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Abstract. In an exterior domain in R" (n=2), the solution of the compressible
Euler equation is shown to converge to that of the incompressible Euler
equation when the Mach number tends to 0. The initial layer appears.

1. Introduction

In our previous work [8], we have shown that the solution of the compressible
Euler equation in an exterior domain in R® converges to that of the incompressible
Euler equation when the Mach number tends to 0 even if the initial velocity is not
divergence free. The aim of this article is to generalize this result for R” (n=2) and
also to provide a simpler proof.

We consider the movement of an ideal fluid in a domain Q in R" (n = 2) exterior
to a bounded obstacle. Let P be its pressure and V the velocity. Then the Euler
equation is written as

OP+(V-V)P+yPV- V=0,
OV+(V-MV+i2P1ypP=0,
yv-V=0 on S,
where ¢,=0/0t, y is a constant > 1, S is the boundary of Q and v is the outer unit
normal to S. Ais a large parameter proportional to the inverse of the Mach number

(see, e.g., [14, p. 52]). We assume that S is smooth and Q is arcwise connected, but
nothing is assumed on the shape of the boundary. It is convenient to transform the

\
dependent variable P into Q= *’)—1P‘“1/V. Then the above equation can be
rewritten as N

0Q+(V-V)Q+(y—1)QV V=0,
oV +(V-V)V+212V0=0.

We set y =2 for the sake of simplicity. We want to assume that the initial pressure
has an asymptotic expansion of the form: Const.+ O(A ™). Therefore, without loss
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of generality, we put Q =1+ p/4 and correspondingly V' =v. Then we arrive at the
following equation:

p+(@-V)p+pV-v+iV-v=0,

o+ V +AVp=0, (1.1)

v-v=0 on §.

Let H™(Q2) be the usual Sobolev space of order m, whose norm is denoted by
| - Il... The following assumptions are imposed on the initial data p} and v§:

(A-1) {(p§,v}); >0} is a bounded set in HY*Q)NL}(Q), where N is an integer
>[n/2]+3.

(A-2) (pd,vd) satisfies the compatibility condition up to order N +1.

(A-3) Pgug—vg in H¥Q) as A— o0, where Py is the projection onto the solenoidal
fields to be defined in Sect. 2.

Then our results are:

Theorem A (Uniform Estimates). There exist constants T >0 and A >0 such that
for any 2> A, there exists a unique solution

PO 0e (| CUEH@),  1=[0,T].

Moreover, it obeys the following uniform estimate:
sup  ([p*@)lly+ 0" @)lIy) <o
A>A,tel

Theorem B (Incompressible Limit). For 0<t<T, p*(t)-»0 and v}(t)—0v™(t) in
HY-Y(Q) as A— 0. Furthermore, v°(t) satisfies the incompressible Euler equation
0v®+Psw® - Vw*=0 in Q, tel,
v*°(0)=Pgvd =03 .

In [8], we have already proved the similar results in R3. The essential point for
proving Theorem B was the decay lemma for the linearized operator of acoustics
[8, Lemma2.1]. However, aside from the interest of its own, the proof is
complicated and can not be applied to the 2-dimensional case. In this paper, we
shall avoid this difficulty by utilizing the completeness of wave operators for the
linearized operator of acoustics in an exterior domain.

The problem of the singular perturbation for non-linear equations of fluids is
studied by many authors and is still developing (see the references cited at the end

of this paper). One can see an abundance of problems in Majda’s book [14,
Chap. 2].

2. Proof of Theorem A

The proof of Theorem A is almost the same as in [8]. The only difference is the
Helmholtz decomposition. Let

C3.(Q)={we CF(Q);divw=0},

and S(€) be its closure in I7(Q)". Let G(Q) be the orthogonal complement of S(2) in
I4(Q)". Let P, and Pg be the projections onto G(2) and S(€), respectively.
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Lemma 2.1. (1) If w e S(Q), divw =0 in the distribution sense and v - w= 0 in H ™ '/*(S).
(2) If ve G(R), there exists a ¢ € HL, (Q) such that v="V¢.

For the proof, see [18, p. 9] and [11, p. 27].

Once the above lemma is noticed, the methods in [8, Sects. 1 and 5] need no
essential change. Lemmas 1.5 and 1.15 are not necessary in the present case.
Lemma 1.7 follows from the estimate of [5], Lemma 5. The Sobolev inequality in
(5.1) should be replaced by

Ifel,.<Clflslgl:, Osr<min{s,t,s+t—[n/2]—1}.

These modifications are sufficient to prove Theorem A, hence we omit the details.

3. Proof of Theorem B
For the solution p*(t), vX(t) of (1.1), we set f*(t)="(pX(t), v*(t)) and

A(fH)= (vl(;V Uljl;), V=(0/0xy,...,0/0x,).

Let L be the linearized operator of acoustics in [*(€Q):

(0 ¥
Lz_’(fv 0)

with the boundary condition v-v=0 on S. Then one can rewrite (1.1) as
O f*+ A(fMf*+ilLf*=0. (3.1

We transform it into the integral equation

FH)=e I [ o™ A fHS) fH(s)ds.
0

13 ="p&v5).

Let I, be the projection onto the null space of L and I'=1—I},. They are bounded
in H"(Q) (m=0). For f="(p,v), I, f =0, Psv). The first step of the proof is:

Step 1. For t>0, I'f*1)—0 weakly in I*(Q) as 1— oo.
We prove this fact at the end of this section.

Step 2. For t>0, I'f(t)—0 in HY. }(Q) as 1— 0.

loc

(3.2)

In fact, this follows from Theorem A, Step 1 and

Lemma 3.1. Let {f,}°| be a bounded set in H™(Q) (m=1). Suppose that f,—f
weakly in I2(Q) as n—oo. Then f,—f in HI'; 1(Q) as n—oo.

loc

Proof. By Rellich’s theorem, there exists a subsequence { f,} such that f,, converges
to some g in H", *(Q) as n—oo0. But f =g, since f,, converges weakly to f in I}(Q).
This shows that f, itself converges to f in H', {(Q). [

Step 3. There exists a subsequence {A,} such that Ijf*/(f) is convergent
in C(I; Hiy; (Q)).
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Indeed, by Theorem A, we have
DS;II? 1 UL O+ 0L f X0y - 1)< 0.

Then, by the Rellich and the Ascoli-Arzela theorems, there exists a subsequence
{A,} such that {I5, f*(r)} is convergent in C(I; H. *(Q2)). Recall the interpolation
inequality: for a bounded set B in Q, there exists a constant C >0 such that
1 1~ S CIS R 1S ™ -
This and Theorem A imply that
o f )= Tof )l g~ 1y = CIL SO — o SO Fw ™
which shows that I, f**(t) is convergent in C(I; HY . }(£)).

loc

Step 4. Let f*(t) be the limit of I, f**(t). Note that sup || f “(¢)| y—; < 0. We show
tel
that )
fo0=fr- (5) IA(f () f “(s)ds,  fo°="(0, Pgvg).

In fact, by multiplying I, by (3.2) and taking the inner product with g e I2(Q), we
have

(T 9)= (o fé )~ [ (ACFOS Toghds.

Then, we have only to approximate Ig by he CF(Q) and let 1 =4, tend to infinity.

Step 5. Step 4 implies that f()="0,0°(t), v*(t)eC;HY Y(Q)),
sup [[v*°(t)|ly—; < oo. Furthermore, v*(t) satisfies
tel

0u*()+ Ps(v™(®)- V)o*(t)=0 in Q, tel,
v*°(0)=0vg =Pgsg .

Now, we know that the above incompressible Euler equation has a unique
solution, which shows that f*(t) itself converges to (0, v*(t)) in HY_ 1(Q) as A— oo.

loc

We turn to the proof of Step1. Taking the inner product of (3.2) with g e I*(Q),
we have

(70, 8)=(fF, 4T g) — [ (AP, T hds.

We show that for t—s>0, (A(f*)f*, € 9*I'g)-0 as 1—o0. Here we recall a
notion in scattering theory. Let

(0 F
vy 1)

be the linearized operator of acoustics in I?(R"), and I'(M) the projection onto the
orthogonal complement of the null space of M. Then by the completeness of wave
operators (see, €.g., [12, 13]), for any f e I*(Q), there exist f, € [(R") such that

le ™ If—e ™I(M)fi|2—0 as t—>to0.
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Therefore, we see that there exists an he I*(R") such that
¢ =9 g —e " IMI(M)h|| 20 as A—c0,
which implies that as A— o0
(AfHSf2 eI =((A(fH) 5, e TIMI(M)h) +o(1).

Now, for any ¢>0, we choose an h, such that i, =the Fourier transform of
h,e C¥(R"—{0}) and ||h—h,| <e. Then we have

,e 0TI g) = ,eltms )+ 0(e).
A A\ £A it )}.LF ) (A( A)fl (t )AMF(M)h) 0( )
In view of Theorem A, we have for a constant C >0,
WA S5 e g) < C(1|e ™ "™ MI(M)h, || oo oy + 8)
for large A. The proof is thus completed if we show
€™ 9*MI(M)h,| [0 —~0 as A—c0.

The characteristic roots of M are +|¢| and 0. Let Q.({) and Q,(¢) be the
corresponding eigenprojections. Since the Fourier transform of e ™ [(M)f is

e” M9 (O F (&) +eM0 () (©),
we have only to show the following lemma.
Lemma 3.2. Let f(&)e CP(R"—{0}). Then
”Rj“ ei(xﬁ—tlél)f(f)df

rowmy—0 as [t|—>o0.

The proof of the above lemma follows from the method of stationary phase on the
sphere, and is omitted.

In a similar manner, one can prove (fg,e"*I'g)—»0 as A—oo using the
assumption (A-1). We have thus completed the proof of Theorem B.
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