obtain
: 1
J{M(ﬁ): - sup {_ OM(ra Ha d’)‘ff;w('%g, ¢)}~“1n2ﬁt(9) .
([0,1]x S p
(2.13)

We now obtain a variational formula for f(f) by combining Theorems 1 and 2.

Theorem 3. Let.d/ ={(r,0,¢):r,0, ¢ L(Q, 1), 0=r(k)<1,0<0(k) <, 0= p (k)
<2n}, and define & : M —R by

F(r, 0,4))::% [ elk)r(k)cosO(k)u(dk)
o
+% [ Uk, kyr(k)r (k') sin (k) sin O(k")

Qx0Q
rcos (P (k) = (k")) u(dk) u(dk")

% !§2 1(r(k)) u(dk)+% In2u(Q) , (2.14)
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then
f(B)=—sup {L(r,@,¢):(r, 0, p)e .M} . (2.15)
Proof. Let &, =sup & (r, 0, ¢) and let .#™ be the set functions in .# of the form
M
MY MY MY
r= Z legr{‘:l N 0= Z ()m1B,:’ s d)= Z ¢m1B£f .
m=1 m=1 m=1

Then clearly

PR = —sup (L (1,0, 0): (1,0, ¢) i) .
Therefore —/M(B)< ¥,

max?’

and so

~liminf fM(B)< ¥,

max °
M-w

On the other hand given ¢>0 we can find (ry, 0, ¢o) € .# such that

L (¥9,00, $0) > L ax—8/2 -

Since U M is dense in LP(Quu) @L*(Q ) @L®(Q,n), we can find

k=1

(Fos O, po) € | ) #* such that
k=1

S (Fo, 05, Po) =S (1o, 0. o) > /2 .

If (7o, 0y, o) € M?", then —f2"(B)> . —¢ But for k>k', 4> >.4*, and so
12(B)>1*(B). Therefore for all k =p,

_ka(b)) Z‘g)max—g .
Thus
—lim sup f2k (ﬁ) 2 t(/max —&,

k— o

and since ¢ is arbitrary —lim sup f2*(f) =% . Therefore — lim f2“(f)=,,... By
k— o k—

Theorem 1 we conclude that f(f)=lim f,(f) exists and —f(f)=S .. O
(Aol

3. The Variational Problem

o 1 .
From now on for simplicity we drop the harmless constant — E In2u(R2)in f(f). In

this section we assume that U(k, k") >0 for all k,k'e Q. If U is positive then the
supremum in Eq. (2.15) can be restricted to ¢'s for which ¢ (k)=constant and is
independent of the constant. Also the supremum need only be taken over those 0's
for which ¢(k)cos0(k)=0. We can therefore rewrite the first term as

[ le(®)[r (k) cos 0(k) u(dk)
0

B —
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and restrict the range of 0 to [0, 7/2]. Let
M={(r,0):r,0e L(Q ), 0=r(k)<1,020(k)<m/2} |
and define & : . % —R by

9’(1‘,0)=% ) |8(k)|"(k)cos9(k)/1(dk)—% § 10 (k) pe(dlic)
0 Q

i
+5 [ Uk, k" (k)r (k') sin0(k) sin 0 (k") p(dkyu(dk’y . (3.1)
QxQ
Then we have seen that for U positive
f(B)=—sup {F(r.0):(r.0)e 4} . (3.2)

It is more convenient at this stage to use these variables r and s where
s(ky=r(k)sin0(k), than r and 0. We therefore put ./V:{(r, s):r,s€ L7(Q, ),
0<s(k)<r(k)<1} and define 4 : +">R by

1. 1
FAros)y= | pldk) (k)| (2 (k) — s (k)2 = | 1(r(k)) u(dk)
2 Q ﬁ Q2
+% [ pldi) @ik Uk, k'ys (k) sk’ (3.3)
Qx0Q

Then f(§)= —sup {#(r,5): (r.5)e ],
For az0and 0<y=x=1 let

x50 =3 a2 = LI (34
Then x+—-g(x,y;a) is concave and its supremum is attained at r§, where
the unique solution of @-1"(:% (F=yH" V2 a>0
1= B X 2 Y 3.5)

Let ¥={seL”(Q):0<s(k)<1], and define 7 : Z—>R by ¥ (s)=_# ()] s),
then

f(B)=—sup {¥ (s):se L]} .

From now on we shall write simply r, for #i5'l. Define the lincar operator U, on
L*(Q, p) by

Oy )= 1(dk') g,(k) gy (kU KV (K'Y,
0

where
(B/2)'7? if e(k)=0 ,

gy(ky=< [tanh Ble(k)|2\'* .
(\ 6K ) =0

(3.6)
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U, is a compact operator. Let 2(8)= || U . For A(8)<1 we can show directly that
the supremum of ¥7(s) is attained and give the maximizing s.

Theorem 4. If 1(f) =1, then

F(B)= % u(dk) In cosh (ﬁ Igz(k)'> . 3.7)

Proof. Let A=suppe and let s be an arbitrary element of ¥. For 0<r=<1 let
F(t)y=""(ts). For 0<t<1, F(¢) is differentiable and

Fi()=— {f p(dk)s® (k) e (k)| (ri (k) — 125> (k) ™1

[NSRIRN

+ ,u(dk),u(dk')U(k,k')s(k)S(k’)—-% jtanh'l(ts(k))s(k)u(dk)}
QxQ Ac

<- {f (dk)(s( )> . u(dk)/z(dk’)U(k,k’)S(k)S(k’)}-
L) ala

To obtain this inequality we have used
k
(209 -0y ztann (V5

tanhs(k)<s(k)
for ke A¢. Let $(k)=s(k)/g,(k). Then

for ke A and

F)=—56G.U=0pi s —5 (1-2pp]s]3=0 .

Therefore F(1)<F(0) for 0<r<1. Since t+—F(¢t) is continuous F(t)<F(0) for
011 or ¥ (s)£77(0). Now ry(k)=tanh (B|e(k)|/2) for ke A and ry(k)=0 for
k¢ A, and so

B

(0= | p(@k)[e(k)]tanh >

N | —

|z—:(k)|—1 | u(dk)[(tanhg |8(k)(>

=—;~ ;E,u(dk)lncosh (g la(k)|> .o

For Z(f)>1 we have to proceed in a different way. We first prove that the
supremum is attained [this proof is valid for all A(8)] and then show that the
maximizer is in the interior of the region, and that it satisfies the corresponding
Euler-Lagrange equation which in turn is shown to have a unique solution.

Theorem 5. There is at least one function s, in & such that f(f)= —7"(s,).

Proof. We can find a sequence {s,} in & such that lim ¥"(s,)= —f(f). & isa subset
of the closed ball of unit radius in L*(Q, u). "~
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Now since closed balls are compact in the w*-topology induced by L'(Q, p),
there is a subsequence {s,, } which converges in that topology. If r,=r, , by the
same argument there is a subsequence {r, } which converges in the w*-topology
on L”(Q, p). Therefore there are sequences {r,} and {s,} in % (we have denoted
the subsequences by {r,} and {s,} to avoid subscripts) which converge in the
w¥*-topology and satisfy r,=r . Let r ,=w*limr,, and s ,=w*lims,. Since

0<s,(k)=r,(k)<1, and r,(k) = tanh (f|e(k)|/2), we have also 05, (k)<r (k) <1
and r, (k) =tanh (fle(k)|/2). We shall prove that given ¢> 0 for n sufficiently large

I s) S F(ry,s)+e (3.8)
Let B={k:r,(k)—s,(k)>0}. Since

[ (k) =s, (k) u(dk)— | (r (k) =5, (k) u(dk)
B(‘ BC
the subsequences can be chosen such that r, (k) —s, (k) —0 almost everywhere on B¢,
and thus by Lebesgue’s dominated convergence theorem
[ (k) =s53(k) P o ()| (k)0 .
BC

For 6>0let By={k:6>r,(k)—s,(k)>0}, and let B;=B— B;. Given ¢> 0 choose
6 >0 such that

Vet n(dky<e/3
Bs
then

§ (k) =s2 (k) P le(h)| u(dk) < /3 .
Bs
Now the function (x, y)—(xy)'/? is concave so that

1 N\ 1/2 1 \1/2
(02 <)o () =5 (5] 0
2 \x 2 \y
Therefore:
(ra (k) —sa (k)2 < (1, (k) — 5%, (k)

k _ k 1/2
! <LM> (k) =r (k) + (5, (k) =5, (K)))

1 k Y\ 12
2 <%> {(ralle) =r (k) = (s, (k) =5, (K))} .
* *
Since
s (k) — T \1/2
<:Ek§+§k;> o) 15,(6) € 112, )
and * *

<r* (k) +s,.(k)

12
"*(k)—s*(k)> le(k)15,(k)e L' (2, 1)
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we have
| (i) —sz(k) P le(k) p(dic) < | (r3 (k) —s% (k) |e (k)| pu(dk) +¢/3
Bs Bs

for n sufficiently large. Thus
[ (rak) =s5(k) e k)| p(dk) < | (r5 (k) =55, (k) P e () u(dk) +e
Q Q

for n large enough.
By a similar argument using the convexity of r—1(r), we have for sufficiently
large n,

1 1
—— [ () pdk) < — - [ 1(r (k) u(dk) +e .
B o B a

Since s~ | p(dk)p(dk" YUk, k')s(k)s(k')

QxQ

is w*-continuous we have the inequality (3.8). Therefore f(f)= — #(r,,s,). But
then we must have r,=r, , and so f(f)= —7"(s,). O

In the next lemma we show that s, cannot be a boundary point of % unless
5, =0.
*

Lemma 2. If for s,e L. [(B)= —7"(s,), then plkeQ:s,(k)=1}=0, and either
plkeQ:s, (k)=0}=0or ulkeQ:s,(k)>0}=0.

Proof. Let C——z{keQ:s*(k)z 1}, and suppose that p(C)=0. Then for arbitrary
¢>0, define 5, € ¥ by
—¢ k
sé(k)={1 ¢ keC

su(k) ke¢C .
Then

1
7)== (s =5 [ pudk) (r - (k) = (1 = &))" [e (k)
C

5 Lo, )+ 1)+ 0w 2" 1) -1 -+ 06 |
C

since g(r, . (k), 1 —¢;le(k))=g(1 —e, 1 —e;|e(k)]). But since 7 is a convex func-
tion,
I —I(1 —g)=etanh ™' (1 —¢) ,

and therefore
1
1//”(53)—~”f”(s*)_2_ﬁ u(Cletanh 1 (1 —e) +0(e)

which means that 77(s,) —77(s,) >0 for ¢ sufficiently small, and so s, is not a
maximizer for #". Therefore u(C)=0.
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Now let D= {keQ:s*(k)>0}, and suppose that u(D)=+0 and p(D)=+0. For
tel0,1], let s,=s,+11,.€ £ and put h(t)="7"(s,). Then

h’(O):% | pdi)p(dk )Y Uk, k')s, (k) >0
D x D¢

which means that s, is not a maximizer for ¥". Therefore either u(D)=0 or
w(D9)=0. O

We now concentrate on the case A(f)>1 and first exclude the possibility that
5,=0.

Lemma 3. If A(f)>1 and f(p)= —7"(s,), then
plkeQ s, (k)=0}=0 .

Proof. By the Perron-Frobenius theorem [19], we can find Ee L*(Q, ), such that
E(k)z0 for all keQ, Upc=A(f)<¢ and |||, =1. Define ¢, L*(Q, p)

ctk)y if dk)=n,

0 if &k)y>n .

én(k)={

Then by Lebesgue’s dominated convergence theorem (¢,,,, (Uﬂ —1)¢,)—A(f)—1as
n—co. Choose n, such that (¢, ,(Uy—1)¢E,)>0, and let §(k)=¢, (k)gg(k). For
tel0, §H;1) let s,=t5€ %, and put h(t)="7"(s,). Then h(¢) is differentiable and

h(0)/1=5 (Eyys (Ug =)&) >0

as n— oo, Therefore 4'(z) >0 for > 0 sufficiently small and 0 is not a maximizer
for v". O

For se ¥ with s(k) <1, for all ke Q, define &(s, k) by

le (k)]s (k)

B(s, k)= (3.9)

5 tanh~'s(k) — | p(dk") Uk, k")s(k) if e(k)=0 .
Q

Then the Euler-Lagrange equation for the variational problem we are studying is
@(s,k)=0 for almost every k in Q.

Theorem 6. If /.(f)>1 and s, is a maximizer for ¥, then s, satisfies the Euler-
Lagrange equation @ (s, k)=0 for almost every ke Q.
Proof. From Lemmas 2 and 3

plkeQ:s, (k)y=1}=plkeQ:s, (k)=0}=0 .

Let >0 and let e L™(Q, 1) with suppg’c{keQ:s*(k)<] —d}. For teR let
si(k)=s,(k)(1+1&(k)). Then for |t| sufficiently small s, e &. Let h(r)=7"(s,). Since
for |7] small enough we have s,(k) <1 for these values of ¢, 4 is differentiable and
h'(0)=0. Now

1
W)= -3 [ w(dk)e(k)s, (k)P (s, k)
Lo}
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and therefore if we put

L (B k) i s, () <1-5
g(k)_{o it s,()>1-0

we get

[ p(dk)s, (k) [ (s, k)P =0 .

s«(k)y<1—=a

Therefore s, (k)[®(s,.k)]?=0 for almost every k such that s,(k)<1—4. Since
0<s,(k)<1foralmostkeQand disarbitrary, @(s,, k)=0almosteverywhere. [

We now change to a new variable k so that we recover the gap equation [13]from
the Euler-Lagrange equation. The variable k is connected to the order parameter as
we shall see later. Let

s) e (k)| (i (k) —s* (k) ™12, e(k) %0 ,

- (3.10)
“E=12 b k) | £(k)=0 .
B
We can now write the equation @(s, k)=0 as
tanh (—'g (Je(KNP* + Kz(k’))W)
K(k)=gj? u(dk YUk, k") G TET 2" k() . (3.11)

This is the usual gap equation. Using this form of the Euler-Lagrange equation we
can now show that for A(f)>1, ¥~ has a unique maximizer.

Theorem 7. For L(f)>1 the maximizer of ¥ is unique.
Proof. Let

_tanh (BPa’ +)*)'?)2) y
- (az _'_),2)1/2

h(a,y) (3.12)

y>h(a,y) is strictly concave and strictly increasing for y e (0, o). Equation (3.11)
can be written as

K(k)=§2 puldk) Uk, k" h(le(k)], k (k)

Suppose that k and k' are two distinct solutions. Let

A, ={keQ:x(k)>x'(k)}
and

Ay ={keQ:x(k)<K'(k)} .

Without loss of generality we can assume that p(A4,)+0. Let py =inf x'(k)/x(k) < 1.
Since x and k' are continuous, bounded and strictly positive y, is attained. Since
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yi=h(a,y) is strictly concave and A(a, 0)=0,

"(k
[ (kY UGk KAk k') > | u(dk) Uk, k) %k)) h(le(k), k (k)
> pto | pldk) UGk, k) h(le(k). k(k)

Ay
Also since y—h(a, y) is increasing,
Afz p(dk") Uk, k") h(Je k), K(k’))zAfz p(dk YUk, k") h(|e(k), 1 (k"))
Therefore
K/ (k)> o [ u(dk) Uk, k") h(le(k)], 1 (k")

Ay

+ [ udk) Uk, k)h(le(k)], (k) > ok (k)
A2

Thus k'(k)/x (k) > p, for all k € Q which contradicts the fact that p, is attained. O

We sum up the result of this section in the following theorem. Note that A— A(f)
is strictly increasing and as §—0, A(f)—0. Therefore there is a number f§, which can
be + oo such that if f<f3,, then A(f)<1 and if f>f,, A(f)>1.

Theorem 8.

1/2 1
J(B)= -% fu(dk)lncosh[g(Ez(k)+f<§(k))} * [ w(dk)weg(k)h(ek)l, ey (k)
Q Q

(3.13)

where if B B,, then k=0 while if > f,, then K is the unique strictly positive solution
of the gap-equation

ip(k)=[ p(dk") Uk, k") h(le(k), (k")) (3.14)
2

If 8, = co, then clearly there is no phase transition. If §, < co, we see that there is a
phase transition in the sense that there is a singularity in f(f) at f3,.

4. The Order Parameter

To examine the breaking of rotational symmetry we perturb the hamiltonian H, in

N,
(2 bya Y of, let
i=1
N,
H,(«)=H,+a ) o} . 4.1)
i=1
N,
We want to evaluate the expectation of (1/,) ). o7 with respect to the canonical
state corresponding to H ,(a). i=1
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Theorem 9. Let

N,
trace y o}e PH@

. i=1
x _ 4.2
5t(@,B) vV,  tracee fHA 7 (42)

then s*(o, f)=lim s7(o, ) exists and
[2adee]

lim s*(o, )= —lim s%(o, )
a0 at0
O > ﬁéﬁt

- tanh (B/2(e 0P + ()" (4) @3)
ST oy PP

where k is as in Theorem 8.

Proof. Clearly s (o, ) is an odd function of «. Therefore it is sufficient to compute
s*(a, B) for «>0. To do this we use a standard procedure and definc

JACNOES —2{17/ In trace e ~fHA2) 4.4
Using the techniques of Sect. 2 we can prove f(o, #) = lim f,(a, ) existsand is given
£ o
by
S py= —sup{L(r,0, ) —a | r(k)sinO(k)sing (k) u(dk): (r.0,p)e 4}
Q
= —sup {F(r,0)+o | r(k)sin0(k) u(dk): (r.0)e 4}

Q

= —sup {¥ (s)+a | s(kyu(dk):se L} . (4.5)
Q

By using arguments similar to those in Sect. 3 we can prove that for all values of (/)
the supremum is attained at a unique element of %, s, which is the unique non-zero
solution of the corresponding Euler-Lagrange equation

D(s,k)+a=0 (4.6)

for almost every k in Q. We have s3(a, §) = aif{(oc, p). Since at—f,(a, f) 1s a convex
o

function if a—f(a, () is differentiable, then it follows that

. 0
§ (%,ﬂ)—éfaf(%ﬂ) -
Now for «, o' =0,

V() + o [ S, u(dk) 29 (5,0 o | 5, (0) (k)
Q

Q

=7 (s,) + o [ s, (k) p(dk) + (o —o) | s5,0(k) p(dk) .
Q Q



Thermodynamics of the BCS Model 491

Therefore

fop)—=f (o' Y= —(e—a) | s,0k) u(dk) .
2
Thus by interchanging « and o' we get for a, o' €10, o0),

—(a—a) | 5, () pldk) <[ (o0 ) ~f (2, f) < —(a =) | s,k (k)
Q 2

Therefore a—f(a, f) is differentiable at o, >0 if and only if ar> [ s, (k) u(dk) is
. Q
continuous at oy, and g (%9, B) = — | 5,,(k) pu(dk). In the next lemma we shall prove
Ju o
that o { s,(k) u(dk) with so=s, is continuous on [0, co). It then follows that
2

sM (o, By = — | s,(k) u(dk)
0
and
lim *(ot, )= — | so(k) p(dk) ,
Q

al0

which proves the theorem. O

Lemma 4.
O(Hllsuuoo is continuous for ael0, c0) .

Proof. We shall prove continuity only in a set [0, ¢). Continuity for a =g, it will be
seen from the proof, is easier and follows similarly.

Consider first the case A(f) <1. Choose 5€(0,1), and on B(0,0) in L™ (L2, )
define

(Fs)(k)y=®(s,k) . 4.7)
F is continuously differentiable on B(0, ) and
h(k)
F O (k)=—+"5~| Ulk,kYh(k") u(dk’y . 4.
(F'(0) ) (k) (9,000 !) (ke kK'Y h (k) (k" (4.8)

Therefore F'(0) as a map from L?(Q, p) to L*(Q, y) is strictly positive and there-
fore invertible. Now F'(0) maps L™ (€, i) into L*(Q, ). But if he L* (2, p) and
F'(0)i=h, then since | U(-,k")h(k") u(dk’) and (g,(k))* <p/2, I must also be in

o
L*(Q, p). Therefore F'(0) is invertible on L*(Q, u). Since F(0) =0, by the inverse
function theorem there are neighbourhoods U and V of 0in L* (€2, p) such that Fis
one-to-one on U and F(U)=V, and if G is the inverse of F on V, then G is
continuously differentiable. But s,=G(—a1), and therefore continuous in [0, ¢) for
some &.

For Z(f)>1, a=essinfs, >0 and b= s
on B(s,, o) define F as above,

(F'(s,)h) (k)y=m(k)h(k) = Uk, k'Yh(k") u(dk") , 4.9)
Q

«|l.o <1. Choose § =max(a, | —b) and
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where

( 2

p(1 —s5 (k)

le ()l (k) B le)Pr (k)sy (k)
(2 (k) =2 ()Y 2 (2 (k) —si(k))?

{ L) le (k)]s (k)
( -ri(k)) 2 (2 (k) —si(k)*?

Using the inequality

when ¢(k)=0 ,

m(k)=

-1
} when ¢(k)=+0 .

x>e>0 (1—x X

1 tanh b~}
inf { - x}>o :
we can check that

)*()

m(k)>!§) Uk, k' )

((dk'y+6

for some 6> 0. Therefore

1? (k)
(k)

Ih(k)(F (s )0 (k) p(dk)> | p(dk)p(dk) Uk, k){

%0

Sy (k") —h()h (k' )}

+olhli=y | ﬂ(dk)#(dk’)U(k,k’)(h(k)(s*(k )>”2
Nx0

5, (k)
k 1/2\2
) (=) Y oo

The rest of the proof then follows as above. O

Remark. What we have calculated above is the thermodynamic limit of the

derivative of the free energy density in the direction of the extensive perturbation
Nl

Y o7. It is clear that the work of this section can be adapted to calculate the
i=1 N,

corresponding quantity with )’ o7 replaced by

i=1

Lo zf(k D)ot |
V{ j=1 i=

where the f; are continuous functions and ¢/7'=/®...®c*/ ®...®1, ¢*/ being
any Pauli matrix.

Appendix : Berezin-Lieb Inequalities

In this appendix we describe the application of the Berezin-Lieb inequalities to
Sect. 2. Let 4”7 be the irreducible representation of SU(2) on D' =C*’*' Let
{P(J,Q): Qe S?} denote the family of Bloch coherent projections in ¥ (D”). The



Thermodynamics of the BCS Model 493

P(J, Q) satisfy

d
trace P(J,Q)=1, 2J+1 | 4—Q—P(J,Q)=1J . (A1)
T

S2
Let B be a self-adjoint linear operator on D’. We call functions B* and B* in
L™ (S?,dQ) the upper and lower symbols respectively of B if

dQ
B=2J+1 | yp BY(Q)P(J,Q) , BYQ)=trace BP(J,Q) . (A2)
S2 Y
B* is determined uniquely by (A2), whereas B* always exists but is not necessarily
unique. Given B, B* and a B* can be read off from the table in [12].
Given positive integers {n,- i=1,... N}, letJ;bein A, fori=1,2,... N. Let dQ2 be
N N

the product measure [] dQ;, dQ2,=dQ, ¥ be ® £ (D’ and L be L*((S*)V,dR2).
i=1 i=1

Define the map f:.¥—L by

S(B)(&y,...,Qy)=trace BP(J;, Q) ®... P(Jy, Q) , (A3)
and the map F:L—% by o
N 2J+1
Fb)=T11 yp [ db(Q,....Q)PJ,2)®...QP(Jy.Q2y) .
i=1 (S2)N

(A4)

By (A1) fand F are both positive and unital; also x—e* is convex. We use a
generalisation of Theorem B of [20], namely

Proposition Al. Let M and N be von Neumann algebras and g : R—R be a convex
function. Assume that 1 is a normal semifinite trace on M and o.: N— M is a positive
unital mapping. Then for o self-adjoint in N,

(g (@) =1(a(g(@)) , (AS)

whenever both sides are defined.

N

By applying Proposition Al with o=/ and t=[] 2J;+1)(4n)~! f s, we
find using (A1) that =1 S2N
2J;+1

I it dQQ eV BV <tracee? | (A6)

i=1 4n (SN
and similarly with o =F and t=trace that

. N o2J.+1
trace " ® < T =hitd [ dQe® . (A7)

=1 4T (@

In the case that B is a tensor product B; ® B, ®... ® By with each B, self-adjoint,
then from (A2) we see that f(B)=B{Br...By and F(BIBY...BY)=B. The
hamiltonian (p”* ®... ® p’¥)h, is a finite linear combination of such terms, so by
linearity of the maps f'and L, (2.10) follows from (A6) and (A7) using Lieb’s table
[12]. In the case that N=1 these are just the usual Berezin-Lieb inequalities.
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