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Abstract. Classical and quantum statistical mechanics are compared in the
high temperature limit f=1/kT—0. While this limit is rather trivial for spin
systems, we obtain some rigorous results which suggest (and sometimes prove)
different asymptotics for continuous systems, depending on the behaviour of
the two-body potential for small distances: the difference between suitable
classical and quantum variables vanishes as 2 for smooth potentials and as

‘/E for potentials with hard cores.

I. Introduction

Although nature is governed by quantum mechanics, there is still much interest in
classical statistical mechanics. This comes from the belief that for not too low
temperatures the structural differences between the two are small. In fact, several
deep similarities between classical and quantum lattice systems with regard to
phase transitions are apparent [1]. Rigorous results on the low temperature
behaviour of even the simplest quantum lattice systems from the point of view of
ground state properties, namely, ferromagnetic quantum spin systems, are as yet
incomplete [2]. For quantum continuous systems the situation is much worse, at
least concerning rigorous results: very little is known on phase transitions for
interacting systems, and low temperature properties are studied for just a few one-
dimensional models.

Another reason for interest in classical statistics is the fact that it is an
approximation to quantum statistics in a precise sense. There is an extensive
literature on the classical #—0 limit of quantum statistics (see [3—5] and references
given there). It is a weakness of these studies that no correction terms are provided.
Then the limit #—0 remains mathematical, because physically # cannot be varied.
A reasonable statement for continuous systems would be: the difference between
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quantum and classical quantities is small if the thermal wavelength
1/2
A= <2nh2 %) is small with respect to a characteristic length of the potential. The

physical parameter which is then actually varied is the (inverse) temperature f—0.
For this interpretation of the #—0 limit it is, of course, essential that it commutes
with the thermodynamic limit. This causes difficulties, for example: the upper
bound for the difference of the quantum %, f) and classical f (v, B) canonical
free energies (which we multiply by S for reasons explained shortly),

Af (v, B)=BLf v, B — (v, BT, (L1a)

in [5] involves an attractive (temperature dependent) potential in the Bose case,
which simulates the statistical exchange attraction, and taking the thermodynamic
limit first requires, for reasons of stability, a singular repulsive (e.g. hard-core)
potential. For such potentials, however, the lower bound of [4, 5] is not applicable,
because it employs (plane-wave) eigenfunctions of the free Hamiltonian, which are
not in the domain of the full Hamiltonian. Hence, at least with present methods,
there is an essential gap in the classical #—0 limit for bosons. For a class of
bounded (and therefore, by stability, necessarily positive) potentials, the problem is
solved by Simon’s microstability condition [4].

In this paper we are primarily concerned with the physical form of the classical
limit: f—0, keeping # fixed. For lattice systems, the high-temperature behaviour of
Af, defined by (I.1a), follows trivially from Lieb’s paper [3] on the classical limit of
quantum spin systems (Appendix B). The corresponding result for continuous
systems has been obtained only on a heuristic level using the Zassenhaus formula
[14, Chap. 10.2]. A rigorous analysis shows that there is a marked difference in the
high temperature asymptotics between bounded positive and hard core potentials.
This can already be seen in the low-density region where the virial expansion is
applicable. In Sect. 1 we present some estimates on the difference,

Ab,(B)=b3(B)—b5\(B), (L1b)

between the quantum and classical (direct) second-order virial coefficients [14],
both for bounded positive and pure hard-core potentials. In the former case we
show that

_ Aby(p)

b5
Throughout the paper, ¢ denotes a strictly positive constant, which may vary from
inequality to inequality. The reason for considering — 4b,, rather than 4b,, in the
estimates above and below, will be explained shortly. The exchange part of 4b, is
known to decay exponentially as 0 [16, 17], and does not, therefore, affect the
leading behaviour above. For a pure hard-core potential we find (for 8 sufficiently
small),

=< cp. 1.2)
Blo

—cl/B< —4by(f)<0 (L3)
with
—Aby(f) ~ —c/B, v=1 (L4)

BlO
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in dimension v=1. Indeed, on the basis of [12, 13], we expect
— 4by(B) ~, —c)/B (allv) (L5)

in any dimension v, but the computations found in the literature (see, especially,
[13]) rely on summation of various series involving phase-shifts J,(k) over all
angular momenta (see also [14]). Indeed, for potentials with singularity of type
r~™ m>2 as r—0 (r denoting the radial distance from the origin), it is found that

[15]
S k) Ak 2™ k— o0, ¢ fixed.

As emphasized in [15], this conclusion leaves open the asymptotic behaviour of
0/k) as both ¢ and k diverge. This is the main difficulty in obtaining rigorous
estimates for 4b,(f) as | 0 [which depend on the behaviour of all §,(k) for k—o0]
by the phase-shift method. Nevertheless, the results of [12, 13] are believed to be
exact. As a matter of fact, the dimensionality should not play a significant role as
p10, affecting only the value of ¢ in (I.5). Therefore, we have not studied the
problem for v > 1. Indeed, the computed value of ¢ in (I1.4) (Sect. II) is just one third
of the coefficient in [13] for v=3.

The above results are consistent with the following asymptotic behaviour of
Af(v, p) defined by (I.1a),

41 (@, 5)

<c ositive bounded potential), L.6a
Ty P potentiz) (Lo
Af (v, B)
——— X —c hard-core system). L6b
S, B) 1o Ve yatem) (L65)
A nonrigorous, but probably asymptotically correct estimate suggests
41, p) 3
& =Fc
r.p " T

in (L.6a), see Sect. II. We first explain the correspondence between (1.2) and (1.6a),
as well as (LI.3) and (L.6b).
Denoting by p%(v, f) [respectively p®(v, B)] the canonical pressure, we have

B°w. B~ p(v. B)) = (@%@)ﬁ (1.72)

(as is well known [19, 217, this formula holds for almost all v>v,, where v, is the
close-packing specific volume). The virial expansion of the right-hand side of (I.7) is
[14, 19]
Q, Cl, _ Ab 1(B)
B0 B~ B)= 3 5 (L7b)
where 4b(p) are differences between i'® order quantum and classical virial
coefficients, defined as in (I.1b). By (I.7b) we find

Ab(p)

Ui—l ’

4fw.f)= ¥

22
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with
Agi(ﬂ) =—i Abi(ﬁ) >
and hence

Aby(B)= —24b,().

This explains the change of sign in the estimates (1.2), (I.3), and (1.4), to keep the
correspondence with (1.6), as well as multiplication by £ in (I.1a).
A formal calculation using the Zassenhaus formula [14, Chap. 10.2] suggests

that
|41 @, B)/f @, B)| ~ cp. 1L.7¢)

BlO

This behaviour agrees with (I.6a) but not (1.6b). If the nonrigorous asymptotic
estimate of Sect. II, Remark IL.1, is true, the (I.7¢) disagrees with the expected
behaviour of both types of potential.

One might expect more than (1.6), for instance an asymptotic series in powers of
VE for hard core systems (in which case f!is analytic in B in a neighbourhood of
p=0T[18]), eventually Borel-summable. This does not follow from the estimates in
Ginibre’s classic work (see [ 16] and references given there) and remains as the most
interesting, but probably hardest, open question.

In Sect. III we derive some estimates for A f(v, f) for fixed finite, but arbitrary,
density (smaller than close-packing). In (IIL.1) the upper bound of [5] is
generalized to cover hard-core potentials, yielding the result that

Af (v, B)=cexp(—a/B),c20,a>0. (18)
For positive bounded pair potentials, it is easy to show by the methods of [5], that
limAf(v, )=0 (bounded positive potentials) (I.9)

glo

in two cases (Fermi-Dirac and Maxwell-Boltzmann statistics). No correction term
was obtained, so that (1.2) remains as the only precise indication of the validity of
(L.6a). In II1.2 we derive a lower bound for 4f (v, §) holding for a class of hard-core
potentials. For a complete proof of (I.9) and correction terms, we need some
information on the classical pure hard-core free energy f&<°(v), which is only
available for v=1 and, in order not to clutter the argument with additional
assumptions, we restrict ourselves to this case. It should be emphasized, however,
that very similar, if not identical, arguments are expected to hold in higher
dimensions. Indeed, in Sect. IIL.2.1 we provide, using methods of functional
integration [11], a lower bound on the partition function for a class of hard-core
systems which is useful in the thermodynamic limit and valid for all dimensions. As
a corollary, we prove in Sect. II1.2.2 that, if v=1,

Af,p)z —cp** (1.10)

for sufficiently small 5, and any ¢ > 0. The reader will easily recognize what general
properties of f&(v) are necessary for the validity of the proof of (IIL.2.2). Finally,
we remark that even for pure hard cores and v=1 our result is nontrivial, because
the one-dimensional quantum mechanical hard core problem is not solvable (for
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a=+0). In Sect. I11.2.3 we show that Baumgartner’s method [5] using the Thirring
coherent states yield the weaker bound

Af@w, Bz —cp'?. (L11)

The above holds, however, for a class of interactions larger than the one we treat in
(IL.2.1).

Finally, in Appendix C we study the (equivalent) highenergy limit of the
entropy, using the well-known method of Dirichlet-Neumann bracketing [10,
Chap. XIII-15]. Although only bounded external fields are analysed there, the
method is instructive, because, taking the thermodynamic limit first involves
estimates of a completely different nature than those of [10, Chap. XIII, 15] for
finite systems. It also yields correction terms of the expected type.

In Appendix A we collect some technical results used in the main text.

II. High Temperature Behaviour of the Second Virial Coefficient

In this section, we study the direct second order virial coefficient in two cases:
(A) for a positive infinitely differentiable potential of compact support
Ve CR(RY);
(B) for a pure hard-core potential

_Joo il [x[Sa
Vi)= {0 otherwise .

Since our aim is to obtain qualitative results, we did not try to determine the largest
class of potentials for which the results of this section are expected to hold. For
brevity, we refer to potentials of the above types as of class A and B, respectively.

Case (A). The classical second order virial coefficient bS'(p) is analytic in B and

b5(B) =3[ d*x[1—e V], (IL1)

The two-body quantum Hamiltonian is given on I*(R?) by
H=H,+V, (IL2a)
Hy=—34 (IL2b)

(h=m*=1, where m*=m/2 is the “reduced mass”). Let
A(f)=e PH g~ FHo (IL3)

When A(p) is trace-class, we shall assume that the thermodynamic limit of the
direct quantum second-order virial coefficient per particle (see, e.g., [14] for the
definitions in finite volume) exists independently of the boundary conditions and
equals

b3(B)=—3 2> tr A(B), (IL4)
where
A=(2np)!? (IL.5)
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is the thermal wave-length. In case (A), A(p) is trace-class by [11, Theorem 21.4,
p. 228], and for case (B) we shall comment later in the section. Let dv, .., denote the
probability measure formally associated to Wiener measure du, by

Pa,c)™ ! 6(w(0)—a) (w(t) —c) dpg (IL.6)

(see definition, p.39 of [11]), where P/a,c) is defined below in (IL.11); it
corresponds to restriction to brownian paths b(-) [with w(-)=x+b(-)], with
preassigned positions at time zero and time t. Let E, ,., . denote expectation with
respect to dv and Py ,.; (A)=E, ... .{x(A4)}, where y(4) denotes the characteristic
function of the event A.

Proposition IL1. Let V belong to class (A). Then
Ab,(B)=b3(B)—b5'(B)

=3[d*xEq 1.5 » {exp [—BV(x)]—exp [ — /f ds V(co(s))]} (1 %))

0
Proof. Let

f,B=Eq 1.5« {exp [—pBV(x)—exp [ — g ds V(a)(s))]} . (IL.8)

Suppose x ¢ supp V. Then, the only Brownian paths b(-) which contribute in the
above expectation are those which start at x and intersect suppV at least once
before returning to x. As in [16], let

F'(B,e,6)={b|3t and ' in [0, f] such that |—#|<4,
and |b(t)—b(t')| > 4e} .
Clearly
F'(B,e, )2 F"(B,e)={b |3t €[0, ] such that
|b(t) —x|>4e} . (IL.9a)

Setting x=yin ((1.31) of [ 16, p. 343]), and taking into account the normalization in
(IL.6), we obtain

Py s F' (B, )S16)/2 1 G ﬁ) , (IL9b)

where
1(e, 8)= | lj Py(x,0)d%x, (IL.10)
Py(x,y)=(2n8) "2 exp(—|x—y|?/20). (IL.11)

Hence, by (I1.8), (I.9), (IL.10) and the boundedness of V, there exist positive
constants ¢, d, and M such that

|/ Cx, Bl = cexp(BM) Py, 5, o(F"(B, d|x1))

<4cexp(fM)y <d_12x_|, ) , (IL.12)
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which is exponentially decreasing in |x| in view of (IL.10). Hence, f is integrable in x

for each B. Let {f,},.z, be a sequence of functions in CP(R?) increasing
monotonically to 1. Then

A tr(fre P ) =31 Px f[LAX)Ep xp. {exp [ — ? V(w(s)) ds]} (IL.13)
0

[11, Theorem 6.6], and similarly

3 A3 tr(fre PHof) =3[ dPx fiH(x). (IL14)
Let
bS'B, f) =3[ flx) (1 —e7P7D) f(x). (IL15)
Clearly,
bS(B, f)—= b5'(B). (I1.16)

Since V=0, [11, Theorem 21.4, p. 228] implies that tr(e ¥ —e~#Ho) < c0. Hence,
by Lemma A.1 of Appendix A,

tr(fyle™ P —e™P0) f)——str(e P — ¢ Po),

and therefore, by (11.4), (I1.13), and (11.14),

B
- (j)'V(w(s))ds

9D = lim 1% 120 Eq p 1 —e ¢ V%) (117)
By (I1.15) and (I1.16),
B
Ab,(f)= %JLIE, J" d3x fn2(x) Eo’x;ﬂ’x{e—ﬁV(x)_e_gV(w(s))}ds ) (IL.18)

By (IL.12) the expectation occurring in (IL.18) is uniformly bounded (in x) by an
integrable function. Hence, (II.18) and the Lebesgue dominated convergence
theorem yield (IL7). [

Proposition IL.2. Let V belong to class (A). Then (1.2) holds.
Proof. The boundedness of V and (I1.7) allow us to write

Aby(B)=%[d*xe "D Eq .. {1 —exp [ - idS(V(w(S))— V(X))]}

) (— ] ds(V (@)~ V(x»)”

n=

= —1]dxe PVOE, L, . (IL19)

n!

Equation (I1.19) may be justified in the same way as the steps leading to (11.18):

8

5~ Jasviow-veo |

n=

1 dy|x| .
EO,x;B,x n! §CIX< 2 ,ﬂ> eﬂM
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for some positive constants c,, d;, M,. Let, now, supp V< {|x| < a}. By (IL.19)
Ab,(P)=1,+1,, (11.20)

where
¢}

3 < ~ astV(ots) - V(x»)"

—1 3 — BV n=
II=_2— j dxe b (x)EO,x;/},x 1
|x|=2a n!

s

ond (I1.21a)

1l

L=% | d3xE0,x;,,’x{1—exp|i—?ds V(w(s))]}. (I1.21b)
0

|x|>2a

By the argument of Proposition II.1,

Lige | d3xx(d<"‘"“),ﬂ), (IL.22)
|x]>2a 2
where y is defined by (I1.10). For f§ sufficiently small,
x (‘“""2“ 9 ﬂ) <cftexp[ —d(x|—a)/4f]. (11.23)

The estimate above is not optimal but suffices for our purposes. Inserting (I1.23)
into (IL.22) we see that

I|ScB™t | drrte P-a%4h (IL.24)

r>2a

and therefore I, is exponentially small in 877, for g sufficiently small. Hence, by
(IL.20), in order to establish (I.2), it suffices to prove that

| <cp>. (IL.25)
Let

I

T | &Pxexp[—BV(X)] Eqg rp.x {ni <— i ds(V(o(s)) — V(x)))" / n!} .

[*|=2a

By the boundedness of V,

I <cp?. (I1.26)

Now,
L=I+1,, (IL.27a)

where
I,=—1% he Bxe POE {E ds(V(w(s))— V(x))} . (IL27b)

We now use the explicit covariance formulae (see, e.g., [11, pp. 40, 417)
Eo x5 xbi5)} =0, 0=s=<p, (IL.28a)
Eo, x5, x1bd8) bjt)} =0, [s(B—1)], O0=<s<t<p, (I1.28b)
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wherei,j=1,2,3.In order to see the argument more clearly, consider the case v=1.

Then IN=1 ¢ )( ) VEN(x 4+ 0b(s))
1 "(x n X+ S
Vot bs)—Vix)= § — 7 =b"+ — 5

b(s)*¥, (IL28c¢)

where 0€[0,1] depends on N and b(s) and V®(x)= A . In correspondence to
(IL.28c), let dx"
I=-% d3x e BV o, (x) + ap(x)), (I1.28d)
|x|=2a
where
2N-1 V(")( )
a(X)= Y ———Eg.px {j ds b(s)”} (I1.28¢)
n=1
and
V@N)(x + 0b(s))
< 2N
loo ()] < N b(s)*" . (I1.281)

By (I1.28 a, b), the Gaussian nature of the process and Wick’s theorem (see, e.g., [11,
Lemma 20.4, p. 217]),

(2'") C(p—sym i n=2m
Eo v {b(s) = | 11.29a
o358, D)} 0 otherwise. ( )
We have
[ dss™(B—sy" =2 1 Bm+ ,mot )= B (IL29b
([) ss"(f—s)"= m+1,m = omin .29b)
Let
G,= sup|V"(x)|. (IL.29¢)
xeR
Then, by (I1.28¢) and (I1.29)
No1 o G,,m! m
Joey ()] < ;1W'B2 l=cep? (IL30a)
for § sufficiently small. By the same procedure applied to (IL.28f),
2N+ IG N!
|oty(x)| < [;Nﬁ% . (IL.30b)

By (IL26), (IL.27), (IL.28df), (IL.30a), and (IL30b), we obtain (IL25). [

Remark 11.1. Unfortunately, expansion of V(x+ b(s))— V(x) in each term of the
series in (I1.19) leads to a divergent, possibly asymptotic, series. Since (1.2) and (1.4)
suffice to display the qualitative difference between potentials of classes (A) and
(B), we do not pursue this question further here, but remark that (IL.19) yields the
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following formal result. The leading contribution to (I1.19) stems from

Moo= ixe L 5 (S0) s

(fos( 3, 25 o) l

2

1
+§Id3xE0,x;B,x
3 3 3 62V
=57 X I —V() ¥ (a—>
= =1\ 0%}

4 av\: Bt 3 (v
. (d3x —_ 7 43 i
T 2” P <6xi> 8l4x Y <6xi> '

Notice that this term is strictly negative, in contrast with the sign in case (B), see
below. If this result is asymptotically correct, and reflects the behaviour of Af (v, §),
then, according to (L.6b), neither potentials of class (A) nor of class (B) agree with
(L7c).

Case (B). In this case (IL.7) yields
Aby(B)=3[d°x Eq 4, {2(XI>a)— x(1x +b(s)| > a; 0< s < f)}

(where y is the characteristic function). The integrand above expresses the
probability that the brownian motion during time 0<s=<p starting at x (with
|x|>a) get into the ball of radius a. In the following, we present some results
pertaining to 4b,(p).

Proposition I1.3. Let v=1. Then

—4b5(B) ~, —c|/B. (IL31)
with c= ﬁ
22
Proof. In case (B), bS(B)=a (132)

by (IL.1) (if v=1). Quantum-mechanically, the corresponding Poisson kernel may
be written down by the method of images

S SNV NP

25T /’( TR for X, y>a,

1 S PSS L xty+2a2
Pyx,y)=—=1e 2f —e 25 for x,y<-—a,
B Y y

/25

otherwise .
This yields
© _Liox_ 202

Atr(e™PH — g™ FHo) = {— } dx— [e 2#

a

—a _L x+2a)2 7B
— [ e T dx} <2a+‘/”f>

and hence by (I1.32), we obtain (I1.31). [

dx
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The three-dimensional result, believed to be exact, is [13]
A3
Q(R) — KCl ~r2
b3()=b5 (ﬂ)(i 25+ )

Comparing with (I1.31) and (I1.32), we see that the correction to the classical result
is expected to be proportional to ]/E, with a factor three times larger as the
corresponding one in one dimension. In three-dimensions, a rigorous lower bound
of the above form may be derived as follows. Let H=H§ = — % A", with (— 4P) the
Dirichlet Laplacian for the region R3\S, where S={xeR3:|x|<a}, that is, the
operator on L*(IR*\S) which is the Friedrichs extension of (— 4) on CZ(IR*\S). Let
(e”PHo ¢~ PHP)(x, y) denote the kernel of the operator (e~ PHo — ¢~ FPHS),

Proposition I1.4.
—cl/B< —4b,y(f)=0 (IL.33)
for B sufficiently small and ¢>0.

Proof. A nice and simple application of the functional method [11, Lemma 21.3,
p. 227] yields

_ [dist(x, S)* +dist(y, S)Z}

0 (e Ho—e™PF) (x, ) < (2mf) " exp{ 7

(IL34)

if x, y € Q, the unbounded component of R3\S. It is proved (although not formally
stated there) in Theorem 21.4, p. 228, of [11] that (e~ #Ho — ¢ ~PH®) is trace class. We
have then

b3(B) = — 473 tr(e B —eI)
=12np)3 2 tr(e” o — o~ FHT), (IL35)
From (I1.1),
bS\(B)=%na®. (IL.36)
By (IL.34), (I1.35), and (I1.36):
BO=3Cap) [ X))

+ [ dx[ePHo(x, x)— (e FHE)(x, x)]}

xza

4z )
S+ 5 [ drr? e

=65 +c1)/B+caf+ s,
with ¢,, ¢,, and ¢ strictly positive constants. This implies (IL.33). []J

Notice that (I1.31) and (I1.33) are, respectively, (1.4) and (1.3) of the introduction.
As a final remark, it is an open problem to prove that the estimates in the
present section yield the corresponding estimates (I.6) for the free energy even for
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sufficiently small density by the methods of [16], except in case (A). In the latter
case, (I.6a) follows rigorously from Proposition IL.2 or IL.3 if the density is
sufficiently small [16]. We are, however, interested in fixed (but arbitrary) density
and f sufficiently small. This motivated our search for direct bounds on the free
energy in the next sections.

III. Upper and Lower Bounds for Af (v, f)
111.1. Upper Bound for Af(v, )

In this section we generalize the upper bound of [5] to hard-core systems. We
consider N particles in a v-dimensional hypercube A’ and the corresponding
Hilbert space AV =I*A""). To each particle is associated a momentum p;,

i=1,...,N, which acts as a differential operator on #{™:

(P) (X1 - xy) = — AV (X1, ..., Xp), (IIL.1)

where D(p;) = Cg(A""). Define the free Dirichlet Hamiltonian (kinetic energy) as
the self-adjoint operator H, , associated with the closure of the quadratic form

holw)= L Pl %, D(ho)=Cg(4™). (ITL.2)

The Hilbert space #") for N particles with spherical hard cores of diameter a is a
closed subspace of #M spanned by e #M which vanish on the set

SM ={(x1, ..., xx); %, €R”, |x;—x;| <a for some i+je{1,2,...,N}}. (IIL3)

We now define the free energy for hard-core systems H{ 4 as the (positive, self-
adjoint) operator corresponding to the Friedrichs extension associated to the
positive quadratic form

N
ow= 2% Ipapll?, (hg)=Cg'(A*™M\SgY). (I11.4)

In order to extend the upper bound of [ 5] to hard-core systems, some problems
arise. The main proofin [5] is valid only on the whole Hilbert space #™. Let V be
an interparticle interaction, given as a multiplication by a real potential:

V) (xgs oo Xp)=0(X1, oo, XN) P(X 15 enes Xp) - (IIL5)
We assume that
ve L*(AN). (IIL.6)

Under the above assumption, the Friedrichs extension and the form sum extension
of (H}, 4+ V) are equal. Let, now, {U,,},,» c be a set of interactions on " defined
by the potentials

m if (xg,...,xy) €SN
0 if (xq,...,xy) ¢S (I11.7)
Under the above assumptions on Vit follows from Lemma A.2 of Appendix A that

H, ,+U,+Visself-adjoint on D(H,, 4) and converges to the Friedrichs extension
HY of HG 4+ V in the strong resolvent sense as m— oo.

U,,,(xl,...,xN)={
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Explicitly,
lim |[(Ho, 4+ U, +V+E) ™' —(Hy+E)" Iyl =0,pe #), (IIL8a)

1im [(Ho, 4+ U+ V+E) 9 =0,pe #40", (I11.8b)

forall E>0(if V=0 — otherwise add a constant to V). We are now able to state the
main result of this section. Let Z 4 y(f), Z 4 ¢(f), and Z 4 \5(B) denote the canonical
partition functions for Bose-Einstein, Fermi-Dirac, and Maxwell-Boltzmann
statistics, defined in the usual way [19] for hard-core systems satisfying the
assumptions stated above.

Theorem IIL1. a) Z, 4(B)<ZS(p),
b) Z, () =Z3(P),
¢) Z,me(B)= Z3(P),

where
1 dVx d¥p
Cl - _ Cl,
ZA (:B)_ N' xeAN‘:'\S&N) (27'Ch)Nv CXP[ BHA (pa X)] s (IIIg)
with
N
HG(p,x)= Y p}+u(xy,...,Xy) (I11.10)
i=1

is the classical partition function, and ZS' is the classical partition function
corresponding to the Hamiltonian

Hﬁl(Pax)=H§11(I7, X)+UB(X1, ‘--axN)> (11111)
vp(Xp, - Xy)= ¥ vgll—x), (IIL12)
1<i<j=N
N 1 [
Tg(x))= — Eexp — W |x}* ). (II1.13)

(Note a sign misprint in (30) of [5].) As in [5], we took 2m=1 for simplicity).
Proof. Let Ty be defined on #5" by

—pHS,, (V)
Typ= { ¢ Tf ve %A’“L , (111.14)
0 it peA (B>0)
By (IIL.8), (I11.14), and Lemma A.3 of Appendix A,
exp[—pf(Ho, 4+ Up+ V)]p—— Ty Vpe A4V, (I11.15)

By (II1.15) and Proposition A.1 of Appendix A:

ZA,B(B)=trJf(AAj’“ Py eXp("BHaA)=tr.yf§1N)(PB7;3)
= li_{ll trf(AN)PBeXp[—ﬁ(HO’A+ U,+V)]. (IT1.16)
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Asin [5], Py denotes the projector onto the symmetric (Boson) subspace. We may
now follow the proof of [5, p. 33], based on the Golden-Thompson inequality, to
find:

trypan Ppexp[—B(Ho+ U, + V)]

dedevp N
S [ exp| — 2
=1 Gy CXP[ ﬁ(i;p&Um(xl,...,xN)

+u(xq, ..., Xy) +Ug(x4, ...,xN))]. (IT1.17)

Taking now the limit of the right-hand side of (I11.17), as m— oo, and using the
monotone convergence theorem, we finally obtain a). The proofs of b) and c) are
similar. [

In order to prove (1.8), let ¥, be the volume of 4 and define the “free energies”:

£24(B)= %long,B(ﬂ) (IIL184)

with similar definitions for f2x(f) and f2yz(B), and
Lp)= VilogZi‘(li’). (I1L18b)
A

We also denote the thermodynamic limit [19, 21] of f,(f) by f(v, f), as in Sect. I,

Vy. . .
wherev=lim 7\% is the specific volume. Note that by (IIL.18) our f (v, f) differs
(Va,N—= )

from the usual canonical free energy by a factor (— ), conforming to the definition
(I.1) already discussed in that section.

Theorem IIL.2. Under the assumptions of this section for hard-core systems, (1.8)
holds.

Proof. According to b) and c) of Theorem II1.1, (L.8) holds for Fermi-Dirac and
Mazxwell-Boltzmann statistics, with c=0. We now concentrate on the Bose case.
We have, by (IIL1.18), (I11.12) and a) of Theorem IIL.1,

gy = L 1og Za8B)
<gsup  sup ['-/3—”‘?(3‘1——’21”—)'} , (TIL19)
N t:lle,R‘:N N

[xi=x;lza,i%]
1
where 9= > is the density. Now, by [21, Appendix A], and (I11.13),

sup  |Bug(xy .. xy) < PBN, (IT1.202)
x;eRv,i=1,..., N
|xi—xj|2a,i%j
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where
BB= 3 sup |By(x), (II1.20b)

t+0 xed(t)

and the sum is over all cubic cells A(t) centered at the points t = nd, with d = 4 and

neZ’. Let ]ﬂ
1
f)=exp— |:4,8h2 (/—%)2d2:|, /=1,2,3,.... (I1.21)
Then, by (II1.20b) and (IIL.21), and setting v=3:
© ) 2 0 3
[33§3.2{;1 f)+34 <l;1 f(/)) +8<£;1 f(f)) . (I11.22)

Above, we considered separately the cells centered at points on the three
coordinate axes, as well as those centered at points on the three coordinate planes,
and disregarded double or multiple countings. A similar estimate holds for general
v. Equation (L.8) follows immediately from [(IIL.19)—(IIL22)] and the Euler
summation formula (see, e.g., [22, Appendix]) applied to the function f. []

Remark I11.1. The constant « in (I.8) may be evaluated

() - ()

o=\ =|——] .

8h Sl/gh

The thermal wavelength is A=]/nfh. Hence the right-hand side of (I.8) is

exponentially small in the ratio a/4, a precise version of the condition v'/3(>a)> A
[14, Chap. 10.2]. [J

I11.2. Lower Bound for Hard-Core System

I11.2.1. Lower Bound for the Partition Function. In this section we derive a lower
bound for the partition function, using methods of functional integration [11, 16].
We assume a positive bounded potential v in (IIL.5) in addition to a hard core of
diameter a, satisfying

(X1, ..., Xy)= 1§i;jél\,ﬁ(bci—xﬂ), (IT1.23)
(x)=0 if |x|<a, (I11.24)
0=o(x]) VxeR". (IIL.25)

For some ¢>0 and
0<D<o0,H(|x)SD/(1+|x])’"* VxeR", (I11.26)
dAx)=t(x)A=1 VxeR". (IIL.27)

Condition (IIL.26) suffices for stability [21]. Assumption (IIL27) of monotone
decrease is, as we shall see, essential. We first approximate the full Hamiltonian by
(Hyg 4+U,+V)on #,(N) as in Sect. IIL1.
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We choose U,, of the form:

UplXy,onxy)= ¥ Num([xi—le), (IT1.284a)

1=5i<j=
where

m if |x|<a

U(|x]) = { (IT1.28b)

0 otherwise’
Although U, is not of the form (I11.7), a modification of Lemma A.3 and the proof
in Sect. IIL.1 applies to yield (in this section we consider for simplicity Maxwell
Boltzmann statistics only)

Z 4, wn(B)= lim ZZ(p), (I11.29a)
Z3(B)= %trw)e"’“’ox“”m”). (I11.29b)
We write
U tV= T wulxi—xj)), (I11.30a)
1<i<jsN
where
W) = w1 X1) + (1), (ITL30D)

and choose m so large such that w,, also satisfies (IIL.27). Let dx denote as usual
Lebesgue measure on IR” and let (B, 5, Db) be the measure space for v-dimensional
Brownian motion [11, p. 38]. We follow the same notation of [11] except for
denoting vectors by a special (bold-faced) symbol. As in [11, p. 38], define Wiener
measure as the measure du, on IR” x B given by dx® Db, and let w(t)=x+ b(t). As
in [11, p. 39], let du, , (w) denote conditional Wiener measure [which corre-
sponds formally, to setting w(0)=a, and w(t)=c]. Let

1 if w(t)ed forall te[0,f]
0 otherwise.

Xalw)= {

Then [23, Theorem 6.3.9] (conditional) Wiener measure corresponding to Dirich-
let boundary conditions on A4 is obtained from the free measure dpu, , .., by
multiplication with the characteristic function y, of 4. In particular, let
{a(s)}o<s<1 denote Brownian bridge [11, p.40], related to o by ()
=x+ ]/ch(t/ﬂ). Then the Feynman-Kac formula, together with (4.13) of [11,
Chap. I1.4], yields the following representation for Z¢”(f) in (II1.29a):

X;—X;

1 B
Zﬁ”’(ﬁ):—N—'(Znﬁ)_”’Wz | dxj‘Docl,...,DaNexp{—jdt y wm<
. ANV 0

1<i<j<N

L) Do) e85

(I11.31)
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Above, Da; (i=1,...,N) is a copy of the measure corresponding to Brownian
bridge. Notice that the trace corresponds to setting a=c in (4.13) of [11].

Let
t
0it)= f o <—> .
B
If |oi(t) —¢,(0)| £ d1x;— x|, then (6 <1),
x;—x;+0dt) — o 01 2(1 =) Ix;—x,
and by the monotone-decrease property of w,,:
WallX; =X+ @it) — (D) Swn[(1—0) Ix;— x,]. (ITL.32)
Notice that if A, B, C denote the events

A:{ sup lot(s) — ()| = 1/— s Vij=1,...,N,i%j;

X+ /B afs)e A, Vi=1,...,N, VSG[O,i]},

Bz{ sup |af(s)—al9(s)| < x;—xjl; Vi,j=1,...,N;

o2 i

i£j, Vk=1,...,v;x;+ /B afs)e’, Vi=1,...,N, Vse[O,I]},

C={ sup  sup [of(s)| < Ixi—xjl; Vi,j=1,...,N,i=%j;

0
ie[1,N] 0<s<1
;ci[[l,v]] = 2WVB

poafs)e A, Vi=1, ...,N,se[O,l]} ,

then A2B2C. Now, by (ITL31) and (ITL.32):
Z5(B)
1 _
gm(Znﬁ) NIz dxl...deexp{—B > wm[(1—5)|xi—xj|]}-EN(A),
: ANV 1=5i<j=N
(IT1.33)

where E(-) denotes expectation with respect to the measure Do, ... Doy. Taking
now the limit m— oo on (IIL.33) and using the monotone convergence theorem, we
obtain by (IIL.29a) and A2C:
ZasalZ Q)™ 1 ddvyoxp[—f Y Hsi—x)]EC).
: AVN\SE) 1Si<j=N
(IT1.344a)

where

(IIL.34b)
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Now, given that (xi, ..., xy) ¢ SY, then C2D, where

sup loc‘~"’(s)|<L Vi=1,...,N, Yk=1,...,v;

D= ; < R
{0§s§1 2)/v|/B

Bafs)yeA’, Vi=1,...,N, Vse[O,I]}.

Let
oa,

21V
where A*=[—7,¢/]". Then xeA”™ and |a®(s) < oa, , Vse[0,1], imply
(x+VEa(s))eA”. ZWVE

Therefore, given that x e (AN \S(N ), it follows that D2 F, where

A= {xe/l”;|x‘k)]§/— k= 1,...,v}, (I11.35)

FE{ sup l(s)| £ —=——, Vi=1,...,N, Vk=1,...,v}. (IT1.36)

2 WIS

Hence, we finally get
1 -V
Z 4 up(B) 2 m@ﬂﬂ) Nz dxy...dxy
! ANISEY

. exp {_ gy g(|xi_xj|)} - Ex(F). (I11.37)

1<i<jsN

Now, the components of « are independent, for i=1,...,N and k=1, ...,v
Ifie[1,N] and ke[1,v] are fixed and

FP= { sup loc"‘)(s)|<oc} (ITL.38)

0=<s=<1
then [24, Chap. 13.7, p. 29]:
E(FY=1—e"2%, Vie[1,N], Yke[1,v], (I11.39)

where E denotes expectation with respect to one-dimensional Brownian bridge.
Inserting (I11.39) into (I11.37), we obtain

1 _
Z 4 mep)2 W(Zﬂﬁ) W2 dxy dxy

AVN\SE)

262a2\vN

-exp[ g Y v(|xi—le)]-<1—e 4ﬂv) (I11.40)
1<i<j=N
Write, now
dxl...deexp[—ﬁ Yo d(x— xl)] ( f dxl...de)-IN,
AVN\SEN) 1<i<jsN ANNSED

(ITL.41a)

N Ndxl ...... deexp[—ﬂ ) 17(|xi—xj|)]
Iy= 420560 Ly (I1L.41b)

[ dxy...dxy

ANNSED
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By (IIL.41b), (II1.26) and Fisher’s method [21, Appendix A], already used in the
proof of Theorem III.2, it is easy to obtain the bound

VLlogINz —PeDpla,y), (I11.42)
A

where D is the constant in (II1.26) and p( - ) is a function of the hard-core diameter a,
regular in the neighbourhood of any a=+0; in particular:

p(al)m pla). (II1.43)
Equations (IIL40), (IIL.41), and (II1.42) yield, together with definition (IIL.18):
_ 6%}
FutByzvelog(1—e ) — foDp(a,)+ £51., (B~ ve/2log(2rf).

(I1L.44)
In (IIL44),

A’ al(ﬂ)_—IngA al(ﬁ)a

where Z$ , (B) is the classical partition function of pure hard cores in region A",
without the kinetic term, which we separated out as the last term in (IIL44).
Performing the same splitting of (IIL.41) for the classical partition function, using
the positivity of # and again separating out the kinetic term, we find:

S(B)< S5+ S log(2np), (11L45)

where f', denotes the classical free energy of pure hard cores of diameter a. By
(III 44) and (I11.45) we find in the thermodynamic limit [noticing that by (IIL35)
"4, has the same thermodynamic limit £ R

62a2

Af(v, )= —10g<1 —e 2"“) + =8 —B-o-Dplay). (I1L.46)

I11.2.2. The Bound (1.10) for v=1. Letnow 0<e<3, B[O, B,], for some fixed f3,
sufficiently small, and
6=0,=p*"* (I11.47)

1-2¢
in (IIL.46) l:more propetly, 5=<§> , Where /1=h]/[7 is the thermal

Wavelength] Then the first term in (I11.46) is still O(exp(— %)), for B sufficiently

5’} by (II11.34b), then (I1L.43) implies that the term

(—BoDp(a,)) in (11L46) is of order O(f). To see what happens with
AfNB)=filip— 1 (I11.48)

small. Since al—al(ﬁ)—

consider v=1, where [25]
=01 +log(v—a)]. (I11.49)
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We shall assume that
v &a,(B), VBe[0,ho] (ITIL.50)
for some fixed ¢ satisfying
1<é<3. (IT1.51)

(Clearly v>a,(B)= i a 5 is necessary for f ) to be deﬁned.> On J,; we impose
Y

0,<2(¢—1) forall Be[0,B,]. (ITL52)
Then, by (I11.48) and (111.49):
d;-a
A1 B)=¢ log[i - “_(ssm],
with
0pa < g
(1=05)(—a) = ((—1)+4,

Using now the inequality

<2
—3

log(1 —x)= —oax if x§1—%, (x>1)

with o =3, we obtain

0ga 3ag
AfNB)z —3e (1=5,)0-92 (=280 Sp. (I1L53)
if, by (IT1.50) and (I11.52):
b2 3_52561. (I11.54)

Clearly, by (II1.54), we may choose v arbitrarily close to a (from above) by choosing
¢ arbitrarily close to one, but the interval of variation of f shrinks in
correspondence, as (I11.52) shows. We have thus proved

Proposition IIL1. Given ¢ satisfying (I11.51) and 0 <& <3, then (1.10) holds for v=1
2 2

if (B,v) is such that Be[0,f,], where B, <20-29(¢(—1)1729 and v satisfies
(I.54). O

Notice that (I11.47) shows that an integrable potential outside the hard core
provides a contribution to the free energy of order O(B'/?) with respect to the hard
core term. This agrees with the intuition that for |0 only the behaviour of the
potential near the origin plays a role — see also the introduction.

I11.2.3. Lower Bound for Af (v, f) Using Coherent States. Assumption (II1.27) of
monotone decrease of the potential excludes several interesting cases, for instance,
potentials which are negative (attractive) at large distances. In this section we
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sketch a derivation of the weaker bound (I.11), which is valid, however, for any
stable hard-core potential, based on inequalities due to Baumgartner [ 5, Sect. 2c].
The latter involve an ingenious form of the coherent states which was introduced
by Thirring [26]. Since there is no novelty in method, we shall be rather cursory in
exposition, referring the reader to [5] for details. The present application reveals,
however, the flexibility of the Thirring coherent states, when the wave-function is
appropriately chosen.

We assume a two-body interaction (for clarity in this section we use a vector
notation):

V(Xy,...,Xy)= > v(lxi_le)s
15i<j=N

with

_Joo if |x|=a
v(IxI)—{ﬁ(IxD i x> (I11.55)

where §is such that V is thermodynamically stable. As in Sect. (IIL1.2) ¥ will not play
any significant role for small . Let v=3 (just to agree with [5]). Then [5, (25) et

s¢q.] [Z,(B) stands for Z,, u(B) or Z, (B)]:
1 4*Np dx

ZBz NT yondsgn QY exp[—pH@P,x)], (IT1.56)
where
N
A(p,x)= i; (p? +2p;t- {P|pd)> + 1> (PP D))
+ X dx—x), (I11.57)
1Zi<j=N
and
#(x) = {I Pz By u(x—y)|pz—y)* |p(—2)*, x> a (I1L.58)
00, x|<a

Above, ¢ is a C* function of compact support supp¢ satisfying
a) [|p(x)|*d*>x=1 (normalization)
b) supp¢ € {xeR?;|x|<a}

d
o (Db = [dp|B@I2 P2, (I1L59)
(plpp> = [d*p|P(p)*P, (I11.60)

where ¢ denotes the Fourier transform of ¢. We choose the hard-core diameter
(“¢”in [5]) equal to the hard-core diameter a of the original potential. We were also
rather informal in definitions such as (I11.55) and (II1.58), but mathematical details
(involving suitable limiting procedures) may be filled in as in Sect. III.1. We now
choose ¢ as follows. Let h(x) be a C*-function of one real variable, such that

.
l/g’

supphC[—1,1], | dxh(x)=1, and define for 0 <a<

hy(x) = %h G) .
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Then h,e C®, supph,S[—a,a] and | dxh,(x)=1. Let, now

#9=6.0= [T /ha= 11 % / h(§>,x=(xi)?=1 e

We also assume that ]/h is C®. This is satisfied, for instance, by the standard
example of a C* function of compact support

1
cexp <+x2—1> [x]=1
1
h(x)= with ¢ such that _f 1 h(x)dx = 1) .
0 otherwise

(ITL.62)

Condition a) is clearly satisfied, and b) follows from a< % assumed above.

Further, since ¢ is C*, both quantities (I11.59) and (II1.60) are finite. Since ¢ is real-
valued, (I11.60) shows that

{(pIpg>=0. (IIL63)
With the choices above, the function y defined by
w(y)= [d’z|pz—y)I* |$(—2)? (ITL.64)
is of compact support, and
suppy < {yeR3;|y|<2]/3q}. (IT1.65)
Hence, by (I11.55), (I11.58), and (I11.65),
o0x)=d(x) if |x|>a,=a+2]/3a. (I1L.66)

By (II1.56), (I11.63), (I11.66), and definition (IIL.18) [where f,(f5) stands for either
Ja.8(B) or f46(B)]:
d*p

SlF) 2108 5 55 exp(— F®) — o™ p*®)

11
~ log— dPxexp[ —
T, OB NT pardsge xeXp[ b

o(lx; — le)] .
N
(I1L.67)

1=i<)s

Let, now

S(X)=1/hy(x).

Then, by (IIL61)

3 =
@Ip*¢>=o_ J dp P*ISp), (ITL.68)
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where

Sp)= _QIO dx €™ )/h(x)=/a _}0 dx e")/h(x).

Upon substituting this expression for §a(p) into (II1.68) one obtains

<¢Ip2¢>— T f dp p* (") (p)?,

and hence
(PpIp*py=ca”?. (ITL69)

We may now handle the third term in (IIL.67) exactly as in Sect. (II1.2). The
leading term in B will be due to the difference 4/ in classical free energies
corresponding to hard core diameters a; and a. Assuming that the classical free
energy for v=3 behaves as the one-dimensional case, i.¢., like the right-hand side of
(IIL.49); (for a discussion of this assumption in the context of mean-field models, see
[25, p. 93])

'=0[1+log(v'*—a)] (I11.70)

(with ¢=1/v the three-dimensional density and a the hard core radius as before),
we have

Af=0[1+1log(v'"”—ay;)]—o[1 +log(v'?* —a)]
=@'*>a,>a)=glog[1—(a, —a)/(v'*—a)]
—3e(a; —a)/(v'?—a),
if (a' —a)/(v**—a)<%, as in Sect. I11.2.2. Now, a; —a=2]/3a by (I11.66). Take

o

01/3_a =a-—2ﬂh2 = a=(ﬁh2)1/3 (01/3 _a)1/3 .

Then

3 (1)1/3 a)1/3 2

(Bh*)"
ol /3 l/ 13 _ < 3’
which may be written in terms of the thermal wave-length A=]/nf h:
(3/)/n(0'? — )P <1/3)/3)

or A< L (v'®—a). Under this condition

(3‘/§)3/2

AfOiz —302 —302)/3 s Gly/m”

1/3 © 1/3_a)2/3 >

which is of the form (I.11).
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Appendix A
In this appendix, we collect some lemmas used in the main text.
Lemma A.1.
tr(file PH—e PH0) f)——tr(e PH —e~FM0), (A1)

Proof. It suffices to show the following general result. If A is a trace-class operator
and {B,} a uniformly bounded sequence of operators converging weakly to B, then

lim tr[ A(B, — B)] =0.

Let {e,} denote a complete orthonormal set of eigenvectors of A*4 with
eigenvalues {4,}, 1,20, and let f,=4, '/?4e, for ,%0. Then } 4,/*=[ A, <0
and

tr[A(B,—B)]= Y. 4,"*(e,,(B,— B) ).

By the uniform boundedness of B,, the sum over p>p, is bounded by

(sgplan—Bll> Y A%

P> po

which can be made arbitrarily small for a suitable choice of p,. The finite sum over
p=p, for any fixed p, tends to zero by the weak convergence B,—B—0. []

Lemma A.2. Let ve L*(A4*)and {U,,} 5, be the set of interactions on A" defined
in (IIL.7). Then (Hy, 4+ U,,+ V) is self-adjoint on D(H,, 4) and converges to the
Friedrichs extension of (Hg 4+ V) in the strong resolvent sense, i.e., (I11.8) holds.

Proof. The proof is almost identical to the proof of Theorem 1.6, p. 224, of [17].
Slight alterations due to the extra Dirichlet condition on 04 are straightforward.
Assumption v=2 of [27] is not required because under our assumption on v the
Friedrichs extension and the form sum extension are equal. []

Lemma A.3. Assume (IIL.8). Then (IIL.15) holds, i.e.,
exp[—tHo 4+ Up+ V)= Ty Ve ALY, (A2)

m— oo

uniformly in any finite interval of t=0 (in the main text we use 8 for t).

Proof. By the assumption (IIL5) et seq. both (H, 4+ U,,+ V)and H = Friedrichs
extension of (H§, ,+ V) belong to %(M, B) for some fixed M, f (independent of m), in
the notation of [28, p. 485]. Hence Theorem 2.16, p. 502 of [28] applies to yield
A2). O

Proposition A.1.
trypgn(Pgexp[—B(Ho, 4+ Up+ V)] 5 tregn (Pexp — HY),  (B>0)
(A.3)
(see Sect. II1.1).
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Proof. By a variation of Theorem 6.6 of [11] (the variation being for the
restriction to a finite volume A with the Dirichlet condition), the operator
exp[—p(Hy, 4+ U, + V)] has a continuous positive kernel which we denote by
K,(x,y), where x=(xi,...,xy), x;€R’, and similarly for y. Hence
Pgexp[—p(Hy 4+ U, + V)] has the kernel

K,(x,y)=N!""L K(Px,y).
p

By the Feynman-Kac formula (in the proof of Theorem 6.6 of [11]) K,,(x, y)
and hence K,,(x,y) are monotone decreasing functions of m for each fixed x, y.
Therefore we have the following limits

11_{n Km(x> y) = Koo(xa y)
lim R, (x, ) =K (x, ).

Since, by (II1.15), exp[—B(Ho, 4+ U, + V)] converges strongly to Tj, as m— oo,
K (x,y)is the kernel of T; and K ,(x, y) that of P;Tj. If we establish the fact that
exp[—p(H,, 4+ U,+ V)] and exp(— Tp) are in the trace class, then we can use the
lemma, p. 65 of [20] to obtain

tI-IJBeXpI:_‘B(IJO,A + Um+ V)] = .[Km(x’ x) dx,
trPgexp(—Ty)= | K (x, x) dx,
and therefore

"111_130 trPgexp[—B(Hy 4+ U, +V)]=tr Pgexp(—Tp),

which is (A.3). In order to prove that the above operators are trace class, we may
use a variant of Theorem 21.4 of [11] and reduce the problem to the case without
potential and without hard core. For a cube 4, exp(—H,, 4)is trace class by exact
computation. []

Appendix B
In this appendix we show that Af (ﬂ)ﬁo B, where Af(p) is, for purposes of

comparison, the same quantity defined in (I.1a), in the case of quantum spin
systems. This follows from a trivial application of Lieb’s inequalities [3]:

ZYS)SZYS)=ZG (S +1) (B.1)

(with the same notation as [3]). In order to avoid unnecessary notational
complications, assume that

x,yeAd
with
T )| <o (stability)

xeZv
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and S spin operators corresponding to spin quantum number S. Then (B.1) and
(B.2) together imply

T(B.S)— [T B D= fRB,S)— B, D=41(B)
S 2B, S+)— £ (B 1), (B.3)

where f2(B,S) [respectively f'(B,S)] is the quantum (respectively classical) free
energy per particle, defined as in (IIL.18). The latter corresponds to the classical
Hamiltonian
Hﬁlz Z J(x—y)(Stx : Sty)>
x,yedA
where t, are three-dimensional unit vectors. From (B.3) we obtain immediately, in
the thermodynamic limit

—cpIS? 1| Af(B)=cBL(S+1)*—1], (B4)
where c= Y |J(x)|.

xeZv

Appendix C

In this appendix we show that the high energy limit of the microcanonical entropy
of an infinite system of particles in a bounded external potential is classical, by
using the technique of Dirichlet-Neumann bracketing [10, Chap. XIIL15].
However, by performing the thermodynamic limit before the high-energy limit, we
shall see that the corresponding estimates are quite different in character from
those of [10, Chap. XIIL.15]. We assume that

N
Hj= Y hi, (Cla)

i=1
hi=— 47 +v(x), (C.1b)
o(x)| <o forsome w<oo, (C2)

where AP is the Laplacian with Dirichlet boundary conditions on a cube
A=[—a,a]® with volume V=(2a)*. We let

WE,V,N)= % (3 eigenvalues of H}<E), (C.3)

T
8E V. N)= o VT sy SE 0202, (CA)

where 75y is the volume of the unit sphere in 3N-dimensions, and

vp(x)= i=§1 v(x;). (C.5)
Let, also
o=N/V, (C.6)

vy, 7(N)= sup v7(X) =Ny, (C.7a)
xeAN
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and
v_ 7(N)=inf vp(X)=Nvy;,, (C.7b)
xe AN
where, by (C.2)
Umax é a, (C.7 C)
b > —a. (C.7d)
Let
_ T3n AN 3N/2
g+(E, V,N)= Qrh)y VN T xeA;{ggE A X(E—vy o(N))*%, (CB)
SE, V,N)= 1, logulE, V,N), (9)
1
Sa, +(E, V,N)=—I;10ggi(E, V,N), (C.10a)
SalB, V,N)= 1, 1084(E, V, ), (C.10b)
u.(E,V,N)= % (3 eigenvalues of HY <E), (C11a)
1
u_(E,V,N)= N (4 eigenvalues of HY <E), (C11b)
where
N
H2=—AP+4u, (N); —4P= ¥ (—4P), (C.122)
i=1
N
HY = —AN4o_ 4(N); —AN= 3 (—4Y), (C.12b)
i=1

and 4? (respectively AY) are the Laplacians with Dirichlet (respectively Neumann)
boundary conditions (defined as in [10, Chap. XII1.15]). Finally, let

S4(EV,N)= - logu, (E,V,N). (C.13)

Proposition C.1.
lim limsup[(Ve, V, N)—Sc(Ve, V,N)]

g>0 N-w
V-
NV =¢

= lim liminf[S(Ve, V, N)—Sq(Ve, V, N)] =0. (C.14)
ooy
NV =g

Proof. We have, by Dirichlet-Neumann bracketing [10, Chap. XIIL.15] and

(C.11):
us(E,V,N)SW(E,V,N)Su_(E,V,N). (C.15)
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Let ¢>¢, We have
3N _3N

3N/2 3N>—T (ne)3N/2 <3N> 2
A = =|— v» (C.16)
fan = F(gzli +1> < /32N (1 +0o(N 1) ¢

2
(ne)3N/2

/BN (L +o(N 1)

We may therefore write, by (C.7):
o(e, V,N)<g.(E,V,N)<g(E,V,N)sg_(E,V,N)=1(¢, ;N),  (C.18)

1 v P 2V 3N
a(e, V,N)= N |:(2 h)3] ex p[3Nlog<3N>](s—ro)2 cy, (C19a)

(e, V,N)= ]\1”[(2 I;1)3]1\,6)@[31\[10g<2V>]((°,+ro)3ch,\,. (C.190)

By (C.15) and (C.18)

2

(C.17)

where

< < . C.20
g (EV,N) = gE,V,N) = g, (E V,N) (€20
Now
g—(E9I/’N) 1+g—-(E91/,N)_g+(E)I/’N)’
g+(Ea V,N)
and hence, by (C.10a), (C.13), and (C.21) with E=Ve:
Au'+(E7 I/aN)

g_(E, I/,N) =S+(E’ I/51\])_SC1,+(125 V;N)

v l"g[l T BN ]
By (C.8) and (C.2)

3N 3N
3N gy A

<g_(E — <~ __ 3N  ya2 N 2
0=<g_(E,V,N)—g.(E, V,N)< 5 (2nh)3NN!V Ve + o) (2Noz),

and therefore
3N —1
g_(E,V,N)—g.(E,V,N) e+o0 B _
0 <3N?qV ! — 1
= ¢.(E,V,N) =2V \e—oa (e—0%)
3N

~30 N<8+§a) (e—02)™". (C22)
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Hence, for sufficiently large N
3N

14878+ <6 N<8+§Z) (e—0)™",

g+

1 g\ 1 )
I—/log<1 + gg—f) < —10g[6gaN(s—ga) 1
3N e+ oo
+<7—1>/V10g<8_9ﬂ>. (C.23)
By (C.20)~(C.23),

S(E3 V>N)—SC1(E5 VaN)ZS+(E V N)—SCI, +(Ea I/aN)

1 1 e+ oo
—Vlog[6gocN(s——ro) - < Q—I—/>1 g<s—go¢>' (C.24)

Similarly, from (C.20),

S(E,V,N)—Sc(E,V,N)<S_(E,V,N)—S¢, -(E,V,N)
g_(E,V,N)
g+(E,V,N)
3 +Q
+0log;
by (C.18) and (C.19).

By (C.24) and (C.25) we shall have proven Proposition C.1 if we can establish
that

1
+?10g éS—(E’I/:N)—SCI,—(Ea I/’N)

Ii/log[6gozN(8—ro)_ 1 (C.25)

GV V)
1 Ve, V,N) _ 2
Jlim Vl g.(Ve, V,N) (C26)
il

¢ arbitrary.

Proof of (C.26). a) Dirichlet-case (+):

N!u, is the number of unit cubes with “right upper” corner inside the sphere
S,, r=roN>/% (“Dirichlet-cubes™).

N!g, is the volume of S,:

T3N 3N
N!g+=h3—Nr .

Letd,=]/3N be the diagonal of a unit cube, then the sphere S, _,; is completely
filled with Dirichlet-cubes. Therefore

+ 2

N (r—do)*",

h—
31/3 —3N
< (3N)”3>

N2/3
e,

lIA

e
By
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with a suitable constant a. This implies

11 g, 2/3

—log=2=< —0.

|4 Og.u+ =4 |4 ?,’:2
N/V =09

b) Neumann-case (—):
N!p_ is the number of unit cubes with “left lower” corner inside the sphere S,.

As above

Nlp_ < 38 4dop,

_.=hs—N

3N
1§-“—‘s<1+‘—iﬁ> <M O
< o) =

Acknowledgements. We should like to thank J. L. van Hemmen for reading the manuscript and
suggesting some substantial improvements in Sect. II, and Prof. J. Ginibre for correspondence
informing us about the present status of the problem. We are particularly indebted to the referee
for important corrections and contributions to technical details, in particular Lemma A.1 and
Proposition A.1 of Appendix A.

References

1.

2.

(98]

10.

11.
12.

13.

14.
15.

Frohlich, J., Israel, R.B., Lieb, E.H., Simon, B.: Phase transitions and reflection positivity. L.
General theory and long range lattice models. Commun. Math. Phys. 62, 1 (1978)

van Hemmen, J.L., Brito, A.A.S., Wreszinski, W.F.: Spin waves in quantum ferromagnets. J.
Stat. Phys. 37, 187 (1984)

. Lieb, E.H.: The classical limit of quantum spin systems. Commun. Math. Phys. 31, 327 (1973)
. Simon, B.: The classical limit of quantum partition functions. Commun. Math. Phys. 71, 247

(1980)

. Baumgartner, B.: Classical bounds on quantum partition functions. Commun. Math. Phys.

75, 25 (1980)

. Griffiths, R.B.: Microcanonical ensemble in quantum statistical mechanics. J. Math. Phys. 6,

1447 (1965)

. Minlos, R.A., Povzner, AJa.: Thermodynamic limit for entropy. Mat. Sb. 73, 269 (1967)
. Driessler, W., Landau, L., Perez, J.F.: Estimates of critical lengths and critical temperatures for

classical and quantum lattice systems. J. Stat. Phys. 20, 123 (1979)

. Combe, Ph., Rodriguez, R., Sirugue, M., Sirugue-Collin, M.: Pub. Res. Inst. Math. Sci. 19, 355

(1983)

Reed, M., Simon, B.: Methods of modern mathematical physics, Vol. V. Analysis of
operators. New York: Academic Press 1978

Simon, B.: Functional integration and quantum physics. New York: Academic Press 1969
Jancovici, B.: Quantum-mechanical equation of state of a hard-sphere gas at high
temperature. Phys. Rev. 178, 295 (1969). See also Jancovici, B., Merkuriev, S.P.: Quantum-
mechanical third virial coefficient of a hard-sphere gas at high temperature. Phys. Rev. A 12,
2610 (1975) and references given there

Gibson, W.: Quantum-mechanical second virial coefficient at high temperatures. Phys. Rev.
A2, 996 (1970)

Huang, K.: Statistical mechanics. New York: Wiley 1963, Chap. 10.2

Calogero, F.: Variable phase approach to potential scattering. New York: Academic Press
1967, Chap. 15



Classical and Quantum Statistical Mechanics 31

16.
17.
18.
19.
20.
21.
22.

. Bratelli, O., Robinson, D.W.: Operator algebras and quantum statistical mechanics, Vol. II.

24.
25.

26.
27.

28.

Ginibre, J.: Les Houches Lectures 1970. In: Mecanique statistique et theorie des champs.
Stora, R., de Witt, C.M. (eds.). London: Gordon and Breach 1971

Lieb, E.H.: Calculation of exchange second virial coefficient of a hard-sphere gas by path
integrals. J. Math. Phys. 8, 43 (1967)

Lebowitz, J.L., Penrose, O.: Analytic and clustering properties of thermodynamic functions
and distribution functions for classical lattice and continuum systems. Commun. Math. Phys.
11, 99 (1968)

Ruelle, D.: Statistical mechanics. Rigorous results. New York: Benjamin 1969

Reed, M., Simon, B.: Methods of modern mathematical physics, Vol. ITI. Scattering theory.
New York: Academic Press 1979

Fisher, M.E.: Arch. Ration. Mech. Anal. 17, 377 (1964)

Fricker, F.: Einfithrung in die Gitterpunktlehre. Basel: Birkhduser 1982

Berlin, Heidelberg, New York: Springer 1981

Breiman, L.: Probability. Reading, MA: Addison Wesley 1968

Thompson, C.J.: Mathematical statistical mechanics. Princeton, NJ: Princeton University
Press 1972

Thirring, W.: Lehrbuch der Mathematischen Physik, Vol. 4. Berlin, Heidelberg, New York:
Springer 1980, p. 57

Ferrero, P., de Pazzis, O., Robinson, D.W.: Scattering theory with singular potentials. IT. The
n-body problem and hard cores. Ann. Inst. Henri Poincaré 21 A, 217 (1974)

Kato, T.: Perturbation theory for linear operators. 1st ed. Berlin, Heidelberg, New York:
Springer 1966

Communicated by M. E. Fisher

Received January 29, 1986; in revised form November 4, 1986








