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Abstract. We give a rigorous proof of the analyticity of the eigenvalues of the
double-well Schrodinger operators and of the associated resonances. We
specialize the Rayleigh—Schrodinger perturbation theory to such problems,
obtaining an expression for the complex perturbation series uniquely related
to the eigenvalues through a summation method. By an approximation we
obtain new series expansions directly computable, still summable, which, in
the case of the Herbst—Simon model, can be given in an explicit form.

1. Introduction

In many problems of physical interest the Rayleigh—Schrodinger perturbation
theory provides divergent power series expansions for the eigenvalues. In several
cases not only are such expansions asymptotic to the perturbed eigenvalues, but
also the correspondence is one-to-one through summation methods such as the
Borel one ([14,9,2]). In other circumstances, like the Lo Surdo-Stark effect
([14, 6]), it has been proved that the Borel sum of the series in complex directions
of the parameter defines the resonances of the problem.

As for the double-well Schrodinger operators, the situation is not completely
satisfactory, since the perturbation series is summable in complex directions of the
parameter to the “resonances” ([7,8]) and thus the question is how to obtain the
eigenvalues. This problem of perturbation theory could have connections in other
areas, such as constructive field theory.

We believe we provide here the conclusive answer to this kind of problem with
this type of techniques. In particular we define complex series expansions which
are summable in complex directions of the parameter; the sums can be analytically
continued to the real axis and are related to the eigenvalues in a simple way. Such
series expansions are directly computable by means of approximations as we shall
suggest. Better approximations can be obtained in the framework of this theory
also by means of semiclassical methods.

In order to examine in more detail these questions, we restrict ourselves to

* Partially supported by Ministero della Pubblica Istruzione



626 E. Caliceti, V. Grecchi, and M. Maioli

discussing two crucial examples, which will be the object of this work: (I) the
first eigenvalue of the operator H,(g) = p*+ x*(1 — gx)* + 2gx — 1 discussed by
Herbst-Simon [107; (II) any eigenvalue of the operator H,(g) = p* + x*(1 — gx)*.

In case (I) we have stability, but all the perturbative coefficients are equal to
zero so that the only regular sum of the power series is zero itself, while the
eigenvalue is positive for g > 0.

In case (IT) the eigenvalue is unstable and splits into two eigenvalues for positive
parameter. Nevertheless we overcome this problem by considering in the usual
expression which defines the eigenvalue a g-dependent test vector with a definite
parity with respect to 1/2g.

Before discussing the results we should say that usually Borel summability is
first proved for the numerator and the denominator separately and afterwards
extended to the eigenvalue by the algebraic properties of nonzero Borel sums
([11]). In this case, expecting a different kind of sum, we try to prove summability
of a power series expansion of numerator and denominator separately. Of course
such series depend on the test function that we use.

As a general result for the two problems, we have E(g) = N(g)/D(g), where
N(g)=ReF,(g,9), D(g) =Re F(g,9), and Fg,7), j=0,1, is the Borel sum of the
series X,C; (g)y" for g, |y|,arg y small positive, and is uniquely continuable
inytoy=g.

The coefficients C;,(g) are complex: C; (g) = a; (9) +ib; ,(g), where a;,(g) are
the usual perturbation coefficients for a g-dependent test vector, and b; ,(g) are
directly computable in the same way as one computes a; ,(g) only in the limit as
g—07*.

If we consider separetely the two series X,a;,(9)y", X,b;,(g)y" and call @X(g,y),
@I(g,y) their Borel sums for Imy >0, we have that @X(g,7) and ®@{(g,7) are their
sums for Imy <0 and ReFjg,9)=(1/2)(@(g,7) + @9, 9) + (/2)(P](9,7) —
@(9,7))|,=4>0, Where the first term is the arithmetic mean of the two limiting
values on the cut of a Borel sum, so that it can be a distributional Borel sum (DBS,
see [3,4]) as we actually prove for model (I), while the other one is the discontinuity
of a Borel sum.

More explicitly in case (I) we have:

E(g) = Cy(9)Im ¢(g?)/(Re ¢(g?) + C1(g) Im $(g?)), g >0, (L.1)
where C,(g), C,(g) are analytic for ¢ >0 and C,(g) — 2/n, C,(g) = 0 and
g-0" g-0"

P(g%) =e™°g°? [ exp((2ix*/3)— (i/g)**x?dx ~ Y a,g*" is the Borel sum of
g -0% '
Y a,g*" for arg(g) small positive. In this case we can prove that Re@(g?) is

the DBS of ) a,g*" on the positive real axis and 2iIm $(g?) the associated

“discontinuity” ([3,4]). Note that Im ¢(g?)/Re ¢(g9?) = Ai((2g)~*3)/Bi((2g) ).
We thus obtain the following explicit approximation coinciding with the
asymptotic behavior

E(g) = (2/m) Im ¢(g°)/Re dlg?) ~ 1~ " exp(— 1/3¢>) ~ E(g) as g—0. (12)



Double Wells 627

We anticipate here that this method is based on a linear relationship between
the matrix elements of the resolvant on dilation analytic vectors and the matrix
elements of the resolvents of the “resonance” operators on the same vectors, suitably
dilated (see (4.4)). As for the techniques, we specialize for double-well problems
the stability arguments by Hunziker—Vock [15]. This way we rigorously prove
the analyticity of the double-well eigenvalues (Sect.2) as well as various stability
properties of non-modal operators (Sect. 3) confirming, among other things, the
results of [7]. We cannot, however, prove by these techniques the analyticity on
the whole disc Reg~2 > ¢ > 0, although it looks reasonable in case (II) (see [5])
and it is proved by direct inspection in case (I). In Sect. 4 we discuss the method
and we give the results of the applications to these two problems.

2. Double-Well Schriodinger Operators

Let geC\{0}; H(g) will denote the operator in L[*R) defined by D(H(g))=
D(p*) nD(x*),

H(g)u= Hy(g)u = (p* + x*(1 —gx)*)u= (p* + V(g))u, YueD(H(g)).

It is well-known (see [11]) that, for geR, H(g) is a sclf-adjoint operator with
compact resolvent and thus with discrete spectrum. Moreover the eigenvalues
{E, }; | of the harmonic oscillator H(0) = p* + x?, D(H(0)) = D(p*) " D(x?) are not
stable with respect to the family {H(g) },- o. In fact VneN there exist two eigenvalues
E;}(g9) and E, (g) of H(g) which converge to E, as g—07. As for the case of complex
g one can prove with standard techniques based on quadratic estimates as in [13]
that H(g) is an analytic family of type A in the open sector |arg(g)| < /4, g #0.
As a consequence H(g) has compact resolvent and discrete spectrum in the whole
analyticity region. Similarly one can prove that for fixed g, g #0, |arg(g)| < n/4,
the operator

H(u,9) = u~*p* + 1?x*(1 — pgx)?

(which corresponds to the scaling x — ux) when defined on D(p?) ~ D(x*) represents
an analytic family of type A in I*(R) in y, for |arg(u)| < m/4, ug > 0. In particular
for such values of u, H(u,g) has compact resolvent, discrete spectrum and its
eigenvalues are independent of y, thus coinciding with those of H(g).

Now let g = pe', with p =|g| >0 and fixed 0: |0| < n/4. By choosing u=e %
we pass from the operator H(g) to the operator

H(u, g) = e**(p* + e **V(p)) = e*’K(p),

which, from the above remarks, has compact resolvent and discrete spectrum which
coincides with a(H(g)). We want to prove analogous properties to the self-adjoint
case for the eigenvalues of K(p), D(K(p)) = D(p®>)nD(x*), as p—07". To this end
we will make large use of the symmetry of the potential V(p) with respect to the
barrier point 1/2p. More precisely let P*(p) (P~ (p)) be the operator on L?(R) which
projects onto the even (odd) functions with respect to 1/2p, i.e.

(PH(pu)(x) =27 u(x) £ u(p ™' —x)), Yue*(R).
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P*(p) are orthogonal projections, i.e. they are self-adjoint and idempotent, and the
following properties are immediately verified:

(@) P*(p)+ P (p)=1 and thus P*(p)P~(p)= P (p)P"(p) =0;

®) [P0l =1;

(c) ueRange(P*(p)) if and only if u(x)= +u(p~!—x). In particular V(p)e
Range (P (p));

(d) P*(p)K(p)u = K(p)P*(p)u, Yue D(p*) N D(x*).

Finally let us introduce the operators
K*(p)= K(p)P*(p), D(K*(p)) = D(K(p)).

Itis easy to show that a(K(p)) = a(K *(p)) U (K ~(p))\ {0} and that (K *(p)) consists
of discrete eigenvalues and of the point A=0 which belongs to the essential
spectrum, since it is an eigenvalue of infinite multiplicity. Let now K(0) denote the
dilated harmonic oscillator defined by K(O)u = (p* + e~ *“x?)u, YueD(K(0))=
D(p?*) nD(x?). We shall prove the stability of the eigenvalues of K(0) with respect
to both {K*(p)}, and {K~(p)},>. To this end we shall first show that

(i) if 1¢a(K(0))u{0}, then ieA* nA~, where A* ={zeC: z¢a(K*(p)) and
(K*(p) —z)~ ! is uniformly bounded as p—>0*};

(1) if 2ea(K(0)), let r > 0 be sufficiently small so that the only eigenvalue of K(0)
enclosed in I',={zeC: |z—A|=r} is A Then dimQ¥(p)<dimQ(0) as
p—0%, where

Q*(p)=Q2ni) " § (z—K*(p) " 'dz

I

is the spectral projection of K*(p) corresponding to the part of the spectrum
enclosed in I', = C\a(K *(p)). Similarly for Q(0).
The proof is based on the stability theory developed by Hunziker-Vock in [15],
which we shall follow in the basic steps, pointing out the changes whenever
necessary. In order to complete the stability result we need also the following
inequality:

(iii) dim Q*(p) = dim Q(0), asp—0".

It usually follows in a simple way from the strong convergence in the generalized
sense, which however does not hold in this case, neither for K *(p) nor for K ~(p).
Our proof of (iii) will make use, instead, of the following

Lemma 2.1.

(a) K(pyu— KOy as p—0*, YVueCP(R).

(b) (K™ (p)— K (p))u,v)>—0, as p—0*, YueD(p*) " D(x*), Vve [2(R).
The same properties hold for the adjoint operators.

(¢) K*(p)u = K(p)u, YueD(K(p)) such that u= P*(p)u.

Proof. Part (a) immediately follows from the convergence of V(p) to x? as p—»0*,
uniform on the compact subsets of R. As for (b), it easily follows from (a) once we
have proved that (P*(p) — P~ (p)) —0, as p —»0*. This is trivial, since for ue }(R)
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and ve C3(R),
(P () =P (Muvy= | ulp™'—x)p(x)dx—0 as p—0".

supp (v)

Part (c) is due to the fact that P*(p) is idempotent.

We now start to examine (i) and (ii). To fix the ideas we shall work with the
family {K " (p)},> o, the case {K ~(p)}, o being completely analogous. The following
result refers to Example 5 of [15].

Lemma 2.2. There exist £ >0 and v, dependent only on 0 such that

Cu, p*P*(p)uy = &{(cosy) Re<u, K ¥ (p)u) + (siny) Im (u, K™ (p)u }
YueCg(R), Vp>0.

Proof. Choosing y = — 20 we have
&{(cosy)Re (p* + e *V(p)) + (siny) Im (p® + e~ *“V(p)) }
= &{(cos 20)p* + V(p)(cos 20)} = p?
if we take &=(cos20)”!, since cos20>0, VOe(—n/4,n/4). Thus, YVueCF(R)

&{(cos y)Reu, (p* +e ™V (p))up +(siny) Im u, (p? + e~ *V(p))u } = {u, p*u.
Now we need to insert the projection P*(p). We have

¢{(cos ) Re Cu, K* (p)ud + (sin9) Im Cut, K* (pJu> )
= &{(cosy) Re{P*(p)u, K *(p)P* (p)u) + (siny) Im P (p)u, K™ ()P (p)u }
> (P (p)u, p>P* (p)u) = {u, p*P* (p)u,

where we have used the fact that P*(p) is self-adjoint and idempotent, and it
commutes with p? and K(p). This concludes the proof of the lemma.

It follows from Lemma 2.2 that the numerical range of K *(p) is contained in
a half-plane Q independent of p>0: Q = {zeC:(cosy)Re(z) + (siny)Im(z) = 0}.
Since the spectrum of K *(p) consists only of eigenvalues, a(K*(p)) = Q, Vp > 0.
Then, Vz¢Q we have ||(z — K*(p)) ! || < {dist(z,0)} "! and thus zeA ™.

As a consequence we have the following corollaries.

Corollary 2.3. A* # (.
Corollary 2.4. There exists a >0 independent of p—0" such that
I(1+p*)' 2P (p)ull < a{ | K™ (p)ull + | P*(p)ull}, YueCF(R).
In the next two lemmas we adapt Lemma 5.1 of [15] to the present situation.
Lemma 2.5. Let AeC\{0}. Suppose there exists a sequence {p,,u,} such that p,—07,
u,eD(K*(p,), lu,|l =1 and | (A—K*(p,))u,| =0 as n— co. Then there exists a

subsequence { P,y } SUCh that { Py P (Do Ve } €1jOYS the same properties,
i‘e‘ ” P+(pm(n))um(n) || - 1, ” (/1 - K+(pm(n)))P+(pm(n))um(n) “ -0 as n—oo.

Proof. Since P*(p) and P~ (p) are orthogonal to each other and commute with
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K *(p) we have
0=lim [ (A= K™ (p,))ull

=lim {[|(A—K"(p))P " (pu)uy | + (4 = K™ (0,)) P~ (pn)utn | }
z liminf || (4 — K*(p,))P ™ (p)u,|| + liminf [[ AP~ (p,)u, |

Thus, since A#0, there exists a subsequence {p,,Une )} such that
“P—(pm(n))um(n)“_’0’ whence ”P+(pm(n))um(n) “ - 1’ as n— oo. Since “P+(pm(n)) ” = 13
we have ” (l - K+(pm(n)))P+(pm(n))um(n) ” = ” P-*‘(pm(n))('2v -K +(pm(n)))um(n) ” é
(A = K™ (Pmimy)) thmmy || - Since the third term tends to zero by hypothesis, so does the
first one, and this completes the proof of the lemma.

Lemma 2.6. If A¢a(K(0))U {0}, then AcA™ unless there exists a sequence {p,,u,}
such that

P07, u, €DK (p,), =P (pJuylluy| =1, u,=0,
1A= K*(p,))u,ll >0, as n—oo. 2.1

Proof. Suppose there exists ¢ >0 such that ||(K*(p) — A)u| = ¢|/u] for all p>0
small enough and all ueD(K*(p)). Since A#0 this implies A¢a(K*(p)) and
[(K*(p)—A)~'| <e™ !, thus leA*. Hence if A¢A™ there exist two sequences
pn—0" and u,eD(K*(p,)), |l u,| =1, such that ||(A—K*(p,))u,| —0. By Lemma
2.5 we may assume u, = P*(p,)u,, and by passing to a subsequence we may assume
U, >u as n— co. Since u, = P*(p,)u,, it then follows from Lemma 2.1(a)—(c) that
for all veCZ(R),

0= lim <{v,(A — K" (p,))u,»

= lim <U5 (}‘_K(pn))un>
= lim <(A—K(p,)*v,u ) = (4 — K(0))*0, u).

Since CZ(R) is a core of K(0)*, it follows that ue D(K(0)) and (4 — K(0))u = 0. This
implies u = 0, because A¢a(K(0)) by assumption.

Now we shall see how Weyl-type sequences can be obtained which are supported
away from the two wells. More precisely we shall prove that Hypothesis 3 of [15]
is satisfied.

Let yeCZ(R) with y(x)=1 for |[x| <1 and 0 < y(x) = 1, VxeR. For neN and
p >0 let us define % as follows. Let supp (y) = [— M, M] for some M > 0, and let
Xn(X) = x(x/n). Then supp (x,) = [—Mn, Mn].

(1) If Mn<(2p)~ 1, let
o o -1
) {m(x)_, o ixseo”
Xn(p - X), ifx Z (2.0) .

Q) fn<(2p)"' < Mn, let

(%), ifx<n
wmx) =< 1 ifn<x=<(2p)7"
2t —x), ifx=(@2p) "L
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(3) If 2p) ' < n, again let

An(), ifx<(2p)7!
1p =), ifx=(2p)".

By construction the function y? is in the range of P*(p), i.e. it is even with respect
to 2p) "t P*(p)x2 = x2. Now let M,(p) = 1 — x2. The function M,(p) is also in the
range of P*(p) and supported away from the two wells, which are centered at x =0
and x = p~ 1. In the next theorem we check that Hypothesis 3 of [15] is satisfied.

1n(x) = {

Theorem 2.7. For the function M,(p) defined above the following assertions hold:

(a) M,(p) is uniformly bounded in n and p;
®) if pu—=0" and u,eD(K*(p,)) with [t =1, thy=P (0, =0 and
| K* (o), || < (const) Vm, then there exists a >0 such that

limsup | M (o)t ]l >a >0 Vn;

m— o0

(©) M,(p) maps D(K™(p)) into itself and lim [|[M,(p),K*(p)1(z —K"(p))"'| =0

n— oo

uniformly in p, for some zeA ™.

Proof.
(a) It obviously follows from yf(x) <1, VxeR.
(b) For any fixed n we have

C @pmyt  @emt
I 1> = 1m 2 [ [ (uy(x)?dx =2 Tim [ [z,(e)u,(x)]dx

=2 lim ||y, 1> =2 lim [|,(1+p*) " 2L+ p%) 2P () [|* = 0.

The first equality follows from the fact that y2mu,, is even with respect to (2p,,) " %;
the second one follows from the definition of y2~ is the case (2p,,) "t = Mn. As for
the third equality simply notice that y,(x) =0 for x = Mn. Finally, to obtain that
the limit is zero we have used the fact that the operator y,(1 + p%)~ /2 is compact
and that (1 + p?)'?P*(p,)u,, — 0. In fact, since {K *(p,)u,,} is bounded by assump-
tion it follows from Corollary 2.4 that {(1 + p*)'/*P*(p,,)u,,} is bounded and thus
weakly convergent to zero. Now (b) is proved since, in particular, limsup

| M (o)t || = 1, VREN.
(c) Let us estimate the commutator [M,(p), K *(p)]. We have

(M, (p), p* + e **V(p)] = [x2,p*] = 2in"'¢plp —n~ Y2,

where the functions ¢ and %, obtained by differentiating y? once and twice
respectively, are uniformly bounded in n and p. This is due to the fact that y
belongs to CP(R) and thus dy/dx and d?y/dx* are bounded on R. Since from
Corollary 2.4 || pP*(p)ul| < (const)(|| K*(p)u| + |ul), we have

IEM,(p), K™ (p)Jull S cn™ (| K* (p)ull + l[u) 22
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YueD(K*(p)), for some constant ¢ >0. Now (2.2) obviously implies (c) for all
zed™.
The following result corresponds to Lemma 5.3 of [15].

Lemma 2.8. If {p,,u,} satisfies (2.1), then so does {p,,, v, = M, (p,p)thyy } 0 o » Provided
that m = m(n) is chosen sufficiently large for each n.

Theorem 2.9. For each AeC there exists 6 > 0 such that
dy (4, p)=inf{|(A— K*(p))M(p)ull:ueD(K *(p)), | M,(p)u[ =1, P (p)u=u} =4,
for all n>n, and p—0™.

Proof. First notice that |(A— K™ (p))M,(p)ull =dist(4,E,;(p)), where E;}(p)=
{{M,(p)u, K™ (0)M(p)u):ue D(K ™ (p)), P*(p)u =u, || M, (p)ull = 1}. Since E, (p) =
R* + {e *®V(p,x):|x|>n and |x—p~'|>n}, we only need to examine the
numerical range of K *(p) at infinity and away from the two wells. Now the assertion
follows from lim V(p, x) = + oo, which implies lim dist(4, E,f (p)) = + o0.

x| - o0 n—ow

p—0" p—0*

We are now ready to prove the above mentioned result (i).
Theorem 2.10. If A¢a(K(0))U {0}, then AcA™.

Proof. If A¢0(K(0)) and 4 #0, by Lemma 2.6 there exists {p,,u,} satisfying (2.1).
From Lemma 2.8 there exists a subsequence {p,,, } of {p,} such that d, (1, pp) =0
as n— oo, which contradicts Theorem 2.9.

In order to prove (ii) we need some further results.

Lemma 2.11. Let Aco(K(0)) and Q*(p) be defined as in (ii). Then Range Q*(p) =
Range P*(p), for all p—07.

Proof. Let p > 0 be fixed and sufficiently small, and u = Q *(p)ueRange Q *(p). We
want to show that u = P*(p)u. We have
P (p)u=Q2ni)~" § (z— K™ () 'P (p)udz (2.3)
and, setting w(z)=(z— K" (p)) *P (pJueD(K*(p)), it follows that P~ (p)u =
(z — K*(p))W(z) = zw(z), since w(z) = P~ (p)w(z). Then from (2.3) we have P~ (p)u =
@ni)~* § P (p)uz"'dz =0, since A#0, if r is sufficiently small, and the claim
I,

is proved. The argument is completely analogous to show that Range Q (p) <
Range P~ (p).

Lemma 2.12. Let Aea(K(0)). If {py, tn} is a sequence such that p,,—~07", |u,| =1,
Ot (0, = U, and u,,~>u, then u #0.
Proof. If we assume u =0 we obtain a contradiction proceeding exactly as in the

proof of Theorem 5.4 of [15], thus we shall omit the details. Following the same
argument we obtain

lim (lim sup || M, (o)t 1) = O. (2.4)

n— o m— oo

On the other hand the sequence K *(p,)u,, = K *(p,,)Q * (p,,)u., is bounded because
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K*(p)Q"(p) is uniformly bounded as p—0" by Theorem 2.10. Then (2.4)
contradicts Theorem 2.7(b), since u,, = P*(p,)u,, by Lemma 2.11.
Finally we can prove the main result of this section.

Theorem 2.13. If iea(K(0)), then there exists p, > 0 such that dim Q *(p) < dim Q(p)
Sor all p: 0 < p < p,.

Proof. Suppose there exist sequences p,,— 0" and u,,eL*(R), | u,| = 1, such that
0 * (Pt = Uy, and Q(O)u,, = 0. By passing to a subsequence we may assume u,, — u.
Now let Q(p) and A be defined as Q*(p) and A™ respectively, with K*(p)
replaced by K(0). Then it is easy to see that A > A" A~ = C\(6(K(0)) LU {0}).
Hence it follows from Lemma 2.1(a) and Theorem 2.10 that Q(p) converges strongly
to Q(0) as p —» 07, and similarly for the adjoint operators. Moreover, from Lemmas
2.11 and 2.1(c) we have Q% (p,)u, = O, )t = t,,. Thus, YoeCF(R) {u,,v>=
Oty 0 = (thyy, Q) *v ) = {u, Q(0)*v) = {Q(0)u, v >, which implies Q(0)u = u.
On the other hand one can easily see that Q(0)u,, = Q(0)u, and thus 0 = Q(O)u = u.
Now the contradiction immediately follows from Lemma 2.12.

Before proving (iii) we make some remarks, in order to summarize the results
obtained so far. First of all notice that Q(p) = Q*(p) + Q ~(p) easily follows from
Lemmas 2.1(c) and 2.11. Next recall, as mentioned at the beginning of the section,
that all the properties obtained so far, although stated and proved in many cases
only for K *(p), hold also for K ~(p). Since Range Q *(p) is orthogonal to Range Q ~(p)
we have

dim Q(p) = dim Q" (p) + dim Q ~(p). (2.5)

Moreover, since Q(p) > Q(0) as p—»0*, we have dim Q(p) = dim Q(0). Finally recall
that o(K(0)) consists of the sequence of simple eigenvalues {(2n + 1)e”**:neN},
thus it follows from (2.5) and Theorem 2.13 that

1<dimQ*(p) +dimQ (p)<2, as p—0*. (2.6)

Thus we cannot have both dim Q *(p) =0 and dim Q ~(p) = 0. In the next theorem
we shall prove that dim Q" (p) = dim Q ~(p) as p— 07, which, together with (2.5)
and (2.6), implies that

dim Q¥ (p) = dim Q" (p) = dim Q(0) = 1

dim Q(p) =2
In other words, in any neighbourhood of a given eigenvalue 4 of K(0) there are
exactly two distinct eigenvalues A7 (p) and 47 (p) of K(p) (the former of K*(p) and

the latter of K~ (p)), both converging to 4 as p—0*. In order to complete our
stability result we need the following

Lemma 2.14. For each zeA"=A", {(K"(p)—z) ' —(K (p)—2)"'}>0,
as p—07*, and similarly for the adjoint operators.

} as p—07.

Proof. Let u, veCZ(R). Then, using the second resolvent formula, the fact that
K*(p) and K~ (p) commute and the identity K(p)= K *(p) + K ~(p), we obtain
K" (p)=2) " =(K (p)—2)" Hu,v) =<{z"(z—K(p))” (K~ (p)— K" (p))u,v). Now
it follows from Lemma 2.1(a) that {(z— K(p))~'}* converges strongly to
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{(z—K(0)"*}* as p—>0*. Since CF(R) is dense in L[*R), the assertion is a
consequence of Lemma 2.1(b).

Theorem 2.15. Let Aea(K(0)). Then there exists po>0 such that dim Q" (p)=
dim Q~(p) for all pe(0, po).

Proof. Suppose there exists a sequence p,— 0" such that dimQ*(p,)=1>0=
dim Q ~(p,). Then there exists {u,} = [A(R) with [u,| =1 and u,=Q*(p,)u,. By
passing to a subsequence, if necessary, we may assume u,—u and, by Theorem
2.12,u #0. Since u, = P*(p,)u,, by Lemma 2.1(c) u, = Q(p,)u,. Since Q(p,)* > Q(0)*,
we have u,->Q(O)u, and thus u = Q(0)u. Moreover Q(p,)=0Q0"(p,) +0Q (p,) =
Q" (p,), because Q ~(p,) =0, for each n. Now we obtain a contradiction. In fact, on
one hand {(Q*(p,) — O (p,))u,u> —0as n— co by Lemma 2.14. On the other hand
Q7 (pn) — @ (pu)usup = CQ(py)ut, u ) > QO)u, uy = {u,u ) # 0. Similarly one can
show there cannot exist a sequence p,—0% such that dimQ (p,)=1 and
dim Q" (p,) = 0. This result combined with (2.6) proves the assertion.
We conclude this section with the following

Remark 2.16. All the results obtained in this section, in particular the stability of
the eigenvalues of K(0) with respect to the family {K*(p)},- o, hold uniformly in
0, in any compact interval |0 < 6,, 0,€(0, 7/4).

3. Associated Operators

In the present section some non-modal operators are studied, which are associated
with the Schrédinger equations considered. We want to obtain in a rigorous way
the stability of “resonances” (Theorem 3.5) already introduced in [7], and we want
to prove the convergence (as g —0) of some ratio of Wronskians (Theorems 3.6,
3.13). In particular, we start off with case (II).

In the following we denote by g ,(A4) the set of isolated eigenvalues of finite
multiplicity of the operator A4, and by o..(A4) the set a(A4)\g ,(A4).

Lemma 3.1. Let p, >0 be fixed and 0<p < p,. Let A(p) be operators in [*(R)
obtained as the closure of the differential expressions f(x)*p* —if"(x)f(x)p + V,(x)
on CF(R), with V,eL{(R), feL*(R)n H'(R). Let V,—V, as p—0 in the L} (R)
topology. Suppose that, for some ¢ > 0 independent of p,

I +p)2ull Sc(llull + | A(p)ul)), YueCF(R). (3.1)
Suppose that U 0esolA(p)) # C and let z¢ | ) o.(A(p)). Moreover, let there exist

pz20 pz0
intervals (a;(n, p), bj(n,p))(j= £ 1, £2,..., £rneN; 0= p < p,) of length greater
than 2n satisfying

nzal(n’p)<bl(nap):a2(nap)+n<b2(n=p):a3(nap)+n< <br: + 0,
—wma, < <h o np)=—n {xlx]>n} = U@ o) by )

J

and let Ey(n, p) = { Cu, Alp)u>:ueCg (R), |u]| = 1, suppu < (aj(n, p),b,(n. p))} satisfy
the following property: there is {a,} —0 such that, for any sequence o, = O(ag,) one
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can find 6 > 0 so that
dist(z, E{n,0,))20>0 for n large enough. (3.2)

If z¢o,(A(0)), then zeA={weC: w¢a(A(p)) and [Alp)— w]™! is uniformly
bounded for small p = 0}. In particular A # .
Proof. After fixing yeC3(R), 0=y <1, y(x) =1 for [x| =1 and y(x) =0 for |x| = 2,
we set M, (x) =1—y,(x)=1— x(x/n). We also define M’(n, p)eC*(R) (for all j,n
and p) so that
Supp Mj(na p) < (aj(n) p)s bj(n’ p))? Mn(x) = . Z'#O Mj(na p)(x)>
J=-rJ

|d*/dx* (M (n, p)(x))| < n~*sup |d* y(x)/dx*|. (3-3)

One way of defining M’(n, p) is the following: for j=1,2,...,r — 1 let

0, x¢(a;(n, p), bj(n, p))

L xe(a(n,p) + n, by(n, p) —n)
1 x = by(n,p)+2n]),  bi(n,p) —n=x=bynp)
=1 [x—aymp) + 1), ay(m.p) < x S ayln,p) +7

M (n, p)(x) =

and
0, x < a,(n, p)
1 —X(n—l[x_ar(n7p)+n])a xiar(n,l’)-
Similar definitions for j <O.
Taking into account these definitions the lemma is proved “ab absurdo.” Since
z¢ | ) 0.(A(p)), by Lemma 5.1 of [15] we have ze A unless there are two sequences

M’ (n, p)(x) = {

P20
{pm} =R, {u,} = D(A(p,,)) such that

pm=0, Nt 0, 1, =0, ||z — A(p))th || 0. (34

Since C§(R) is a core of A(p), we can choose {u,} in Cg'(R). Since, by (3.1), {(1 +
p*)'"?u,} is bounded, it tends weakly to zero, whence | y,(1+p?) 2
(14 p*)*?u,,|| -0 as m— co. As a consequence, for each n, lim || M,u,,|| = 1. So

limsup | M/(n, p)u,, | = (2r)~* >0 at least for one j (3.5)
for each neN, uniformly in p(j=+1,+2,..., £70<p < p,). Besides, by (3.1),
(3.3) and by conditions on f(x) we have:

LM (n, p), A(p)Jul < con™ ' (| Alp)ull + [lul) (3.6)
with ¢, independent of n and p.
Therefore, if {p,,} satisfies (3.4) then by (3.5) and (3.6) there is m = m(n) such
that ) = 0, || M7 (1, i) iy | 7> O for at least one j,
Mj(n’ pm(n))um(n) ‘_V’ 0 and ” {Z - A(pm(n)) } Mj(nr pm(n))um(n) “
é ( ” {Z - A(pm(n))} um(n) ” + “ [Mj(n7 pm(n))a A(pm(n))] um(n) “ ) - O as n— 0.
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By passing to a subsequence we may assume that p,,,, = O(c,) so that by hypothesis
(3.2) we have the contradiction

” {Z - A(pm(n))} Mj(n7 pm(n))um(n) H ; diSt(Za Ej(n: pm(n))) 3 5 >0 (37)
for n large. This proves the lemma.

Theorem 3.2. Let the hypotheses of the preceding lemma be verified except for the
Jollowing modifications:
(i) dist(z, 0 (A(p))) 2 &', for some &' >0, 0 < p < p,,
(i) zeo,(A(0)) (instead of: z¢a,(A(0))).
Then z is a stable eigenvalue of A(0) with respect to the family A(p) as p —0.

Proof. By Lemma 3.1 any 4 # z of a convenient neighbourhood of z belongs to
A, so that A # . From this fact and from the construction of M?(n, p) in the proof
of Lemma 3.1 (in particular from (3.5) and (3.6)) it follows that the operator family
A(p) and the associated operators M’(n, p) satisfy Hypothesis 3 of [15]. Under
these conditions, according to the stability criterion stated in [15], Theorem 5.8,
the needed estimate would be
di(z,p) =inf {||(z — A(p)) M’ (n, p)u|l: M’ (n, p)ueD(A(p)),

I MI(n, p)u =11 26>0 (3.8)
uniformly in n and p, for j=+1,+2,..., +r.

Now, by (3.2) we have that d{(z,p,) =6 =0(j = + 1,..., +r) for any sequence
{p,} tending to zero sufficiently fast. This is sufficient to ensure stability, as it turns
out by the same arguments used in [15, Theorem 5.4]. This completes the proof.

Let us consider the “resonance” operators defined in [7] as the closed operators
given by

H(i)(g) — e—x(in—28)/3 {p2 + x2(ei(tn~29)/3 _ ’gletinﬂx)}, (3'9)

and having C*(R)n [*(R) as a core, with 0 = arg(g), — n/4 <0 < 57/4 for H"(g)
and — 57/4 < 0 < n/4 for H™)(g). H*)(g) is the realization in L?(R) through complex
scaling of the eigenvalue problem (p? + x2(1 — gx)*)y = zy, when we look for
eigenfunctions exponentially decaying along the line Re®™™ if geR, as |x|— oo
(along the line Re' "+ if § 0).

To fix ideas, let us consider H7)(g) and set « = — (0 + m/2)/3. By the standard
Liouville-Green approximation one checks that the solutions keep their I?
properties if x is replaced by xe " for x> 0 and by xe” for x «0 (0 <7<« 1): see

(9) in [7] and [12, par.6,21,24]. Hence, choosing a non-increasing e C*(R) such

that #(x) =1 for x < — 3 and #n(x) = — 7 for x = 3, we have a deformation:

p— ¢ Px) = PEX)E (X)), E(x) = xe™ (3.10)
which transforms H(7)(g) into a compact resolvent operator with the same
eigenvalues.

Explicitly, factoring ¢'?°*™/3 H)(y) is transformed into
HO(g)=f(x)?p? = if () f (x)p — EX)2 (207725 — pe(x))?,  (3.11)

where g = pe®, p =0, and
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f)=(& )" (3.12)

Now we prove that, for some dense set of dilation analytic functions (such as
G = {Y:y(x)= e *2P(x), P(x) is a polynomial}),

([Hg) =211 ooy =[P AT (g) =217 P>, (313)
where ¢, b, d,(x)= €™ P(e"x), §,(x) = $,(E(X))(E (x)'?, with [o £ 7| < n/4.

Indeed this equality is obtained by a deformation of the real axis into the integration
path defined by &(x) and using Cauchy’s theorem and the fast decay of the integrand
in the whole sector between 7 and 7 + 7 and in the sector between 0 and — 7. This
proves (3.13), so we can show the spectral properties and the estimates relative to
H ) (g) by studying H ) (g).

Notice that, for g = 0, this construction leads to an operator H(0) which has
the same spectrum of the usual harmonic oscillator (up to the above phase factor).
We want to prove that the eigenvalues of H()(0) are stable with respect to the
family H)(g) as p—0, for — 5n/4 + ¢ < 0 < n/4 — ¢, for any fixed & > 0, choosing
0<#f«e For sake of simplicity we prove the intermediate steps only for
—n2<0=n/4—=

Proposition 3.3. For any fixed ¢ >0, 0e[ — n/2, n/4 — &] and 1> O sufficiently small
with respect to e, the operator H'7)(g) satisfies assumption (3.1) of Lemma 1.

Proof. Setting f=mn/4—0,V,(x)= —&(x)*(**7 — p&(x))*, Pele,3n/4], it is
enough to find a real-valued function y,(x), xR, such that
Re {exp(— iy, (x))(f (x)* 1* = if () f () e + V,(x))} + k Z ep?, (3.14)

where k,c¢ >0 are independent of x, u and p(ueR,0=p < p,). Since y(x)= +1,
f(x)=e*"for |x| = 3, choosing y,(x) = (1/2)(arg V,(x) + 2 arg f(x)) one checks that

Re{exp(—iy,(x))V,(x)} +k, =0 (3.15)
for some k; > 0:indeed V, is bounded for [x| < 3. Moreover there is ¢, > 0 such that
Re{exp(— iy, (x) f(x)*4*} Z cop>s VxeR (3.16)

Indeed one can take ¢, =sin7 for |x| > 3. For | x| < 3 one can find p, > 0 so that,
if 0<p<po,V,(x) is close to —e*#3&(x)?%, whose phase is — m +48/3 + 25(x),
with |5(x)| = #: this allows us to find ¢, >0 satisfying (3.16). Now (3.14) is a
consequence of (3.15) and (3.16): indeed the term — if’(x) f(x)u(ueR) is easily
checked not to modify the asymptotic behaviour of f(x)?u* + V,(x) as |u|— co.
This proves the assertion.

Proposition 3.4. If zeC\ o ,(H™(0)), then the resolvents (H™(g)—z)~ ! exist for
|g| small and are uniformly bounded as |g|—0. If zea,(H7)(0)) then it is a stable
eigenvalue with respect to the family H ) (g).

Proof. The estimate (3.1) is satisfied by H™(g) by virtue of Proposition 3.3 while
0..(H7(9)) = &, Vg. Therefore it is enough to verify, YzeC, the second group of
hypotheses of Lemma 3.1, in particular (3.2); then the first assertion will follow
from Lemma 3.1 and the second assertion will be true by Theorem 3.2.
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Suppose ff=n/4—0,[e[e,3n/4] (analogous arguments hold for f> 3n/4).
Define, for each neN and 0 < p < 1/2n: a,(n,p)=n,by(n,p)=2n+ 1/p, a,(n,p) =
n+1/p,by(n,p)= + oo.Leta_,,b_,,a_,,b_, bedefined by symmetry with respect
to zero. In this case E;(n, p), as defined in Lemma 3.1, coincides with the convex
hull of { f(x)*u* —if’ (x)f(x),u+ V,(x):ueR,xe(a;, b))} (j= £ 1, +2). We want to
prove that, for any zeC, dist(z, E; (n 0,))— o as n— o if g, tends to zero sufficiently
fast. The idea is to show that ifxe(a,, b;), neR, then f(x)* 1> —if ' (x) f(x)p + V,, (x)
is contained in some angular sector of amplitude strictly less than n(j= + 1, +2,n
large): thus the divergence lim |V, (x)| = + oo will be preserved under convex

|x|— %
combinations restricted to xe(a;(n,0,),b;(n,0,)) and, as a consequence,
limdist(z, E;(n,0,)) = + . Therefore the proof is reduced to the following

statements:
a) lim |V,(x)| = + oo uniformly for 0 <p < p,

|x[— 00

b) for suitable p,— 0 let g, = O(p,): then

b,) V>0, IaVn>n, —n+d4qZarglV, (x)< —n+4p/3+27+¢, Vxe
(— 0, — n)

b,) 3¢>0, 3Jn:Vn>n, —n+4p3-2ZargV, (x)<4p/3 -2 —¢'Vxe
(n,2n+1/a,)

by) V&' >0,3a:Va>na, 0<argV, (x) Sn—4q+¢,YVxem + 1/0,, + o).

To prove part a) it is enough to find a uniform positive lower bound for
[e2 13 — pxe™)|2 =1 + p?x? — 2px cos(2B/3 — n(x)). Since n(x)= +4# for |x|=3,
with 77 small with respect to ¢, fe[¢, 3n/4], we have cos(2f/3 — n(x)) < ¢ < 1, which
proves the lower estimate. Part b,) is immediately suggested by the phases of
— &(x)*and — e*#3¢(x)? for x < — n. For part b, ) suppose e[, 37/8] (in complete
analogy one can treat other ff's). It is enough to see that

—n+4p/3-27<argV, (x)=n/2 (3.17a)

3¢ >0,3n:Vn>nImV, (x) < tan@p/3 - 271 —&)Re V, (x) (3.17b)

are both valid Yxe(n, 2n + 1/5,). Now (3.17a) follows from Im V, (x) < tan(4f/3 —
27)Re V, (x). This inequality in turn reduces to o,x < L, where L= (2tan(4f/3 —
2i7) cos(2/3 — 37j) — 2sin(2f/3 — 377))(tan(48/3 — 2if) cos 4i +sin4ij) L. So we
have 2n+ 1/6, < L/o,, for g,— 0 sufficiently fast, only if L > 1, which is true by
direct inspection. Equation (3.17b) is equivalent to an inequality which is a fortiori
verified if o,x £ M(¢'), where M(¢') > 1 for ¢ small: so, if xe(n,2n+ 1/0,), then
(3.17b) holds. Similarly one can show part b;) and the proposition is thus proved.

These results and the analogous ones that we can obtain for H*)(g) can be
summarized as follows.

Theorem 3.5. Every eigenvalue of the harmonic oscillator p* + x* is stable with
respect to the families H'*)(g), H7)(g) defined by (3.9) as g—0, if |arg(g)+
7/2| < 3n/4 respectively. In particular, for any ¢ > 0 the stability with respect to both
H'"(g) and H'7)(g) is uniform for arg(g)e[ — n/4 + &, /4 — ¢].

In the following section we shall use the solutions u;(x)=u;(x,g,z) of the
equation [ —d?/dx* + x*(1 — gx)? ]u—zu exponentially decaying as |x|— oo in
any direction of the sector S;(g)={xeC:|argx + arg(g)/3 —nj/3| <n/6}, j=
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—2,—1,...,3. Such solutions are determined up to constant factors, which are
taken so that u;(x,g,2) = u_;(x, g, z). We are interested in the behaviour,as g —0 +,
of the ratio

k(g’ Z) = (WO.I (g7 Z) W3,— 1(g9 Z))(Wo,— l(ga Z) W3,1(ga Z))# 1a (318)

where W, ;(g,2) is the Wronskian of the solutions u;, u; (notice that k(g, z) does not
depend on the choice of the above mentioned constant factors). Similarly let i;(x, z)
denote the analogous solutions of the equation [ — d?/dx?* 4+ x*Ju = zu decaying
as |x|—>oo in the sectors §j={x:largx—nj/2]<n/4}(j= —1,...,2), and let
W, ;(0,z) denote the Wronskian of the solutions #;,%;. Then we are able to prove
the following convergence.

Theorem 3.6. Let g >0 and let zeC\o ,(H(0)). Then the function k(g,z) defined by
(3.18) satisfies

k(g, 2) = k(0,2) = (W, 1 (0, 2) Wy, - 1(0,2)(Wy. -1 (0,2) W, 1(0,2) " 1 = ¥ D7 (3.19)

as g — 0, uniformly on compact sets in z.
The proof of Theorem 3.6 comes down to operator techniques the following way:
(A) Expression (3.18) can be written in terms of Green functions:

k(ga Z) = (GO, -1 (xg> xg; g’ Z)G3,1 (Xga xg; g» Z))(GO,I (xga xg; g, Z)G3, -1 (xga xg; g, Z))_ 1'
(3.20)

Here G, ;(x, ; g, z) denotes the (formal) Green function associated with the solutions
u;, u;. Similarly one can define G, ; and write k(0, z) in terms of G, ;. The point x,
is arbitrary, except for the fact that G, ;(x,,x,:g,2) #0 for any i and j.

(B) We consider the closed operator

Ko,1(9) = f(x)?p* —if"(x) f(x)p + E(x)* (1 + g ()2, (3:21)

with CZ(R) as a core. Here g =0, &(x)=xe"™, f(x)=(£'(x))”* and #(x) is a
non-decreasing function such that: neC*(R),n(x)= —n/2—7 for x < —1 (>0
and small), #(x) =0 for x = 1. Similarly we consider the closed operator K; ;(g),
having CZ(R) as a core, defined by

Ky 1(9) = h(x)*p* — il (x)h(x)p + {(x)*(1 + gL (x))*. (3.22)

Here g > 0, {(x) = xe®®™, h(x) = ({'(x)) " and 9(x) is a non-decreasing function such
that 3eC*(R),9(x) =0 for x <2 and 9(x) =7+ n/4 for x = 3(7>0 and small).
When g =0 we denote K, ;(0) the operator defined this way.

(C) The functionsug(x + 1/g; ¢, z) and u, (x + 1/g; g, z) are fundamental solutions
of the equation K, ;(g9)v(x) = zv(x) in the interval (1, + o). Indeed such equation
reduces to — u”(x) + x2(1 — gx)?u(x) = zu(x) (with u(x) = v(x — 1/g)) for x > 1 and,
taking into account the deformation which defines K, ,(g),uqo,u, are I* at
+ o0, — oo respectively. Similarly u,(x + 1/g;9,z) and u,(x + 1/g;g,z) are funda-
mental solutions of the equation K, (g)v(x) = zv(x) in the interval (— o0, 2). Now,
let 1 < x, <2: by these remarks the Green functions for K, ;(g) and K; ;(g) can
be constructed so that, when calculated in (x,, X,), they coincide with G ;(xy +
1/g,x¢ + 1/g) and G5 ;(x, + 1/g,x, + 1/g) respectively.
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(D) Take x, =X, + ¢~ " in(3.20), for some suitable x,&(1,2) and consider the Green
funct10n§ G¥; of't.he operators K; ;(g) satl.sfymg. the property just quoted in (C) (a
symmetric definition and an analogous discussion can be given for the operators
Ko,-1(9) and K3 _;(g)). Then:

1

k(g,z)= (Gz)k, ~1(x0,%0:9,2) G5 1 (X0, X039, 2)) I(G?)‘,x(xm X0;9,2)G% - 1(X0, X039, z))
(3.23)

We have the analogous representation of k(0,z) in terms of Green functions G;‘j ;
associated with_the operators K;;(0) defined in (B) and constructed so that
Gi(x0, X035 2) = G j(X0, X035 2) for xe(1,2).

As a consequence, Theorem 3.6 is proved if we can show that

Ko,1(9) > Ko,1(0) as g—0, (3.24a)
K3,1(9)—>K,,(0) as g-0, (3.24b)

in the strong resolvent sense. If (3.24) is verified, choosing x,€(1,2) so that
Gi, (X0, %03 2) # 0, we have G, ;(xo, Xo; g, z) # 0 for g sufficiently small, the right-hand
side of (3.20) is well defined and (3.19) follows.

To prove (3.24) we need the following propositions.

Proposition 3.7. The set A= {zeC:z¢0,(K,(g)) and (K, ,(9)—2)~ " is uniformly
bounded for g = 0} coincides with C.

Proof. An application of Lemma 3.1. To prove the needed estimate (3.1) it is
enough to consider e K, ,(g) (with B = — n + 37/2) and to show the existence of
a real-valued function y(x) such that:

Ree™"™e¥ Ko 1(g) 2 ¢yp* — ¢, (3.25)

(as quadratic forms on C{(R)) for c¢;,c, >0 independent of g. Choosing a
non-increasing C*-function y(x) such that y(x) =(n —#)/2 for x < — 1 and y(x) =
(—7m +17)/2 for x = 1 and taking into account the behaviour of £(x), one can show
(3.25) by the same arguments used in the proof of Proposition 3.3. As for the
second group of hypotheses of Lemma 3.1, the situation is simplified with respect
to the proof of Proposition 3.4. Indeed we can simply take (a,,b,)=(n, + o0),
(@a-1sb_1),(— o0, —n). It is easy to verify that {{u,e? K, ;(9)u>:ueCg(R), |u| =1,
suppu = (— oo, —n)} is contained in a sector of amplitude strictly less than =
uniformly for small g, so that dist(z, E_,(n,g)) > o0 as n— o0, zeC, g small. Since
the same result holds for E, (n,g), Lemma 3.1 applies for all z¢o,(K, ;(0)). This
spectrum, in turn, is empty because the solutions uy(x, z) and u,(x, z) (as defined
above) are linearly independent for all z (see [12], par.21) and the Green function
associated with K , (0) can be constructed by means of solutions coinciding with
#ly, i, for x = 1. Thus Lemma 3.1 applies for any ze C and the proposition is proved.

To prove an analogous result for K5 ,(g), it is convenient to define H; ;(g) =
T_,,K;,1(9) Ty where T_,,¢(x) = ¢(x — 1/g). K; ;(g) and H; ;(g) are unitarily
equivalent and have the same spectrum, but the formal limits as g —» 0 + are K, ; (0)
and K, ((0) respectively:

K, 1(0) = h(x)*p* — il (x)h(x)p + {(x)?, (3.26a)
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K, 0(0)=p* +x*. (3.26b)

If we consider the closure of the differential expressions (3.26) on C§ (R), K, ,(0)
is the usual harmonic oscillator, while K, ;(0) has empty spectrum (indeed the
solutions #,(x, z), @i, (x, z) are linearly independent for all z, and the Green function
associated with K, ,(0) can be constructed by means of solutions coinciding with
il,, 0, for x <2).

Proposition 3.8. The operators K {(g) and H (g) satisfy (3.1) uniformly for g = 0.

Proof. Let y be a non-increasing C®-function such that y(x) = — n/4 for x <2 and
y(x)= — = for x = 3. Proceeding as in Proposition 3.3 the required estimate is
proved for e"™Kj, (g), and hence for K3 ;(g) and H; ;(9).

Let yeCP(R),x(x)=1 for |x|< 1L, x(x)=0 for |x|=22,0=y(x)<1, and let
1.(x) = x(x/n),neN. Let us define, for g sufficiently small with respect to 1/n,

x(x/n), x=—1/2g

)= 2
/(,,(X) {/{((X + l/g)/n) = Tl/an(x), X< — 1/29’ (3 7a)
Mig)=1-1. (3.27b)

Proposition 3.9.
a) M,(g) is uniformly bounded in n and g.

b) If gn—)o + and umED(K3,1(gm))a ” um ” - 1>um'L)O, U = T—l/gmum’L)o
and | K3 1 (Gm)tn | £ C, for some C >0, Vm, then

li:ln (M, (gn)u.l =1, Vn.
c) IIM,(9), K3 1(9)Jull Sen™ ([ K5 1 (@)ull + [[ul)),
uniformly with respect to g 2 0 and neN.
Proof. The first assertion is trivial. To prove b) notice that, for g,, sufficiently small,
It 12 = 1 dnth | + 1 2V |12 =0 as = c0. (3.28)
Indeed y,(1+p*)~Y? is a compact operator independent of m, while
(1 + p?)'?v,,—— 0 by Proposition 3.8. This proves that | M,(g,,)u,, | — 1, for all n,

as m— oo. Since the derivatives of y? are bounded independently of (g, c) is proved
using Proposition 3.8.

Definition. Let AeC and let

d; (Ag)=inf{ | (1 — K5 ((9)M; (9)ul: ueD(Ks1(g9), |MZI(gul=1},
(3.29)

where M7 (g)(x)=M,(g)(x) if x=0,M,(9)(x)=M,(g)(x) if x<O0, and
MZ*(g)(x) =0 otherwise.

Proposition 3.10.
() If {gm>tn} satisfies b) of Proposition 3.9, then for any neN we have
limsup | M, (gt | Z 1/2 or limsup || M, ()t | Z 1/2.
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(ii) Point c) of Proposition 3.9 holds both if M,(g,,) is replaced by M, (g,,) and

by M, (g)-
(iti) YAeC, lim d(4,g)= + .
gn:OO?!-

Proof. The first two assertions are easily verified. We have lim [{(x)(1 + g{(x))|* =

Xx— + oo
+ oo uniformly in g > 0. Moreover the values taken on by the potential and by
h(x)?p? — ik’ (x)h(x)p remain in some sector whose amplitude is less than 7 uniformly
in g. Hence d;(4,g)— + . For d, (4,g) we have to consider K;,(g) for
x< —n,|x+g '|>n, where K5 ,(g9)=p>+ x*(1 + gx)*. Thus the proposition is
proved.

Proposition 3.11. Let AeC\o(H(0)). Then AcA unless there exist g,,—~0+,u,,€D
(K3,1(gm))’ H um H - 17 um _;0’ Um = T— l/gmum L’Ov “ (/ - K3,1 (gm))um ” —-’O,

1(4 = H3.1(g)) 0w | 0.

Proof. Proceeding as in Lemma 5.1 of [15], we have only to verify that v,, — 0.
Since (A — K3, 1(9,) | =0, (A — H;3 1(9,,))v,, || = 0. Now, passing to a sub-

sequence if necessary, v,, —— v so that, for any yeCg(R),
0=1m (Y, (A = Hy 1 (g)) 0 = lim (4 — H3 1 (g))* ¥, 00> = (2 — H(0))* ¢, v),

which implies v =0, and the assertion is proved.

Proposition 3.12. The resolvents (A — K5 1(g)) ! are uniformly bounded as g— 0 +
for AeC\a(H(0)).

Proof. If AeC\a(H(0)) and A¢A4, then there are two sequences {g,,u,} satisfying
the properties stated in Proposition 3.11. By Proposition 3.9 the same properties
are satisfied bY {¢,u> My (Gmem))Ume ; @s 11— co. Indeed, we only need to check the
weak convergence to zero of M, (g, )u,, and of T_,, M,(g,) T, T-1,, U, (With
m = m(n)) as n — oo. Such weak convergence occurs since both the operators M, (g)
and T_,,M,(g)T,, strongly tend to zero uniformly in g. Then we know from
(i)—(1) of Proposition 3.10 that the same properties are satisfied by both
{Gm> M (g)th } and {g,,, M, (9,n) 4y }» m = m(n). Therefore (iii) of Proposition 3.10
is contradicted and ieA.

Now for the model H,(g) = p*+ x*(1 — gx)?> +2gx — 1, one can prove the
following statements in full analogy with the preceding theorems.

Theorem 3.13.

(i) The ground state eigenvalue of p* + x* — 1= H(0) — 1 is stable with respect
to the family H,(g) = p* + x*(1 — gx)? + 2gx — 1 (defined so as to have C¥ (R) as a
core).

(ii) The eigenvalues of H(0) — 1 = p* + x? — 1 are stable with respect to the two
families of “resonance” operators H'*)(g) defined in analogy with (3.9).

(iii) If k(g,z) denotes the ratio (3.18) constructed by means of solutions of
H,(9)u = zu(g > 0), then k(g,z) = k(0,z — 1) = ¢*"as g — 0.
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4. The Method

a) The Resolvent Formula. A crucial point of the method consists in the expansion
of some matrix elements of the resolvent in terms of matrix elements of the two
Hermitian conjugate resolvents for the “resonances” (see (4.6) below). This result
applies unchanged to case (I) and case (II). Now let H(g) = p* + V(g) = H,(9),
k=1,2, for geC,g+#0,3 =arg(g). Following Sibuya [12] we introduce the
fundamental solutions u; = u;(g, z) of the formal Schrédinger equation H(g)u = zu,
each vanishing for |x|— oo in any direction in the sector S;(g) = {xeC:|arg(x) +
9/3 —nj/3| <n/6}, —2 < j < 3, and completely determined up to a constant factor,
here taken in such a way that u;(g,z) = u_;(g, Z) for xeR. This is possible because
the equation is real for x, g,z real and the conditions are complex conjugate. Let
W, ;= W, (9, 2) = u;(x)u;(x) — uj(x)u;(x), VxeR, be the Wronskian of two solutions,
and suppose W, _; = — W_, ; #0. In this case {u;,u_,} is a basis for the space
of the solutions of the Schrodinger equation, and we have:

Ug=CilUy+C_U_q, 4.1
where ¢, = W, -,/W,, -, are the Stokes multipliers of u, with respect to {u;,u_,}

(see [12] page 83).
Let W;, #0 and define the two-index “kernels™

U)Wy xSy

: 4.2
uj(y)uk(x)/Wj’k y<x 4.2)

Gi(x,y)= {
In particular, if W, 5, W, ,, are different from zero, using (4.1) and (4.2), we have
the relation:

Gso(%,))=d,G3 1 (x, ) +d_G; _1(x,y)
=3(1+ih)Gs,(x,y) +3(1 —ih)G; _1(x, y), (4.3)

where d, =c, W, /W3 o=W, W, /W, s Wao=0— kYL k=Wo, Ws _y/
Wo.—1 Wi, and h=h(g,z) = h(g,z) = — i(1 + k)/(1 — k). We set G(x,y) = G; o(x, y),
since it is the kernel of the resolvent R = R(g, z) = (H(g) — z) _*. Now we state the
main result of this paragraph a):

Lemma 4.1. Let R=R(g,z)=(H(g)—z)"! for z¢a(H(g)), g #0,|9| <n/4, and
¢, W eN 4 the class of dilation analytic vectors [10]:N 4 = {y e L*(R):,, is analytic-
ally continuable from Re(a)=0 to |Re(a)| <n/4, where Y, (x)=(U,¥)(x)=
ey (e*x)}, containing the set {e " P(x): P(x) is a polynomial} dense in L*(R). Then

(O RY> =31 +i)<{d_, RV, +3(1 —ih){$y, RTY_,.),  (44)

where R = R%) (g, z) = (H*(g) — 2)~ 1, and H'P(g)(H ™(g)), defined in (3.38) as the
“resonance operator” (see also [6]), is formally given by H"(g)= U, H(g)U _,
(H(g)=U_,H(g)U, =H"*@)),  where  a=oa(g)=mn/6—9/3(« =a(g) =
/6 + 8/3).

Proof. The operator R'™) (and similarly R‘7)) is directly defined through the Green
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function G'*)(x, y) as integral kernel [7], where:
Uz o (X)ty 4 (V)€ 2 W Uz 4o t1,) XSy (
u3,a(y)u1,a(x)/e—2w Wiz oty ,) ¥ x’

with u;, = U,u;, and G;; ,(x,y)=€"G; ((e”x,e™y). In order to prove (4.4) we
consider for g #0,|arg(g)| <n/4, the class D, dense in L*(R) given by: D, =
{d,:d,(x) = P(x)exp(— g(x* + 1)** — x?), for some polynomial P(x)}. Let qbg,gbgeDg,
then we have

(s RY,»> = f x) G(x, Y)W, (v) dxdy = 5(1 + ih) f $4(x) Gy, 1 (x, Y)Y, (y) dxdy
+3( l—lh)fcb )Gs, -1 (X, )W,y dxdy

G (%, )= G3 1 4(x,y) = { 4.5)

=3(1+ih) L b4,—a(%) G31,4(x, V)Y o (v) dxdy
+ %(1 - lh) J; ¢g,a’(x) G3, - 1,a’(x’ J’Wg, —a’(y)dxdy

=31+ i<y o Ry +3(1 = i)y, RNy, o), (4.6)

where we have performed a change of path and of variable: (x, y)—e™(x, y),
(x,y)= e " (x,y) in the first and the second integral respectively, justified by
the rapid decay of the integrand in the intermediate directions at infinity.
In fact [12] we have u;(x) ~ ¢;x" exp(£ (9x7/3 —x?/2)), —2=<j <3, and ¢ (x) ~

x"exp(—glx]® — x* —3g|x|) as |x|— 00 in Sy(g). The proof is completed con-
sidering the density of D, for any g, |arg(g)| < n/4, and the continuity of <{¢, Ry >
in the vectors ¢, .

b I) The Perturbation Formula for Case (I). In case (I) we can apply (see
Theorem 3.13) the perturbation theory for an isolated stable eigenvalue as g —»0%,
so that for small positive g, we have

E(g) = N(9)/D(9), (4.7)
where N(g)=(2711')_1i>_Z<!//1,R(g>Z)!//z>dZa D(g)=(2ni)“lf_<¢/1,R(g, 2, pdz #0,

and I is a closed path encircling the origin (for instance the circle |z| = 1). Y, ¥,
possibly dependent on g, should belong to N, for our purpose. Actually, in order
to have the most explicit results with the use of (4.4), it is convenient to extend
(4.7) to formal vectors ¥/, (x) = Y, (x) = ¥(g, x) = g exp(gx>/3 — $x?). We notice that
W(y,x) =yexp(ily|x3/3 —1x?e?™), where a=mn/6—9/3, =arg(y), —n/d<3<
5m/4,1s an eigenvector of H* (y) with eigenvalue 4 = 0, the real “resonance” associated
with the ground state. This choice of vectors is justified by formula (4.4) and the
existence, for any given g, of a sequence {¢,} belonging N,, such that

By ris——=>V 1 6(9)- In (4.4) we can disregard the term containing R'™), since we

n—=0

have <y, Ry > =Re((1 +ih){Y 6, R, >) for positive g and yeN,,. Thus
we have

N(g)=F (9,9, D(g)=Fo(9,9), (4.8)
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where F;(g,7) = (9;(9,7) + @;(g,7))/2 and
D;(g,y) = (2mi)~* sng(l + ih(g, 2))<Y —,(7), ROy, 2)¥,(y) > dz

for — n/4 < arg(y) < 57/4, |y| small and positive. Since R (p, 2)y,(7) = — z ™~ 1y (y)
for z #0, we have

D,(9,7) = — G(y*)(2mi) " izj_ Y1 +ih(g,2))dz = — G(»*)(S;0 +if;(9)),  (49)

+ o

where f(g) = Res(z/h(g,z),z=0) and G(y?) =y | exp(2i|y|x?/3 —e**x?)e™dx is a
3 2

bounded analytic function in any region Re(y~2)>p~2 p > 0. In fact in such a

region we have the estimate
+ o

IGOHI=1y* | exp(—x?cos20)dx =y|(r|y|*/sin(e))"/?

<I7lpBro3e)/w(@)'? < |y|p(Br)'?, (4.10)
where ¢ =7/2 — 20 =23/3+ n/6, 0 <e < n/3, and w(x) = sin(x)/o is positive and

00

decreasing in (0, m). It is also easy to prove that G(y*) ~ Y a,y*" with the following
1

estimate for the remainders: )

N—-1
G(,})Z) - Zl an,yZn
for arg(y)= —n/4 +5Re(y 2)>p~ 2, where a,=(2/3)*" 2I'(3n—5/2)/2n —2)\.
Thus we have the following.

[Ry(y*)| = < CEYN!y?Y (4.11)

Theorem 4.2. Let E(g) be the first eigenvalue of the operator H(g) of Herbst—Simon
[10], H,(9) = p*> + x*(1 — gx)* — 1 + 2gx. Then

(i) For any &, 0 <eg<m/4 there exists c,>0 such that for 0 <g <c, we have
E(g) = N(g)/D(g) with N(g) = F,(9,9), D(g) = F(g,9), and

Fi(9.7) = (@;(9.7) + D;(9,7))/2, (4.12)

where @;(g,v) is the Borel sum of its asymptotic expansion X = ZO (aj+ b 4(9)y*"

in the domains
Al ={yeCie<arg(y)<m—gly|<c,}
with analytic continuation to the domains
2={yeC:—m/d+e<arg(y) <5nfd—e |y|<c,}.

(ii) Fix e =# and set ¢ =c,. For any fixed g, 0 < g <c,F;(g,7) is analytic in the
disc Re(y™2)> ¢~ 2, and it can be decomposed in two terms
Filg.7)=F} () +3idj(g.7), (4.13)

where F}(y) = (@F(y) + ®X(7))/2,d}(g,7) = Pi(g,y) — Pi(g,7) are the distributional
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Borel sum and the “discontinuity” of the series Y a;,y*", > b;,(g)y>" respectively
n=0 n=0

(see [3,4]).

(iii)y @F()=—G(*)d,0, Pig,7)=— G f3(9), (4.14)

where G(y*) =7y [ exp(2i|y|x3/3 —e**x?)e*dx and f(g) = Res(z’h(g,z),z =0)—
—;‘()T’(Z/ﬂ)5j,1, o =7/6 —arg(y)/3.

Remark. 4.3. Point (i) means that @;(g,7) for fixed g is a function of y which at
y =g > 0 is the analytic continuation of a Borel sum for Im(y) > 0. Point (ii) means
that @;(g,y) at y=g>0 is also an “upper sum” (see [3,4]) of its asymptotic
expansion, but since the series is complex, F;(g, ) at y = g is not the distributional
Borel sum of the same expansion. In fact F;(g,y) can be written as a combination
of the distributional Borel sum (DBS) of the “real part” of the series and the
“discontinuity” uniquely associated with the “imaginary part” of the series by the
DBS criterion (see [3,4]).

Proof of Theorem 4.2. The proof of (i), (ii) follows from Theorem 3.13 and (iii); a

direct operator proof of (i) can be given in the same way as in the subsequent

Theorem 4.4. In fact h(g, z)—Tcotan(nz/2) by Theorem 3.13 uniformly in
g—

the compact set I, and so f;(g) — Res(z/ cotan(nz/2), z=0) =6, , 2/n.
g

b II) The Perturbation Formula for Case II). Because of the symmetry of the
operators H(g) = H,(g) with respect to the point x = 1/2g we have proved the
stability of the eigenvalues of H(0) with respect to the operators K*(g) formally
given by

K*(g9)=P*(9)H(g)P*(9) = H(g)P~(9) = P~ (9) H(9) (4.15)

as g—07, where P*(g) = (1 + U(9))/2,(U(g) f)(x)= f(g~* — x) (see Sect. 2, state-
ments (i), (i), (iii), where the result is suitably extended to the sector |arg(g)| =
|9| < m/4). Let P(g) = P*(g) for a fixed choice of + or —, g > 0, and y(g) = 2P(g)y(0)
where (0) =1, is the eigenfunction of H(0) with eigenvalue E(0)=2n+ 1, for
n=0,1,.... | (0)] =1, ¥(0) = ¥(0). We have (4.7) with R = R(g,z)=(H(g) —2)~*
and ¥, =, = Y(g). In fact the projection operator P(g) in the expression of y/(g)
selects the space of even or odd functions, in such a way that H(g) acts as K™ (g)
or K™ (g) and we have the stability of the perturbation formula (4.7). By (4.15) we
have the identity

<Y(9) R(g, )Y (9)> = <Y (9), R(g,2)Y(0)> + W(0),R(g,2)¥(9)>,  (4.16)
where g > 0. By (4.7), (4.4) and Propositions 3.3, 3.4, we have

N(g) =Re(®,(g,9)),  D(9) = Re(Po(9.9)), (4.17)
D(g,y) = (2mi) ! §FZ"(1 +ih(g, )<Y -.(9), R0, 2)9,(0))
+ (P9, R G 2, (0)))dz. (4.18)

where
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I' is a path encircling E(0) at distance 1, « = 7/6 — 3/3, — n/4 <3 = arg(y) < Sn/4,
and |y|, g small enough. Thus we are able to prove:

Theorem 4.4. Let E0)=2n+ 1, n=0,1,..., be an eigenvalue of H(0) = H,(0) with
eigenvector Y (0). Then

(i) For any &, 0 <e<m/4,3c, >0 such that there exists an isolated eigenvalue
E(g) = E*(9) of K*(g) analytic in A, = {geC:|arg(g)| < (n/4) — ¢, |g| < c,} with limit
E(O) as g - 0.

(i) Forfixedeand g,0 < g < c,, we have (4.7) with N(g9) = F(9,9), D(g9) = F (9, 9)
and

Fi(9,9) = (@,(9,7) + ;(9,7))/2, (4.19)

where ®@(g,7), given by (4.18), is analytic in the domain Az ={yeC: —(n/4) +
e<arg(y)<(5m/4)—e, 0<|y|<c,} and is the Borel sum of order 3[3] of its

asymptotic expansion Y. (a;(g) + iby(g))7* in the domain Al = {yeC:e <arg(y) <
k=0

n—e 0<|y]<c,}.

(iii) Any ay(g) is directly computable and we have ay(g) = ap(0) + P, 4 31(1/9)
exp(— (29)~?), where P, is a polynomial of degree k. We have the same result for
bj(g) in the approximation h(g,z) = h(g, z) = h(0, z) = cotan((z + 1)7/2).

Remark 4.5. In this case we are not able to prove that, for fixed g >0, F;(g,7) is
a combination of a distributional Borel sum and a “discontinuity” (see [3,4]). In
particular we are not able to prove the analyticity on the disc Re(y~2?)> C~2 We
recall that this result is claimed by Crutchfield [5] by non-rigorous arguments. In
any case for y in A, we can write

Fj(g.7)=F}(9,7) + id](g,7), (420
where FR(Q,“/)=(¢R(9,“/)+‘DR(Q, 7))/2,d (g,y) ‘Dl(g,“/) ®j(g,7) and @}(g,7),
@i(g, ) are the Borel sums of order 3 of Z (9)75 z b (g)y* respectively in A}

Proof of Theorem 4.4. Point (i) follows from the stability results of Sect. 2, taking
into account Remark 2.16. As for (ii), the analyticity of the “resonance” E‘*)(y) in
the domain A2 follows from Theorem 3.5 (see [11]). Thus the eigenvalue
perturbation theory and standard remainder estimates [11] imply that E)(y) is
the Borel sum of order 4 [3] of the associated expansion in any direction contained
in A;. To prove (ii) it is enough to note that @;(g,y) (where g is fixed) has the same
analyticity properties of E(*)(y). Indeed, h(g,z)(g > 0,ze ") is uniformly bounded
on I' for small g, since by Theorem 3.6 it is convergent as g—0%. We have

K(g,z)—exp(i(z + 1)m), so that h(g, z) —» cotan((z + 1)7/2) uniformly on the compact
set I which does not contain the singular points z =2k + 1, k=0, 1,.... Moreover

notice that /(g) is bounded and ¥ (g) — y(0) as g —» 0. To prove (iii) it is enough
to notice that

bilg) = (2m) " $h(9. 2 (44(6.2) + Ailg. ) )/2dz, (4.21)
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where Ak(g,Z)=<t//(g) R©,2) Z k w)(2x*R(0,2))"(— 4R(0,Z))""'"lﬁ(0)>,

and ay(g) is given by (4.21) w1th h(g, z) replaced by 1. Thus by(g) is directly
computable as well as a(g) if we approximate in (4.21) h(g, z) by h(g,z)=h(0,z) =
cotan((z + 1)7/2). In this approximation we only have to compute terms of the

type <Y(9), ¥, where ((9))(x) = ¥, (x) + ¥,(¢9 " — X). Then

(Y(9) ) = Cexp(—(29)"?) _T e " H,((29)™" = x)H,((29)" ! + x)dx
+ > = exp(—(29) ) Pusm(@™ ") + Onms

where 0 <m < 3k + n. Notice that the approximation h(g,z)— h(0,z) does not
destroy the summability properties discussed above and the sum is obviously given
by the same expression (4.18) with h(0, z) in place of h(g, z). The same happens in
the case of better approximations of h(g, z) obtained by semiclassical methods.
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