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Abstract. We study four-dimensional pure gauge field theories by the
renormalization group approach. The analysis is restricted to small field
approximation. In this region we construct a sequence of localized effective
actions by cluster expansions in one step renormalization transformations. We
construct also f-functions and we define a coupling constant renormalization
by a recursive system of renormalization group equations.
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0. Introduction. Formulations of Results

In this paper we continue our study of the ultraviolet stability problem for lattice
approximations of gauge field models. We consider here the renormalization
group approach to four-dimensional pure gauge field theories. We restrict the
study to a part of the problem, namely we want to understand how to generate the
effective actions in a small field approximation, and how to perform a coupling
constant renormalization by a system of recursive renormalization group
equations (Callan-Symanzik equations).

The renormalization group approach we use here follows the ideas of Wilson
[74,75]. This approach was developed by the author for superrenormalizable
gauge field theories in the papers [4-16], see especially [4-6] for an explanation of
ideas and an introduction to techniques. The renormalization group approach
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was pursued by Gawedzki and Kupiainen in [39-44], and other papers, for an-
other class of models. Some of their ideas are very important here, and we use them
quite extensively.

Renormalization group ideas in rigorous results in quantum field theory
already have a long history. We do not intend to give a responsible account of it,
but we would like to mention here some papers and methods which were especially
important for us. Some aspects of these ideas are present in early papers of Glimm
and Jaffe, most clearly in [46] in the form of the phase space cell expansion. This
method has been developed since then by many authors [30, 61-63, 31-34]. The
most recent and interesting achievement is a control of the infrared renormalizable
and asymptotically free critical A(¢*), model [31], and the construction of the two-
dimensional Gross-Neveu model [76*], see also [77*]. The next important and
decisive step towards the constructive renormalization group approach was done
by Gallavotti and collaborators [19-21, 37, 38]. In these papers some fundamental
ideas and techniques were introduced, which laid a basis for future developments.
Especially the papers of this author were influenced by them in an essential way.
The renormalization group approach was developed in numerous papers, mainly
from a perturbative, or a numerical point of view. Nonperturbative and discretized
versions of renormalization group equations, called Callan-Symanzik equations,
play an important role in this and subsequent papers. Some fundamental papers
on these equations are [45, 69, 70]. Also we mention that renormalization group
methods in Wilson’s form were investigated in the papers [65, 37, 38] from a
perturbative point of view. The fully developed, nonperturbative methods were
presented in the above mentioned papers by Gawedzki and Kupiainen.

Applications of renormalization transformations involve two kinds of prob-
lems. An integral defining the transformation is divided into two subintegrals,
one determined by the “small field” region, another by a “large field” region.
Controlling small field integrals is connected with understanding renormalization
problems. In our case the only important renormalization is a coupling constant
renormalization, but there also is a simple vacuum energy renormalization. We
study the renormalization transformations under the simplifying assumption that
integrals are restricted to small fields. This simplification allows the representation
of renormalization group transformations by transformations acting on effective
actions. Thus applying a sequence of small field renormalization transformations,
we obtain a sequence of effective actions with new effective coupling constants. We
use methods and results developed for gauge field theories, Abelian and non-
Abelian, in the series of papers [ 7-16]. The fundamental technical results obtained
in those papers are valid in four-dimensional theories (in fact they are dimension-
independent), and they form a technical core of this paper. Not only technical
results are important here, but also some ideas used previously in a simpler
framework. For example the analysis of renormalization in Higgs models done in
the paper [7], which seems to be restricted to superrenormalizable models,
provides ideas how to represent effective actions and how to analyze them using
Ward-Takahashi identities, which are essential for renormalizable models. We can
say, with some exaggeration, that the method of this paper is the method of [ 7] for
the resummed perturbative expansion. Other methods and results used in this
paper are taken from the papers [41—43] of Gawedzki, Kupiainen; especially we
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use the idea that the effective actions should be considered as analytic functions
defined on spaces of complex field configurations. In the above papers it was used
as a method of proving convergence to a fixed point. Here we use it as a purely
technical device, simplifying a formulation of inductive assumptions on effective
actions, and simplifying many technical aspects of cluster expansions. In
Gawedzki and Kupiainen’s papers, scaling transformations play a fundamental
role. We do not have them in the class of nonlinear models considered here; instead
we analyze effective actions using regularity properties of field configurations, and
symmetries. The important symmetries are given by lattice Euclidean transforma-
tions and gauge transformations. They yield a set of Ward-Takahashi identities.
These identities, together with the regularity properties, allow the analysis of
renormalization transformations and the reduction of them to simple transforma-
tions of effective coupling constants. More precisely, the identities determine
p-functions which we use to transform the coupling constants by discrete analogs
of Callan-Symanzik equations. These ideas form the core of our method, although
they are rather simple from a technical point of view. The Ward-Takahashi
identities are discussed in Sects. 4 and 5. The analysis of the Callan-Symanzik
equations, based on perturbative calculations, will be discussed in another paper.

Let us recall now some geometric definitions. Consider a lattice as a subset of a
continuous Euclidean space R?, or a torus T obtained by the usual identification of
boundary points of the cube {xe R*: —L,<x,<L,, u=1,...,d}. Wetake L,=L",
where L is an odd, positive integer > 11, and m is a positive integer. These spaces
are divided into regular lattices of cubes with corners at points of L™ "Z¢,
n=0,1,....Each lattice determines a lattice of centers of these cubes, i.e. the lattice

d
L™"Z%+ Y, 5L "e,, where e, denotes a unit vector of the positive u-th axis. Field
u=1
configurations are defined on these lattices. Define the initial lattice approxi-

mation on the torus

41
T,= {xesZ"-l— 2=

ﬂ=1283u5_Lu<xu<Lu’/‘=1’~-’d}> 0.1)

with a lattice spacing e = L™ X, This torus determines a sequence of tori denoted by
T%) and defined by (0.1) with ¢ replaced by I*e, k=1,2,.... A point ye T¥
determines a cube of the continuous torus with a center at y and the size I*e. We
denote it by 4(y), or 4,(y) if it is necessary to indicate the scale. Usually we drop
subscripts, or superscripts, indicating lattice spacing, or other scales, if a meaning
of a symbol is clear, or if the scale is unessential. It is convenient to determine
subsets of a lattice by subsets of continuous space. We consider only subsets which
are unions of cubes of a division described above. Such a subset determines a set of
lattice points, of a given scale, belonging to it, a set of bonds, ie. intervals b
connecting nearest neighbor points b_, b,, which intersect it, and a set of
plaquettes, i.e. elementary squares of the lattice, which intersect it. We denote all
these sets by the same symbol denoting the continuous space set.

Field configurations have values in a compact Lie group G. For definitions
concerning Lie groups and algebras see [71]. We assume that G is semisimple and
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that it is a Lie subgroup of a group of complex unitary matrices, for example
GCU(N). (In fact a bigger part of our considerations does not depend on the
semisimplicity assumption.) Gauge field configurations U are functions defined on
bonds of the lattice T, with values in G. A value of a gauge field configuration U at
b={x,x") is denoted by U,=U(b)=U(x,x )= U(x,x').

An action for gauge field models was proposed by Wilson [73], and is given by

A(U)= ZT e474[1 —Retr U(0p)], 0.2)
pels
where tr is the normalized trace, i.e. tr1 =1. For d=4 we drop the superscript ¢
from the symbol of the action. We denote also the plaquette variable by 0U, hence
U(0p)=(0U) ().

The gauge field action and its properties were discussed in many papers [22, 64,
67, 2, 27, 56, 57, 74, 75].

In this paper we are interested mainly in d =4 gauge field theories. We do all
considerations, and write all formulas below for this case, and only occasionally we
discuss some special features of d=3.

Our basic object of investigation is a sequence of actions defined recursively by
applications of small field renormalization transformations, starting with the
action (0.2). We apply renormalization transformations similar to those intro-
duced by Wilson [74, 75]. To write a definition we have to recall some geometric
definitions of [4, 5,9, 10]. If y is a point of a lattice T with a lattice spacing J, then
a block of k-th order, determined by the point y, is defined by

BYy)=A()nT"%p (0.3)

[4(y) is a continuous space cube with a center at y and with the size ]. Blocks of
order 1 are denoted by B(y). For a point x € B(y) we take a family G(y, x) of
shortest contours with the initial point at y, and the final point at x. If x—y

d
= u; on,e, (0 is a lattice spacing, n, an integer such that |n,|< L—1/2), then we

construct contours of G(y,x) in the following way: take a permutation {m(1),
n(2), ...} of indices p with nonzero numbers n,, next take |n,;,| bonds in the
direction sign n.e,, starting at y, |n,,)| bonds in the direction sign n, e, ,,
starting at y+ 0n,1)e,q) and so on. We define G(y, x) as the family of contours
generated by all such permuations. For a bond ¢ and a point x € B(c_), let [x, x]
denote a contour which is obtained by a parallel transport of ¢ to the point x.
Renormalization transformations are defined by averaging operations. In the
previous papers we have used the definition introduced in [12]. This definition has
one disadvantage, it is not symmetric with respect to lattice Euclidean transforma-
tions. Preserving this symmetry is very important for the method; therefore it is
necessary to modify the definition. For technical reasons we wish to establish
analyticity with respect to group valued gauge fields. Therefore we also consider
the complexified group G°. Elements of this group are defined as matrices of the
form U=U'U, where U € G and U’'=expid’, A’ e g, g° is the complexification of
the real Lie algebra g. Let us write the simplest, immediate extension of the
definition of averages in [12]. The set of contours used in this definition was too
small to be lattice Euclidean symmetric, so we extend it. We define an average of a
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gauge field configuration U, corresponding to a bond ce T, by

_ ) 4 1 1
OO=MUa=ew[i 1 2 ot o 2 e
X %logU(Fu[x, x]u(—F’)u(—c))] U(c). 0.4)

We need also a Euclidean invariant definition of the axial gauge fixing. A
natural idea, in agreement with the above definition, would be to use variables
obtained by averaging the contour variables {U(I')} 1., x) rather than to use one
contour variable U(I} ,). Thus we have to define an average of a finite set of group
elements. We introduce an axiomatric definition of such an average. It is a G*-
valued function defined on sets {U;: j=1,2,...,n}, U; e G°, with sufficiently small
diameters. We denote it by {U;} = M({U;}), and we assume that it is an analytic
function having the following properties:

M{U; 'H=M{U}H 1 (0.5)
M({uU,p}) =uM({U })o; (0.6)
M(n{U;})=M({U;}) for an arbitrary permutation = of the set {U;}; (0.7)

for a set {U;} of elements close to the identity of the group, i.e. U;=expid; with 4;
in a small neighborhood of 0 in g, the average is close to the identity also, and

1 n
%logM({expiAj}): . > A;+ (higher order terms); 0.8)
ji=1

if U;eG, then M({U;})eG also. (0.9)

There are several proposals how to define such averages, see [74, 75, 35]. Let us
write a definition which is equivalent to the one given by Federbush in [35]. The
average of the set {U;} is the element Ue G° such that U; are in a small
neighborhood of U, and it satisfies the equation

L

> —logUU '=0. (0.10)

=N

This definition has all the properties listed above, as it was proved by Federbush in
[35 (ID)].

The considerations and results of this, and previous papers, do not depend on
any particular averaging operation used; they are valid universally for all averages
satisfying the above properties. Having such an average we introduce the averaged
contour variable corresponding to the set of contours G(y, x),

U@y, x)=M{UD)}reey,) - 0.11)

In fact the only reason for introducing the group averages with the properties (0.5)—
(0.10) is to define the controur variables (0.11) which are invariant with respect to
permutations of the contours I' in G(x, y). Using these variables simplifies a little
bit the subsequent discussion of the Euclidean invariant axial gauge fixing. To
match a bit better the new axial gauge fixing to the definition of the averages of
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gauge field configurations, as in [12], we introduce the definition

U(c)=exp l:i > LM % log U(c_, x)U([x, xPU(x’, ¢ . )U(~ c):l U(c). 0.12)

B(c-)

This average has properties similar to the properties of the average introduced in
(0.4), especially all results of the paper [12] are valid for it. The proofs are in most
cases unchanged; in others only minor and obvious modifications are needed.
These modifications are connected again rather with the fact that we consider G*-
valued configurations, than with the different definition of the average. Let us
stress that both definitions are equally good for our purposes, in fact we may use
many other definitions. It is possible to axiomatize them also, listing all essential
properties, but it is not interesting enough to do it here. We mention only this
possibility in case it will be convenient to use some other definitions.

Now we consider renormalization transformations, which have the general

form
(To) (V)= [ dUL(V, U)o(U). 0.13)

Here U, V are gauge field configurations on the lattices T, T* correspondingly,
and ((V, U)is a gauge invariant kernel, for example see the definitionsin [9, 12]. If ¢
is a gauge invariant function, then Tp is gauge invariant also. We are interested in
functions restricted to small field regions, which in this case means that the
function g and the integral in (0.13) are restricted to regular configurations U, i.e.
configurations satisfying bounds |U(dp)—1|<sg,, pe T, with ¢, positive and
sufficiently small, and we consider Tp on configurations V satisfying similar
bounds on TV, The kernel «(¥, U) introduces connections between fields U and ¥,
like the equalities U = V in the definitions of [9, 161, or more generally |U —V|<eg,
onbonds of T™. Even with these restrictions the underintegral expression in (0.13)
is still invariant with respect to the gauge transformations u satisfying u(y) =1 for
ye T™W, We have to fix a gauge in order to remove this invariance, as in [9, 16],
where the block axial gauge was used to this purpose. In order to maintain the
Euclidean invariance on the lattice T'*) we have to use other expressions than the
contour variables U(I} ,). We use the variables U(y, x) defined in (0.11). It is
inconvenient to fix the gauge by the d-functions §(U(y, x)), because unlike the axial
gauge fixing in [9, 16] these functions determine complicated nonlinear restric-
tions on gauge fields. Instead we introduce exponential gauge fixing functions,

cxp[— 51& [U(y, x)— 1|2] =exp [ — %[1 —Retr U(y, x)]] . 0.14)

It is convenient to introduce simultaneously restrictions on the variables U(y, x).
We have the following identities for ye TV, x e B(y), x+y,

2 exp| — £ 11— Retr UG 900 |10 901120

= %j' du(x) exp [ — é [1— Retru(x)]] r{lu(x)—1|<e}) =1, (0.15)
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where z is defined by the last integral. We introduce (0.15) under the integral in
(0.13) and we apply the usual Faddeev-Popov procedure, i.e. we change the order
of integrations and apply the gauge transformation U—U* " with u(y)=1 for
yeTW. By the gauge invariance with respect to such transformations the
integrand does not depend on u and the integral over u is equal to 1. Thus we get

(W)= (a0 ) T I Lew| — 01— Rervton |

yeTM) xeB(y),x*y Z
X x{1Uy, x) =1l <eo})e(U). (0.16)

The new restrictions on U(y, x) together with the previously discussed restrictions
determine finally a small field region in the following sense: fix a configuration U,
in this region, then configurations U from this region satisfy |U — U | < O(1)e, on
T, with an absolute constant O(1). In concrete situations considered in this paper
there is a natural choice of the configuration U, as a minimal configuration of an
action.

We now define the renormalization transformations. According to our point of
view, connected with small field restrictions, they map actions into actions. In the
first step we define

A;(V)=(ToA) (V) =1ogNy ' | dUCEI;Lﬁ(ﬁ(C)V’ '(e)

1
X %o exp[— p 3 [1—RetrU(y, x)]— g%A(U)] , (0.17)

Jdo ye T xeB(y),x*y
where the normalization factor N, is given by the same integral as above, but with
V=1.

The action A, determines a function f,(g,) of the bare coupling constant g,
defined on an interval [0, y], y > 0. This is a function in a sequence of -functions. In
the next section we will relate them to effective actions. Now we assume the
existence of the first function, and we define the new coupling constant g,

1 1 1 1
%:E-'_ﬁl(‘%)’ or E=ag—ﬁ1(go)- (0.18)
The equation (0.18) written in the form (1/g3)—(1/g%)=(d(1/g*))o= — B1(go) is a
finite difference approximation, corresponding to two consecutive lattice spacings
(on a logarithmic scale) of the differential equation (d/ds) (1/g*) = — B(g), or (dg/ds)
=1/2f(g)g>. This is the usual differential renormalization group equation, an
example of a Callan-Symanzik equation, considered in quantum field theory.

The k-th action A, determines a coupling constant g,. The (k+1)-st action
Ay 4+, 1s defined by the generalization of (0.17),

A1 15 V) =(TeAd) (Gis1, V) =logN ' [dU Tl;[ﬂﬁ(U(C)V”(C))

X L eXp[— e > > [1=RetrU(y,x)]+ A9 U)}

2
Ji yeTk+1 xeB(y),x+y

(0.19)
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where the constant N, is given by the integral above with V=1, and the coupling
constant g, ., is determined from the equation

L= B, (0.20)
I Gi+1
The characteristic function y, restricts the integral to small fluctuation fields.

We continue the calculation of the effective actions until we reach the unit
lattice, or rather until we reach a scale which we define as the unit scale. Let us
denote the corresponding index by K, hence e=L X, and the sequence of actions
and coupling constants is defined for k=0,1, ..., K.

Now let us describe a general form of the actions suggested by the previous
work on superrenormalizable models [4-7, 16, 17, 55]. In these papers the actions
were expressed as functions of external (background) fields. Each action was
represented as a sum of localized contributions coming from integrations in
successive renormalization transformations, i.e. see the sums overjin (2.7) [ 7], (41),
(47)[16]. This representation is important here also. The background fields are the
same as in [16]. The integrals in (0.17), (0.19) are calculated by a variation of the
steepest descent method, and an important part of it is to find critical
configurations of the actions, or rather of these terms in the actions, which go to oo
if the effective coupling constants go to 0. These critical configurations are the
minimal configurations investigated in [15], i.e. the minima of the functional

U—A"U), on U:U*=MU)=V, 0.21)

where V is a gauge field configuration on the lattice T®. The space of
configurations U in (0.21) is invariant with respect to the gauge transformations u
defined on T and satisfying the condition u= 1 on T®. These transformations form
a group, and the functional (0.21) can be considered on orbits of this group. In [15]
it was proved that in a space of regular orbits there exists exactly one critical orbit,
which is a set of minima of the function (0.21). We denote a configuration in this
orbit by U,(V), or simply by U,. These configurations are the background fields,
and the effective action 4, depends on V through these fields. We have, as in [16]

Agi V)= A9, U(V)) = — gl_f A"UV)+EU (V). (0.22)

The function E, depends also on the effective coupling constants g, ..., g, - ;. Itisa
sum of contributions coming from the k successive integrations in the k
renormalization transformations. In the first step the integral (0.17) yields the
action A4,=—(1/g3)A*""+EW, and then applying Eq.(0.18) we obtain the
representation A, = —(1/g}) A" +[—f,(go)A* ' +EW]. The expression in the
square bracket is equal to E,. In the second step a new expression of this type is
created, in the old only a background field is changed. Thus we obtain after k steps

E(Uy= j‘; (=819~ )A"(U)+EX(UY]. (0.23)

The functions EVY are represented as sums of localized terms. Such a
representation arises in a natural way as a result of cluster expansion, see [39-44,
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25,26]. To describe it we have to introduce new geometric definitions. Let us take a
nonnegative integer j, and the continuous space T scaled properly, so that it
corresponds to the lattice T;, = L~J. We decompose the space T into the lattice of
closed cubes of a size M, where M = L, with centers at points of the lattice T, ™.
Let us notice that we have already several scales of big blocks, for example, the
scale M, connected with the exponential decay of basic propagators, or the scale
M, connected with properties of the variational problem, etc. In this paper we
choose the size M much bigger than the previously fixed scales. We denote this
family of cubes by m;, and the cubes by [, L', etc. Foracube [l emyand n=1,2, ...
we define 1" as a cube of the size (1 +2n)M and with a center at the center of [J.
We introduce a notion of a localization domain. Such a domain is a union of a
connected, finite family of cubes from 7;. A connected family means that for every
pair [J, [0’ of cubes from the family there exists a sequence [J, (1, ..., [J,, [J of
cubes belonging to the family and such that two consecutive cubes have a-common
wall, i.e. their intersection is a d — 1-dimensional cube. We denote localization
domains by X, X", Y, etc. The meaning of the symbol X" should be obvious. The
class of all these localization domains is denoted by D;. Domains from different
classes, i.e. classes corresponding to different indices j, are connected by scaling
transformations.

Thus every localization domain X is a union of continuous space cubes from 7;.
Consider a class of tree graphs contained in X and intersecting all the cubesin X. A
length of a shortest graph in this class, divided by M, is the linear size of X, and is
denoted by d;(X). Thus we rescale the space, so that cubes from 7; become unit
cubes, and we take the distance in this scale. Let us stress the fact that we consider
graphs in the continuous space. For a given X usually there are many of these
shortest tree graphs. It is easy to see that there are also the shortest tree graphs
formed by edges of cubes in X, hence an equivalent definition can be formulated,
based on such graphs only.

We assume that the functions EY(U), for regular gauge field configurations U,
have the following representation

E)U)= ¥ EY(X,U), (0.24)
XeDj;
where EY(X, U) are analytic and gauge invariant functions of U, depending on U
restricted to X, and satisfying the inequality

[EV(X, U)| S Eyexp(—kd{(X)), (0.25)

with a sufficiently large constant k. In the next section we will give precise
definitions, now we are interested in basic properties of the above representation.
Let us study implications of the inequality (0.25). We obtain

k k
j; EQUY = ¥ 3 Eoexp(—xd (X))

j=1XeD,
k

IIA

S Bes(-kd(X0)F ¥ T EO0()

j=10en; XeD;, X201 Oemn,
k
=2 E,0M TP SEOMM 4Tl *, n=L"*.
j=
(0.26)
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Of course a bound of this type, with a divergence typical for a vacuum energy in the
four-dimensional space, should be expected, without use of cancellations. The
purpose of the terms with f-functions in (0.23) is to provide necessary cancella-
tions, i.e. they are renormalization counterterms. In fact there is one more
renormalization counterterm needed, it is a vacuum energy counterterm. It is
contained in the normalization factors in the integrals (0.17), (0.19), hence we may
assume that it is included already in the definition of the function EY, and
EY(1)=0. Let us explain a fundamental idea behind a definition of the B-functions
and the cancellations. The guiding principle here is the gauge invariance. It
identifies the action 4"(U,), through a set of Ward-Takahashi identities, as a basic
term in the effective action, the so-called marginal variable in the renormalization
group language. The remaining terms sum up to a uniformly bounded expression.
The gauge invariance is used here in the same way as in the analysis of the Abelian
Higgs model in [7]. Let us remark that the analysis of the non-Abelian models in
[16] is based on slightly different ideas. In fact we follow the method of [ 7] closely,
as will become clear in Sects. 3—5. Now we sketch it very briefly. Consider a term in
the sum (0.24). If its localization domain X is large, for example it is not contained
in any cube [J, with [J e, then the inequality (0.25) ensures that

[EO(X, U S Eqexp(—r(Ln) Y exp(—1/2xkd (X)), (0.27)

and the first exponential can be bounded by an arbitrary positive power of L, e.g.
by (5!/x°)(L’n)>. This power is enough to control the sums in (0.23), (0.24). If the
localization domain is contained in a cube L[], then we introduce the local
coordinates constructed in Sect. F [15] for the configurations U, on []. This
means that U, =expinH modulo a gauge transformation, where H is a regular,
g-valued configuration on (], and where the cube [ is considered as a subset of the
n-lattice T,. By the gauge invariance we have EV(X, U,) = EY(X, expinH), and we
expand the last expression in H up to the fifth order. The fifth order term can be
bounded by E,O((I/)®) exp(—xd(X)). The sum of lower order terms is analyzed
with a help of Ward-Takahashi identities. They allow the extraction of terms,
which grouped together yield an expansion of fA4"(expinH). The remaining terms
have bounds as above. We define the function f{g; ) to be equal to the coefficient
p. Thus we obtain

= Bi(g;- DANUY+ENUY= 3 VX, Uy, (0.28)

EDJ'

where the functions VY satisfy the inequalities
IVO(X, U= 0(1) (n)**exp(—kd (X)),  a>0, (0.29)

instead of (0.25). These inequalities yield a uniform bound of the sum (0.23) on the
lattice T,, ie. the only dependence on k is through the volume |T,|=|T{*)
corresponding to the scale #. Indeed, we have

EUnl= Z Z O() (Lp)***exp(—rd (X)) < Z 2

j=10ern; XeD;, X201

x O(1) (Um* " *exp(—kd (X)) < Z Z o(1) (Lin)**

ERJ

Z o) (Lny*M - 41T”‘)1<0(1)(1—L*“) 'MUHTL (0.30)



Renormalization Group Approach to Lattice Field Theories 259

For the effective action corresponding to the unit lattice, where k=K =log, 1/,
the above bound is uniform in the lattice spacing ¢. This is the essence of the
ultraviolet stability concept, and the construction summarized in the representa-
tion (0.28) is, from a technical point of view, the main subject of this paper. Terms
satisfying the inequality (0.29) are called irrelevant — a word, borrowed from the
renormalization group language — but which should not suggest that these terms
are irrelevant operators in that sense. There are no scaling transformations here,
and these terms do not behave in a regular way under the renormalization
transformations.

The ultraviolet stability concept has two aspects. The first concerns the
effective actions generated by the renormalization group transformations, their
description and the bounds they satisfy. The second concerns the behavior of the
sequence of the effective coupling constants g, generated from the bare coupling
constant g, by the renormalization group equations (0.18), (0.20). In this paper we
prove a theorem concerning the first aspect. To formulate this theorem we
introduce small field domains. For the k-th action such a domain is determined by
the condition |0U(V)—1|<eon® on T,, for ¢, sufficiently small. Another possible
definition, technically less convenient, is given by the condition [0V —1|<¢g, on
T®. Now the main result can be formulated in a general way as follows:

Theorem 1. If the sequence of the effective coupling constants is contained in an
interval 10, y] with a sufficiently small positive y, then the effective actions for small
fields are given by the formulas (0.22)—+0.24), with terms satisfying (0.29).

It is interesting to notice that we do not assume any special asymptotic
behavior of the coupling constants, like asymptotic freedom. Hence in principle
arguments could be applied to models with different behavior of running coupling
constants, for example to the so-called asymptotically safe models, or finite
models.

The above theorem will be reformulated more elaborately in the next section. It
will be proved in this paper for an arbitrary semisimple compact Lie group
GCU(N), and for d =4. The proof also covers the dimension d = 3, but in that case
it is not necessary to consider the f-functions and the renormalization group
equations (0.18), (0.20). The effective coupling constants are given by g7 = g?I*c;
hence the assumption of the above theorem is satisfied for g sufficiently small. The
problem of whether the assumption is satisfied in dimension d =4 is addressed in
the next theorem.

Theorem 2. Let d=4, G=SU(2), and let y be a sufficiently small positive constant,
then for a sufficiently small positive g there exists a bare coupling constant
do=9o(&, g) such that the sequence of the effective coupling constants g, is contained
in the interval 10,y], and gy =g. Moreover, there exist constants f§, f’, 0<f<f,
such that g, satisfy the inequality
L<i—l-ﬁ’log(L"e)'1 (0.31)
g% =9 ' '

A proof of this theorem, based on perturbative calculations, will be given in a
separate paper, where more precise asymptotic behavior will be proved. The

1
g—2+510g(ﬂ°8)_1§
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restriction to the group SU(2) is superficial and is done only to simplify
calculations.

Finally let us mention that all results of this paper are valid for a certain class of
two-dimensional nonlinear g-models, the so-called nonlinear chiral models. For
these models field configurations are functions U defined on sites of the lattice T,
with values in the Lie group G, and the action is given by

A(U)= b;T [1—RetrU(3b)], U(@b)=(@U)(b)=UMb_)U '(b,). (0.32)

In fact all the results were obtained at first for this class of models. They are
technically much easier, and many modifications and simplications are possible in
this case; therefore we will discuss them separately in the future.

1. The Inductive Description of the Effective Actions

The inductive assumption is based on the results of the previous papers, e.g. see
(2.7)[71,(41),(47) [16], and on the general remarks in the previous section. At first
let us recall the definition of the background field configurations on which the k-th
action depends. They are determined by regular gauge field configurations V given
on the unit lattice T¥. The regularity means that the plaquette variables of V are
small, |V(0p") — 1| < e, for p’ e T{¥. For such a configuration there exists exactly one
regular, critical orbit of the functional

U—>AU), U:U*=MXU)=V on T®, (1.1)

and it is a minimal orbit (a set of minima). This variational problem was
investigated in the paper [15], see Theorem 1 there for precise formulations. We
denote by U(V), or simply U,, a configuration in the minimal orbit.

The k-th action 4,(V) depends on V through the minimal configuration U, (V),
A, (V)=A,(UV)). It is defined on configurations belonging to the space U,(s,),
ie, U(V)eU,(g). The space was introduced in [14, 15], in a more general
context, and here it is defined as the set of all configurations U satisfying the

following regularity properties:
lU@p)—1=1(0U) (p)~tl<eon®, n=L"*, peT, 1.2)
J|<eo on T, J=D§n *nImoU, '

with ¢, sufficiently small. By Proposition 2 [12] this condition implies that |V (dp”)
—1|<2¢, for p’e T, and is implied by the condition on ¥, with 2¢, replaced by
Bj 'e,, see Theorem 1 [15]. The action has the following form

1 k-1 . .
AUy = — gA(Uk)+ ,->=:o {=B;+1(g AU +[log ZV(U) —log Z9(1)]

F[EY* 1)(gj’ Uk)~E(j+k)(gj, D} (1.3)

We have written explicitly terms of the order 0 in the coupling constants. Let us
recall that the factor ZY(U,) is given by the Gaussian integral normalizing the
Gaussian measure for a fluctuation field in j-th step integration

Z9(Uy) = [dB(0B)exp[—3{B, 49(U})B)]. (1.4
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The quadratic form in the integral is given by
{B, A(j)(Uk)B> = <H1,j(Uk)Bv 4 I(Uk)Hl,j(Uk)B>
—2(H,, (UhCP(U}, B), J>+G(B), (1.5)

where the operators Hy j, 4, are defined in Sect. D [13], and C®(U}, B) is the
second order polynomial in the expansion of Q(Uj}, B).
In many considerations it is not necessary to separate the terms of zeroth order
from the remaining terms in the interaction, and then we write
e

1 1 ) .
A (U=~ ?A(Uk)‘*' ; {_ﬂj+ l(gj)A(Uk)+ [E(H 1)(gj9 Uk)—E(JJr U(Qj, DI}

(1.6)

The terms in (1.3) given by explicit formulas, like (1.4), can be easily extended,
by the same formulas, to a much wider class of regular gauge field configurations.
For example we can extend to G°-valued configurations satisfying the conditions
(3.35)~(3.38) [13], and from results of that paper we conclude that these terms are
analytic functions of the configurations. We assume that extensions of this type
exist for all terms in the effective action (1.3), or (1.6).

The function EY(g;_,, U)) is a result of an integration in the j-th step, after a
subtraction of the previous action evaluated at U;. We assume that it has the
representation

EVg; 1, U)= XZD ENX,g;-1,U). (.7

Again, the term corresponding to a domain X depends on U restricted to X. We
can assume that this representation holds for the functions EY in (1.3) and (1.6),
because the expansion of the logZY~"(U)) constructed in [16], implies, that we
can represent this term in the form (1.7). Further, we assume that the terms in (1.7)
are determined by functions defined on larger spaces of regular gauge field
configurations. The regularity means that at least the conditions (3.35)-(3.38) [13],
or (1.7)+(1.10) [ 14] are satisfied, i.e. first order derivatives and the special second
order derivative of a configuration are small. For technical reasons it is convenient
to separate the dependence on the second order derivative. From the previous
papers it is clear that it appears only in the functions

szfojf‘anm(?Uj, (1.8)

where 7 denotes the projection in the space of all complex N x N-matrices onto the
1 . . .

algebrag’,and ImU = % (U—=U""). They appear in expansions of the action, and

in expressions defining propagators. We extend the terms in (1.7) introducing two
variables U, J, the second variable replacing the functions (1.8), and the first
satisfying milder regularity conditions involving first order derivatives at most.
Thus we assume that there are functions EY(X, g,_,, U, J), analytic on a space of
regular, complex configurations U, J, such that

EVX,g; ., U)=EVX,g;,_,,U;,J). 1.9
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Now we define spaces of configurations U, J. We define them for each j, and we
are interested in local spaces determined by localization domains X e D;. The
gauge field configuration U is defined at bonds of X and has values in G°, the
configuration J is also defined at bonds of X and has values in g°. A G®-valued
gauge transformation u acts on pairs (U, J) in the following way

(U, 3)*=(U" RwJI)=u_Uui',Ru_)J), (1.10)

where for a bond b=<(b_, b, > we define uy(b)=u(b,). The orbit of the group of
G-valued gauge transformations determined by a pair (U, J) is denoted by
[(U, J)]. We are ready to formulate the following fundamental definition.

The space UYX,a,01,7) is a union of orbits [(U,J)] determined by
configurations U, J satisfying the four conditions written below.
(i) U=U'U, U has values in the group G,

oU —1|<agé® on X, (1.11)

for each cube U C X of a size O(1)LM there exists a G-valued gauge transformation
u defined on [ and such, that U*=expiéA,

4], |VA|<O(1)LMBo, on 0O, (1.12)

with a sufficiently large constant B (it will be determined later).
(i) U'=expilA’, A’ has values in the algebra g,

A1, .« |V§A|<a; on X. (1.13)
(iii) The configurations U, J satisfy the bounds

U —1]|<agl?, J<y, on X. (1.14)

(iv) We consider X as Q, and we construct the sequence {,}, n=1,...,j, of

maximal possible domains satisfying the conditions (1.3)1.6) [14] (with j, & instead

of k,n, R=R, ). For this sequence, or rather for its subsequences {Q,, 24, ..., 2,},

n=1,...,j, we construct the functions U,(V) in the axial gauges, for regular
G*-valued configurations V. We consider the pair

UM QU)),J (M U))), n=1,..,j, (1.15)

where M (U, b)=MP"(U, b)=U?(b) for be A, (see (1.5) [14]), and J (M (U)) is
defined by the formula (1.8) with U, (M (U)) instead of U;, L™" instead of &. This
pair satisfies the bounds.

UM (U))—1 <€, M U)I<aoL¢)? on X2,  (1.16)
and the same bounds hold for U instead of U.

The domain X ~2 is obtained from X by taking away two layers of cubes from
7, which are closest to the boundary of X. Thus it is a domain X’ such that
X?=X. The first three conditions (i)(iii) in the above definition are rather simple
and natural, the conditions of this form appeared many times in the previous
papers, e.g. see (3.35)+3.38) [13]. The last condition (iv) is connected with the fact
that in some important constructions in the next sections we have to substitute the
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functions (1.15) in place of the variables U, J. We have to make sure, then, that they
have required properties. Usually we consider spaces with y,=0o,, and then we
omit the constant y, from the symbol denoting the space.

Let us make now a few remarks about the above definition.

At first we show that there are some simple and natural spaces contained in
UYX, 09, 0). Let us take the space of configurations (U,J) satisfying the
conditions (i)-(iii) with constants og, o] instead of og, o;. We assume that the
constants o, oy are smaller than o, «; correspondingly, then obviously these three
conditions are satisfied in the original formulation. Now consider the functions
U, (M (U)). We have M(U)=0U” on 4,, |00”—1|<204(LP¢)*. From Proposi-
tion 9 [15] we obtain

0U,(M (U))— 1] < B30, L~ *"(L")* = 2B &2 ,

[J(M (U))| < B3op(L'¢)* on X2, (1.17)

It is obvious that for o sufficiently small the above estimates imply the condition
(iv), thus the configuration (U, J) belongs to the space US(X, o, ;). We specialize
this example even more and consider configurations satisfying (i)—(iii) with o, o as
above, and such that J = D¢ ¢~ ?nImdU satisfies the bound |J| < o, similarly the
configuration constructed for U instead of U. Then the pairs (U, J) belong to
Ui(X, ap, ;). In particular the minimal configurations U; satisfying the bound
|0U;— 1] <&o&* with g, sufficiently small, satisfy the above conditions.

Let us come back to the description of the actions. We assume that the function
EYV(X,g;-,U,J) is defined and analytic on the space US(X, uo,a,), with some
positive, absolute constants o, o, (i.e., constants independent of X and j). It
depends on the configurations restricted to X, i.e. on (U, J)|. Itis a C*-function of
gj-1€[0,7], (or analytic), with a positive, absolute y. There exists a constant E,
such that

[EO(X, g1, U, 3)| £ Eg exp(—rd (X)) (1.18)

for M = M(x), y sufficiently small, and for all configurations (U, J) € U§(X, og, ;).

Symmetries are the subject of this point in our discussion of properties of the
actions. The most important is gauge invariance. We assume that all functions
EV(X, g;-1, U, J) are gauge invariant with respect to the group of all gauge
transformations (1.10). Explicitly

EU)(X$ ng 1 Uu’ R(M)J) :E(j)(Xs gj* 1> Ua J) (119)

for all G‘-valued gauge transformations u. The spaces U{(X, ,0;) are, by the
definition, gauge invariant also. This assumption is an easily verifiable statement
for all explicitly defined terms in the action (1.3). These assumptions imply that the
action A,(U) defined on the space U,(¢,), which is contained in all the spaces
UAX, %9, 1), is gauge invariant with respect to all G-valued transformations.
Other symmetries are Euclidean lattice transformations. We assume that the
action (1.3)is invariant with respect to the transformations of the lattice T%. More
precisely, we notice that the explicitly defined expressions in the j-th term in (1.3)
are invariant with respect to the Euclidean transformations of the lattice TU* 1),
and we assume that this is true for all expressions in this term.
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Now we describe the most important expressions in (1.3), (1.6), the p-functions
B;+1(g;). They are determined by the functions EV*"(g;, U;, ;) in (1.6). Let us
denote EV* V(g;, B)=EY*)(g;, U, ((expiB)). We define

52

st ™0 0

H?I-,f- 1,nv(gj5 X, x/)= <

This is the vacuum polarization tensor of the theory defined by the j-th fluctuation
field integral. We will analyze this tensor thoroughly in Sect. 5; now we describe its
basic properties necessary to formulate a definition of the S-functions. The
function EV*Y is gauge invariant, hence it is invariant with respect to global
transformations V—R(v)V, ve G, or B—»R(v)B. The function (1.20) can be
considered as a function of g, v, x, x’, with values in the tensor product g®g, and
these values are invariant with respect to the transformations R(v)®R(v), veG.
This is possible only if they are proportional to the identity matrix, i.e. to §°°. By the
Euclidean invariance of EV*1 the function (1.20) is Euclidean covariant. This
implies

H‘;t-,(- l,uv(gja X, X/) =5aij+ l,uv(gja x_x,) s

(1.21)
Hj+ 1(9j,rb,rb’)=nj+ l(gja b,b'),

where IT;,  ,,(g; ) is a real valued function, and r is a Euclidean rotation

leaving the lattice TW* 1 invariant. Now we take a limit of these functions as

TU*D 274 This limit exists by the localized representation (1.7). The func-

tion ;. ,(g;) is defined by

2 .
ﬁj+1(gj)= - (mnjﬂ,u) (gjao)

0% .
= — <Wﬂ"+ 1,uv) (gp 0)= Zﬂj+1,uv(gj7 x)xuxv (1.22)
ueey x

for p, v arbitrary, u+v, where f(p) denotes the Fourier transform of the function
f(x), xeZ".

It is a smooth function defined on the interval [0,y], (or analytic), uniformly
bounded on this interval together with all derivatives. We will investigate other
properties in a separate paper.

This completes the description of the inductive assumptions. Now we can
formulate a precise version of Theorem 1.

Theorem 3. There exist positive constants ko, M(k), v, €, €, o, &; SUch, that if
KZko, MZM(x), 0<g,Zv for k=0,1,...,K, then the sequence of actions A,,
defined inductively by the small field renormalization transformations (0.17)~0.20),
satisfy all the inductive assumptions described between (1.1)1.22). The constants ¢,
&4, g, 0y depend on M and satisfy numerous restrictions, which will become clear in
the proof. The constant y depends on all other constants.

In the rest of the paper we will be proving this theorem.
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2. Fluctuation Field Integral in & + 1 Renormalization Transformation

We assume that after k steps we have obtained the action A, described in the
previous section, and we apply the next renormalization transformation T,
restricted to a small field region by a characteristic function

(T, A4) (W) =1ogNi ' [dV(VW ™)

X X eXP[— ;?G(V)_ ;_’%A(Uk(V))"'Ek(Uk(V)):] .21
The gauge covariance of the averages implies that the J-functions in (2.1) are
invariant under the gauge transformations V-V’ W—-W" because d(U) is
invariant under the transformations U—R(u)U, ue G. The meaning of the
function E, is obvious, it is equal to (1/g7)A + A,. We consider the new action on
regular configurations W defined on T** 1), More exactly we assume that W is so
regular that the minimal configurations U, . (W) exist and belong to the space
U, +(go). By Proposition 2 from the paper [12] this implies that |W(0p") — 1| < 2¢,
for p’e T**V. We will define the characteristic function y, in such a way that the
domain of integration in (2.1) is restricted to configurations V for which
U (V) e U,(g,). Thus the inductive assumption of the previous section is valid for
the action A, (U (V)).

We calculate the integral (2.1) applying the saddle point method. At first we
look for critical points of the function

VoGV)+AULY)), ViV=W. (2.2)

Under the above regularity assumptions there exists the exactly one critical point,
which is obtained by taking the critical orbit of the function A(U,(V)) considered
on the subspace, and choosing the element of the orbit satisfying the axial gauge
conditions G(¥)=0. This critical configuration, which is a minimum of the
function (2.2), is denoted by V®=V®(W), and is related to the minimal
configuration U, , (W) in the axial gauge by the equality

V(k):Ul,§+1=Mk(Uk+1)- (2.3)

We introduce new integration variables V'=V(V®)~! or V=V'V®, and we
assume that the characteristic function y, and the J-functions in (2.1) restrict the
variables B'=(1/i)logV’ to a sufficiently small neighborhood of 0. A gauge
transformation v of V induces the gauge transformation v of ¥® and the
transformation B’— R(v)B’. The expressions in (2.1) are invariant with respect to
these transformations.

Asin Sect. G [15] we write U (V'V®)=U(V")U,, ;, and we transform at first
U,(V’) into the axial gauge Ax,(T®, U, , ,). This does not change the expressions
in (2.1) because this gauge transformation is equal to 1 on T®. Next we apply the
gauge transformation u, constructed in [14] and changing the axial gauge into the
Landau gauge. We obtain U< ' =expinH,(B’), where the g-valued configuration
H,(B’) is regular and of the same order as B'". Its properties are described in Sect. G
[15]. The gauge transformation u, can be expressed in terms of the configuration
H,(B’) by the formula (106) in [12] with U, =expinH,, and it implies that u, is an
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analytic function of H,, hence of B’ for H, satisfying a boundedness condition of the
form |H,|<a,, with an absolute, positive constant a,.

Let us write the expressions under the integral (2.1) in the new variables B’. The
expression under the J-function is equal to

MWV VMYV P)~ ! =expiQ(B). 2.4

The gauge fixing term under the exponential in (2.1) is equal to G(V'V®)
=G(V)=G(B). The variables V’(y, )=V'V®) (3,x) (V¥(y,x))"" have an
expansion of the form 7'(y, x) =1+ B'(y, x)+ ..., where B'(y, x) is a linear function,
hence the gauge fixing expression has the representation

G(B)= 2 > 3B, 0P +Gy(B)=3GP(B)+G4(B). (25

yeT®+1) xeB(y),x+y

The function G5(B’) is an analytic function of B’, with an expansion beginning with
third order terms, localized in blocks of the lattice T®.

Now we analyze an expansion of the action under the exponential in (2.1).
Using the gauge invariance of the action, and the formulas (41), (174) [15] we have

AUV V®) = A(expinHy(B)Uy ;. 1) = A(Uy 1)
+<H(B), Jy+ 1) +3<H(B), AH(B)) + Vo(H(B")
=AU+ )+ <{H (B +A i 1) —CHDW(H (B +Aq 1), Jiv 1
+3CH B+ Ay AH B+ Ay )
—(HyB'+Ay,, AHDD(Hy 1 B’ +Ay 1))

+3<{HD(H, B'+A, ), AH,D(H, ,B'+A, ,)>

+Vo(Hy (B’ +Ay  —HD(Hy (B’ +Aq 1) (2.6)
Let us omit for simplicity the subscript k. By Eq. (171) [15] we have (A,,J>=0.In
the third term on the right hand side above we decompose the function D into the
sum D@+ D,, where D' is the second order term equal to C'*), and D, is the

higher order remainder. The term with C® together with the next term on the right
hand side of (2.6) yield the expression

3CH\B'+Ay, 4,(H B'+A)y=3CH B, A H,B)+3{A;, 4,A), (27)
see the definitions (3.127), (3.128) [13]. Denoting terms of at least third order in
H,B’ by V(HB’) we get

AUV VON=AU,,.)+<{H,B,Jy+3(HB,AHBY+V(H,B). (28)
Finally we can define the characteristic function y;,

A= I1 1({IB(b)<&4}). 29

be T" N\ {bo(c):ce T+ 1)}
Another possibility is to take g,/y,¢, instead of ¢,, where y, = Clog(I¥e)~* with C
sufficiently large. It has the advantage that the functions EY, B; are analytic
functions of the effective coupling constants, but it has some disadvantages in
perturbative calculations also. We have formulated the implications of both
possibilities in the inductive description. The above restrictions imply also



Renormalization Group Approach to Lattice Field Theories 267

restrictions on B'(by(c)), with the constant ¢; replaced by O(e,), because these
variables can be expressed in terms of the remaining ones as in the first step. This
we will discuss in detail.

Let us write the integral we obtain from (2.1) by the above described
transformation

(2.1)=10gN; " [ dB'a(B)3(Q(B")

1 1 1 )
XXkeXp[—g_zG(B)_g_zA(Uk+1)_g_2<H1BaJ>
k

k k
1 1

T2 (H,B’,4,H,B")— pr V(H,B)+ Ek(Uk(expiB’V“‘)))] , (2.10)
k k

where the factors ¢, are included into the normalization factor N;. In this integral
we make a change of variables linearizing the function J(B’). This operation was
discussed several times in the previous papers, e.g. see Sect. C [15], Sect. E [14].
Here we have a particularly simple unit lattice situation.

At first we introduce an operator h. It transforms g-valued functions B defined
at bonds of the lattice T** " into such functions defined at bonds of T®. The
function hBis equal to 0 everywhere, except the set {by(c):c € T** P} [Let us recall
that for ce T** Y the bond b,(c) is defined as the bond of the lattice T® contained
in ¢ and belonging to the corridor B(c)={beT®:b_eB(c_ ), b, €B(c,)}.]
Furthermore, the operator h satisfies the identity LOh=1on T** Y. Of course h is
uniquely defined by these conditions, in fact it is a very simple operator given by
the equality (hB) (by(c)) = h(c)B(c), where h(c) is a linear operator on the Lie
algebra g, equal to an inverse of a coefficient at the variable B'(bo(c)) in (0B (c),
multiplied by L™'. We are looking for an analytic, g-valued function D(B"), defined
at bonds of T** 1, and such that the transformation B'= B—hD(B) linearizes the
function Q(B’). The function D(B) is determined by the equation

LOB'+ C(B')=LJOB—D(B)+ C(B—hD(B))=L0B.

It is easy to prove, following the proofs in the above mentioned papers, that there
exists exactly one solution of this equation, and that it is an analytic function of B.
From this equation we obtain also that D(B) has an expansion beginning with
quadratic terms, and D®(B) = C®(B). The above change of variables yields the
integral with the d-function §(0B). Next we make the scaling transformation
B=g,B’. In the expression under the exponential the third, linear term in (2.10)
vanishes now, —(1/g,) (H,B’, J) =0 because {(64’, J) =0 for all 64’ satisfying the
condition 0Q,04’=0, and H, B’ satisfies it. Hence the only term with a negative
power of g, is the action evaluated at the configuration U, , ;. Terms of the order 0
in g, are

(H;hC?(B),J>—$G*(B)—+(H,B, A H\B). (2.11)

The quadratic form in B’ above is equal to —1/2({B’, A¥B’), see the definition
(3.156) [13] with the o-function gauge fixing term replaced by the exponential one.
This quadratic form defines the k-th normalization factor Z®(U, . ,) given by the
formula (1.4) with j=k. The quadratic form defines also a Gaussian measure. We
perform the same operation as in the first step, namely using the J-functions.
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3(OB’) we climinate the variables B'(by(c)), ce T**V. Denoting the remaining
variables by B we have B’=CB, C is the operator determined by the configuration
V® and the measure becomes a Gaussian measure in variables B, with the
covariance C®=C®(U, . ,)=(C*4A®C)~1.

After these transformations we obtain the following expression for the new
action:

1
Ag+1(Ugr)=— ?A(Uk+ D+EUs 1)+ 0gZ0(U, . ;) —1log Z®(1)]
i
+1ogN; ™! f ducoo(B)y, exp [Tr log (I —h <% D~) (gkCB)>
~ 1 - 1
+loga(g,CB—hD(g,CB))+ el (HhD3(g,CB),J»— prl G3(9:B)
i

1 .

+ Ez‘ {(H9,CB, 4,H,hD(g,CB)>
i

1 - .

7 (HhD(g,CB), 4,HhD(g,CB))

p

1 ~
— V(H,(9,CB—hD(g,CB)))
k

+{E((U(expi[g:CB—~hD(g,CB)1 V) — Ek(Uk(V(k)))}] - 21

Let us notice that the normalization constant Ny is equal to the integral above at
U, ., =1. The expression under the exponential is clearly a sum of two terms, one
is connected with the expansion of the action —(1/g2)A(U,(V)) and the measure in
(2.1), and we denote it by P®(g,, U, ;, B), another is the expression in the curly
bracket {...}. The integral in (2.12) defines the new term E** ") in the inductive
definition of the action A, by the formula

E®* (g, Uy s 1) =log | ducao(B) i exp[PO(gi Uy 11, B)+{..}1.  (2.13)

Let us remark that the expression under the exponential above vanishes at g, =0,
and

logN; =E#* (g, 1). (2.19)
Finally we perform the coupling constant renormalization

1 1

— =5 *+Bk+1(g0) (2.15)

9 Gi+1

with the f-function defined by the formulas (1.20), (1.22) for j=k. The equalities
(2.12), (2.14) together with the definitions (2.13), (2.15) imply that the action A4, ; is
given by (1.3) with k+1 instead of k. By the inductive assumption, and by the
properties of the expressions given by explicit formulas, all terms in this
representation satisfy the required properties, except possibly the last term (2.13) in
the sum.
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Let us discuss briefly the gauge invariance and the Euclidean invariance of this
term. The gauge invariance was discussed already several times in the previous
papers, so let us recall only that all the expressions in (2.12), together with the
measure, are invariant with respect to the gauge transformations

Ups1-Uksr,  B>RWB', (RwWB)(b)=Rub )B(b).  (2.16)

The characteristic function is invariant with respect to the transformations of the
fluctuation field B’, because they are local, orthogonal transformations; therefore
the expression (2.13) is gauge invariant. Now consider a Euclidean symmetry r of
the torus T, preserving the torus T** 1. We define generally

FU)Y(B)=U(b), rb=r{b_,b,>=<{rb_,rb,>. (2.17)

By their definitions the expressions in (2.1) are invariant with respect to these
transformations. If we split the field V=V'V®, and V®, U, , , transform as above,
then the expressions are still invariant assuming that ¥’ transforms as follows:

V') (b)=V'(rb) if rb is positively oriented,

2.18
(rV)(B)=R(V®Fb)V' =1 (—=(rb)) if rb is negatively oriented. 218)

In these formulas the bonds b are positively oriented. Let us recall that the
representation V(b) =V"(b)V®¥(b) holds for such bonds only. The above definition
secures the identity r(V'V®)=(rV")rV¥), hence the invariance also. The trans-
formation (2.18) generates an orthogonal transformation of the fluctuation field B’,
hence all the remaining operations preserve the invariance for the same reasons as
for the gauge invariance. Thus the effective action is invariant with respect to the
Euclidean transformations (2.17) of the background field.

Thus the proof of Theorem 3 is reduced to proving the remaining properties of
(2.13), i.e. to a construction of the representation (1.7) with terms having the
analytic extensions satisfying the bound (1.18). We will do it in several steps, and
the rest of the paper is almost completely devoted to these problems.

3. An Expansion of Terms in Fluctuation Field Integral,
and Preliminary Analytic Extension

The underintegral expression in (2.12), (2.13) is a sum of two expressions. One is the
function P®(g,, U, ,, B), which is given by the sum of all terms under the
exponential in (2.12), except the terms in the curly bracket. This function, although
it has a complicated structure, is simple to understand. It is an analytic function of
the fluctuation field B defined on the unit lattice T{¥. It is bounded by a second
order polynomial in B, with coefficients of the order O(¢,), hence it can be treated
as a small perturbation of the basic quadratic form in the Gaussian measure dpicqo.
As a function of the gauge field configuration U, it has a straightforwardly
defined extension P®(g,, U, J, B) such, that

P(k}(gk, Uk+1aB)=P(k)(gka Ugs1,Jx+1.B). (3.1)

This extension is obtained by replacing the function J,, ; in all propagators and
operators by the variable J, and by replacing the configuration U, , in all other
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places by the variable U. The function P®)(g,, U, J, B) is defined and analytic on
the space of all configurations U, J satisfying the conditions (i}iii) in Sect. 1, for
some g, o7 sufficiently small, but much bigger than «,, ; there. The only problem
is to localize this function, i.e., to construct the representation (1.7) with terms
satisfying bounds of the type (1.18), modified by factors connected with the
fluctuation field B. We will analyze this problem in one of the next sections in a
general case.

The problem we consider in this section is connected with terms in the curly
bracket in (2.12). We want to represent them as a sum of localized, irrelevant terms,
ie. terms satisfying the bound (0.28). We make a first step to get the desired
representation, we expand terms in the curly bracket, and we construct prelimi-
nary analytic extensions of terms in the expansions.

Let us take the partition 7. We construct a cover of the space T by cubes [,
which are unions of 2¢ neighbouring cubes from n,. For this cover we take a
partition of unity 1= %C g with smooth functions { o More exactly we assume

that if y is a center of the cube [, then {L(x)= 1"[ UM™Y (x,—y,)), where

(e CP(RY), {(r)=1 for |t|£1/3, {(t)=0 for |t|=2/3, C has derivatives up to the
second order bounded by 5. Let us recall that we consider the continuous space T
and all the cubes in the scale corresponding to the lattice T,

Let us denote for simplicity the expression under the exponentialin {...} by B’,
ie.,

B'=g,CB—hD(g,CB). (3.2)

The first expansion we write below depends on the index j in the sum (1.7). We write
it for the function EY. Making use of the gauge invariance we have

EV(Uy(expiB V™)) —EO(U(VY)
=E(U (Ui(expiB'V¥))) —EV(U (T{(V®)))
=ENU (M (expinH(B)U,+ 1)) — EXNU (MY (Uy ;1))
=ENU (expiQ,(iH(B) U]+ 1)) —EXU Ui, ), (3.3)
where we have used the results of Sect. G [15], and the equality (97) [12]. The

function H and the operation Q; are dependent on the configuration U, , ;. Next
we have

EO(U,(expiB'V®)) — EV(U,(V™¥)

= Lt & B (expiQ (BN )

I
Otmms O

dt <(5i E‘”) (U(expiQ(ntH (BN T 1)), Hk(B’)>

dt << HE‘”> (U(expiQ;(ntH(B)) UL 1)), Cqu(B’)>

o
5,

Tldig— EO(U {expiQ n(t + tal o HBNTL+ Dliy =o- (3.4)

0
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This yields a first localization of the expression {...}. We consider now one term in
the above sum, the term corresponding to a cube [1. Decomposing E¥ according
to (1.7), we obtain a sum of terms labeled by X € D;. We divide this sum into two
subsums, assigning a term to one of them according to a position of its localization
domain X with respect to [J. The division is according to the conditions

Xn(D?+g, or Xc?2. (3.5)

Consider a domain X satisfying the first condition above. Assume that X e D;.
There are two cases possible, either X[ =, or XN % . In the first case
dist(X,[J)=M, the distance is in the scale #, hence in the scale ¢ dist®(X,[])
>M(Ly ) ! In the second case X is a big domain in &-scale, for example d (X)
>(I/n)~'. Thus either the exponential decay of propagators correspondmg to
&-scale, or the exponential bound (1.18) should give a small factor O((L/n)™) with an
arbitrary power N, enough to control the sums. Terms with domains X satisfying
the first condition in (3.5) are simple to deal with, we have to write them only in a
form in which the exponential factors can be clearly seen. Making use of the gauge
invariance, and denoting

Qin(t+1tnlp)H(B)) =By, Q;ntH(B))=B(1),
we have
E9(X, U(expiBy, U1, ) = EV(X, expilH,(B)U ). (3.6)

The function H; depends on the configuration U, ;. The expression on the right-
hand side is differential with respect to ¢, at 15 =0, and this yields

<(5‘5 EU))(X expiEH,(B() U1, <<5 )(B(r)) Bmltn_o>>

d E(j) <X exp l*f |: J(B(t)) + ID <<55§ H}> (B(t))s

(5 0,) i HB), LfncDHk(B'>>> |Can s (37)

0 . . . . .
The derivative 5B H; is an exponentially decaying function, with the decay rate

0, on the &-scale, see Proposition 9, (190) [15]. Let us denote
5 6 7 ] %
oH;= %Hj (B(1)), ﬁQ,’ (ntH(B), In{ cH(B) ) ) . (3.8)
In the case when dist®(X, ()= M(L/y) !, this function satisfies the bound

|0H,| < By exp(—3 0, dist (X, [1) —$0,M(Lin) ™)
x2Ln|{oH(B)| on X, (3.9)

and the same for derivatives and the second order operators applied to it. Using
the above bound, and the analyticity properties of E¥), we can obtain easily the
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required bound for (3.7). In the second, simpler case, we obtain the exponential
factor exp(— dx(Lin) ') directly from the bound (1.18), here 6 is a small, positive
number. The remaining factor exp(—(1—6)xd;(X)) from the bound (1.18) will be
used in a proof of the inductive assumptions for new terms. Thus in both cases we
have irrelevant terms.

To fulfill the conditions of the inductive assumption we have to construct an
analytic extension of the expression (3.7). Let us consider more generally the
function EY(X,expifAU,, ). It is obtained from the analytic function
EY(X,U’,J)) by the substitution

U’=CXpi£AUk+1 5 J/=D§:pi§AUk+16_27tlmaexpifAUk+l . (3.10)

We expand the expression on the right-hand side above with respect to A using the
formulas (1.43)-(1.54) [14]. We obtain more generally, for any regular configur-
ation U

D ieavt  *nImexpitAU = Di¢ ~>nImaU + DDA +F(U, A), (3.11)

where F is a local operator depending on U, dU, A, V§A only. It is the term D§; D5A
in this formula which is a source of a trouble. For A =H; we have bounds for this
second order operator, but only if we use the second representation for H;
connected with the Eq. (180) [15]. We use the fact that H; satisfies the Landau
gauge condition RD*H;=0, and we replace the operator D*D by D*D + DRD*
=D*D+ DD* —DPD*= A — P, +(lower order, local operator). In the next steps
we will construct an expansion of H;, and for terms in this expansion we will have
good bounds, including bounds for the covariant Laplace operator. Such bounds
do not hold for the operator D*D, and this is the reason why we do not formulate
second order regularity conditions, as in (1.9) [14], (2) [15], but we replace the
expression J; by the new variable J. Consider now the formula (3.11) for U = U, ,.,.
We have

D§

Uk+1€—27TImaUk+1=(ij171)3-]k+1> (3.12)
and we replace J, . , by the variable J, and in the remaining expressions we replace
U, +, by the new variable U. Thus we obtain the following function of the variables
U,J

EV(X, expitAU, (I~ '5)*J+ 45A — P, A+ F (U, A)). (3.13)

We consider it on the space U$(X, 1/20, 1/20;, 24) (notice the different constant in
the bound for J). It is an analytic function on this space, and also an analytic
function of A, for A, V3A, A¢A sufficiently small. These restrictions can be easily
obtained from the definition of the spaces, and from the form of the expressions in
(3.13). Thus, there exists a constant «,, depending on o, and on some absolute
constants, such that the function (3.13) is analytic in A, for A satisfying the
conditions

|Al, |P,Al, [|VgA|, |4pAl<a, on X. (3.14)

Of course, on these spaces of configurations U, J, A the function (3.13) satisfies the
inequality (1.18).
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To get an analytic extension of (3.7) we substitute A =H{(B(¢)) +t5<..., with
functions H;, H, depending on U, J. These functions are given by (179), (180) [15],
and we replace the configurations U, , , J, . ; occurring in operators there by the
configurations U, J. The derivative with respect to ¢, at ¢t =0, can be written as
the Cauchy integral

— [ dig5EYX,.....), (3.15)
with the radius r given by the equality
r max{|5Hj|X’ IP15Hj|x’ |V65Hj|X’ |A65Hjlx} :%“2 .

We assume also that ¢, is so small that H;(B(1)) satisfies (3.14) with 1/3a, on the
right-hand side. Thus we have constructed the analytic extension (3.15) of the
function (3.7), defined on the space

UYX, 5,304, 20){(U,J): U, I satisfy the conditions
(i)(iii) for j=k+1, and with the constants (14 f)o, (1+f)ay, 20} . (3.16)

This function has the bound
1 .
I3.15)|= ;Eo exp(—xd;(X)) < Eqexp(—rd(X))60; ' L/nByB;
x exp(—30, dist (X, () —36,M(Lin)~ )| oH(B)|,  (3.17)

following from (3.9). Let us stress that it follows only from the fact that H;(B(t))
satisfies (3.14) with 1/3a,, and JH; satisfies (3.9). Later we will change these
functions by a localization procedure, but new localized functions will satisfy the
bounds (3.14), (3.9), hence (3.17) will be preserved also.

We remark that the above considerations apply almost without a change to the
second case, with a big domain X. The only difference is that we do not have the
exponential factors in (3.9), (3.17) connected with the decay rate of the functional

... 0
derivative 5B H,

Now we consider the fundamental case, the case when the second condition in
(3.5) is satisfied, i.e. when X ¢ [12. This case includes all localization domains of
small sizes, and with small distances to [J, hence without obvious small factors.
The real renormalization problem is connected exactly with this case, and we have
to analyze it carefully. To do the analysis we transform the terms in (3.4). We take
the function U; constructed for the cube [, = 13 as in the condition (iv) in the
definition of spaces US. Thus we construct a sequence of cubes {[J,},
n=0,1,...,k+1, satisfying the conditions (1.3)—(1.6) [14] (with k+ 1, L™ '3 instead
ofk,n, R=R,), hence (J*C [, , ,. For this sequence we construct the functions U,
j=1,2,...,k+1, which we denote by U;([J,). The configuration in terms of (3.4)
with localization domains X satisfying X C [J? can be written as

Uj(eXpiBDUf;+ )= Uj(DO7M.(Uj(eXpiBDU{;+ D) (3.18)
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Using the gauge invariance, and similar transformations as in (3.3), we obtain
EU)(X ,U j(eXP iBg U{;+ )
=ENX, U0, expiQEH(B)M (Uy. 1)) (3.19)

For the expression under the exponential function above we have
Q(¢H(BR))=Q(EH(By)) =By on a neighborhood of (14, (3.20)

Later it will be important to have the configuration B only, instead of the
expression on the left hand side, so we remove from (3.19) a part of this expression
localized outside (13, Take a function € C3(0,), {5 =1 on (13, {5 =0 outside
(1*. We have

EV(X,U A0, exp IQUEHB))M (U4 1))
=EY(X, U0y, exp iZDBDM'(Uk+1)))

+ RO, expigH (T, (1~ £0)+ ) QEH (B Ui )
=E9(X, U (Ogexp iCNDBDM Wi+1)))

+ [ B (X, expic [Hj(mo, (it L)+ To)Q(EH(By))
+in <(%H) (Bo, ({01 = £+ E) QEH B,

x(1 ~fg)Q(€Hj(Bu))>] Uk+1) lto =0 (3:21)

Again, from the exponential decay of the derivative (6/0B)H;, and from the
condition dist¥(X, supp(1 —{5))= M(I/n) !, we obtain a bound of the type (3.9)
for the expression {...» under the exponential. Thus a bound for the second term
above has the small factor O((I/n)"), and we treat this term in exactly the same way
as the terms (3.7) before, i.e. constructing the analytic extensions and proving the
bounds (3.17).

To simplify some formulas in the future we change the first term on the right-
hand side of the last equality in (3.21). Taking into account the definition of B, we
write

(B =000t + 1l n)H(B) — Q;(n(tln+tal n)H(B))]+ By,

N (3.22)
Bp= Qj("(tfl] +tnlo)HW(B)).
We remove the expression in the square brackets [ ...] repeating the procedure in
(3.21). The expression is localized in [14\[713, and the term corresponding to the
second term in (3.21) has a very similar form and the same properties, so we apply
the same considerations as before.
Thus we consider the expression

EV(X, U (Oo,expiBogM (U, 4 ,)))
=EO(X, U0, expiBoM (Uyy (Do, MUy 1)) (3.23)



Renormalization Group Approach to Lattice Field Theories 275

This equality is connected with the way we introduce the variables U, J, namely in
the interior averages M (U, ;) we replace the configuration U,,, by U. The
function H, and the averaging operations Q; in the definition of B depend on
U,+.. Now we introduce the variables U, J in these expressions in a slightly
different way. The variable J replaces the function J,,, as usual, but the
configuration U, , , is replaced by the configuration U, {((J,, M (U)), extended
as equal to U outside [J,. We do it in order to get better properties with respect to
gauge transformations of this configuration, as it will become clear in the future.
Let us remark that U, (0, M'(U)) has approximately the same regularity
properties as U, hence all necessary theorems are valid for operations with this
configuration. Thus we consider the function

EV(X, U0y, expiBpM (U .1(Co, M(U)))). (3.24)

In fact we should replace the function EV(X, U)) by EY(X, U, J;) determined by
the analytic function EY(X, U, J), as in (3.13), but this would make the formulas
even much more complicated, so we will keep the above notation. Taking into
account the definition (3.22) of B we can write the expression (3.24) as

EV(X, U (U g, M (expin(tln +tolo)Hi(B)U, 1 (Do, M(U))).  (3.25)

This is obviously a well defined and analytic function of the variables U, J in a
sufficiently small domain. We will prove that it is analytic on the space U;5, (((,,
(14+2B)ag, (14 2p)ay, o). This space is defined by the same conditions (i)(iv), only
the configurations U, J are defined and satisfy (i)(iii) on the whole lattice T,. Let us
assume this and let us transform further the above function. We repeat the
constructions of Sect. F [15], and we introduce the same generalized axial gauge
for the configuration M (U). This is achieved by a gauge transformation v, and we
have

MU=V, |V(b)—1|<O0(1)Ma,, |v—1]<O0(1)May,. (3.26)

The variables V can be expressed simply in terms of the contour variables
introduced in (77) [12], e.g. in the simplest situation for a bond be (14N T** D we
have V(b)=U"*!(I;, , UbUI, ). Weassume that a,, o, are chosen so that Mo,
Mo, are still small. We make the next gauge transformation u, , ; changing the
axial gauge into Landau gauge for the configuration U, ((J,, V), hence

o 1 Upe + 1
U+ 1(0g, V)=(exp1L 17’Hk+1<DO:?10gV>> )

1
Hk+1<Do,710gV>‘,

1 ~
Hk+1<DO,—ilogV> <B;0(1)Ma, on U4 for 0ZpB<Bo<1,
1,p

[+ 1 —1<B3;0O(1)Ma, on [1,.

. 1
pL nHkH(DO,?logV)‘,

(3.27)
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Performing these gauge transformations in (3.25) we obtain
. > 1
EY <X, U; < O M- <exp in(t{g+tolo)H(B)expil™ 'nH, . 4 <D 07 log V>>>>
. 1 >
=EW (X, U; < Oy, expiQ (7 logexpin(t{g+tolm)HW(B)

1
x expil” 'nH, (DO,Tlog V>)>> (3.28)

Making use of the gauge invariance of the function (3.25) it is necessary to apply the
gauge transformations to the variables J, B also, not only to the gauge field
configurations in (3.26), (3.27). Thus in the function H,(B’) the variables J, B are
replaced by R(u, !, )R(v™1)J, R(ugz})R(v™1)B. This is a complication, but not a
very serious one for the following reasons. First, there are the bounds in (3.26),
(3.27) for v, uy, ;. They imply that the above expressions have almost the same
bounds as J, B. Second, these gauge transformations are explicitly given analytic
functions of U, depending on U restricted to the cube [,. This will be important
later on in a final localization.

The functions (3.25), (3.26) are gauge invariant with respect to the simultaneous
gauge transformations

U-U*, J->RwJ, B-R®u)B, (3.29)

for G*-valued transformations u in a sufficiently small neighborhood of G-valued
transformations, so that the configurations after the transformations belong to
proper spaces also. The expressions in (3.28) transform in a very simple way under
(3.29), namely by R(u(y,)) (where y, is the center of the cube [1). Of course this is
connected with the fact that the contour variables V transform this way.

In the final localization the function H,(B’) will be transformed into many
different functions, hence it is important to understand properties of the expression
obtained from (3.28) by replacing (t{ + t 5 5)H(B’) by a g*-valued variable A. Let
us denote

1 1
A= %logexpinAexpiL‘ 'WH, ., (DO,?log V) ,

B=0(nA) on 0O,.

We hope that the last function will not be confused with the fluctuation field
variable B defined on the lattice T{¥. The function B above is defined on the set of
-1 ,

U A,,> v, Now we define a class of
=0

n

(3.30)

bonds determining U([],), ie. on (

functions A. We assume that A is regular and satisfies the bounds
A, [V"A[,  [Ally,p<ay, on [, (3.31)

for 0SB<P,<1. Obviously such bounds are satisfied by the function (t{y
+t5{n)H(B) for ¢, sufficiently small. We have similar bounds for the function

1 -
H, ., DO,?log V), with a, replaced by B,0(1)Ma,, and [, by (14, see (3.27).
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The assumption (3.31) implies that A satisfies
[Al, V"4, Al 3<2(e;+B3;0(1)Ma,) on 4. (3.32)

These regularity conditions are basic for the further analysis.
Thus we consider the function

EV(X, U(Oo,expiQ(nA4)) =EY(X, U, expiB)), (3.33)
and we expand it in B up to the fifth order

EV(X,U .( O, expiB))

o
= z <5B,,E“’<X U(To: 1), ®B>

a-o
4!

< 2 E9(X, U O expicB)), ®B> (334)

+ j dr
This is the fundamental expansion for the analysis of renormalization. Such
expansions with respect to background fields were used many times for this
purpose, on perturbative and non-perturbative levels for example see [72, 54, 68,
27,17, 16, 41-447. Here we will follow the methods of the papers [7, 43].

Let us consider the last term in the expansion (3.34). By the definiton of B and
by the inequalities (3.32) we have |B| < O(1)L/y, hence we expect that this term can
be bounded by )

O(1) exp(—«d; (X)) (0(1)Lin)>. (3.35)
To prove this statement we have to go into rather lengthy considerations. The
main problem is to investigate analyticity properties of this term on proper spaces.

We consider functions in (3.28), or (3.34), on the space U}, (g, (1+2p)0,
(1+2p)a,,00) of configurations U, J, and on the space of fields A satisfying (3.31).
In (3.34), which is of main interest for us, we have configurations U, A only. We
have to prove that

(UL, expitB), J (U o, expitB))[x € U(X, 0o, %) (3.36)

forall U, J, A in the above spaces, and for the parameters 7 in the interval [0, 1]. We
will prove a stronger statement, which will allow us eventually to get the bound
(3.35). The analyticity of the functions in (3.34) follows from the analyticity of the
two functions in (3.36), and the assumed analyticity of EY(X, U, J) on the space
US(X, atg, o).

At first let us take A=0. We have

Uj(D 0, €XpitQ(L~ 1'1Hk+ )= (CXPiij(D 0, TO(L™ 1'7Hk+ )
H(Oo,7QC- )|, [VH(Oo,1Q(..)| < B30()Maoi ™' on 13,
lu;— 1] < B30(1)Mu . (3.37)
Assume now that B30(1)Mo,<1/2a,, then the orbit of the configuration

U;(O,, ...) above contains the configuration expilH (...) satisfying the conditions
(1) (ii) on the cube 73, hence on X. We will prove that this configuration satisfies
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all the conditions (i)iv). The following identity holds:
U(X, M (expi¢H (0o, 7Q(L™ 'nH, 4 1))
= Uy(X, M (U O, expitQ(L™ 'nH, ;. )™
=U ("o, expitQ(L” 'Hg ) 1
=(expi¢H (0o, QL™ 'nHy , )™, (3.38)
where #; is a gauge transformation constant on blocks naturally connected with
the function U,(X, -), and equal to u; at centers of the blocks. This identity and the

bound on u;in (3.37) imply that the condition (iv) is a consequence of the condition
(iii), with a bit better constant, for the pair of configurations

expilH{(...), Dipiemy.)¢ *nImdexpilH...).
Using (97) [12], (3.27), (3.26) we obtain for t=1
U(Uo,expiQ(L™ 'nH ) = Uj(Do, M (expil” 'MHy 1))
=U (00, M (U 1(0g, M(U))))7 s o7
= Uy (0o, M (U))CTe 12077, (3.39)
The assumption that the configuration U belongs to the space U, (0,
(1 +2B)ag, (14 Py, 00) implies in particular the inequalities
10U+ (Do, M (U) — 1] <(1 +2B)o(L™'1)?,
Wies 1(Oo MU)I<(1+2B)zy on (13,
The first inequality, and the identities (3.39), (3.37) imply
|0 expi€H(0o, QL™ 'nH 4 1)) — 1]
=R((viz 1045) D) (OUy+1(0p, M (U))—-1)|
<expB30(1)Ma, exp B;O(1)Ma, exp B;0(1)Mo,
x expO(1)Mo, (1+2B)ao(L™ 'n)?
<(143P)ao(Li~1p)2¢* on [13, (3.41)

(3.40)

for «, sufficiently small, e.g. O(1)Mo; <p. A similar inequality holds for the
expression replacing the variable J

IDgpigH,-(...)f “2nImd expiéHj(' =R ((vigy 4 1Uj“j)_ D (Lj‘ 1'7)3Jk +1(M(U))|
<(1+3B)ao(L/ p)Pon 3. (3.42)
From the bounds in (3.37), and an elementary inequality, we get
[0expilH(...)—1—iE2(O°H,(...)| S3(OH(...))*E* expdEHL(...)|
<8(B20(1)Mo,Li~*n)*E% exp4B30(1)Mo, L™ 'y
<(4B20()M)*3(LI~'9)%E? on 013, (3.43)

We assume that (4B30(1)M)?x, < B. This second restriction is not essentially
stronger than the first one, because we have already assumed the restriction
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O(1)Mo; = f on a,. The above inequality and (3.41) yield
[0°H ([, QL™ 'H, )| <1 +4B)oo(L/ ™ ')* on (7. (3.44)

Furthermore, the function H;is given by (174) [15],i.e. H(,, B)=H, ;B+A, (B)
Di(H, ;B+A, (B)), where the functions on the righ-hand side are at least of
second order, except the first term. This implies

0H (o, QL™ 'H, ;) — 0°H, ,Q(L™ 'nH, )
< B;(B;0(1)Mo L/~ 'n)? < Bao(LI~'y)? on [I13. (3.45)

Of course we have used also the exponential decay properties of all the functions
which appeared above. Thus finally we obtain

0°H QL™ H )l <1+ 5B)oo(L™')* on 012, (3.46)

This inequality is linear in Q(...), hence it is valid also for this expression replaced
by 70Q(...), t€[0, 1]. From the above considerations it is obvious that we can
reverse the arguments, thus we obtain (3.44) with 7Q(...), and the factor 1+ 6 on
the right-hand side. Similarly, the inequality (3.43) yields

|0expilH(Do, tQ(L™ 'H, . D<A +TR)oo(L " 'n)*E on 3. (347)

Let us notice that j<k, hence I/n <1 and (1 +7B)L"* <1 for p not too large. The
above inequality is the required first inequality in the condition (iii). The second
inequality in this condition is obtained in the same way. We start with (3.42) and we
use again the formulas and the bounds (1.43)(1.54) [14]. They give a bound of the
type (3.44), but for the second order operator 0°°9°. Then the same reasoning as
between (3.44)3.47) gives the required second inequality in (iii).

Now we consider the general case, with A satisfying (3.31). From (3.30) we have

B=0(nA)=0(L 'nHy, )+Q’,

! 5 5
=(§) << >('1A(f AL 'H )1 <<5A )(t1A»L_1Hk+1),A>> , (3.48)
1
AA, L H, , )= pn logexpinAexpil™ 'yH,, ;.

The function @’ satisfies the inequality
Q10 L|A|<O(We, iy on T, (3.49)

with an absolute constant O(1). It is an analytic and almost local function of A and
H, . ;. We can prove that for o, sufficiently small we still have (3.36). Instead we will
prove a more general result. We replace tQ’ by the variable B’ with values in g°, and
we prove (3.36) for B’ satisfying |B'| <3, with a sufficiently small constant «;. To
prove the conditions (i)iv) we write
H,(Oo, 7Q(L™ 'nH, 1 1)+ B)
L 0
= Hj(D 0 TO(L™ 1’7Hk+ D)+ g dt, <<§ Hj) (o, tQ(L IVIHH D+ 6B), B/>

:Hj(Dm 17Q(L47177Hk+1))‘*'A2a (3.50)
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where the last equality is a definition of A,. It implies
|Azl,  V*A,|<B;|B|<Bsus,
and if Byo; <1/20,, then this and the inequality in (3.37) imply the conditions (i),
(ii). Consider now the derivative
|0°H,( Do, TQ(L™ 'nHy 4 1)+ B
SI0°H Do, tQ(L™ 'nHy 4 )| +10°A5 < (1 +6B)ato(L ™ ') +2B30t,
<(1+6p)L 2ag+2Bya;<(1+7f)L %0, on [13, (3.51)
where we have assumed 2B,0; < BL™ ?a,. The above inequality, and the inequality
(3.43) slightly modified for the present situation, give the bound
0 expitH(Oo, tQ(L™ 'nHy 1)+ B)—1|<(1 +8B)L %uoé? on ([13.(3.52)

This implies the first inequality in the condition (iii). The second is proved in the
same way, as it was already discussed. The condition (iv) follows from the
corresponding identity (3.38). Thus we have proved (3.36) in several versions. Let
us formulate the one which will be used to bound the terms in (3.34).

Lemma 4. For Ue Ug, (Oy, (14+2B)tg, (1 +2P)ay), A defined on O, and satisfy-
ing (3.31), B’ defined on the set of bonds connected with the definition of U (U, )
and satisfying |B’| < o3, we have

(U Do, expi(tB+B), J (Do, expi(tB+ By € U(X, 00,)  (3.53)

for ag, a4, a,, oy sufficiently small and satisfying all the restrictions. The functions in
(3.53) are analytic on the above spaces.

Let us consider the last term in (3.34). We want to bound it by an expression of
the form (3.35). We have
1 (1—-17)* < 6°

5
é‘)dT 41 5—B5'E(j)(X9 Uj(D0> expiTB))’ ®B>|

1 .
| do‘;E(’)(X, U(O,, expi(rB+GB)))l

lol=r

S sup
ref0,1]

< E,u; °|B|® exp(—xd (X)). (3.54)

Because |B| < O(1) Ly, e.g. |B| < o, I/, hence we have the required bound. In fact we
have to be more careful, because this bound holds on (14 only. We should localize
the inner product in domains £14, (£1#)7, and if at least one factor has a localization
in (£14y, then the expression can be estimated by an arbitrary power of L/ using
the exponential decay properties. The considerations are similar to those done on
several occasions, e.g. (3.6), (3.21), and we do not repeat them. Let us make a final
remark about the constant in the inequality (3.54). It is much bigger than E,, and
further bounds and summations will make it worse. Eventually we have to recover
the constant E, in the inductive assumption (1.18), and the mechanism for it is
provided by the differentiation with respect to t, at t;=0. This differentiation
yields a factor O(1)«; '¢,, and taking ¢, sufficiently small we can get the required
constant.
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The considerations of this section gave a full control over the terms of the
expansion of the difference E(U,(expiB'V®))—E (U (V®)), except the terms in
the sum on the right-hand side of (3.34). These terms are connected with the
renormalization, and we will analyze them in the next section. The remaining
terms are irrelevant according to our terminology, i.e. they satisfy bounds of the
form (0.28) on their domains of analyticity.

4. Ward-Takahashi Identities and Their Consequences

Let us consider the sum on the right-hand side of (3.34). We can still separate some
terms which are very small due to the exponential decay. It is convenient to localize
the configuration B in a neighborhood of the cube [13, hence we write

0
<5B,.E“>(X U(Co, 1)), ®B>

_ 2 ( )< " EOCX, U (O 1)), (@:DB)®("®"(1—5D)B>>, @.1)

where the function { was introduced in the previous section [see the definition
after (3.20)]. Terms with m < n are exponentially small in I/y. To see it we write the
functional derivatives in a form, which will be convenient for other estimates also.
Consider a more general expression with different functions By, ..., B,. Using the
gauge transformation in (3.37), and the gauge invariance of the function EV(X, U),
we have

EV(X, U(O,expiB)) =EYV(X, expiéH(J,, B)) . 4.2)

Differentiating the composite function on the right-hand side above n times with
respect to B, we obtain the identities

< " EO(X, U (O, 1)), @ B,.>

oB"
S 0 5"
SH ,EJ(X 1), ®< Bn(p)H(DO,O) X >>

ieN(p)

o . ) 5n®
ZWEU) (X,explé ; T, <_5B"‘P’ H;(0,,0), ® Bi>>

ieN(p) t=0

n(p)
=2 H "ﬁf pEm<X expi¢ Z T <5Bn(p)H(DO’0) ® z>) (4.3)

p=127i" T, ieN(p)

Now, let us recall the considerations connected with the function (3.13). We have
noticed there that this function is analytic on the corresponding spaces of variables
U, J, A, and this fact is quite general, valid for an arbitrary domain X. In the last
formula above we have the function EV(X, expiA), i.e. the function with U=1,
J=0. Thus it is defined and analytic on the space of configurations A satisfying

max{|Aly, [P1(Co)Alx, [VeAlx, [4°Aly} <. (4.4)
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The functional derivative (6"?)/(6B"®)H,(0,,0) is given by a sum of several
perturbative expressions discussed in Sect. G [15]. Each expression corresponds
to a tree graph with n(p) initial points and one final point, and it has an exponential
decay in a length of this graph. The derivative has an exponential decay in a length
of a shortest tree graph of this type. The norm in (4.4) of the expression

o"

<5§;@ H;(0,,0), & Bi>

ieN(p)

can be estimated by B; [] |B,], and if one of the functions B, is localized outside
ieN(p)

the domain X, then we have the additional exponential factor
exp(— 6, dist®Y(X, supp B;)). Consider a term in (4.1) with m < n. Using (4.3) and the
last remarks we obtain

'<£3 B9, U0, ). (@208) (& —ED)B)>|

< <2n233 %) E, exp(—xd (X)) exp(— 8, dist®(X, supp(1 — 1))
2

x |CaBI"(1 = {a)Bl . (4.5)

The distance in the second exponential is bounded from below by M(Lin) !, hence
we get the exponential factor exp(—&,M(Ln)~!). This implies that the terms in
(4.1) with m<n are irrelevant.

We have to consider the terms with m =n only. They are localized in (14, hence
the function ;B is defined on the unit lattice . We denote it simply by B again,
hence B={0 (nA).

At this point it is convenient to perform the differentiation with respect to ¢, at
to=0. We replace the function A by (t{ +t5{)H(B), and we differentiate the
sum over n. It is a simple polynomial in B, and the differentiation yields

4 1 5" s n—1
) .
2 D! <5B"E (X, U{(Do, 1)), 0B, ®B> :

o 0 y
oB= <a Q,nA).n <5_A A, {oH(B )>> g (4.6)

> 1
A=A <tCDHk(B’), L 'H,,, (D O,;log V)) ,
where 4
A(A,B)= E logexpinAexpinB.

The fields 4 and {(6/0A)A, {H,(B’)) satisfy the bounds (3.32), the second field is
localized in supp{p, hence 6B is localized in [J.

The tools to investigate the sum in (4.6) are provided by a set of Ward-
Takahashi identities. They express gauge invariance of a considered function.
Take a function E(V) defined and analytic on a domain of small gauge field
configurations V on a unit lattice, and assume that it is gauge invariant, i.e.,

E(V)=EV), Vb)=vb_)V(bpw '(b,). 4.7
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We assume the gauge invariance with respect to G°-valued gauge transformations,
but it isimplied by the invariance with respect to G-valued transformations, and by
the analyticity of the function, as it was noticed already. For a small gauge field
V =expiB, and a small gauge transformation v=expil, B and A small, we have

Vo(b)=expii(b_)expiB(b) exp(—ii(b.))
=expi(expiad,, B(b))expi(i(b_)—A(b.)—%i[A(b_), A(b)]+...),

% log V*(b)=expiad,q_B(b) (4.8)

+9" (i@dexpiaa, piey) (Ab) = Ab ) =)+ ..
=B(b)+i[A(b_), B(b)1—g *(iadp) (62) () + ...,

where the dots denote terms of higher order in 4, and g™ '(z) =(—2z)/(e *—1)=1
+3z+k,z2+.... For more remarks about the above equalities and expressions see
(32)—(41) [12]. Now differentiate the equality (4.7) with respect to A, at A=0. This
gives the identity

< ;—B E(expiB), i[A(b_), B(b)]—g '(iadg) (1) (b)> =0 (4.9)

holding for all g°-valued functions 4, and small, g°-valued configurations B. It is the
fundamental identity expressing the gauge invariance of the function E. Let us
notice that it was derived in exactly the same way as the Ward-Takahashi identities
for the Abelian Higgs model were derived in (2.23)+2.28) [7]. We will call the
identity (4.9) also the Ward-Takahashi identity. From this we derive a whole
sequence of identities by differentiations with respect to B. For our purpose it is
enough to consider expressions with four derivatives at most. Let us write the
corresponding sequence of identities

2
< 5(;2 E(expiB),iad, B—g~ '(iady)d/, B >

b 1
+ <EE(expiB),iad,l_Bl—EiadBl(?/l—kﬁiadBl,iadB}aA"—...> =0, (4.10)

where
{A,B}=AB+BA;

3
<£33 E(expiB),iad, B—g~ '(iadg)oi, By, B >

<£32 E(expiB),iad, B,— iadea/l—kz{iade, iadB}é’/{—...,B1>

+(B,By)+ <6iBE(expiB), —kz{iadBl,iade}a/l—...> -0, (4.11)
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where the symbol (B;<B,) denotes an expression obtained from the preceding
one by the exchange of B; with B,;

4
<£34 E(expiB), iad, B—g '(iadg)di, B,, B,, B, >

<55Bs E(CXPIB) ladl B3 2 iadBaall - kz{iadBa, iadB}al T eeey Bl’ B2>
+(By<B3)+(B,~B3)

< 5‘;2 E(expiB), —k,{iady,, iady,} 04, B1> +(B,—>B,)+(B,Bs)

S L
+ <£E(exp1B),...> 0. (412)

We are interested in the above identities at B=0, because such expressions only
appear in the sum (4.6). This simplifies them in an essential way. Consider at first
(4.10) at B=0

oB?

For constant A we get <(6/0B)E(1), iad;B,) =0, and since the configuration B, is
arbitrary, we get [4,(6/0B)E(1)]=0 for all A e g°. The group G is semisimple, hence
this is possible only for the element 0 in the algebra g°. Thus we have the first, very
important consequence of the gauge invariance

P
s5ED=0. (4.14)

2
<5 E(1), 6/1,B1> + <£§E(1), iadLBl—%iadBlal> =0. (4.13)

This equality simplifies the identities, and also the sum (4.6), we can drop the term
with n=1. We obtain the following set of Ward-Takahashi identities

52
<6B2 E(l),B1,6/1> =0,

63 52 .
<533 E(1), B, B, 6l> <532 E(1),B,,i[A_,B,]— 1[32, 6/1]> —(B1+B,)=0,

4
<5534 E(1)7 B19329 B3» 6j-> (415)

3
— (B0 B Bl Bi1 - 5108, 071) ~ (BB (BB

<55B2 E(1), By, k,{iady,, lad33}6/1> +(By<B,)+(B;~B3)=0,

for an arbitrary gauge function A, and arbitrary gauge fields B, B,, B;.
Applying the above identities to the terms in (4.6) we will get expressions with
derivatives of the field B. Let us analyze bounds for these derivatives. The field

B,(x)=B(x, x+e,)={n(x)Qn4, {x, x+e,5) ={n(x)Q; (14, %)
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is defined on the unit lattice T{”. The operation Q; , is translation invariant, i.e.,
Q;..(nA, x+a)=Q; ,(nt,A,x), where (t,4,) (x) = A (x+a), ae TP, hence we have
the following formula for the derivative 0,B,

(0,B,) (x)=Cn(x+e)0; (4, x+e,) —{5(x)Q; ,(nA, x)
= ¥ &) 1)Q;,n4,x+e,)

bC[x,x+ey]
~ 1 0
+lo(ofdi <ﬁ 05, (nA+ni(t, A= A), n(revA-A>> ,

where xeT{”, andfor x'eT,

(t,,A—A),(x) = . ,Z+ ]é(aéAA) (b). (4.16)
The field A4 is regular on #-lattice, it satisfies the bounds (3.32), hence the derivati~ve
04, can be bounded by O(1)L/y. The same remark applies to the derivative 0°(.
More precisely, (3.32) and Proposition 5 [7] on functional derivatives of averaging
operations imply

10,B,) () < O(1) (02 + B3O(1)Moty) (L)* <oty (L) (4.17)

Thus the differentiation increases the power of Iy by 1, and improves an overall
bound of an expression. For second order derivatives we have a weaker
conclusion, because we do not have bounds for second order derivatives of the field
A, only for Holder norms of first order derivatives in (3.32). They imply the bound

10,0,B,) (x)| <oy (n)**F, 0=P=Po<t, (4.18)

by similar considerations as in the proof of (4.17). The inequalities (4.17), (4.18) hold
for the field 0B also.

We begin the analysis of (4.6) introducing simpler notations. We drop the
superscript (j) in (4.6), and denote

n

0 . .
5B EV(X, U0y, 1)=E"(X), or simply E®, (4.19)

n
hence E‘”’ isa ®g-val.ued function Ey ., (xy,...,x,) defined on a neighborhood
of UJ* in the unit lattice TV, and

4 1 , n—1
6= % — <E< ). 5B, ®B>. (4.20)

Let us consider the third term in the above sum. We apply the same method which
was used in [7], see especially (3.25)-(3.32) [7]. We write

3
<E<4>, 5B, ®B>

= Z <E§tﬂtl,uz,u3(xaxl>x2’X3)9 5Bu(x)5 Bul(xl)a BMZ(XZ)a Bﬂ;(x)>

(%), -5 (13, X3)

+ Z <EL4,.:41,;42,;13(X’x19x25x3)5 5Bu(x)’ Bul(xl)a

(U, %), ..., (U3,X3)

X B,,(x2): (0B, (I ) - (4.21)
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Because of the bound (4.17) the second term on the right-hand side above should
have a bound of the form (3.35). To prove it we use the identities (4.3) again. There
is a problem now, connected with the facts that the last factor (0B, ) (I ,) is a
function of two points instead of one, and it has the bound |(0B,,) (I} )|
<oy (Un)*|I, .- Thelength |I} .| =|x; — x| is in é-scale, so it can be very big (of the
order O(M(L/n)~ ') for points x, x; in 1%, but far apart. We have to use the
exponential decay properties to get a proper bound. Consider two possible cases.
In the first the points x, x5 are connected with the same set N(p) in (4.3). Then the
exponential factor, with a length of a shortest tree graph in the exponent, yields the
factor exp(—J,|x; — x|), and the product of it with |x; — x| is bounded by &, *. The
second case is more complicated, the points x, x5 are connected with different sets
in a partition, and we apply the identities (4.3) with localizations at the points x, x5
fixed, i.e. with the summations over x, x, left undone. A term corresponding to
such a partition can be estimated by

1 4
> (SB3 E) Eqexp(—xd(X)— 6, dist9(X, x)

X,X3

— 0o dist (X, x3)) |B* |6 B(x)| |(0B) (I )

4
o .
<X (833 f) Eqexp(—3Kd;(X)—0;|x —Xo| —8,1x3 —x[) |x3 — x|(I/n)*,
X,X3 2

where x, is a fixed point in X. The exponential decay factors with 5, are
determined by the three factors on the left-hand side, therefore the decay rate is
rather poor, §, = O0(M ™), because of the factor with xd(X). Summing over x, x5
we get finally the following estimate

|(the second sum in (4.21))| < (323321co((Sl)cl((Sl)>4 exp(—3xd; (X)) (I/n)°,
2
4.22)

hence this sum in (4.21) represents an irrelevant term. More generally, let us notice
that by a similar argument we can bound the derivative E®(X, x4, ..., x,) by a
constant times the exponential

exp(—O0(Drd (X U{xy, ..., X,})),

where d (X U{x;, ..., x,}) is a length of a shortest tree graph connecting cubes [
building the domain X, and points x, ..., x,. This bound is enough to prove
bounds of the type (4.22), although with a worse constant.

Consider now the first sum in (4.21). The last factor B, (x) is constant as a
function of x5, and we have

B, (X)=(0,4x) (x3),  Adx3)= é (X3,,—X,)B\(x) . (4.23)

The first sum can be written as <E, 6B, B, B, 94, where we have indicated the
dependence on x explicitly. We apply the third identity in (4.15) taking into acount
the special role of the first variable x. It is simplest to differentiate this identity with
respect to By, take B, = B; =B, A=1_, and then multiply by B(x) and sum over x.
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We get
CEW, 6B, B, B, 0/, »=2(E®, B, B, i[ Ay, B]—%i[B, 0/.]>
+<(E®,i[A,,6B]—%i[6B, 0], B, B)
—2CE®, 6B, k,(iadg)*04.>
—2(E®), k,{iady, iadsy} 04, B . (4.24)

Now we analyze successively all the terms on the right-hand side. For the last term
we have as in (4.21),

CEP, {iady, iadsg) 04, B
= h <EL%L1(X, X1)s {iadB,,,(x)’ iadéBu(x)} Bu(x)a BM(X»

(u, %), (11, x1)
+ ( ); ) <EL2,;“(X7 X1)7 {iadB”(x)’ iadéB“(x)} Bu(x)7 (aBm) ([;c,xl)> . (425)
By X)s (1, X1

In the first sum above we write again B, (x) =(0,,4,) (x,), and by the first identity
in (4.15) this sum equals 0. The second sum can be bounded as in (4.22), hence it is
irrelevant. The second function in the term before the last is equal to

kZ(iadB“ l(xl))zBm(x) =k, iadsm(xl)i[Bm(an Bm(x)]
= kZ iadBul(xl)i[(aBul) (I;c,xl)7 B‘“(x)] >
hence this term is irrelevant also. Consider the second term on the right-hand side

in (4.24). The first function in it is equal to — 1/2i[6B,(x), B,(x)], because 4,(x)=0.
We apply again the same procedure as in (4.21), or (4.25), and it yields

—3(E®,i[6B, B], B, By = —3<E®),i[6B, B], B, 04>
+ (the irrelevant term)
= —3(E@,i[6B, B, i[A,, B]—%i[B,04.])
~3<EP,i[A,,i[6B, B]]—3%i[i[6B, B], 04,1, B)
-+ (the irrelevant term)
= —3(E?,i[0B, B, i[ . B>
+4<E@,i[i[6B, B], B], B)
+ (the irrelevant terms), (4.26)
where we have used again the equalities
i[B,,(x1). (02.),,(x)] = i[B, (x,). B, (0] =i[(0B, ) (I ., ). B, ()], 2(x)=0.

The second term on the right-hand side of the last equality in (4.26) is treated as in
(4.25), hence it is irrelevant and we obtain

_%<E(3)9 l[éB’ B]a Ba B> = _%<E(2)9 1[537 B]v i[/’{xﬂ B]>
+ (the irrelevant terms). (4.27)

Finally consider the first term on the right-hand side of (4.24). This term with the
function —1/2i[B, d4,] is irrelevant, by the equality written after (4.26). We apply
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the procedure in (4.21) to the term with i[4,, B]

2<E®, 6B, i[A,, B],B)=2<E®,6B,i[/,, B], 04>

+ (the irrelevant term)

=2(E®, 8B, i[A,,i[L,, B]]—%ili[A,, B], 041>
+2<E®,i[4,, 6B]—%+i[0B, 04,],i[ 4., B])
+ (the irrelevant term)

=2(E®, 6B, i[4,,i[4,, B]]>
—(E® §B,i[i[4,, B], 041>
—(EY,i[6B, B],i[A,, B])
+(the irrelevant term). (4.28)

We can still simplify expressions in the last equalities in (4.27), (4.28), replacing all
fields B by their values at the point x. The difference B(-) — B(x) =(0B) (I,,.) gives
rise to irrelevant terms. Thus the equalities (4.21), (4.24), and the simplified
equalities (4.27), (4.28) yield

< E®, B, é} B> =2<{E@ 8B, i[A,, [ Ay, B(x)]]) — <E®, 6B, i[i[ 4., B(x)], 041>
—3<E®,i[6B, B, i[4x, B(X)]>
+ (the irrelevant terms). 4.29)

Let us consider now the second term in the sum (4.20). Again, we apply the
procedure in (4.21), but we expand the last factor up to second order around the
point x. We have the following Taylor’s formula on a unit lattice, analogous to the
formula (3.10) [7]

0=+ £ 0-x)@N0+ T E @00,

p=1 x'e[lx, [, belx, x

(4.30)

where [I, [, denotes the part of the contour I, , parallel to the u-th axis, including
the initial point and excluding the final point. This formula is applied to the
function B, (x3) at y=x;. By (4.18) the last term on the right-hand side can be
estimated by 23|I, %o (In)**# with a positive B. For the expression
(E®, B, B, B®), with this last term inserted in the place of B®, it implies the
bound (4.22) with the power 4 + 8 instead of 5 in the last factor. Hence this is an
irrelevant term. Let us denote

4

Bu3('x33 X)= Z (x3,vvxv) (avBu3) (X)

v=1
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We have

<E(3’, 0B, ®B> =(E®, 8B, B, 04, +<E®?, 5B, B, B(:, x)>
+ (the irrelevant term)
=(E@, B, i[4,, B]—%i[B, d.,]> —3<E®,i[6B, B], B)
+<(E®, 6B, B(:, x), dA,» + (the irrelevant term)
=(E®, 6B, i[4,, B]) —+<(E®,éB,i[B, B(x)]>
—3(E@,i[B, B], B(, x)»
+(E?, 0B, i[ Ay, B(-, x)]—3i[B(, x), 041>
—L<EP,i[éB, B], B(-, x)> +(the irrelevant terms)
=(E®, 6B, i[,, B(x)])+2{E®, 6B, i[ 4, B(,x)])
—<(E@,$B,i[B(-, x), B(x)]>
—<(E@ i[B, B], B(-, x)> +(the irrelevant terms).  (4.31)
Here, in the last equality, all fields and their derivatives are taken at the point x.
Thus we have reduced the analysis of the sum in (4.20) to the expression
involving the functions E® only. We will investigate these functions carefully in
the next section, now we will draw further consequences of the gauge invariance.

The basic identity (4.9) holds for all gauge transformations, hence for constant
transformations it is E(expiR(v)B) =E(expiB), and it implies

(E®,R(1)B, R(v)BY=(E®,B,BY, veG. (4.32)

The corresponding function Ef"v(x, y) has values in the tensor product g®g, and
the above identity implies

RWROE\(x,)=E\(x,y), veG. (4.33)

The infinitesimal form of this identity is a consequence of (4.11), or the second
identity in (4.15). An element E in g®g can be identified with the matrix E,, of
components in the basis {1,®1,}, 7, are generators of the algebra g, or with the
bilinear form (E, A® B) on g. With our assumptions on the group G the identity
(4.33) holds for E if and only if E; is proportional to the identity matrix, E,, = Ed,,
and then <E, A®B)=EtrAB. This gives a further simplification of the ex-
pressions in (4.29), (4.31).
Let us write the result of the preceding analysis

4.6)= ¥ EZ(X,x,y)troB,(x)B(y)

x, 1), (v, v)

+2 X (Z EQVX,x,p) (ne—x) (yl—xg)>

X WV, K, A\ Y

x {troB (x)i[ B(x), (0,B,) (x)]+5troB,(x)i[ B(x), i[ B(x), B,(x)11}

HI X (ZERX) 06x) {; (OB, (X)i[B(x). B,(x)]

X MV, K
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- %tréBu(x)z[(a B,) (x), B,(x)]— ~tr5B L(0)i[B,(x), (0,B,) (x)]

— 3, TOB, (OB (), B.CT, B.Co)]

— S trOB,(ONLB,(x). (B,(x), Bv<xm}

+ (the irrelevant terms). (4.34)

The sums over x above are restricted to suppdBC ], and the sums over y are
restricted to suppBCsuppl. The expressions in this formula are local poly-
nomials in the fields 6B, B. The first expression on the right-hand side, which is
simply (<E?(X), 6B, B}, is not analyzed yet. We will analyze it in the next section
using momentum representation and symmetries. The second expression is
already in an almost correct form; we have to use only Euclidean symmetries to
reduce it to a final form. By the Euclidean symmetries the third expression should
vanish.

To make use of the Euclidean symmetries we have still to make changes and
resummations of the expressions in (4.34). At first we have to change the function
U{(Oy) used in the definitions of E®(X). For n=2, and by the identity (4.14), the
formula (4.3) yields

E?(X)= < 5‘;2 E(X, 1), H(O,), H(DO)> (4.35)

If we replace H([J,) by H; with free boundary conditions, then the difference
H(Oy)—H; restrlcted to X x suppC 0, yields the factor By exp(—Jd,M(Lin)~)ina
bound of the corresponding expression. Thus this change increases the sum of the
irrelevant terms by the expression of the form (4.34), but with very small
coefficients. Next, we extend summations over y to the whole lattice Z*. The
difference between the sum over supp{; and the sum over Z*is a sum over a subset
of (£13°nZ*. This gives again the exponentially small coefficients. Finally, the
crucial step is an extension of the sum over localization domains X. In this section
we consider the expressions with the localization domains X satisfying the
condition X c (J2, for a given cube [1. The expressions with localization domains,
which do not satisfy this condition, are exponentially small in Ly, either because
the domains are large, or because their distances to [ are large. We have analyzed
it in Sect. 3. Of course we have the sum over all X € D;in (3.7), the sum connected
with the representation (1.7) of E¥). This sum was divided into two subsums for a
given [J, and in this section we consider this subsum for which X e D;, X C 2. We
extendittoall X e Dj-’, where Dj? is the class of localization domains constructed
for the lattice ¢Z*. More exactly we make this extension for all explicitly written
terms in (3.34), not for irrelevant terms. This means that we sum the function
E®(X) over X eDY, because the other expressions do not depend on X. The
difference between the two sums gives a function satisfying the following inequality

E@(X,x, )

XeD}’,Xn(Dz)C$®
SO Egexp(—(Ln)~Hexp(—d;Ix—y), for xeD,  (4.36)

hence, substituting it into (4.34), we get an irrelevant expression again.
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Thus, after all the changes and resummations, we obtain an expression which is
equal to this in (4.34), with the function E)(X, x, y) replaced by

m, ,(x,y)= XZDO EX(X,x,y), (4.37)

and the irrelevant terms resummed over X e D;, X C (72, The function IT is called
the vacuum polarization tensor. We will investigate it in the next section.

In this and the previous sections we were concerned with the term
EY(U,(expiB'V®))—EY(U,(V®)) in the fluctuation field action. There is the
second term under the sum over j, the term

B(9;-1) (AU (expiB V™) — AU (V). (4.38)

We localize it by the partition of unity connected with the partition 7;, and we

apply to it the whole procedure of these two sections. As a result we obtain all the
well controlled terms, and the terms in (4.34) with the function E‘® replaced by the
cerresponding function calculated for the expression (4.38). By (4.35) it is equal to

(32
Big;i-1) <5ﬁ7 > (o0 [1—Retr(d expiCH) (p, () ]lu =0, H{([Lo), H,-(Do)>

X, u<v
=Big;- )< H(D), (g 0°H(o)), ['em;. (4.39)
Replacing the functions H([J,) by H; and summing over all [J"in {Z* yields the
following expression, as the expression corresponding to (4.37)
ﬁj(gj—l) <6€Hj7 aéHj>:,3j(gj—1)Aj’ (4.40)

where 4; is given by the explicit formula (1.66) [10]. This formula allos us to
understand clearly a final form of the expression (4.34) in this case. The function
4; ,,(x—y)in the momentum representation of (1.66) has the following expansion
around 0:

A; W (p)=40(p')0,,— 04(p')0s(p') + (terms of higher order in p’),  (4.41)

see (1.29)-(1.37) [10] for an explanation of symbols used in connection with
momentum representations. This implies that the first term in (4.34), written for
(4.40) instead of E®, is represented as

Blgj-1)3 Y. tr(36B),,(x)(0B),,(x)+ (irrelevant terms). (4.42)

X, 1,V

In the second term we have the expression

2

ﬂj(gjfl)ZAj,uv(x_y) (yK——xK) (y}._xl): _ﬁj(ng 1)<*//Aj,;4v> (0)
v 0pop;,
:ﬁj(gjfl)(éuxévl—'_éylévx~25uv51<}t) . (443)
Using this equality we represent the second term as
Big;-1) xZ troB,(x) {i[B,(x), (6B),,(x)]+i[B,(x), (0,B,) (x)]
+i[(0,B,) (x), By(x)]+i[ By(x), i[ B,(x), B,(x)]]} . (4.44)
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In the third term we have the expression

ﬁj(g_] I)ZAk pv(x y)(yx X) ﬁj(g] l)< A ]uv)(o) O (445)

hence this term vanishes. Thus the only terms in the expansion of (4.38), which we
do not control yet, more exactly for which the sum over j has not a uniform bound,
are terms (4.42), (4.44). In the next section we will prove that the polarization tensor
IT has a similar structure as the operator 4, especially it has an expansion of the
form (4.41), but with a coefficient. We define the f-function f{g;_,) equal to this
coefficient. The corresponding terms from (4.34) are equal to (4.42), (4.44) also,
hence both groups of terms cancel, because (4.38) appears with the minus sign in
the effective action (1.6).

5. The Analysis of the Vacuum Polarization Tensor and the f-Functions

The vacuum polarization tensor is defined by the formula (4.37) of the previous
section. From this it follows that it can be defined also as

6% .
V= lim —————EU) iB))lg=0- A
H(b9 b ) T(g}lZ“ 5B(b)5B(b ) (Uj(expl ))lB—O (5 )
This representation is basic for the further analysis, because it implies symme-
tries of the tensor. The function EY(U (expiB)) is invariant with respect to all
Euclidean symmetries r of the lattice Tl‘”,

EO(U fexpirB))=EY(rU (expiB))=EY(U (expiB)), (5.2)
where the fields rU,rB are defined by the identity (+U)(rb)= U(b), hence
(rU)(b)=U(r"'b), (rB)(b)=B(r 'b). (5.3)

The invariance (5.2) yields the following covariant transformation law for the
polarization tensor:

H(rb,rb")y=11(b,b), (5.4)

where II is extended to negatively oriented bonds by the equality II(—b,b’)
= —II(b,b’), similarly for the second argument. We would like to get the
representation (4.41) for the function

Hpv(x’y)=H(<x’x+eu>’ <y’y+ev>)' (55)

Unfortunately the Euclidean covariance (5.4) takes on a more complicated form
for this function. We formulate it explicitly in two special cases, which we will
use in the sequel. If r is a transformation defined by a permutation =:
(rx),=X,-1, then the equality (5.4) can be written as

Huv(rx’ Ty)=Hn— L), n~ 1(v)(x3 y)=((r®r)n)uv(x7 y) . (56)
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If r is a reflection in a part of the components of x: rx=ex, (ex),=¢,x,, £,= + 1,
u=1,...,d, then (5.4) can be written as

H(<ex, ex+eue,, ey, ey tee ) =I({x, x +e,),{y,y+e,).
This and the definition (5.5) yield

n,, (ax ! _28" €6y — ! ZSV ev> =g,e,01,,(x,y). (5.7)

The function IT is also translation invariant and symmetric, hence
I, (x,y)=1,(x—y), I, (x)=1I,,(=x). (5.8)

The gauge invariance, expressed in the first identity (4.15), implies
ga:nw(x—y)= gavn#v(x—y)=o. (5.9)

The representation (4.37) yields the following inequality
I, (x = y)| S O(1)Eq exp(—dy[x—yl), (5.10)

with a positive constant ¢, determined by J, &k, and M (eg,
0;=1/2min{d,, kM ~'}). Take the momentum representation of this tensor

1,(p)= ZZ4€_i”'x17uv(x), ,,(x)=@2m)"* [dpe™ "IT,(p), ~ (5.11)

the integration over p with components p, satisfying |p,/<n. The function
I1,,(p) is periodic in variables p,, with the period 27. By the inequality (5.10) it
can be extended as an analytic function to complex variables (,=p,+iq,,
lg,/<d,. This property is the basic reason why we have taken the infinite
volume limit in (5.1). Let us write the symmetry properties (5.6)(5.9) for the
function IT1,,,({):

11,,(rQ)=(r®nI),[() if risa permutation, (5.12)
11,,(60)= 8,6, exp < it c,L) exp < i~ a) M0,  (513)
H#V(C):Hv,u(—C): (514)

Y 0=0H ()= Y. oD ,,(0)=0, (5.15)

where 9,(0)=e**—1.
We will analyze this function using the above properties only. Our goal is to
prove a representation of the form (4.41), more exactly of the form

1,,(p)=B(d,,4(p)—0,(p)d,(p)) + (terms of higher orders in derivatives d(p), d(p)),
(5.16)

and to find the coefficient f. To prove bounds for the expression in (4.34)
connected with the remainder in the above representation, it is important to

write it explicitly as a higher order polynomial in d(p),d(p) with analytic
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coefficients. We obtain such a representation using some simple expansion
connected with the Laurent series expansion. It was used already in [43] for a
similar purpose. To use this expansion we have to choose properly new
variables. Because of the periodicity properties of the function I1,() it is
natural to choose the variables z, =e*~, hence we define

1 1
fulz1, o nz)=11,, <?logzl, ...,?logz,,), e < |z, <el, (5.17)

or

Huv(Cl: EERE) Cd) =fuv(ei§1a cee di;d) .

The functions f,,(z) are analytic on the polyring X {e™% <|z,|]<e’'}, and the
properties (5.12)~(5.15) imply the following ones: *

fur2)=((r®r)f)(z) if ris a permutation, (5.18)
ful2®)=t,8,2, 72172 f (2) (5.19)
[here z*=(z%, ..., 28],
Sl =Foulz™), (5.20)
%(Z,Z T=1Dfu2)= @(Zv— D)ful2)=0. (5.21)

Now, a given function f(z) analytic on the ring {e”% <|z]<e’} can be
represented as f(z)=g*(z)+g (z™ '), where g*(z), g (z) are analytic on the disc
{lz| <e’'}. This representation is obtained by taking regular and singular parts
of the Laurent expansion. It is unique up to an additive constant, and it can be
made unique requiring some normalization conditions. These conditions de-
pend on the property (5.19). Consider cases with one component of ¢ equal to
— 1. If the index of this component is different from g, v, then the transformation
law in the one variable is f(z"!)=f(z). The normalization condition
g1 (0)=g(0) implies then g (z)=g*(z), and we have the representation f(z)
=g(z)+g(z™"), g(z)=g*(2). If the index is equal to g, then the transformation
law is f(z™!')= —z"'f(z). The normalization condition g*(0)=0 implies g (z)
= —z"'g*(z), and we have f(z)=g(z)—zg(z~!). Finally, if the index is equal to
v, then f(z7!')= —zf(z), and the normalization condition g~ !(0)=0 implies
g (2)=—1zg%(2), f(z)=g(z)—z " 'g(z™"). Applying these representations to the
functions f,,(z), to each variable separately, we obtain

Jl2)= Zgzv(zf), (5.22)

where the functions g;,(z) are analytic on the polydisc X{]zu|<e‘5‘} They
satisfy the normalization conditions:

gl Iz, 0,27) =gt L, 0, 2) (523)
for the indices A different from u,v, if u=¥v, or for all the indices A, if u=v;
o= T hENZ,0,2") =gl T1(2,0,2") =0, (5:24)
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if u=+v. These normalization conditions and the transformation laws (5.19)
imply the equalities

ng(Z) =g,8,2, 17212 (DL () (5.25)
Denoting g,,(z2)=g\5 "~ *1(z), we get the following representation:
ny
fin2)=Y g8,z ~o2z 7720 (27). (5.26)
€

Let us now write properties of the functions g,,(z) equivalent to the properties
(5.18)+5.20). The equalities (5.18) are equivalent to

g.,(rz)=((r®r)g),,(z) if ris a permutation. (5.27)

The equalities (5.19) are implied by the form of the representation (5.26). The
equalities (5.20) are equivalent to

8=z, "2,8,(2). (5.28)

From the definition of the function f,(z), we have also the following
representation:

Jul2)= 3 27 (), (5.29)

hence the terms of the representation (5.22) are obtained by restricting corre-
spondingly the range of the summation in (5.29). This implies that all these
terms, and in particular the function g, (z), are real functions for real variables z.
It is possible also to write the gauge invariance (5.21) in terms of the functions
g,,(z), but it is much simpler to investigate its consequences later on, for
simplified representations.

The first step to get (5.16) is to expand the functions g,,(z) up to the third
order around the point (1,...,1)=1,

guv(z)zguv(1)+ ;(zx—1 (a guv) (1 Z (Z Z;— 1)(5;:Tz)guv> (1)

3

1

1 0
+ 2 @G DE-1E —1§£dt(1 <aza e guv)(i-l-t(z—l))

=guv(1)+ ;auv,rc(zk - 1)+ 5 kZ:) buv,x}. (ZK - 1)(2)._ 1)

+ K;quv,lc).g(z)(z)c_1)(zl_1)(29—1)' (530)

The coefficients a,b and the functions g above are real for real values of z, the
functions are analytic on the polydisc X {|z,|<e’}. Let us investigate the
coefficients. The properties (5.27) imply  *

0 0
(a guv) Z ruxrv)rga (0 gk}) (’ ) (531)
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for all permutations r, identically for higher order derivatives, hence

Ay o= ; Fu'vil goOs,s» the same for by, ;. (5.32)
This implies that all the coefficients a,, , with three different indices are equal,
similarly all the coefficients a,, , with p#v are equal, and so on. The same
conclusions hold for b, ;.

Now we substitute the expansion (5.30) into the representation (5.26). Only
the first three terms on the right-hand side of (5.30) may contribute to the basic
second order operator in (5.16), the third order terms in (5.30) give rise to the
higher order terms of the remainder in (5.16). They have also the desired
analyticity properties. Some of the lower order terms in (5.30) generate higher
order terms also. Writing explicitly only the lower order terms, and making
simple algebraic transformations, we finally get the following representation:

fuv(z) = 6uv2d_ zg/m(i)[4_(z; L 1)(Zu - 1)]
+ 2d_2[guv(l)_2a,uv,u+2auv,v_4buv,uv](zu_ - 1)(Zv_ 1)

—0,,2"7! [g(auu,x by (2 ' = 1)z, 1)

— 2@+ by )z =Dz, — 1)]

+ K’;Q[ﬂv,ug(Z)(z{ S Y AR V EA

+ v 1D =D T =Dz ' =D+ ... ], (5.33)

g, v

where the dots denote summation over other possible third order monomials in
z~1—1, z—1. The coefficients f’ are analytic functions on the polyring in (5.17).
Let us make a few comments about the above formula. For z=1 we get f,,(1)
=0,,2°g,,(1), hence f,(1)=0 for u=+v. Differentiating the second identity in
(5.21) with respect to z, and taking it at the point 1 yields f,,(1)=0, hence
g,.(1)=0 by the above equality. Thus the whole term in the first line on the
right-hand side of (5.33) is equal to 0. Now we investigate consequences of the
gauge invariance (5.21) for the explicitly written lower order terms in (5.33). We
multiply (5.33) by z,—1, sum over v, and we obtain an expression identically
equal to 0. This expression is an analytic function in a neighborhood of the
point 1. Expanding it into a power series we obtain a system of equations from
the fact that the coefficients of this power series are equal to 0. We have to
consider third order terms only, and the equations are

guv(1) - za;tv,u + 2auv, v 4bﬂv, w = 2(a;m, v buu, vv) for 2 *v,

guu(I) - 2(1‘% ut 2aﬂﬂ» T 4b/m, = 2(auu‘ ut bmt, uu) :
Denoting the left-hand side of these equations by —f,,, we have

fuv(z)= _2d~2Bﬂv(Z;1-1)(Zv— 1)+5uv2d—22ﬂm¢(zic—l - 1)(Zx'_1)+ (535)

(5.34)

We have discussed already the consequences of the symmetries (5.32). They
imply that all the coefficients f,, for u#v are equal. Denoting the common
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value of 2¢72f,, by f, we get
ful2)= ﬁ(éuvZ(Z‘l Dz —1)—(z, '—1)(Zv—1)> +.... (5.36)
This is the desired representation of the functions f,,(z). Using the relations
(5.17) and substituting z,=e'?*, we obtain finally
11,,,(p)= (6, A(p) — 0,(P)O(p)) + IT,,,(p) . (5.37)

The function IT), (p) has all the symmetries of the function IT,,(p) and it can be
written in the form of a third order polynomial in the derlvatlves a(p), a(p),

v(p)— Z [Huv K/Q(p)a (p)a ) ( )+Hﬂv K, )Q(p)ak(p)a)(p)ag(p)-'_ ] (538)
The coefficients I1' can be extended to analytic functions of {=p+ig on the

polystrip X {lg,/ <4}

m
It remains to calculate the coefficient f3, i.e., to express it in terms of the
tensor II. We have

ﬂ= 2d_ 2(_ guv(1) + 2auv,u - Zauv, v + 4buv,uv) (5'39)
for u=v, e.g.,, for u=1, v=2. The representation (5.26) yields
S12(215 25, 1)___2‘1—2(2122—1g12(21—1’22—1’1)_22—1&2(21,22—1’ 1)
—2,812(21 1,25, 1)+ 84424, 25, 1)) (5.40)

Differentiating it with respect to zy,z,, at z; =z, =1, we obtain

0? _
<6z oz f12> 1)=2d 2("g12(1)+2a12,1—2‘112,2+4b12,12):ﬁ= (5.41)
102,

and

0* 0*
- _ ,,)0)=———II..10)=%1I 5.42

ﬁ <aplap2 12) ( ) <apuapv uv) ( ) ; uv(x)xuxv ( )
for u==v. This is the fundamental equality defining the S-function.

Let us finish now the analysis of the previous section. The first term on the
right-hand side of (4.34), after all the changes and resummations, and using
(5.37), (5.38), can be written as

Z Huv(x _y) tréBu(x)Bv(y)

X, 1), (v, v)

=p3 Y. tr(00B),,(x)(0B),(x)

X, 1,V

+ 2 LT s e20(X = y) 11(0,0,0,0B,) (X)B,(y)

(x, 1), (v, v), %, 4,0

+ 11, . 20 (x—Y) tr(0,0,0B,)(x)(0,B,)(»)+ ...]. (5.43)

The analyticity properties mentioned after (5.38) imply the corresponding
exponential decay properties of the functions in the above formula. More
exactly, we have

Ty 2o = Y S O(1)Eq exp(30,|x —y)). (5.44)
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In the third order terms in (5.43) we can always shift the derivatives onto the
other function, so we can write them in the form in which 6B is differentiated
once, and B twice. The bound (5.44), and the bounds (4.14), (4.15) for derivatives
of 6B, B imply that all these third order terms in (5.43) are irrelevant. Defining
the function f; as equal to the coefficient f in (5.43), we see that the first
expression there is cancelled by the first expression in (4.42). The second term
on the right-hand side of (4.34) is equal to (4.44), and is cancelled by this
expression. The third term is equal to 0. In both cases we have used the fact that
the first and second order derivatives of the function IT, (p) vanish at p=0, so
we have to calculate the corresponding expressions in (4.34) for the first term on
the right-hand side of (5.37). These calculations are the same as in (4.43), (4.45).

Thus we have finished the analysis of the fluctuation field effective action in
(2.13) from the point of view of analyticity properties and bounds. We have
transformed this action in such a way that a uniform bound is clear. The terms
of the transformed action have also good analyticity properties, but they are
still nonlocal in the fluctuation and the background field; more exactly they do
not have localization properties connected with good bounds. In the next paper
we will construct such localizations and prove the bounds. They are used to
construct a cluster expansion of the integral in (2.13), and to finish the proof of
the inductive assumptions for the term E** 1 defined by (2.13).

Finally, let us make some remarks about the functions E®, obtained by the
changes and the resummations of the functions E®(X) in (4.3), and about the S-
functions. In this section we have analyzed the function E®=1II using the
symmetry properties and the analyticity properties of the momentum represen-
tation. We can do a similar analysis for the higher functions, e.g., for E®, E®),
again using the symmetry properties, especially the Ward-Takahashi identities
(4.15). We can represent these functions as sums of basic marginal operators
with the coefficient f, and higher order operators leading to irrelevant terms.
Then we can use this representation to analyze the whole expression (4.3) in the
same way as the term with E® was analyzed in (5.43). This would give a
method alternative to that applied in the previous section. It is connected,
unfortunately, with a lot of technicalities and calculations of an algebraic
character, and it seems that the method presented in the last section is more
clear and simpler. The f-functions are related in the simple way to the tensors
IT by the formula (5.42). In fact we should write the superscript (j) at the tensor
in the formula (5.42) defining the function B; We write f; as explicitly
dependent on g;_,, although it depends also on all preceding coupling con-
stants. The dependence on g;_, is important and it determines main properties
of the renormalization group equations.
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