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An Instanton-Invariant for 3-Manifolds
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Abstract. To an oriented closed 3-dimensional manifold M with H,(M,Z)=0,
we assign a Zg-graded homology group I,(M) whose Euler characteristic is
twice Casson’s invariant. The definition uses a construction on the space of
instantons on M x IR.
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1. Instanton Homology
la) Introduction

Let M be a closed connected oriented 3-manifold. As is well known (see e.g. [He]),
every 3-dimensional topological manifold carries a unique differentiable structure,
so that we can consider M in either of these two categories. For the sake of brevity,
we will refer to M simply as a 3-manifold.

A strong algebraic invariant of M is its fundamental group 7;(M). Unfortu-
nately, as a satisfactory description of the set 3-manifolds, the fundamental group
falls short in two crucial ways: First, the classification of manifolds with
isomorphic fundamental groups depends on the well known and as yet unsettled
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question raised by Poincaré whether n;(M)=(1) implies that M = S*. The second
problem concerns the range of 7,, and here, not even a good question seems to be
known yet. Despite the fact that there are several constructions and presentations
that are characteristic for fundamental groups of 3-manifolds, no intrinsic
characterization has been given.

In defining alternative invariants for 3-manifolds, onc has come to study
representations of 7,(M) in certain nonabelian groups G. In fact, it is one of the
characteristic features of n,(M) as a group that the set

R=RM)=Hom(rn (M), G)/ad(G) (la.1)

of equivalence classes of representations tends to be discrete (in a sense which will
become more clear below). While %(M) itself clearly depends only on the
homotopy type of M, the corresponding flat bundles together with the differenti-
able structure of M may lead to topological invariants, like the Reidemeister
torsion (see e.g. [RS]). Recently, Casson [C] defined a new integer valued
topological invariant of M in the case where H,(M,Z)=0; i.e. for homology
3-spheres M. It can be described as follows: Consider G=SU,. Given a Heegard
splitting M =M , ugM _ (see e.g. [He]), one can consider #(M) as the intersection
of #(M . ) and Z(M _) in Z(S). The resulting intersection number (ignoring the
trivial representation) can be shown to be independent of the particular Heegard
splitting. The intersection a € # is transverse if and only if the twisted cohomology
H}(M, su,) vanishes. Hence if this is the case for all ae Z (we then say that 2 is
regular), Casson’s construction defines a sign for each ae %. The reason for the
restriction to homology 3-spheres is that if ae % is reducible, i.e. if the adjoint
operation pf SU, on a in(1a.1)is not free up to the center, then a factors through a
homomorphism a:7,(M)—S'. Hence reducible representations correspond to
elements of the group H'(M, S*), which is trivial for homology 3-spheres. For the
same reason, we will also assume from now on that M is a homology 3-sphere.
Then the set of irreducible representations of 7,(M) is

R*=R—(1).

We want to define a new invariant for homology 3-spheres, which takes the
form of an Abelian group I,(M) carrying a natural grading by Zg. Casson’s
invariant will turn out to be one half of its Euler characteristic. Under the
simplifying assumption that £ is regular, it can be described as follows: Following
Taubes [T4], we consider the space .# of finite action instantons on the infinite
cylinder R x M with a product metric 1 x . These are gauge equivalence classes of
connections on R x M x SU, which have selfdual curvature tensor F, and finite
Yang Mills action .o(A) = || F 4| 3. The first conditions means that F , ==_F ,, where
x_1s the Hodge duality isomorphism with respect to 1 x o. The condition of finite
action forces each instanton to approach gauge equivalence classes a and b of flat
connections at the ends, so that .# decomposes into spaces .#(a, b) of instantons
“connecting” a,be . It turns out that if # is regular, then .#(a, b) is a smooth
manifold whenever the I?-adjoint of the linearized instanton equation has no
solutions in IZ. Let us assume that this is the case for all of .#. For a,b+1, the
dimension of .#(a, b) can then be computed modulo 8 as the difference of a suitably
defined “relative Morse index”

W R*>2q
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between a and b. Because of the translation invariance of R x M, the lowest
possible dimension of a nontrivial component of .# is 1. We can define an
orientation on .# (see Sect.2d), so that each 1-dimensional component carries a
sign defined by comparing its orientation with the orientation of R. In this
“nondegenerate case”, our invariant is defined as follows:

Theorem 1. Let M be a homology 3-sphere such that Hy(M, su,)=0 for all ae Z(M).
Moreover, let o be a metric on M so that all finite action instantons are regular. Then
for all a,be#* with wa)—b)y=1, 4(a,b) has finitely many one-dimensional
components. If {0a,b) eZ is the sum over the signs of these components, and R,
peZg, is the free Abelian group over the set #,={aeR*|u(a)=p}, then the
operators

0:R,»R,_,; da= Yy <{da,b)b

wby=p—1

satisfy 00=0. The homology
I (M)=kerd/imd

does not depend on the choice of the metric ¢ on M.

It is conceivable that the regularity assumption on .#(a,b) is satisfied for
“generic” metrics ¢ on M, as is the case for instantons on 4-manifolds by [FU].
However, because of the translational symmetry, this is by no means immediate.
We do not pursue this question here, because the possible degeneracies in the set #
force us to consider perturbations of the curvature equation itself, see Sects. 1b and
2c.

Theorem 1 follows from Theorem 2 in Sect.1c. The idea behind this
construction is the observation that instantons on IR x M can be considered as
trajectories of the “gradient flow” of the Chern-Simons function

ala)= [ tr(tanda+ianana)
M

on .«/(M). (In the integrand, the exterior derivatives are taken with respect to the
matrix multiplication in su, and tr is the trace on complex 2 x 2-matrices.) This
“variational principle,” though deeply rooted in the “physical origin” of instan-
tons, has received little attention in connection with topological applications, since
it does not extend to general 4-manifolds. It should not be confused with the
variational theory of the Yang Mills action || F |3, see [T4], where instantons (i.e.
trajectories of our gradient flow) are minima of the action. This double variational
structure even occurs in finite dimensional gradient flows; one can easily define a
functional on (infinite) paths in the manifold whose minima are precisely the
trajectories, and which yields the Yang Mills action when applied to our case. For
this and for an explanation of the construction of Theorems 1 and 2 in finite
dimensional terms, the reader is referred to the first sections of Witten’s paper [W1].
The “quantum mechanical” derivation of the Morse inequalities in [W1] would
lead in this case to the problem of quantum field theory, which was recently
considered by Witten in [W2]. In fact, Witten also discusses in quantum field
theoretical terms the relation between I, (M) and Donaldson’s invariants [D4] on
4-manifolds, which was originally pointed out to the author by Atiyah and
Donaldson, and which we will briefly describe next.
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In studying compact 4-manifolds X with boundary 0X =M, one often
considers the space of instantons on the noncompact manifold X := Xu, M
x [0, o), see e.g. [FS, T2, Mc]. If M is a homology 3-sphere, one can define an
invariant of (X, M) counting instantons (with respect to an appropriate con-
formal structure) labeled by the flat connections they approach at the end. The
proof that the resulting element [ X] of R, satisfies 0[ X ]=0 and that its class in
1.(M) is independent of the conformal structure on X is similar to the proof of
Theorem 1. The general construction would result in a polynomial invariant on
H,(X,Z) taking values in I, (M).

The same point of view can be applied to cobordisms W between homology
3-spheres M and N. Here, a count of instantons would define an homomorphism
between R, (M) and R, (N) which can be shown to commute with 0. Its degree
depends on the rational homology of W in particular it is zero for a rational
homology cobordism. Moreover, it is natural with respect to compositions of
cobordisms, so that I (M) might be considered as a functor on the category of
homology 3-spheres and their cobordisms. (It is not a functor with respect to maps
between 3-manifolds. Of course, diffeomorphisms of M define an automorphism of
I(M), which may be of independent interest.) The details are given in Sect. 1c.

As a final remark, we would like to point out a possible relation between the
construction of Theorem 1 and Casson’s construction. Note that for any Heegard
splitting M=M , UgM _ as above, the representation space %(S) of the surface
carries a symplectic structure w € Q*(#(S)), see Goldman [G]. Moreover, Z(M .)
are Lagrangian submanifolds in #(S), i.e. o vanishes on %(M.). Now the
Lagrangian intersection theory of [F1] defines a similar (but more restrictive)
situation of transversally intersecting Lagrangian submanifolds L, of a symplectic
manifold P a chain operator J on the free Z,-module over the intersection set
L, L_.(The restriction to Z,-coefficients is not expected to be necessary here.)
The matrix elements of 0 are in this case given by counting the numbers of
holomorphic discs (with respect to some almost complex structure on P) whose
boundary lies half in L, and half in L_ and which therefore necessarily have
“corners” at two intersection points. In fact, there exists a relation between
instantons and holomorphic maps, see [At] and [D2], so that a relation between
the two constructions is conceivable (an idea which I owe to M. Atiyah). However,
at present none of these ideas have been carried out.

1b) Connections on M

Note that for topological reasons, every principal SU,-bundle over a 3-dimen-
sional manifold is topologically trivial, i.e. admits the product form P=M x SU,.
Given such a trivialization, one can identify the space of connections of Sobolev
type L4, with the space .oZf = I5(Q*(M)®su,) of 1-forms on M with values in su, in
such a way that the zero element of Q!; corresponds to the product trivial
connection on P. The gauge group of bundle isomorphisms of P can be identified
with ¥5(M)= L4, , (M, SU,) acting on «/f(M) by the nonlinear transformation law

gla)=gag ' +(dg)g . (1b.1)

We will always assume that k + 1> 3/p so that %(M) consists of continuous maps.
In fact, we will mostly work with .&Z(M)=.Z{(M) and %(M)=%%M). The
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quotients (M) =.o/F(M)/%2(M) and Z(M)=%1(M) can be considered as infinite
dimensional manifolds except near those connections a for which the group

G,={ge9Ygl@)=4a;

is larger than the center Z, ={ +id} of ¢. Such connections are called reducible.
For example, the trivial connection is reducible by all constant maps g: M —SU,.
However, the irreducible connections form an open and dense set Z#*(M) in 4(M).
The tangent spaces of #*(M) can be identified with

T B0 = (o€ IB(Q (M)®su,) | d¥o =0} . (1b.2)

If no confusion can arise, we will identify a with its gauge equivalence class in our

notation. In (1b.2), d¥ is the I?- adjoint (with respect to some metric ¢ on M) of the

exterior derivatived: QO(M )— Q' (M) extended to Q¥ by means of the connection a.
The curvature of a connection is defined as the su,-valued 2-form

Oa;
F e = -
( a)u axj a i
It is gauge invariant in the sense that
Fyon=8F.g . (1b.3)

It follows that the set of flat connections, i.e. the set of all a for which F,=0, is
invariant under 4. Moreover, it is well known that we have an identification

={[a]le#B|F,=0}.

In fact, for a flat connection, the holonomy along a loop depends only on the
homotopy class of the loop and defines an element of #. Conversely, consider the
universal covering M of M. Then if we extend the operation of 7,(M) on M to
M x €? by means of a representation n,(M)—SU ,, the quotient (M x €2)/n,(M) s
a bundle over M which inherits a flat connection from the trivial connection on
M x €2. Note that we can convert the assignment a— F, into a vector field on the
infinite dimensional manifold #*(M): Given a metric ¢ on M, one defines the
Hodge duality isomorphism *_: QP(M)—Q*~?(M). Extending it trivially to the
su,-factor, we define

+laya].

Aa)=+F,e Q' (M)®su,.

Since 4 is gauge invariant and since it follows from the Bianchi identity d F,=0
that
d*a)y=xd,*(* F)=xd F,=0, (1b.4)

we have Z(a)e T, %, (M). Over #=#{(M), it is a section of the bundle ¥ with
fiber
Zo=La)= Ty B5(M).

It was observed by Taubes [ T3] that Casson’s invariant can be interpreted as the
“Euler characteristic” of 4 in the following way. The linearization
Dyla)= *,d,: T,z 8- L, can be combined with a gauge condition in (1b.2) to an
elliptic operator on the bundle Q,,=(Q°®Q")®su, defined by

Db, 0)=(dFu.dp+ *d0). (1b.5)



220 A. Floer

In particular, the kernels of &, and D¢(a) are isomorphic for any irreducible
connection a, so that [a] € #* is a nondegenerate zero of £ if and only if the kernel
of Z,1s trivial. If thisis the case for all a € 2%, then one can assign a relative sign to
any pair a,b e Z* as the mod-2-reduction of the spectral flow (see Sect. 2¢) of any
continuous family ¢(7) in /(M) connecting a and b. Up to an ambiguity in the
overall sign (which can be fixed using the trivial connection), this is the analog of
the “degree” of a nondegenerate zero of a vector field. For each nondegenerate
aeR*, it yields a sign which turns out to be the same as the one obtained by
Casson’s construction. Of course, Taubes’ construction can also be extended to
general manifolds by a perturbation.

To understand and generalize the homology groups I, (M) of Theorem 1, we
have to take into account an additional structure of the vector field 4. Under the
[?-inner product on T#(M) defined by the metric ¢ on M, it induces a family of
linear forms a, on T,/ =I},(Q*(M)) by

a0 (&) =A), =[N E, (1b.6)

where A denotes the exterior derivative extended by the standard positive definite
inner product on su,. Note that (1b.6) does not depend on the metric . Moreover,
since the linearization of /, is selfadjoint, it is closed and can be integrated to a
function «:.o/(M)—IR. This function can be obtained by integrating the Chern-
Simons form cs, € Q3(M) over M, see Sect.1b or [CS]. With respect to gauge
transformations g: M —SU ,, it satisfies

a(g(a))= ala)+2n - deg(g),

where deg(g) is the degree of g as a map between 3-dimensional closed manifolds.
Hence « is well defined on

BHM)=A/(M)/{ge% |deg(s)=0} (16.7)

which is the universal covering of Z(M). We will say that £ is the “o-gradient field”
for a function on Z(M). The crucial observation now is that trajectories of the
vector field £, i.e. of the o-gradient flow of «, can be identified with instantons on
R x M. In fact, the instanton equation for a connection 4 € Q1 (IR x M) is given by
F,=*F, where *:Q*R x M)->Q*R x M) is the Hodge duality isomorphism
with respect to the product metric on IR x M. By applying a gauge transformation
g:IR x M—SU, if necessary, we can always assume that the component of 4 in the
RR-direction vanishes. In this case, the self-duality equation becomes
0A 0A(T

= e Fa= ) g (13
for A(t)=i*Ae.«/(M). We can therefore consider the moduli space .#,(a,b) of
Theorem 1 as the space of trajectories of the vector field 4 connecting the two zeros
a and b of £. The hypothesis of Theorem 1 now means that this flow is of “Morse-
Smale-type”, i.e. that all zeros of 7 are nondegenerate and that their stable and
unstable manifolds intersect transversally in smooth finite dimensional manifolds.
It was proved in [S2] that infinite dimensions, this is a “generic property” for
gradient flows. Moreover, it is known that in finite dimensions, the homology
groups defined as in Theorem 1 generally do not depend on the choice of the

0
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gradient field. For example, in a compact manifold B, they coincide with H (B, Z),
see [Wi] and also [S1]. Hence in order to define the index homology of Theorem 1
for arbitrary homology 3-spheres, we define an appropriate set of perturbations
of « (compare [D3] for a similar construction): Consider a map

y:Sm)x D*:= \/ S} xD*>M,
i=1

which restricts to smooth embeddings 7,:S(m)—M for each 0eD? and
v;: S} x D*— M for each i. Here, we consider on S(m) the smooth structure of the
union of smooth embedded circles in R® which intersects precisely at the origin
and have the same tangent there. It defines a family of holonomy maps

991 BM)—L,,: = SU"/ad(SU,).

m:*

Now choose a smooth compactly supported volume form d?0 on the interior of D2,
Let C*(L,,, R) be defined as the set of smooth ad(SU,)-invariant real functions on
SUY%. Then for each he C*(L,,IR), we can define the function

h,:BM)-R;  hfa)= [ h(ysa)d*0. (1b.9)
D2
Let us denote by I, the set of maps y as described above and by IT the entire set of
perturbations
n= ) ,xc*(L,,R).
meN

Lemma 1b.1. Forany n=(y,h)ell, h,is a smooth function on #(M). Moreover, for
every smooth metric o on M, there exists a smooth section grad, h, of TH(M) such
that for every ¢e T,B(M),

{grad, h.(a),&)=Dh.(a).

Proof. Parametrize S! by the unitinterval I = [0, 1], with 0 and 1 corresponding to
the base point in S'. Then y gives rise to maps 7;:[0,1] x D*—M, which are
independent of i on the discs {0} x D?. Fix a trivialization @, of P over the image of
this disc. Then for each ue #(M), it can be extended in a unique way to
trivializations @a):y¥ad(P)—[0,1] x D* x su, defined by parallel transport
along y,(-, 0) for 0 e D*. Here, we make usc of the fact that ae C%(Q'®su,). Under
this condition, we have a smooth family

®,: o/ (M)~ Hom(y* ad(P), [0, 1] x D? x su,) (1b.10)

of continuous bundle isomorphisms. Since the holonomy y,(a) is defined as the
conjugacy class of the m-tuple,

(o) <izm= (@a)(1,0)®; (a)(0,0)), <i<m€ SU7%,

this proves that 7, and hence h, is smooth. Its derivative is

m

Dh.(a)= Z D;h.(a).

where in terms of the parametrization y; and the trivialization @,

Dih.(a) (¢, 0) = Vih(py(a))d?0.
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Here, Vi is the partial derivative of the lifting of h to SUY in the direction of the i
factor, identified with an element of su, by virtue of the canonical bilinear form on
su,. The o-gradient of h, is now the sum of sections of T which in terms of y; and
@, are given by

grad; ,(0, §)=Vh(y,(a)) ,d*0. (1b.11)

One checks directly that d gradh (a)=0 and that
gradh,(a) e Ly (Q'(M)®su,),

so that it in fact defines a vector field on Z(M). Smoothness follows from (1b.11)
and from smoothness of @; in (1b.10). []

1c¢) The General Construction

Given nell, we define o, = «+ h,. We denote by £, its critical set, i.e. the zero set
of the section
fon@)= %, F,+n(a) = z(a)+ grad h.(a) (1c.1)

of #. It is nondegenerate if and only if the kernel of the “Hessian”
Do’n(a) . Ul(a)_éLp(a) 5
D) (¢, o) =(die, dup + Dy (a)or)

consists only of elements of the form (¢, 0) with d,¢ =0, i.e. corresponds to the Lie
algebra of the group G, of gauge symmetries of a. We now define

(1c.2)

M= A P (p*Q! (M)®suz)

+/ 5l A(T))

=0 and l(A)< o0 }/9M (1c.3)
where
0A|*

=17

2
We omit the subscripts ¢ and © whenever possible. We may think of .# as the
“Morse complex” of bounded trajectories of the gradient flow, but also as the
perturbed “moduli space” of instantons. In fact, if we extended /(4) and

P )= S 40

gauge equivariantly to /(IR x M), then we have
My, ={Ae AR XxM)|F,(A)=0 and [(A)<o0}/%R x M).

We will use either of the two terms for elements of .#, depending on which
aspect is more important at a particular time. Note that iffor 4 € # with t=0, [(4)
is proportional to the Yang-Mills action. For a general [ 4] € .4, (M), it is equal to
the difference of the perturbed Chern-Simons function along the path in #(M)
defined by A. In fact,

0 A 0A 2
< (A = D (Afe)) A <;m,—af”-> __ |0 (1c.4)
drt 0 ot /[, ot ||,
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Hence «, decreases along trajectories in .#,, and the trajectories of finite length [
arc precisely those along which «, is bounded.

The linearization of the flow equation at A e .#,, is equivalent to the elliptic
operator

D o= ?%(T—Q + D, (A7) (1c.5)
on QYR x M)=p*Q°(M)DQ'(M)). We call 4 regular if the adjoint
Dio=— Q? + D (A1)

has no bounded solutions. We call .#,, regular if all Ae.#,, are regular. In this
case, it follows from the implicit function theorem that .Z_, is a smooth manifold.
The following proposition summarizes the principal properties of .#,,, which we
prove in Sect.2 and 3.

Proposition 1c.1. For a dense set of parameters (o,n)€ X x I1, R is nondegenerate
and A decomposes into smooth oriented manifolds 4 (a,b) of regular trajectories
connecting a,be R. To each a€ R we can associate a Morse index p(a)e Zg so that

dim.#(a, b) = u(a) — u(b)— dimG,  (mod 8). (1c.6)

Moreover, let .4 (a, b) denote the ( oriented ) quotient by the translational symmetry.
Then if by, ....b, are irreducible, we have orientation preserving local
diffeomorphisms

# 1 M (o, b)) xR X M (b,by)x ... xR, x. M (b,_,b)>C— 4 (by,b,)

with the following properties:

(T1) For each compact K C.4#(by, b,)x ... x 4(b,_,b,), there exists o(K)e A ..
such that K x [o(k), co)" "1 C .

(T2) For 1<i<n there exists a lifting #, of 4 to .#(by,b,) such that
# (A4, 0)— A, locally with ¢, 0, — 0.

(T3) If din|(.#(a,b))| =4, then the complement of all maps # for all possible
configurations a=bg, by, ...,b,=b is compact.

The existence of the map # is well known in finite dimensions as “transitivity”
of Morse-Smale flows: Trajectories ending at and originating from a nondegener-
ate fixed point x can be “connected” to yield a family of unbroken flow trajectories
converging “in the image” to the components. In a compact finite dimensional
manifold, this construction would cover all ends of the trajectory spaces. The
dimensional restriction in (T3) is due to the singular critical point 0 e Z(M): It
follows from (1c.6) that if ./ (a,0) and .4 (0, b) are both discrete, then u(a)— u(b)
=5mod8. In fact, one can show that the appropriate gluing map in this case would
be

M (a,0)x SO x R, x M (0, b)y—.4(a,b), (1c.8)

i.e. we would have an additional 3-dimensional gluing parameter. This is a
problem which one also encounters in finite dimensional equivariant Morse
theory. However, even if we took the map (1¢.7) into account, we would still have a
restriction in (T3): For dim.#(a,b)=8, we may have sequences of instantons
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diverging by splitting off a “point-instanton” anywhere on R x M. In fact, Taubes’
gluing procedure (see [ T1]) allows us to “glue” instantons into .#(a, b) at arbitrary
points on R x M and with arbitrary scaling and “gauge orientation,” obtaining a
local diffeomorphism

M(a,b)x SOy xR, xR x M—.#(a,b). (1c.8)

Hence this phenomenon is closely related to the mod-8 ambiguity of dim.#(a, b),
and has no analogon in finite dimensional Morse theory. In this paper, we will be
concerned only with 1- and 2-dimensional trajectory spaces, so that neither (1¢.7)
nor (1¢.8) will enter the discussion. In fact, let us first consider the 1-dimensional
part of .#, i.e. the zero dimensional part of ./, whose elements we call “isolated
trajectorics.”

Theorem 2. For (a,7) as in Proposition [c.1 the number of isolated instantons is
finite. Moreover, let o(A)= + 1 denote the orientation of an isolated instanton A and
let {0a,b) denote the sum of o(A) over all isolated trajectories in #(x, y). For pe Zg,
let R, denote the free Abelian group over the set R,={ae#* | wa)=p;}. Then the
homomorphism

0:R,»R,_; 0Ox= Y {0x,y)y

yeER

satisfies 00 =0. The group
I(M;o,m)=kerd,/imd,, (1c.9)

does not depend on the choice of o and . In fact, for any two parameter sets (o, 7;),
i=0,1, there exists a canonical isomorphism

h:I*(M;04,10)—=>1%M;0,,7,).

Proof of Theorem 2. Part 1. It follows from Proposition 1c.1 that the zero
dimensional part of .4 is compact and hence finite. To prove the second assertion,
note that the matrix elements
(00a,cy= Y <0a,b) {db,c)
be #*
correspond to the sum of the product signs 0*(4, B)=0(A)o(B) over the zero
dimensional part of
M Ha,c):= ) M (a,b)x H(b,c).
be R*
Now note that by (T3) of Proposition 1c.1, the ends of the 1-dimensional part of
,/%A(a, ¢) are in oriented 1—1 correspondence with the zero dimensional part of
(4 *(a,c),0%). This proves that 30=0. []

The proof of the invariance of I, is related to the functorial properties of I,
mentioned in the Introduction. We will consider a cobordism W: M — N between
closed oriented 3-manifolds as an oriented smooth 4-manifold W with open
submanifolds M xR _ and N xR, such that Wy:=W—-M xR, —-NxR_isa
compact smooth manifold with boundary NuUM. Here, R, CIR are oriented in the
usual way. On W, we consider the set 2y, of conformal structures ¢ extending the
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product conformal structures on the ends. Recall that a conformal structure
defines (and is defined by) a 3-dimensional subbundle Q. C Q?(W) and a canonical
completement Q_ . We also define a class IT,, of perturbations of the selfduality
equation (F,); =0 which extend the translationally invariant Hamiltonian
perturbations on the ends and which are the following form: Let B be an open
3-dimensional manifold and consider maps

"/ermXB—*WO

restricting to embeddings on S} x B in complete analogy with the definition of the
maps 7 in Sect. 1b. On B, consider a compactly supported 2-form w. Then for any
smooth vector field k on L, (i.c. for any smooth and invariant vector field on SU%),
we can define the adjoint-valued 2-form k€ Q2 (W) by superposition of forms (k,);
defined by

(k)iyi D, B) = wki(y(A4))
ony(S! x B). Here, k, is the i component of k as a vector field on SUY. This defines
a set I, of ¥(W)-equivariant maps

m: o (W)= I (Q34(W)).
Note that n(A4)eQZ, is neither selfdual nor antiselfdual in general, since

%5 —7(A)=0 whenever y is injective. We now define a section of Z(%(W), q, d') as
0
the quotient by %(W) of the function

Fon: (W)= IN(Qi(W.0),  Fr(A)=(F+n(4)).

By [D3],a homology orientation of a closed oriented manifold W is an orientation
of the real line

A(W) = det(H(W,R)) x det(HXW,R) + H2 (W,R).

Here, H is the negative part with respect to the intersection form and det denotes
the highest nontrivial exterior power. This definition still makes sense for a
manifold whose boundary consists of homology 3-spheres.

Proposition 1¢c.2. For a dense set of parameters (o, n)e 2y x Iy, extending a given
set of regular parameters on M and N, the zero set of F . on B(W,a,d'}is regular for
all a,a’ € R(M) x R(N) with

dim.7Z(W. a,a') = pla) — u(a’) + 3(B (W) — b5 (W)).

Here, ,=dim(H(W,R)) and B5 is the dimension of the negative definite part
H*(W,R) of H*(W,IR) with respect to the cup product and the orientation of W,
Moreover, given a homology orientation of W and orientations of .#(N) and .#(N),
there exists a natural orientation on #(W) with orientation preserving local
diffeomorphisms

Ma,p) xR _ x (b, b))~ M(a,b'),
Aa,a’ )y xR, x A(a,b)— #(a,b').
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As an immediate consequence of Proposition 1c.2, the zero dimensional part of
(W) is compact again, and hence finite for “regular” (o, 7). Hence it defines a
homomorphism

y=7(W,0,m): R (M)>R(N). (1c.10)
Theorem 3. For each (W, o, 1) as described above, vy is a chain map. The induced map
W, i=7v, L (M)—>IN)

depends only on the smooth cobordism W: M —N. It is the identity for the product
cobordism. For a composite cobordism W=UV, we have W, =U,V,.

Proof. We first prove Theorem 3 for the groups I, (M,q,n) of (1c.9), without
assuming invariance. That y is a chain homomorphism is proved in a similarway
the chain property of 0 itself. For ae #(M,n,) and b'e A(N, ny), the matrix
element {(0,—7yd)a, b’ is oriented cardinality of the set

AM¥a,a)= ) (—AMa,b)x-Ab,b)Yo ) Ma,a)x (@, b).
be A*(M) a' e A(N)

This proves that dy—y3d=0, i.c. we associate to a regular (W, g,n) a chain map

R (M, 1)~ (R, (N, my). Now consider two regular cobordisms (u, 5y, ny): M >N

and (V, oy, n,): N> L so that (6, ny) and (g4, 7y) coincide on N. Then for each

compact sct in K C.#(a,b; U)x #(b,c; V) there exists g, €R , and for all ¢ > gy a

local diffeomorphism

M(a,b; Uyx A(b,c;VIDK—.d(a,c;U #,V),

constructed by the same method as the maps in Propositions 1c.1 and 1c.2. It
follows that y is functorial with respect to composition of cobordisms in the sense
that for ¢ large enough, (U #,V,0,,7,) is regular if (U, o, ny) and (V, oy, 7y) are,
and that

,Y(U :H:g V; O'g, ng):/V(U7 Iy, TCU) © ’y(I/s Oy, TCV) .

Now let (6, 71) =(0;, 7, 1)y < 1 <1 be @ smooth family of parameters on W which are
constant in £ outside W,, and which are generic for A=0, 1 in the sense of (1). Then
applying an arbitrarily small perturbation &7 if necessary, the sets

Ma,d):={(u, )| ueM,,, (a,d');C BW;a,a)x[0,1]

are regular zero sets of F'; (4, 4)=F . .(A) and are thereforc smooth manifolds of
dimension

dim.#(a,b)=(a)—ub)+1 (mod8).

It follows now from the obvious parametrized version of Proposition 1c.2 that
the zero dimensional part of .# defines a Z-module homomorphism

AP:: V(W 5a ﬁ) R*(M’ TCM)_)R*(Nﬁ TCN)
with deg(y)= deg(y,)+ 1 such that
Yo—71=0n7— 70y (le.11)
This proves that (yo),=(71), LM, 0y, Ty) > 1 (N, oy, y). [
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Proof of Theorem 2. Part 2. Consider W= M x IR with n(4)(r) = grad h(A(7); 7).
Then (W,n) is a product for t outside [0,1], and hence defines a chain
homomorphism y(W, n): R (M, 15)— R (M, 7). Reversing the t-direction in W, we
obtain a chain homomorphism j=y(W,n,): R (M,n,)—>R (M, n,). Now the
compositions WW and WW can be deformed (with fixed ends) to the products
(M, 75) x Rand (M, n,) X R, respectively. Since the product induces the identity on
R, this proves that y, and 7, are mutually inverse in homology. []

2. Local Properties of .#(R x .#4)
2a) Connections on R x M

For §>0, let ¢;: IR x M—R be a smooth positive function with ez, x)=e°l"! for
[t]=1. Let E be a bundle over R x M with a translationally invariant metric | | and
metric preserving connection V. Following [K] and [LM], we define the norms

I€lk, po=les Elip

on sections ¢ of E. Here, | ||, , is the usual Sobolev norm. To define suitable
Banach manifolds %(a, b) of paths connecting a and b in (M), choose any smooth
representation of a, b € /(M) and a connection 4 on R x M whose first component
vanishes and coincides with a for 1< —1 and with b for 1= 1. Then the set

Asa, b)=A+ L (Qu4(R x M) (2a.1)
obviously does not depend on the choice of A. By virtue of (1b.1), it is acted upon by

4,=1gel} (R x M,SU,)|there exists R>0
and ¢ e I, (Q%(R x X)) so that g=exp¢ for |1| =R} . (2a.2)

Proposition 2a.1. For 6=0, ¢ is a Banach Lie group with Lie algebra
G =L (Qea(R x M)).

It acts smoothly on o/s(a,b). The quotient space By a,b)=Zya,b)/%s is a smooth
Banach manifold with tangent spaces

T Aa,b)={0e I {(Quy(R x M) | esdiie; '0=0]
and charts
T #a,b)>A(a,b);  a[A+a].

Proof. For >0, thisisessentially Lemma 7.3 of [T2]. The extension to 6 =0in the
casc where @ and b are irreducible is possible because the central ingredient in the
proof is the fact that

(esdies ')d 4 Hz,a(di(]R x Z))_’U’o,a(di(R x X))
is an isomorphism. If we set § =0, then it follows from Theorem 1.3 of [LM] that

d*%d ,is Fredholm if and only if 4 is irreducible. In this case, an integration by parts
proves that it is also positive, i.e. an isomorphism. []



228 A. Floer

Consider now the linear operation g(£)=gég~ ! for a section &e LY. ;(E,qy),
where E is some metric bundle over R x M and ¢ =1,[>=0, and ¢’ are real numbers.
The operation is continuous if and only if /< min(1,4/g) and ¢’ <6. For such [, g,
and ¢', it follows with the methods of Proposition 2a.1 that the quotient

LEAE) = (A5 % L5}/ 55 (2a.3)
with respect to the diagonal operation is a smooth Banach space bundle with
trivializations

T x L (E) > LE(E); (o, B)—[(on B)]
Here [(«, f)] denotes the orbit in (2a.3). A (smooth) section 5 of Z¥. 5(E) is given by
any (smooth) Gs-invariant function from.«Z; to I, 5(E). As its “derivative,” we then
define the ordinary derivative Ds(A) restricted to kerd%. We will be mainly

concerned with & ;= %% 0.5(Q,), where Q_ is the bundle of anti-self-dual 2-forms
on R x M.

Proposition 2a.2. For (o,m)e 2 X II, the function

Fopidsm Ly, FoA)=3(F 4—*,F ,)+n(A), (2a.4)
with 7(A) (t) =i,n(A(1)) is smooth and % s-equivariant. The first order expansion
F o (A+a)=F,_(A)+DF_(A)o+ N(a) (2a.5)
satisfies
INE) =N, =CA, ) (1€l ,+ 180 p) 1€=Ll e (2a.0)
INlpso = CA ) [N LN ps- (2a.7)

Proof. Equivariance follows from (1b.3) for F — # F and from equivariance of the
restriction A(t)=i¥A. To show that F,(A4) e L, Q). note that/, isa C*section of
I? and that, for R large enough

IF 5 je”’”H/ belA(D) e

=C jR A ,+C, ! erA(D)—alf,

—R
+C | e”|Ar)—bl} ,<n

Now consider the linear part of the expansion (2a.5). Note that n is C'-bounded.
Moreover, the operator d ,— *d 4 is bounded with respect to the norms | [}, , and
| [l,- The estimates on the nonlinear part follow from the definition of the curvature
and a C%-bound on n. [

2b) Fredholm Theory

Note that for any ae€ 4(M), the operator D,=D_(a) of (1c.2) is selfadjoint and
elliptic up to a part which is compact on the domain. It follows that the real part

or(a;o,m)={Rez|zea(Da)} (2b.1)
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of the spectrum of D, is a discrete subset of R. Roughly speaking, purely imaginary
eigenvalues of D, correspond to “rotational modes” of the flow, which complicate
the structure of the trajectory spaces .#(a,b). This is reflected in the Fredholm
property of the linearization of F,,,1i.e. of DF _(A4) restricted to the kernel of @%. As
in the case of the linearization of £, it is convenient to combine the operator and
the gauge to one essentially elliptic operator. Define therefore

W= (4R x D)), Ly= L, (2, Q4R x 2)). (2b.2)

Proposition 2b.1. If 6 >0 is smaller than the first positive element of og(a) and the
absolute value of the first negative element of ax(b), then for any zero of F,, on
HAB(a, b), the operator

D :Ws—Ls: D,o=(d%u,DF,(A)x) (2b.3)

is Fredholm. If a and b are irreducible and nondegenerate zeros of 4., then
D ,: Wy—L, is Fredholm.

Proof. Representing A in the temporal gauge and identifying both Q*(R x M) and
Q% (R x M)@ QR x M) with Q5 @®Q;}, in the canonical way, we have for t < —1,
0

D (1) = <d§mul + (é; +0 > o+ d gty + Z(f ao) + Dr(A()

- (i +DM> a+d 0. (2b.4)
0T

Now Proposition 2b.1 essentially Theorem 1.3 of [LM]. To recall the main
steps of the proof, note first that by standard elliptic Fredholm theory on compact
manifolds, one can reduce the assertion to the case of arbitrarily small paths in
H(a,a) for ae . Here we use the fact that the perturbation Dr factors through a
continuous operator from I%; to L' and is therefore “locally” a compact
perturbation of the elliptic linearization of the instanton equation. Moreover, since
the set of Fredholm operators is open in the operator topology, we only have to
consider the case where A is a “constant” connection d. By hypothesis, there exists
for each /e Z a resolvent

R,=(D,+0_+i)) " P(a)@C— 1 (a)®@C
bounded independently of 1. Define for & e IP(p*(Q%,®Q24,)),

+ o

§rx)= [ " erdr.

— X

Then

1 + w0

=5 ¢ R

{1):

A

0
0t
p=2), we now conclude that

iiml,p;(s§c"iélip;azci'5iDaé‘{3p;5~ (2b.5)

satisfies D;{ = < + D,,> {=¢ Asin [MP]. Theorem 4.1 (see also [ K] for the case
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To determjne the index of D ,, we considf:r A as connecting two elements d, b of
the zero set # of /in the covering space #(M) of (1b.7). Then we have

Proposition 2b.2. To each nondegenerate d e # we can associate an integer p(a) such
that w(g(@))=p(a)+8 - deg(g), and so that for Ae %(a,b),

Index D, = (@) — p(h) — dim G, .

Proof. Assume first that @ and b are irreducible and §=0. As in the proof of
Proposition 2b.1, write

Y

D4 0t

+D.,

D.=D 4. Then the Fredholm index of D, is given by the “spectral flow” (see
[AS2]) of D, through the imaginary axes. A construction of this integer quantity is
given as follows: Choose 1,<...<ty and 4;...4y in IR so that #;¢op(1) for
T, 1 ST =1, and so that the same is true for 4y: =0 for 1 <1, and for 4y, : =0 for
721y Define the integer n;, 1 <i< N, as the dimension of the eigenspace of D,
corresponding to the eigenvalues in the strip 4, ; <Rez <4, in €. Otherwise, we
define n; to be the negative of the dimension of the eigenspace of D, in
A, =Rez=<1;,,. We claim that

N
Index D= Y n;. (2b.6)
i=0

This also proves that the right-hand side is independent of the construction and
that it is continuous in A. To prove (2b.6), consider for each g €IR the operator

0
D(o)= — +Dy
(Q) (7‘5 + Bo(1)>

where f,(t) = f(t— o)t +(1 — f(t — 0))o. Then D(g) is an asymptotically “constant”
operator so that we can apply Theorem 1.3 of [LM] as in the proof of
Proposition 2b.1. In particular, D(t;) is a Fredholm operator with respect to the
exponential weight e?™*" as well as to e#*+17 by the choice of 4;. The difference of
the first and the second Fredholm index is n; by Theorem 1.4 of [LM]. On the other
hand, D(p) for t;_; £ <7, is a continuous family of Fredholm operators for the
weight ¢#®’ so that the Fredholm index does not change through this
deformation. Finally, it follows from the proof of Proposition 2b.1 that for large
negative o, D(g) is an isomorphism. This proves (2b.6).

It follows immediately from the definition that (2b.6) is additive with respect to
composition of paths in Z(M). Since each %(a, b) is simply connected, it follows
from continuity of the Fredholm index that (2b.6) depends only on the end points.
Hence fixing an arbitrary value of u(a) for some irreducible nondegenerate a € 2,
we can define u(b)= p(a)+ Index E , for any A € H(a,b).

The formula for reducible nondegenerate zeros is obtained in the same way,
with 1,= —¢ and Ay=e¢. Due to this modification, the index is not additive any
more with respect to compositions of paths A4, Be%(a,b)x A(b,c) to
A # Be %(a,c) but satisfies

Index D, . p=1Index D ,+Index Dy +dimG,. (2b.7)
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This accounts for the correction term in Proposition 2b.2 for a suitable extension
of u. Clearly, the “relative Morse index” u is well defined only up to an additive
constant. Fixing a representative a of the trivial connection in Z (which is always
nondegenerate for a rational homology sphere), we can fix this additive constant
by requiring that @(0)=0. [

2¢) Transversality

The aim of this section is to prove the density of regular parameters one 2 x IT of
Proposition 1c.1. The method is essentially the one of [FU]. The crucial point is to
produce “enough” perturbations:

Lemma 2c.1. (1) For every compact subset K C%*(M), there exists me N and
v:[ x D*—M, as described in Sect. 1b, inducing injective maps y,: K —L,,
(2) For any ae #*(M), the set Il(a)={n(a)|nell} is dense in T,B(M).

Proof. The proof of (1) is obvious since two connections are equal in 4*(M) if and
only if their holonomies coincide on all graphs in M. The second statement follows
from the first, since every finite dimensional subspace of T,%(M) is the tangent
space of a suitably defined finite dimensional and hence locally compact
submanifold of 4(M). [J

In the following, we would rather work with Banach spaces of perturbations
than with the Frechet spaces C*(L,,,IR). We therefore follow [F2] and define for
every sequence ¢=/(¢;);.n Of positive real numbers a Banach space

CHL,,R)= (he C*(L,,R)| |h], < o0}

m>

of smooth functions on L,, with norm

*© .

Ihl,= ¥ ¢ max [DR(x)].

i=1 X€ L
Then by Lemma 5.1 of [F2], ¢ can be chosen small enough so that C*(L,,, R) is
dense in If(L,,R) for all 1<p<oco. In particular, we can approximate step
functions in all [P-norms. Fixing such an ¢, we can associate to each graph 7 a
Banach space IT,. Now recall that a subset is said to be of first category if it is the
countable intersection of open and dense sets. It is then always dense by Baire’s
theorem. We are now ready to state

Proposition 2c.1. For every me Il, there existsy e I such that the set of all e n+11,
for which R is nondegenerate is of first category near .

Proof. Note first that by elliptic regularity, the set
Co=1{a,5)CZLaeR,,|&],=1, and {ekerD,(a) for any geX}

is compact. By Lemma 2c.1, we can therefore choose y such that y, is injective on
A and I1 (a) for ae R, approximates ker D, (a) arbitrarily well. For each (¢, &) e %,
we can then define he C%L,, R) by

h(exp(e)=B(l/e)- (e,
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where f3 is some cutoff function, l€ T, L,,, and € is the best approximation of ¢ in
T, L. Now consider the section

JAL X BE)-L,  J(ha)=fa)+7,

where we identify in notation % with its pullback under the projection onto Z4(M).
Denote by 2 the zero set of;7: From the above, we conclude that 2 is a smooth
Banach submanifold of IT, x #(M) near (0) x #,. Now the proposition follows
from the Sard Smale Theorem ([Sm], see also [Q]) applied to the projection
Zx1. [

Let us now call .#,, regular if for all [A]e.#,,n%;, so that D, is Fredholm
with respect to 0, D , is surjective. Of course, this implies by the implicit function
theorem that all such sets are smooth manifolds, whose dimensions are given by
Proposition 2b.2.

V(@)

Proposition 2¢.2. For any (o,m)e X x I1, the set of all nen+1I for which #,, is
regular of first category near T.

Proof. First note that it follows from Arondzajn’s theorem [An] that
1. M (M)—%(M) is injective, and that the same is true for the “linearization”

il ={(A4, & e PR x M)| Ae.#(M) and EecokD } - Z(M)
(4, &) =(A4(0), £(0)).

Moreover, for subsets 4" C.#(M) such that 14" is compact, it follows from elliptic
regularity that 7(.4") is compact. Now choose m, 7 so that D, is injective on 1(%,,,).
For every (4, ¢)e.# we construct h, . C(L,,,R) such that

Vh, {A@) = p(x/e)D (A(1))(1).

This defines h on the image of the trajectory A under y; it can be extended in an
arbitrary way to the rest of L,. Using these functions, it is easy to see that the
section

F:llx 2%y Fr,A)=F, . A4

has surjective linearizations at (0)x.4#"~. Now Proposition 2c.s follows like
Proposition 2¢.1 from the Sard Smale Theorem. []

2d) Transitivity

It is the aim of this section to construct the gluing map 4 of Proposition 1¢c.1. The
general method used here was introduced by Taubes, sec ¢.g. [T1]. In the present
form, though in a different context, it was previously used in [F1]. Consider
a,b,ce &, and choose ¢ large enough so that in the temporal gauge, we have

A(t)=[b+&(r)]fort=p—1and B(t)=[b+{(1)] for t <o+ 1 (see Proposition 3b.1
below). Define

JA(TJFO) for <1
(A#,B)(t)=1[b+ (=0 + )+ p)l(t—g)] for —1Z7t=1 (2d.1)
lB(I-Q) for =1.



An Instanton-Invariant for 3-Manifolds 233

More generally, define the set . (a,b) of k-trajectories as the set of k-tuples
(A <i<y With A;e 4, (c; -y, c;), where ¢co=a and ¢, =b. Then we can extend the
above construction to a map

M H(x, ) x RE T K x [o(k), 00) ™' > H(x, ),
1=u0)—A,=(u, ’ﬁ:m u,)... :ﬂ:Qk U

It follows from Proposition 3b.1 below that for any compact k.4 *(x, y) there
exists a constant Cxe R, with

[F ol AN, S Cy Y e /0 (2d.2)
The main result of this section is

Proposition 2d. Let K be as above and assume that all A; for A € K are regular. Then
there exist positive constants gy, Cx and a C* map

K x [og o0f "> lla,c),  y—[A,+E],
with [|E], ,SCx Y e @/Cx,

The proof of Proposition 2d uses an iterative procedure known as Picard’s
method. It can be summarized as follows.

Lemma2d.1. Let /: E—F bea C' map between Banach spaces E and F. Assume that
in the first order expansion

(@)= f(O)+Df(O)E+N(Q),

Df(0) has a finite dimensional kernel and a right inverse G so that for ,(eE

IGN() =GNl = Clicl g+ 111 p) <= Cllg
for some constant C. Set ¢=(5C)"'. Then if |Gf(0)|;< %, there exists a
C'-function

¢:K,:={lekerDf(0)] ] <e}>GF,
with f(E+ (&) =0 for all £€ K,. Moreover, we have estimates
1o e=2[Gf(O)g, DO =8ICSO) el

The proof of Lemma 2d.1 is an elementary application of the contraction
principle. We apply it to the family of functions

d))( : W(AY)__)L(A)/) ’

(2d.3)
(px(é) = (Fa'n(Ax + 5)5 dj,{é): Fan(Ax) + DAxé + N/(é) >

where L= L, and W=W,, see (2b.2). The crucial step is to invert the linear part.

Lemma 2d.2. There exist constants C and ¢ so that if ye€ K x[g, o), then there
exists a continuous right inverse G,: L—W of L, with

1G &l ,=Ca <l
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Proof. For the sake of clarity, we consider only the case k=2. The proof is
completely analogous to the proof of Lemma 4.3 of [F'1]. We therefore only sketch
the main idea. First, we identify the domain on which we want to invert L, to be an
I?-orthogonal complement of the set of all sections of Q)4(R x X) of the form
B(r)&(n) for 21

= (2d.4)

E# D)= {’B(_T)C(’[) for t<-1’

for any e 1) .4 (a,b) and (€ T4 (b, c). Then since the Fredholm index of D,
restricted to W' is zero, it suffices to show that for all &€ W',

1€, , = CIIDLI,,

with C depending only on K. This is done directly: Assume there exists a sequence
¥.=(A4, B, 0,)€K x[a,0) and &, < W satisfying

Héa“l,p:1a ”DaéaHp-_)O

Here we abbreviate a double index y, by «. As in the proof of Lemma 4.3 of [F1],
one now proves first that ¢,—0 uniformly on [ — 3, 3] x M. Then one can show that
1,011, ,~0separately on R, x 2 and R, x X using the invertibility of D, and Dy,
This yields a contradiction to the first assumption and hence proves
Lemma?2d.2. []

Now the proof of Proposition 2d is completed by (2a.6). To define the
orientations of Proposition 1c.1, fix a, € #, and consider for each a € £, the space
HB(a,, a). By [D1], there exists a lifting of the structure map

D:%(ay, y)»BO, A—D, (2d.5)

to BSO. It defines an orientation on %(a,, a) in the sense that for each 4 € %(a,, a)
and for each finite dimensional subspace E C IZ(u) which is not annihilated by any
element of cok D ,, the manifold

My(a)={Se T\ B|F(A+)EE] (2d.6)

can be naturally oriented given an orientation on E. In fact, we only have to choose
a lifting on one component of #(x,,x); it is then defined on the other components
through the constriction (1¢.8) extended to .#; (see also [D3] in the context of
determinant bundles). We will consider such a choice of lifting as an “orientation of
x.” (In finite dimensional Morse theory, it corresponds to an orientation of the
negative subspace of the Hessian at x.) We now extend the (unreduced) gluing map
# to incorporate the spaces .#;. Assuming that the elements of E have compact
support, it defines a bundle £ over # (.4 (x,, x) x R, .4 ¥(x, y)). Now the proof
of Proposition 2d can be easily adapted to yield local diffefomorphisms

s M (X, %) X R 4 X AKX, y)— M(x0, V). (2d.7)
Now there exists a unique orientation on .#(x, y) making this map oriented. The

orientations .# (W) are constructed by combining the above constriction with the
one in [D3] in the obvious way.



An Instanton-Invariant for 3-Manifolds 235

3. Compactness
3a) Local Convergence

In order to formulate compactness properties, recall the set .#%,, of cusp
trajectories of Definition

Definition 3a.1. A cusp trajectory (A,1)e #¥,,, is a trajectory A € .4, together
with a finite collection [ of instantons on Euclidean R*. We say that 4, converges
(locally) to (A4, I)e .#4%,, if there exist representations of A4, and sequences Xx;;, in
R x M and ¢,—0 so that

(1) A,—A4 in the I -norm on K — U U, (xy) for every compact KCR x M.

(2) I;:=(expy,  &)* A, converges to I; in I7(Q'(By)) for every R>0.
Here, exp, for xe R x M denotes the Gauss normal chart. Now define for any
ICRR
Bl = A (I x M)/%G(I x M)

and write #|, = %|; -, .- With respect to the “weak convergence” of Definition 3a.1,
we have the following compactness result:

Proposition 3a. Let A,e 4|, 0eN, be a sequence so that 1*(A,) is bounded.
Moreover, assume that o,n,—~onin 2 x I and that lim |[F, . (4,)],=0. Then there

0w

exists a subsequence A, converging to some (A,1)e M%E,,,. We have

N 1
i; [Fpl3+*(A)< - limsup I*(4,).

0w

In particular if 1*(A,)<3m, then I is empty and A, converges locally in Iy to A.

Proof. The essential ingredient of the proof is Uhlenbeck’s elliptic regularity
results for the selfduality equation, see [U1]. It remains valid for the operator F_,
due to the “compactness” of the perturbation 7.

Lemma 3a.1. Let A, be a sequence of connectionson[ —R,R]x M,sothat |F,, | ,is
bounded and ||F,.(A;)|,—~0 for some p>2. Then A, contains a subsequence
converging on My _, to a connection A with F_(A)=0.

Proof. By [U1] the bound on ||F ,, ||, implies that there exist representatives 4, so
that [|4,[, , is bounded on My_,,. Hence it contains a subsequence A,
converging weakly in I?(Q'(My_ ) to some limit 4. That F_(4)=0 follows
from the weak compactness of the nonlinear term of F_, see (2a.N2). Similarly,
applying (2a.N2) and ellipticity of D , to , = (A, — A) for a suitable cutoff function
B proves that [ &,], ,~0. [J

Now define for any compact K CIR x M the sequence of numbers
e K)=inf {¢>0] there exists 0 K so that [[F |, v.0=¢""""}. (3a.1)

Here, U,0) is the e-ball around 6. If ¢(K) is bounded from below, then the
hypothesis of Lemma 3a.1 is satisfied for each peIR .. Hence let us assume that
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£,(K)—0 for a subsequence and choose 0, € x M so that with U, =U,,(0,),
| IFA0)Pdo=1c2"".
Uk

Let exp,:R*>R x M be a Gauss normal chart centered at 0, preceded by
multiplication with ¢,. Then the connection B, : = exp} 4, is defined on the ball of
radius ¢, 'r, if r is the injectivity radius on R x M. It satisfies

(1) [p-Fy,)l4—0.

(2) limsup|| Fp, 31,

3) ”FB,(H4,Ul(0):%,

4) 1Fplly v,@=1forall 0e Ug_,(0).
The projection in (1) is taken with respect to the standard Euclidean conformal
structure on R*. To prove (1), note that the pullback conformal structure under
exp, converges to the Euclidean one uniformly on Bg, and that the perturbation n
is I*-bounded. (2) follows for the same reason from the conformal invariance of the
“Yang-Mills action” | F ,|3. (3) and (4) follow by direct calculation. By [U1], it
follows from (1) and (4) that B, contains a subsequence converging in
I7(QYUg - ,(0)) to a selfdual connection I. Now (3) implies that I is nontrivial, so
that ||Fg|3=8n (see e.g. [ADHM]). We now repeat the above argument
R x M — U, with U, = B,;;(0,). That is, we consider the sequence ¢, = ¢, defined as
in (3a.1) with U, removed from K. If ¢ x 0, then the corresponding reparametrized
sequence By converges as before to a positively charged instanton I'. We claim that
the action I(4,) = «(a) — «(b) of the trajectory must be at least the sum of the actions
of I and I'. To see this, note that [, tends to infinity in the reparametrized chart
around 0, since dist(6), 0;) = &}/?. Ifalso dist (0,, 0;)/e,— o0, then the converse is also
true, so that there cxist disjoint neighborhoods ¥, of 0, and v} of 0 on which the
action of A4, approaches that of I and I, respectively. On the other hand, if
dist(6,, 8,)/¢, is bounded, then &,/¢,— oo, and we can choose ¥, and V] so that the
actions of A, restricted to V, and V/—V, approach the action of I and I,
respectively. By induction, we conclude that there exists a finite set {0, ..., 05} with
N <87 '(ala)— «(b)) so that a subsequence of A4, converges locally on R x M
—{04,...,0y} to an element of .#(a,b). This completes the proof of
Proposition3a. []

3b) Global Convergences
Proposition 3a allows us to prove

Propesition 3b.1. For each [A] e .#,, there exist a,be & so that [ A(t)] converges
in B(M) to a for t—>o0 and to b for t— — 0. Moreover, if X, is nondegenerate,
then for some 0>0, the canonical map induces a bijection

J As(a,b)(G,x Gy)— M . (2b.1)

a,beR

Here, G, x Gy acts on Ma, b) by means of gauge transformations which are constant
outside a compact set. Restricted to each .a,b), (b;;) is a homeomorphism with
respect to the local topology in M and the relative topology of M a,b) in B 4a,b).

Proposition 3b.1 implies that whenever the local limit of Proposition 3a
happens to lie in .#(a, b), the convergence is global. Of course, this assumption is
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very strong. To define the set of all possible “global” limits, we have to combine the
notion of a k-trajectory of Sect. 2 with the notion of a cusp trajectory. We therefore
define the set ./ €* (a,b) of k-cusp-trajectories joining a and b as the set of
(Ap D)y <i<p With (A4, 1) € MG o(c; -y c) With co=a, ¢ =b, and ¢y, =cy; for
0<i<k We say that A, converges to (4,1, §,é,‘e,////(/" (a,b) if there exist

sequences 1;, 50 that t;, * A,= A,(- —1,,) converges weakly to (4;, [;). Then we have

Proposition 3b.2. Let 0,1, converge to om in X x II and let a,, b,e A, converge to

a,b in BM). Then /‘or any sequence [A,]€.#, , (a,b,) with constanz index
I(A,)=1, there exists a subsequence converging to some (B, I) € M€Y (a, b) for some

k=0. Moreover, we have
A)= 1Y I(B)+8n Z n(l

If a and b are nondegenerate, then

I=Y I(B)+8 ¥ n(l).

If 1is trivial, then there exists N >0 so that for 0>N, A, is contained in the e-tube

= U U(B); #M)).
Finally, if each B, is a regular zero of F,,, and all representations involved are
irreducible, then there exists ¢ >0 so that each A € .4 (a,b) which is fully contained in
UB) is the image of the gluing map # of Proposition 2d.

Proof of Proposition 3b.1. To prove the first assertion, we assume the contrary.
Then there exists ¢ >0 and a sequence 7,— o0 so that the sequence [ A(t,)] in #(X)
does not accumulate at #. Now consider the sequence

Aylt, x)= At —1,/2))

on [—1,/2,7,/2] x M. Tt satisfies the hypothesis of Proposition 3a with
lim l(A4,)=0. Hence A, converges locally to constant element of .#, which

k— o0

contradicts the assumption. By the same method, one can prove that for any ¢>0
there exists >0 so that on [r, o0) x M, we have [A]=[a+ ] with [[£], <& and
[€lig.o+ 17ll1,, <& forall g>r. To prove an exponential decay estimate, we work in
the “temporal” gauge, i.e. we choose a representative 4e Q)y(IR x M) which

5
vanishes on the vector g—r Now define S, (t)=p(t—0+1)f(—7t+0) and

consider the function f(c)=||f,(4—a)|3. We prove an estimate of the form
SOz pf(), (2b.2)

for some u>0. It then follows e.g. from the maximum principle that
| A—all,,;< oo on the half cylinder on which A(t) converges to a. To prove (2b.2),
we calculate

["@=p*0 {14 Hz+ (A"(), Ar)— ay jdr

= [ B*(7) [AA(t)
+ [ BAT)CA( T) a) DAAAA(D)dr. (2b.3)
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d
Note that e d¥(A(t)—a)=d¥ f(A(r))=0, so that A(t)—ae T,4(M) for allteR. To
estimate the second term, note that with D =D f(A()),

(A()—a), D, /(A(T))) =<{D (A(x)—a), D(A(x) - a))
+{D/(A(x)—a), N(A(x) - a)) ,

where N is the nonlinear term in the first order expansion of #around a. Since D,
has no purely imaginary eigenvalues, the first term is positive. The nonlinear term
can be estimated as follows.

(D (Alr)~a), N(A(t) —a)y £ Cl(A(D) — )l . [ A(x) —al, , 1D, (A(x)—a) |3

Ze0) |A(D)—al?
with lim &(t)=0.

Since a is a nondegenerate zero of /, we have || /(A(7))|, 2 7([(A(r)—al 3 , for
some y>0. Hence for 7 large enough, the nonlinear term is small compared with
the first term of (2b.3). This implies the second order inequality (2b.2).

Using the invertibility of D,., [see (2b.5)], we can strengthen this result to

conclude that lim | f(A4—d)ll, ,=0 for some 6>0. Now define f,x(7)

—Be—R)B(—1—7) and A,g=a+ fou(A—d)=a+ ¢, Consider the expansion
(2a.5) around a:

Fa'n(ArR) = DFarc(d)érR + N(BrR(A - d)) .
Then since d¥(4—d)=0, we have by (2a.7) and (2b.5),

HérR” l,p;éé CHDz‘JérRHp;égC(HN(érR)”p:ﬁ—i-- HFaﬂ:(ArR)“p:é
S 1 Skllt,potC

with lim ¢(r)=0 by the above. For r large enough, this yields an estimate on

&l p.5 Which does not depend on R. Hence A €.274(x, y).

The same method can be used to compare the topology on #,(a, b) with the
local topology on .#(a, b). To prove injectivity, let us assume that A4, Be .oZ; are
selfdual and that B=g(A) for some ge I, |, (R x M, SU,). We have to show that
g€ %;x G, % G,. Note that on the positive half cylinder, we have A —d, B—ae I,
where 4 is the constant connection. Then

gi—ag+dg={g(A)—g(A—a)g '}g

is in Iy, 5(Q2"). If we consider the left-hand side as an (overdetermined) translation-
ally invariant elliptic operator applied to a function g:IR x M — End(C?), the
theory of [LM] and [MP] (see Sect. 2b) implies that g — g, € I/}, (R x M, End(C?))
for some g,e G, Repeating the procedure proves that ge%;x G,x G, and
therefore completes the proof of Proposition3b.1. [

Proof of Proposition 3b.2. The first assertion follows from an iterative argument,
applying Proposition3a and 3b.1 to suitably rescaled sequences. The index
formula follows from Proposition 2b.2. The estimate on [? follows from (1c.4). The
assertion about the ¢-tube is proved indirectly: Assume there exists ¢>0 and a
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subsequence A, so that A,(t,) ¢ U,(B) for some 7,€IR. Then by Proposition 3a,
there exists a subsequence 4, converging to some A, €.4,, which is not identical
with any of the B;. This contradicts the assumption.

To prove the last assertion, we define numbers s; € R so that «(A(s;)) = «(b;) for
1 <i<k. It then follows from Proposition 3a that if Ae.#(a,b) is contained in
U/B) and ¢ is small enough, 4 is I%-close to # (B, (0, +0,,,). Now the last
assertion of Proposition 3b.2 follows from the uniqueness property of Lemma
2d1. O
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