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Abstract. We determine all the resonances in certain rectangular regions of the
complex plane of the Schrodinger operator —h*4 + V when h—0, under the
assumption that the set of trapped points of energy O for the classical flow form
a closed trajectory and that the corresponding Poincaré map is hyperbolic.

0. Introduction

In this paper we consider a semiclassical differential operator P on IR" with
analytic coefficients, which satisfies all the general assumptions of [6, Sect. 8]. Let
p(x, &) be the principal symbol in the sense of h-pseudodifferential operators. [The
most important special case is, of course, when P= —h?A+V(x). Then
p=E24V(x).] We assume that

p(x,&)=0 = dp=+0. 0.1)

In the appendix of this paper, we give some generalities concerning the flow of
H,=7%p; 0. —D%,0;, cither in P ([ —ég,60]) or in p~}0). For ge T*R", let
1T_(g), T+ (e)[ 2t exptH (o) be the maximal classical trajectory. Here T, and
— T_ are lower semicontinuous functions of ¢ with values in ]O, + c0]. We define
the outgoing tail and the incoming tail by

[2={0ep™(0); exptH,(0) » oo, as t— Tx(0)} - 02)

In the appendix we show among other things, that K®=T"?~I" is a compact set.
Our next assumption is then:

K is (the image of) a simple closed trajectory
y°:[0, T°]—p~'(0) [satisfying y°(0)=»*(T°)]. 0.3)

Let p° be the corresponding linearized Poincaré map. It is a symplectic
automorphism of the normal space of y° in p~'(0) at the point y°(0), defined as the
differential of the smooth map H°— H°, obtained by following the flow of H,, once
around °. Here H°Cp~'(0) is some smooth hypersurface intersecting y°
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transversally at y°(0). If 0 is an eigenvalue of p°, then 1/0, 8, 1/0 are also eigenvalues
of p° with the same multiplicity. We assume that our Poincaré map is hyperbolic:

p° has no eigenvalues of modulus 1. 0.4)

In particular, det(p® —I)+0, so by the implicit function theorem, there is an g, >0
and an analytic family of closed trajectories:

ys:[o’ TE]_)p—l(s)’ 86[—803 80:|s (05)

so that the corresponding Poincaré maps are all hyperbolic.

Going back to our general discussion, we define I, K= 1% NI in p~(g), for
e[ —eg, 0] just as in the case ¢=0. It is then easy to see, at least after reading the
appendix, that K- K* as §—¢, in the sense that K° is contained in any given
neighbourhood of K¢, when § is sufficiently close to ¢. [Here we do not use the
assumptions (0.3), (0.4).] If G is any escape function (defined in [6]), then we have
the same result concerning the families I': {4+ G < T}, for every fixed T. On the
other hand, it is easy to see that when (0.3), (0.4) are satisfied, then there is a
neighbourhood U of j= () 9° in p~ ([ —&p &0]), such that if pe U and

—gpsese
exptH (0)e U for all teR, then QOG 7. Then after decreasing ¢, if necessary, we

conclude that
Kf=y*, —gr=e=g¢,. (0.6)

(Whenever it is convenient to do so, we shall identify y* with its image.)
It is easy to prove the following facts: (See [1] for (0.8), (0.9) in the C*-case.The
proof of the appendix in [11] can be adapted to the present analytic case.)

7 is an analytic 2-dimensional symplectic manifold. 0.7

J.=|JI% are analytic involutive manifolds of
dimension n+ 1, intersecting transversally along 7. (0.8)
& =I%=J,.np e) are Lagrangian analytic manifolds,
intersecting transversally in p~!(¢) along 7°. 0.9)

At a point x(¢) of y°, we can write TA% =Ry, ®TI%, where % are the
bicharacteristic leaves of J . (of dimension n—1). TI'; @ TI? is then the spectral
decomposition of p® into spaces corresponding to eigenvalues of modulus >1 and
<1, respectively. Let D*=p®|;pe : TIS > TI.

Let D% : PV~ YTI%)—»>P" "1 (TT*,) be defined by (DZu)(t)=u((D°)~'(t)). Here
2N~ 1 denotes the space of complex polynomials of degree N — 1. If we identify TT%
suitably with R"~%, it is easy to see that D° and D%, depend analytically on &. The
eigenvalues of D® are, of course, the eigenvalues 6,(¢), ..., 0,_,(¢) of p of modulus
> 1. The eigenvalues of D, are then the numbers 0(e) " *=0,(e) " * - ... - 0,_,(e) ™,
with |¢| =0, + ... +a,_ ; <N —1. Here the algebraic multiplicity of each eigenvalue
is the number of o’s of length <N —1, which give rise to this value.

In the next section we shall define a certain analytic function g(¢) which satisfies

lo@]=101()- ... - 6,1 (e)l ™"/ (0.10)
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Let us also introduce the action

Cle)= | ldx. 0.11)
yﬁ
As we shall see in the next section, we have
C'(e)=T(e). 0.12)
For a complex value of E, we have
det(o(E)DE —e~ BN =0 (0.13)

if and only if, for some aeN""! of length <N —1, and for some ke Z, we have
C(E)=2nkh+ihlogo(E)—ihY o;logf(E).

From now on we restrict the attention to a rectangle [ — ¢, &5] —i[0, Cohl,
where ¢, >0 is sufficiently small, but independent of h, and C, may be arbitrarily
large. Let Q(h) be a subdomain such that

(@) sup [E—E,|-0, h—-O0,
EcQ(h)

for some function E,(h) with real values. We assume moreover that
(ii) det(g(E,)DEr — e 7*€®/h > const >0,

for all E € 0Q(h). Then it is easy to see that there is a bijection x between the set of
solutions to (0.13) in Q(h) counted with their multiplicity, and the set of solutions in
Q(h) to

det(o(E,)DE —e~€®BM =, 0.14)

counted with their multiplicity, such that «(E) — E = o(h), uniformly with respect to
E. Now (0.14) is equivalent to

C(E)=2nkh+ihlogo(E,)—ihY a;logf(E,), (0.72)

where the only implicit part is given by the inversion of the map C. This is no
problem however, in view of (0.12). A simple consequence of this small discussion is
that there exists a number N, such that no disc of radius 4 can contain more than
N, solutions (counted with multiplicity) of (0.13).

Let I'°(h) be the set of solutions of (0.13) in [ — &g, o] —i[0, C,h], counted with
their multiplicity. Then we have:

Theorem 1. For every Co,>0, if N in the definition of DE is sufficiently large, we
have: If h is sufficiently small, there is an injective map b(h) from I'°(h) into the set of
resonances of P (counted with their multiplicity), such that b(h)(u)— pu=o(h),
uniformly as h—0, and such that all resonances in [ —&q +oh, g — ah] —i[0, C h] are
in the image of b(h). Here >0 and 0<C, <C, are fixed arbitrary constants.

There is also a more refined version of this result, which determines the
resonances of P (in the given rectangular region) not only modulo o(h), but modulo
O(h®). It is a little longer to formulate:
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Theorem 2. Fix C,>0. Then there is a number NeN and a matrix
F®_ (E,z,h): PN~ 15PN~ 1 with the following properties:

F2, is holomorphic in (E, z) in an open h-independent set
in C? which contains
([—2¢9,2e0] +i[ —2¢0,260]) X {z€C; ro<|z| <1} (0.15)

Here 1, is so small that F® (E,e” “®" p) is well-defined for Ee[—gg,¢)
1[0, Coh]. )
F®, is a symbol; F%,~Y A(E,z)h?,
0

Ao(E,z)=z—o(E)DE . (0.16)

Let I'°(h) be the set of E in the basic rectangle such that det F* ,(E, e "“®/* p)=0.
Then there is an injective map b(h) from I'*(h) into the set of resonances of P (where
the elements of both sets are counted with their natural multiplicity ), such that
b(h)(u) — u= O(h™) uniformly for each M, and such that for every M, the image of
b(h) contains all resonances in the slightly smaller rectangle [ —ey+h™, eq—h™]
—i[0, Coh—h™], when h is small enough. (See also Remark 5.2.)

We became interested in this problem through a paper of Ikawa [7], dealing
with resonances for the Dirichlet problem for the Laplacian in the exterior of two
strictly convex obstacles. Roughly, one could say that Ikawa obtained the first
string of resonances (closest to the real axis) corresponding to our Theorem 1,
given by (0.13) with «=0. Later Ikawa [8] and C. Gérard improved this result.
Tkawa got the complete asymptotics of the first string of resonances, while Gérard
[4] got the complete asymptotics for all the strings, which is the complete analogue
of our Theorem 2. Guillopé has also got analogous results in an explicitly
computable situation [5].

The method we use here has many similarities with the method of Gérard. In
particular, we make use of a certain associated Grushin problem. Technically,
there are also many differences, and we use here some techniques from the study of
operators with multiple characteristics as in Boutet de Monvel-Grigis-Helffer [2],
or Sjostrand [12] (containing also references to the work of Grushin), combined
with more recent work on microlocal analytic singularities [11, 13].

This result can be compared with earlier results on quasimodes associated with
closed elliptic trajectories (Ralston [15], Voros [18]) or with invariant Lagrangian
manifolds (Colin de Verdiére [16], Candelpergher-Nosmas [17]), which provide
sequences of real eigenvalues for self adjoint operators. As was remarked long ago
by Duistermaat [19] the construction of quasimodes associated with the stable or
unstable manifolds of a closed hyperbolic trajectory does not work because there is
no smooth H, invariant density on them. On the other hand, the construction of
quasimodes living just on the closed trajectory give complex eigenvalues. The
result we obtain shows that these problems disappear in the framework of
resonances and that the quasimodes give all the resonances in a box
[—¢&o+ah,eg—ah]+i[0, — Cyh].
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We give some examples. The basic mathematical example is P= —h?4 + V(x)
on R” with .
Vx)=x2— Y x?
2

near an energy level E>0. The closed hyperbolic trajectory is:
(xy, ) =exp(=2it)(x4(0),£,(0);  x,=...=x,=0; {=...={,=0.

The physical analogue of this example is P=—h*4+V(x) on R" with
V(x)=1|r|~* + ax, (repulsive Coulomb potential perturbed by Stark effect), near an
energy level E> 21/5.

Finally, let us mention that these kind of resonances have already been
observed by Pollak (see [20]).

The plan of the paper is the following: In Sect. 1 we study a certain Poincaré
operator, acting on symbols, and we define the quantity o(E). In Sect.2 we
introduce a certain transformation, which is well-defined on outgoing functions
(but not on general L2-functions). We then get a simple form for the operator near
7. In Sect. 3 we give estimates for a certain Grushin problem associated to a
pseudodifferential operator in 1 dimension. At the end of Sect. 4 we combine the
results of Sects. 3 and 4, in order to obtain a well-posed Grushin problem for the
original operator. In Sect. 5, we derive some additional asymptotic information
about the solution to this Grushin problem and we prove Theorem 2, which
implies Theorem 1.1

1. Computation of a Principal Symbol

Some parts of this discussion could also be carried out in a more standard way, by
introducing the subprincipal symbol of the operator and interpreting certain
leading symbols as half-densities.

We may choose real symplectic coordinates (x, &) centered at y°(0)= (0, 0) such
thatp=¢,,J, :€"=0,J_:x"=0. Here we use the notation x=(x,, x"), E=(&,, &").
The symplectic map x =exp ToH,, restricted to 7:x"=¢" =0, then maps (x4, &) to
(x1+ f(&1), &y). We also know that the bicharacteristic leaves of J, are mapped
onto bicharacteristic leaves, so if D is the differential of x at (0,0), then D maps:
0,0y, 0e, = f"(0)0,, 4 0¢,, 0> ADyr, Opt—>"A7 16, Here <g ‘A0'1> is the
linearized Poincaré map p°. If we write the coordinates in the order (x,, &, x", &),
it follows that D is given by the matrix

1 £
o .

0 1
0 4 o (1.1)
0 0 ‘A

! ' We would like to thank the referee who has helped us to eliminate several misprints and make
several statements more precise
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Consider the strictly positive Lagrangian plane A4;: #=idy, given by the phase
i6y?/2. (See Melin-Sjostrand [9] and Sjostrand [13] for terminology.)
Let A; be the image under D. Then by (1.1) we get the equations for A;:

E=i'A"1A7 X", & =id(1+idf") 1x; =0+ 0(5?)x, . (1.2)
We now introduce an FBI-transform
Tu(x, h)= [ eIt(x, y, hyu(y)dy, (1.3)

asin [13, Sect. 7] (with A= 1/h). We could for instance take @(x, y) = i(x — y)?/2. Let
kr:(y, — @)~ (x, @) be the corresponding canonical transformation. Then we
know that k(R?")=A4: &= (2/i))0P/dx, where & is a strictly plurisubharmonic
function. [If ¢ =i(x — y)?/2, then @ =(Imx)?/2.] We denote x;7° simply by y°. Then
n,(y®)is a simple closed loop in C7. For short we also write 4% instead of k4% . We
then know that the complexifications: (4%)€ near 7° are given by:

0
E= o9t (1.4

Here ¢9 are holomorphic with —Im@% <&, and more precisely, ®+Im¢<
~dist(-, L%)? where L% =n(A4%). This follows from the fact that x5 ((4%)°)
intersects A4, along xk(4%), and from wellknown inequalities between harmonic
and strictly subharmonic functions. If p also denotes the transformed principal
symbol of P, then we have the eiconal equation:

p(x,(¢%))=0. (1.5)

We have to be a little careful, however. While Im ¢9. are single valued (equal to
— & on L%), there is no reason why Re ¢ should be so. In the above discussion we
first notice that everything is uniformly valid if we replace the superscript “0” by
“g”, for ¢ in some complex neighborhood of 0. We then have to replace (1.5) by the
more general equation:

plx, (¢%))=¢. (1.6)

If we lift ourselves to the universal covering space of a neighborhood of 7,(y°),
then we can introduce the map 7, which consists in “moving a point x one loop
around m,(y°) back to itself.” For our multivalued function ¢% , we then have:

$%(T x)= % (x)+ Cle), (1.7)
where
Cle)= { tdx. (1.8)
'yE
It is easy to see that the integral in (1.8) takes the same value for any globally
defined symplectic coordinates on R?”, so going back to the standard symplectic

coordinates on R?", we see that C(e) is real for real e.
Differentiating (1.6) with respect to ¢, we get

" 0p 0 (09 _
()
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and if we restrict this to 7,(y®), we get the ordinary differential equation:

1<0¢8> =1. (1.10)

dt \ Oe

Here ¢ is the natural parametrization of % If T(g) is the period of y¢, we get, after
comparing the integrated version of (1.10) with the differentiated version of (1.7),

C'(e)=T(e). (1.11)

We let P also denote the pseudodifferential operator, obtained by conjugation
with T. The principal symbol of P is then the transformed principal symbol p. We
now consider multivalued WKB-solutions defined near n(y°) of the form

a’(x, h) exp(i¢® (x)/h) of
(P—¢)(ae’* ") ~0. (1.12)

Here a is a classical symbol of order 0 with holomorphic coefficients;
a¥(x,h)~ Y a(x)h’. (1.13)
0

If H is a complex hypersurface intersecting y° transversally at the point x,, then we
get a unique solution to (1.12) (in the covering space) if we prescribe al;. The
leading symbol g solves the transport equation

Zay= (3 Lo, vip_ e+ 15y 0P 6 0,65 Ja=0.  (1.14)
0 ;afj xj D—1\X, 0% 222(36}66,‘ XV xr + ap=V. .

Restricting this to 7,(y°), we get an ordinary differential equation, and it follows
that

ap(T x)=0(e)ap(x),  xem()), (1.15)

where g(¢) is an analytic non-vanishing function.

Itis easy to see that g(g) is independent of a, and of the choice of FBI-transform.
We could even define g(¢) by the natural WKB-procedure before FBI-
transformation, but we would then need Maslov theory because of the appearance
of caustics.

Let ;= ¢% + 0(5]x — x,|?) be the phase associated to x(4;) = A5. We can then
construct a WKB-solution to

(D,+ P)(b(t, x, h)e' @9/ 0 (1.16)

with initial condition |, , = ;. Here p and b are determined by the usual eiconal
and transport equations. We have

w(0,t,%)=%(x)+ 0(@|x —my()), (1.17)

so if we write down the transport equation for the leading part of b along the curve
t— (8, (), we get

(0,+(Z +0(8))by =0. (1.18)
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Here O(6) indicates a multiplicative term. We conclude that

bo(To, x0)=(2(0) + 0(6))bo(0, x,) - (1.19)

Let u=aexp(i¢% /h), v,=bexp(ip/h). From the self-adjoint character of P, it
follows that

(olu)=(vr |7 *u)+ O5(h*), (1.20)

where (7 *u)(x) =u(J x), and where the scalar product on the FBI-transform side
is the one naturally induced from the standard L? scalar product on R”, which
makes P self adjoint.

Now let us represent the relation (1.20) in the special real symplectic
coordinates considered in the beginning of this section. When u,, u, are suitable
oscillatory functions, we can define the induced scalar product from L*R")
[modulo O(h*)] by:

(u|uz))=(A(x, 5xa Muyluy);2, (1.21)
where A is an elliptic formally self-adjoint pseudodifferential operator of order 0.
In this representation we have u=a(x, h) and T *u

=e'COMp0)(a(x, h) + O(h)+ O(]x —x,|). We may take v,=e %*?" Then
vy, =€ “O"p(8, x, h) exp(— f5(x)/2h), where fy(x)=(A"'x')*+ (14 O(5))xZ + O(|x?),
and by(0, 0)=(0) + O(d). Inserting all this into (1.20) [or rather its analogue for the
scalar product (1.21)] and identifying the leading terms in h, we get

37"2a(0)=(1+ 0(5))56 ~"?|0(0)|*a(0) det 4 . (1.22)
Letting 6 tend to 0, we obtain,
lo(0)* =1/|det A|=1/10,(0) - .... - 6,,_ 1 (0)|.. (1.23)

This relation extends, of course, to the case when 0 is replaced by ¢, and we get

Proposition 1.1. We have
n—1 —-1/2
le(e)l =111 0,(e) (1.24)

Introducing the subprincipal symbol of P, one could also get a formula for
argo(e).

2. An Additional Canonical Transformation

In this section we construct new global symplectic coordinates near y°, where J§
and J€ will be given, respectively by &,=...=¢,=0and x,=...=x,=0, and (y°)°
will be just S x iR.

We then quantify this transformation by a Fourier integral operator in the
complex domain (see [13]), which acts only on suitable outgoing functions. (The
discussion of the geometry is invariant under x; and we can identify R” with 4,.)

We start by choosing real global analytic coordinates (¢,7) on 7 so that y° is
given by t=0, so that 7 is single valued and so that ¢ is multivalued with
J t=t+2mn. This is easy, if we first choose ¢ and then solve —H (t)=1, 1,c=0. We
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introduce q, =t +if(t, ), where f is single valued and vanishes for t=0. We want
i~'{qy,q,} <0, where the Poisson bracket is defined from the symplectic form on 7.
On y°:7=0, we get i~ *{q;,g,}=20.f, so we can take f= —art, where a>0. Put
P1=T.

Having determined g, on 7, we extend it to be constant on the bicharacteristic
leaves of J _. For ¢, real, we consider the complex Lagrangian manifold K, CJ€,
given by g, =t,. This manifold intersects the real domain cleanly along the
bicharacteristic leaf I of J _, passing through the point of y°-corresponding to t.
If g,, ..., q, are in involution such that J _ is given by g, =...=q, =0, then locally
we can extend ¢, to the full space, so that g4, q,, ..., g, are in involution. Then since
d2---,q, are real, we also have: {G,,q;} ={q1, gx} =0. Modulo the directions
H,,...,H,  thefield H,, in the sense of the full symplectic structure coincides with
H, in the sense of the symplectic structure of j. Hence i~'o(H,,H,)
=i"'{q,,q7} <0 in the full symplectic structure, and we conclude that K, is a
strictly negative Lagrangian manifold. If we choose a in the definition of f small,
then K, is close to the complex Lagrangian manifold (42)C.

Our discussion is invariant under the canonical transformation x introduced
in Sect. 1, and if we consider all our objects after this transformation (without
changing the notations), then since K, is close to the Lagrangian manifold (42)€,
we see that the projection 7, |x, : K, —C? is a local diffeomorphism near y,.

It is easy to see that there exist C® sections v,, ..., v,, Wy, ..., w, in I'(7; C") such
that at every point g € 7: v,, ..., v, generate the vectorspace T,(J$)? (the symplectic
orthogonal space) and such that w,, ...,w, generate T,(J€)°. Without changing
notation, we now replace v,,...,0,, W,,...,w, by analytic sections which are
arbitrarily close in the C* topology. Consider the analytic diffeomorphism

TEx C*" V(o 1,8) >0+ Y tw;+ Y sw;e C™",
2 2

defined in a neighborhood of 7 x {(0, 0)}. Then the inverse images of J¢ and J are
of the form ¢t — f(s, 0) =0 and s —g(¢, ) =0, respectively, where f and g are analytic
and well defined near s=0 and t=0. Back in C*", we define q; and p; as the images
of t;—f; and s;—g;, so that JS is given by p,=...=p,=0 and JC is given by
d,=...=4,=0. The matrix ({p;, q,}) is easily seen to be non-degenerate (since J ,
and J_ intersect transversally), so we can find a unique non-degenerate analytic
matrix (a;,,(0)), ¢ €7, such that if we replace g; by Y a; 4, then {p;, q;,} =0, , on .
We shall now improve the choice of p;, g;, so that these relations will be valid in a
neighborhood of 7. Put §, = g, and let ¥, > J be the hypersurface p, =0, and let §,
be the solution of H,,§;=0, with initial condition 5|y, =¢5. Then d§j; =dq; on 7,
gs=0on J_ and H,,, H,, commute and are tangent to J<. Let X,2JS be the
submanifold; p,=p;=0. Let §, be the solution of the well posed problem

quq4=Hq3c]4=0, ‘74|22=‘14~

Continuing this procedure, we get a new set of functions §,, ..., §, keeping all
the properties above and such that in addition {§;q,}=0. Finally, improve
P2, ... Dy DY sOlving

Hq,ﬁk= _5j,k’ Pls_=0.

Since {p;, p,} =0 on JS, these relations hold everywhere, by the Jacobi identities.
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Summing up, we now have p,, ..., p,, qs, ..., g, satisfying {p;, p,} =0, {q;, ¢, } =0,
{pj»ax} =90, ;. In particular, the corresponding Hamilton fields form a Frobenius
system of commuting vector fields, transversal to 7 at every point. We finally
extend the functions p,,q, from j to a neighborhood, by solving

HpJp1=qup1=07 Hquleqqu':Os 2§]§n (21)

(This gives back the extension of g, to J _, already discussed.) We have {p,,q,} =1
for the symplectic structure of 7, and (2.1) shows that dp, and dq, restricted to the
symplectic orthogonal space of § vanish. Hence {p;,q,}=1 on 7 for the full
symplectic structure and from (2.1) and the Jacobi identities, we conclude that
{p1,q:} =1 everywhere.

Summing up, we have constructed a system of symplectic coordinates p,, ..., P,
q1; ---» 4y, defined in a complex neighborhood of 7. All the coordinates are single-
valued except q,, which satisfies 7 q, = q, + 2=. Let us then consider the canonical
transformation,

() = (x, ©)=(q(y, n), p(y, M) €(S* X iIR)x C"~ ' x C". 22

The image of € is given by x” =¢” =0, where we write x =(x,, x"), ¢=(¢,,£"). We
also know that x(7) is an I-Lagrangian and R-symplectic submanifold of x(7) such
that the fibers x, =const are strictly negative with respect to k(7). Hence we know
from [13], that x(7) is given by: ¢, =2i"10, &,, where &, =& ,(x,) is strictly
subharmonic. Since 7° is mapped to &, =0, Imx, =0, we also know that &,(x;)
=0(Imx,|?), and hence ®,(x;)~(Imx,)>.

From the results in the appendix and the hyperbolic structure of y°, it is easy to
see that there is an escape function G such that in the region p~ ([ —e&g, &]):

H,G>0 in C7. (2.3)
Near 7 we have: G=0(dist(-, 7)?),
H,G~dist(-,7)2, G|, ~+dist(-, 7). 2.4)

We can take for example a local escape function G, equivalent to dist(/_ )2
—dist(I',)?, and glue G, to an escape function at infinity G constructed in
Proposition A.6. From now on we consider the situation after applying xr
(without change of notation). It is rather easy to see that since for example the
bicharacteristic leaves of J _ map into the fibres x = const, k(44) does not project
nicely on the x-space, but we shall see that things improve, if we replace @ by
@, =@ +1tG for some small t>0. Here G is considered also as a function on C} in
view of the projection 44,—C;.

Remark 2.1. In the original coordinates of C?", we may introduce as in [6] the I-
Lagrangian manifold 4,4 : Im(x, ¢)=tH G(Re(x, )) Then x(4,6) = A4,, Where with
the same identification as above; &,=®+tG, G=G+ O(t dist(- y)z) The dis-
cussion below applies also to &,.

Now let us consider the graph C of x, defined in a complex neighborhood of
{((x1,0),0,9°(x,)); Imx,=0}, where for simplicity we use the variable “t”
introduced above as a parametrization for y°. If we fix x=(x,,0) with x, real, then
the inverse image of {(x, ¢); £ € C"} under « is the manifold K, discussed above,
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and we have arranged so that the projection K, —Cj}is a local diffeomorphism. It
follows from this, that the map C3(x, &, y, %) — (x, y) is a local diffeomorphism, so

C= {(X, d);c(xa y)9 V= ¢;(xa y))} > (25)

where ¢(x,y) is a holomorphic, possibly multivalued function defined near
V={(x,0,7,°(x1))} C((S* xiR) x C*~ ') x C". To study the multivaluedness of ¢, it
suffices to study ¢(J x, 7 y)— d(x, y), for (x, y)e V, where I denotes the rotation
either on S' or in m(y°). On this particular set we know that ¢,=0,
— ¢, =(9%).=(¢2),, so we conclude from (1.7) that:

NI x,T y)=¢(x,y)—C0), (2.6)

when (x, y)e V, and hence also for all (x, y) in a neighborhood of V.

We now look for suitable contours, in order to realize a Fourier integral
operator F with phase ¢(x, ). Fix x®=(x,,0) with x, real. Then A _ 4,0 .,=K,,,
and if we recall that the real part of K is the bicharacteristic leaf I, in J_, we see

that .

—Im(—¢(x° y)— D(y)= O(dist (y, n,(I},))*),
and that

—Im (—$(x°, y))— B(y) ~ —dist(y, m,(I3)))*,

onm(I'S). Now we recall that K, is anegative Lagrangian manifold, so if we add a
suitable direction to m,(I},), not in m,(I)S), we get a totally real manifold L, of
dimension n, containing (I, ), such that

—Im(—¢(x° y) — @)~ dist(y, n(I},)* on L,,,
or rather,
—Im($(x° y) + D(y)~ —dist(y, m,(},))* on L,,.
If we replace @ by @,, we get
—Im((x°, y)+ P(y) ~ —dist(y, 7, (y°(x1))* on L,,.

This means that if f(x, y, h) is a classical analytic elliptic symbol, defined in a
neighborhood of ¥ and if u € Hg? is defined in a neighborhood of 7,y°, then we can
define Fue Hg® in a neighborhood of S* x {0}, by

Fu(x, h)= [ *®Vhg(x, y, hyo(x)dx . 2.7

In this formula we integrate along the contour L,,.

Here &, is strictly plurisubharmonic (pl.s.h.) and Ag,=K(A44,), B, o =Py, and
more precisely @4(x)=®,(x,)+O0((x")?). Here we use the terminology and the
results of [13]. From [13, Theorem 4.5], we also know that F has an inverse G
(which inverts modulo equivalence in the spaces Hye and Hi), of the form

Go(y, h)= [e™=Ihg(x y, h)o(x)dx . (2.8)

We have to be aware of one fact: In view of (2.6), Fu will not be singlevalued in
general, but will satisfy a Floquet periodicity condition:

Fu(T x,h)=e “O"Fy(x, h). (2.9)
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We get a new pseudodifferential operator FPG, that by abuse of language, we
shall also denote by P. Let p also denote the new principal symbol. Both x” =0 and
¢”=0 are invariant under the flow of H,, which means that

p(x’élao)=p(x190’6190)=p(x1’0a é) (210)
If q(x,, &;) =p(x,,0,&,,0), we then get

CX R ERDES DANCRNTR @)

It is easy to see that the stable outgoing Lagrangian manifold A% is strictly
positive with respect to A4,, with real part y*. Now k maps y° into §° C {x" =" =0},
given by Imx, = C(Rex,), &, =(2/i)0,,P;(x;). The manifold 4°, =x(A%)is strictly
positive with respect to 45, and generated by #°.(x,), where @° is a generally
multivalued phase function with

B,(x) —(—Im ¢, (x,)) ~dist(x, (7)) . (212
We can specify the multivaluedness:
(T x)) = F(x,) = C(e) — C(0). (2.13)
Putting é=0 in (2.12), we get
D (x)~|x">+Imx,|?. (2.14)

Since Imp| A¢2~—dist(-,)7)2 (in a neighborhood of y), we get after
transformation

Impl 4 ~ —|x"|?. (2.15)

3. Estimates for a Grushin Problem in One Dimension

Let P(x,,&,,h) be a classical analytic symbol of order 0 defined near the zero
section of T*(S* x iR) restricted to S* x {0} with values in the N x N matrices. We
assume that P has an asymptotic expansion:

P~ Y pix, W,
JjeN/2
with:
Po(x1, &) is equal to g defined in (2.11), 3.1)
p1/2 = 0 . (3.2)
Recall that it follows from (2.12) and the definition of &,(x,) that:
B,(x;) = —Im(¢*(x)) + g(x1,8) 5 (3.3)

where g(x,, &) is equivalent to dist(x,, 7, (y°))?, and ¢(x,) is a holomorphic function
such that q,(xy, 0,,¢°)=¢. Let x,(¢) € m,. (y°) be the point with Rex,(¢)=0. We can
assume that Re ¢%(x(g))=0. If Q, CC 2, CCQ; are small complex neighborhoods of
S', then we have the following proposition:
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Proposition 3.1. We can find operators R_(¢): CN>Hy (Q,), R.(¢): Hg (2,)->C"
such that if (u,u_)e Hg (25) x CV satisfies:
@i/h(P—eu+R_u_=v inQ,,
Riu=v,,
for (v,v,)eHg (Q,)x CN, and if u,v are z-Floquet periodic, then the following
estimates hold uniformly for z in a compact annulus of C\{0}:
[ullg, <C(h"*(lv, [+ [0l o, + OB®)(lull o, + [u_11)),
lu_| <C(llvy I +h~ vl g, +OR®)(lull, + lu_1))-
Here |lu g, is the norm in Hg (€,);

lull2, = [ lul?e~2®1"L(dx), L(dx)=Lebesgue measure.
24

Proof. In the following we will often omit “¢” in the notation. We start by reducing
(i/mP to d,,. To do this, we construct an elliptic N x N symbol of order 0; a(x, ¢, h)
such that (P —¢)(ae’®*)~0, by solving the usual transport equations. If 7 is the
rotation by 2n on S* (or rather its covering space), we get from (2.13):

(T x1)=9(x1)+ Cle)— C(0), (34)
and we also have,
a(xy,& h)=U(e, h)a(xy, ¢, h), (3.5)

where U is an elliptical symbol of order 0. Then we have the following equality
between operators:

e™ g~ (P —g)ea=Q(x,, D, , H)D,,, (3.6)

where Q is elliptic of order 0.
Assume now that (u,u_)e Hg (23) x CV satisfies

@i/h(P—eu+R_u_=v,

R+u=v+,

(v,v+)eH@1(Qz)xCN,} (3.1)

where u and v are assumed to be z-Floquet periodic, for z in some compact annulus
in C\{0}. If u=e€"*"af v=e""ap, we get using (3.6):

Q0. fi+e ¥"a™'R_u_ =ﬁ,}

R ("at)=v, . (3:8)

(We here ignore certain exponentially small errors, that will not affect the estimates
of the proposition.) Using then (3.4), (3.5) it is easy to see that & and ¢ are Z-Floquet
periodic with Z = ze €@~ COVhy ~1(g h), [Moreover, we can easily check that Q
will have the right Floquet periodicity to match in (3.8).] We shall now consider Z
as a new parameter. Let y(¢) be a point on 7,(y°) and let f(x,, ¢) be the gaussian:
S(x1,8)=exp(— Co(x, — ¥(€))?), where C,, is a large positive constant. Then we set

+ o0
F(xy,6,2)= Y Z7*f(x,+2nk,e),
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which is close to f(x,,&) on the “interval” [x,(g), x,(¢) + 2n], if C, is large enough,
but F is now z-Floquet periodic.
We consider now the following Grushin problem:

(3.9)

where R_u_=F(x,,e,Zu_, R, o= u(xl(e)) Then the general solution of (3.9) is
given by:

dx)=v,+ | 80di— | Flt,e,Zyu_dt.

x1(e) x1(g)

Since we are looking for Z-Floquet periodic solutions, we get

x1(e)+ 2w x1(e)+ 27
A-Zw,.+ [ o@®dt— [ F(teZu_dt=0.

x1(g) x1(8)

Let G(x,, ¢, Z) be the function:

[ F(t,e,Z)dt.

x1(g)
It is clear that G(x,(¢)+2m, ¢, Z) is invertible, so by composing f with some
constant non-vanishing matrix, we can arrange so that G(x,(e)+2n, &, Z)=1. Then

we get
x1(e)+ 27

u_=1-2Zpy,+ | t)de
x1(e)

We need now some estimates on the solution of (3.9), and we start by getting
pointwise estimates. Let x, € Q,: Since g is strictly subharmonic, for every x, we
can find §=Reb, b holomorphic, such that: g—g~d(x,x,)* If yeCF(C) is a
standard cutoff function, then using the Cauchy integral formula, we get:

—2b(xo)/hf(v V2 U(Z) ¢~ 20— 1125 L(d
B(xo)" = 2an o h (d2),
$O

[xg)Pe ™29 = iz e 0

< Ch™! [16(z)%e ™ M0, x((xo — 2)/h*/?)| L(dz)

= e 20020 M (g 2) ().

Since g(z) —£(z) = 0(|z — x,|?), €%~ 9" is bounded by some constant independent of
h on the support of y((x, —z)/h*/?). Finally, we get:

[6(xq)%e ~29x/h < % { |6(z)|%e 2@/ (dz). (3.10)
xo—z| <ht/2
Integrating this estimate along 7.(y®), where g vanishes, we get:

x1(g)+2n
[ lb@)PPdt=Ch™12|8]3,,

x1(e)
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where [|0] o, denotes the normin H,(€2,). Using the Cauchy-Schwarzinequality, we

then obtain:
x1(e)+27n
[ O(e)dt

x1(e)

<Ch™"*||03,.

This implies that:
lu_| <C(lv, | +h~*|8llg,). (3.11)

We now estimate

X1
I(x)= | 0(t)dt x e™ 90k,

x1(e)
To do this, we choose first the integration path in the following way: Let
y(x;) e m,,(y°) be the point which is closest to x;. We integrate along . (y°) from
x,(¢) to y(x,), and then from y(x,) to x;.

Let I(x{)=1,(x,)+ I,(x,) be the corresponding decomposition of I(x,). Using

the same estimate as before, we get:

11(x,)| S e *EIMCh™ 4[] g,

X1
12(x1)§ j e(g(t)—g(x1))/h|e-g(t)/hﬁ(t)| ldtl
y(*1)

X1 1/2
< f e2(g(t)—y(x1))/h|dt| Ch—1/4”ﬁ||gl-

y(x1)

The first factor in the last member has the same behaviour as:

X 1/2
(f o2 —tz)/hdt> (for xeR),
0

which can easily be estimated by a constant times h'/%. So, finally: |I,(x,)| < C||6] o,.
Integrating the pointwise estimate of I,(x,), we then get:

§ o@dy| =Clbllg,-
x1(e) o
On the other hand, since G(x,,¢,Z) is bounded; |G|, < Ch'/*, so we get the
estimate for #: . e .
lalo= Ch 4oy | +6]lq,)- (3.12)

Now we return to the original problem (3.8). Let Q ~! be a parametrix for Q so that
Q0 'Q=1—R__, where R_ has an operator norm = O(h®) (from the space of
H functions on a domain to the same space on a slightly smaller domain). Note
that R, d=e #®@/hy(x (¢)), since we can choose a such that a(x,(e),h)=1.
Applying Q! to (3.8) gives:

O i+R_u_=Q "%0+R u+R_ u_,
R, d=v,

if we use the estimates (3.11), (3.12) and the fact that R, and R _, are O(h*), we get
the proposition.
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4. Solution of a Grushin Problem on R"

Composing the standard F.B.I.-transform mentioned in Sect. 1 with the integral
transform constructed in Sect. 2, we get an operator of norm O(1):

T: H(A,g, 1)~ Ho(Q). (4.1)

Here ¢t >0 is small and fixed, G is the escape function introduced in Sect. 2 and ¢
denotes a function having all the properties of @, in Sect. 2. (See Remark 2.1.) In
(4.1), Q is a small open neighborhood of S* x {0} in (S* xiR) x C*~ !, and H4(Q)
denotes the space of holomorphic functions in € such that

lullZ = flu(x)|*e” 2*M*(dx)< o0 . 4.2

By convention the elements of H4(2) are not single valued but w-Floquet
periodic as in (2.9), with w =e~“O% (Other choices of w will also be made.) The
direct definition of F in Sect. 2, only gives that dTu is exponentially small, but we
can correct this by solving a J-problem, using the fact that @ is strictly
plurisubharmonic.

T has microlocal inverse S of norm O(1) : H 4(Q)— H(A,4, m) with the properties:

(i) ST isa pseudodifferential operator of order 0 adapted to A4, in the sense of
[6], which has compactly supported symbol and which realizes the identity
microlocally near 7.

(i) We have ||TSu—ullg,@=O0h")|ulgqyeq, Where GccQ has the same
properties as Q.

As we also discussed in Sect. 2, our original operator P transforms into a
pseudodifferential operator, that we shall also denote by P (and sometimes also by
P, when both operators are considered simultaneously). As we know from [13],
there are several ways of realizing P, and they are all essentially equivalent. In this
section, we make essential use of the techniques of [11] and [13], and we shall not
recall all details. Since the weightfunction @ is fixed from now on, we shall suppress
it from our notation as much as possible, and we write H(Q) or H%(Q) instead
of H4(Q).

We introduce the following weighted spaces:

H™(Q)={ue H(Q); (1+h™ 2x")\"ue LX(Q, e 2**L(dx))}, 4.3)

with their natural norms. All these spaces are equal to H%(), and the importance is
entirely due to the weighted norm

[l g = “ (1+h~ 1/2|xu|)mu ”LZ(Q, e~ 2®/hL(dx)) -

Let A(x,(,h) be an analytic symbol defined in a neighborhood of
{(x,(2/i)0,9(x)); x € Q}, such that

A(x, & h)=0()(1 +h™12(x"|+1E" )™ (4.4)

By “A” we also denote any reasonable realization A(x, D, h): H(Q,)— H(R,), where
Q,cCcQ,ccQ. Then (cf. [11, (2.17)]), we have

Proposition 4.1. A is O(1), h—0, as a bounded operator H™(Q2,)—H™ "(Q,).

The proof is merely a repetition of the arguments in [11], so we shall omit it.
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Corollary 4.2. The operator (h™1?x")(h*/?D,.)P is O(1): H™(Q,)—H™ " 1*~18(Q,).

From now on, we only consider domains Q such that for some ¢,>0:
Qn{|x"|<eo} =Q' x {x"; |x"| <&}, & ={x1; (x,,0)€ Q}. The main purpose of this
section is to perform a reduction of the study of P, to the study of a one-
dimensional pseudodifferential operator, acting on truncated Taylor expansions
in x” at x"=0. For NeN, we introduce the expansions:

Tyu(x) = MZ< L@ H(0%u) (x4, 0)(x")"
= % (@) (W20 u)xy, 0) (™ V2x"Y (4.5)

lT<N
We recall that our weight &(x) satisfies @(x)— P(x;,0)~|x"|?, and we shall write
D=l 0.
Proposition 4.3. If Q,CCQ,CCQ, then for all my,m, the operator ty is
0(1): H™(Q,) > H™(Q,).
Proof. Let d=n—1. Let y e C3(C? be rotation invariant with { yL(dx")=1.If u s
holomorphic, then by the mean value property

u(x,,0)=h""] y(h~12x")(x)L(dx").

Hence, by Cauchy-Schwartz’ inequality:

flu(x,, O)HLZ(Q,«’)§Ch_d/z”“”u(gj), (4.6)

where all L?>-norms are evaluated either with respect to e ~2®*L(dx) or with respect
to e~ 2®Y"[(dx,), unless otherwise is explicitly stated. Since we integrate over
Ix"| < Ch'/?, we may replace the norm to the right by |u]gm,q,, for any m,.
Conversely, if v(x,)e H(Q)), then

lo(x,)(h™ llzx”)a HLZ(QJ) <Ch¥? lloll L2(Q))> 4.7)
and we even have
10(x ) (h ™ 2X" | grmy 2, S Cll0l| 202 - (4.3)

Combining this with Corollary 4.2, we get the result.

To make our reduction to the study of an operator on Taylor expansions, we
shall first prove a “strong” a priori estimate for functions that vanish to some high
but fixed order at x”"=0. The first step will be to establish a half estimate, using a
method inspired from Cordoba-Fefferman [3].

Proposition 4.4. Let ye CY(Q), and choose a realization of P such that Pu is well-
defined in a neighborhood of suppy, when ue H(Q). Then there is a classical C*
symbol q(x, h) of order O with support contained in suppy, such that
§ Pu(x, hyo(x, h)y(x)e ~>®/*L(dx)

= [ q(x, h)u(x, hyo(x, h)e " 2®*L(dx) +r(u, v), (4.9)
where |r(u, v)| < Cyh™||u|| x ||v|| for all N, and the principal part of q (modulo O(h)) is
given by )
go(X)=p (x, N 5@&)) x(x). (4.10)
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Proof. Using analytic stationary phase (see [13]), we first notice that in a
neighborhood W of suppy:
1 2 ~ 2 *
Pu(x,h)= Y —P@ x,?axcb Dy—?[?x@(x) w(y)l, =+ Ru(x, h), (4.11)

Lol S2a/m 0!
where

||Ru”L2(Q) =< e_“/h““” .

We can then ignore the contribution from Ru. We have

~ 2 g ~ 2 #
<Dy— IaxQ(x)> u(y)’y=x= Z hl/ZIa_ﬂlf;z,[}(x’ h) <Dx_ Yaxé) u(x) )
B=a
where f, ;=0(1), f,.,=1 (and where }-integer powers of & are actually absent).
Insert this with (4.11) in the left-hand side of (4.9) and integrate by parts. Then
(4.9) follows. [ Notice that no derivative can fall on v(x) which is anti-holomorphic.]
The leading term g,(x) is produced from the leading term in (4.11) and (4.10)
follows.
Now take 2, CCQ, CC R, CCQ, and let y e CP(2,) take its valuesin [0, 1] and be
equal to 1 on 2,. We also assume that the realization of P is chosen so that Pu is
well defined in Q,, for ue H(Q;). From (2.15) and Proposition 4.4, we get

h“““%ﬂ(ﬂ,)é C(—Im(Pulyu)+ h||““?ﬂ(93\91) + h”u“%ﬂ)(ﬂlnﬂx"l gcm/z))) , (4.12)

for all ue H($25).

Let O" denote the space of holomorphic functions u such that u= 0,(|x"|"). We
shall now see, that if N € N is sufficiently large, then we can eliminate the last term
in (4.12), when ue H(2;)nO".

Lemma 4.5. Let 0<C,<C,. Then for ue H(Q,)nO":
||”||{|x"|__<_c0;.1/2}ng1 <C(N)~ ! ”u”{|x~| <CihY2)A0; (4.13)
where C(N)— 00, N—oco0.

Proof. Itis enough to prove the corresponding inequality for the L>-norms with x,
fixed. The variation of x”+ @(x)/h is then O(1), so after the change of variables
x"=h?%" we are then reduced to prove

||14HL2(B(0, Co)) <C(N)~ ! ”u”LZ(B(O,Cl))
b

for all holomorphic functions on the ball B(0,C,)CC"~! (of center 0 and radius
C,), vanishing to the order N at the origin. Here, of course, we should also have
C(N)— o0, N— o0, but the L2-norms are now taken with respect to the Lebesgue
measure.

After increasing C, and decreasing C, it is enough to prove a corresponding
inequality for L*-norms, with the constant C(N) slightly changed.

Since u(x") vanishes to the order N at 0, we can use Taylor’s formula:

” 1 (1—t)N—1 d N ”
u(x )= g W(E) u(tx )dt
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We may assume that |x"| = C,, and use Cauchy’s inequalities directly on t > u(tx"):
d N

_ t "

’(dt) e

||“||L°°(B(0 Co)) = =N I (1 _t)N 1/(C1/C0—t)th X ||u||L°°(B(0 Cy)»

SNUC,/Co—0) Mt Losio, -

Then,

and the coefficient to the right can be estimated by N(C,/Co—1)"}(C,/C)V !
which tends to 0, as N tends to infinity.

If we fix N sufficiently large, then for u € H(Q23)n OV, the last term of (4.12) can be
eliminated. (We have to increase the constant C.) We use also that

—Im(Pulyu) < ”P“”H—1(9;)”””111(93),
and get (with a new constant C):
h”u“IZ-I‘(Ql)éC(”Pu”H‘I(Qz)”u”Hi(Qg,)+h||u||12:1‘(93\91))>
which implies
h”““%ﬂ(m)é C(,|Pu”Hl(93)”u”H1(93)+h”u”m(g;\gl)”“”Hl(m))-
Dividing by [[ul 1o, We get

Proposition 4.6. Let Q, CCQ,CCQR,CCQ. If NeN is sufficiently large, then for all
ue H(Q;)nON:
h||“||H1(Q3) S C(| Pullg- oyt hilu ||H1(93\91)) . (4.14)
By the same proof we also get (4.14) uniformly with P replaced by P— E, where
Ee[—e&g,60]—i[0,Cyh]. Also, if we apply this inequality with u replaced by
h~12x"u, and notice that the commutator [P, h~'/2x"] behaves like h'/?x”, we see
that we can raise the indices by 1 and get

h1|“||H2(93) C(l(P— E)“||H0(92)+h”””lﬁmm,)) (4.15)

ue H(Q;)nON.
We shall next analyze various compositions between P, Ty, 1 —1y. We let 7V
be the space of holomorphic functions of the form Y wv,(x,)(h™1?x")% It is the
la| <N
image of 7. We may decompose elements of 7~ into sums of homogeneous
polynomials in x": V= @ - The operator P™M=1yPty can then be

represented by a matrix (P{ k)oé I kEN—1-
Let [cf. (2.11)]:

Po=q(xy, D)+ ; éaj,k(xl,O, B, 00D +hp_(x,,0,5,,0),  (416)
where P~p+hp_,+.... Then P, contributes with a diagonal part to P™:
Po=((Po)jr)» (Po)jx=0, j=*k,
(Po)j, ;= 4q(x1, D)+ hR(x,, D, , h),
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where R; is a (matrix-valued) pseudodifferential operator of order 0. The problem
of analyzing P™ is then reduced to that of analyzing ty(P— Py)ty.

Proposition 4.7. We can represent ty(P—Po)ty as a matrix of classical pseudodif-
ferential operators (M (x,, D, , h)), where M ; , is of order —(1+j—k|/2) for j+k
and of order < —2 for j=k.

Proof. It is quite easy to see that M ; , are classical pseudodifferential operators of
order <0. For instance, with Q =P — P, let us consider

O(x, Dy, B)(wlx;) (™ 12x")7)
11 ~ -
=XX, il 05:08:Q(x1,0, Dy, 0, R)o(x ) (x")*(DE) (h = 12x")".
For the study of 7501y, we may restrict «, 8, y to the region |a| <N, |f| <N, [y|<N.
We can then rewrite our expression as a finite sum of terms

Caz, ﬁa;"ag"Q(xla Oa 5x1’ 0, h)(v(xl))hlﬁ' B l}’l/2(x//)a+ v=# s

f<y. In our case, we may split Q into one term which is independent of 4 but
O(x"[1E"|(1x"| +1&"]) and one term which is of order —1 and O(|x"|+|&"]) and
finally, one term which is of order —2. We get a contribution to M;,, when
le+y—p|=j and |y|=k. To get the order correctly, we should rewrite:

PIBI =112yt v =B — el +1BD/2(p = 12ty =B

so the orderis — $(|o +|B]) plus the order of Q. Now j— k = || —|f]. In the first case
we also know that |a|=1, |B|=1, |«|+|8]=3, so we get the order — (|« +|B))
< —}|j—k|—min(|«|, |B]), which gives the desired estimate. In the other cases, the
order is £ —3|j—k|—min(|a|, |B])+the order of Q, and in each case we get the
desired estimate.

We also need,

Proposition 48. If O<MZN, then 7, P(1—1y)=1(P—Py)(1—1y) and
(1 —ty)Pryy=(1—1\)(P—Po)ty, are OMH?C*N=M g5 bounded operators
H™(Q,)—>H™(Q,). Here Q,CCQ,CCQ and m,,m, are arbitrary.

Proof. Again we consider more generally 7,,0(1—1y). If Q(x, &, h)~ ¥ q/(x, O
0

with g;=O((|x"|+[£"[)"~27+), then from Propositions 4.1 and 4.3 it follows that
7,0 and Qr,, are O(h™?) from H™(R,) to H™(L2,). This means that by a Taylor
expansion of the symbol of Q at x” = £” =0, we can reduce our problem to the case
when Q is differential in the x"-coordinates. For |¢|<M and ue O¥, we get

(2D F(QUW(1,0= ¥ CyrayyO)(x1.0.5,,0.h)

a1 taz=a

x Rl HBU((pi2D )2t by (x,, 0),

where the sum is finite. If we consider for instance the case when Q=gq is
independent of h and = O(|x"| |£"|(]x"| +|&"])), we can restrict the sum to |o,], || =1,
loey |+ 18123, |8+ |ty = N, oty + |, M —1. The general term in the sum repre-
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sents a term which is O(h/20#:1*18D) a5 3 bounded operator H™(Q,)—H™(RQ,).
It is easy to see that 1(|a;|+|B))=L(N — M +3). The lower order contributions
to Q are treated the same way, and we get the proposition for ,,0(1 —1y),
Q=P—P0.

To prove the same statement for (1 —1,)Q7,,, We choose |a| <M and consider

()™ 2xP)= ¥ Co g0V Dy 0. WEx, DA™ 2x7y 0

Write,
0P(x,£,,0,h)= Y («)71Q%(x;,0,&.,0,A)(x"Y + RP(x, £,,0,h),
la] <k

where R vanishes to the order k at x”=0. Then

(1~ ) Q(h~ X"y
= ﬂ;a Ca,ﬂR%J)— |a_,;[(x, 5x1a 0, h)(v(xl))h%|ﬂ|(h 1/2 u)a B

— Z C, ﬂhlﬁl+%(N—Ial)[h—%(N—la—ﬂl)
fSa

X R§. o pi(%, Dy, 0, B (0(x,)) (h ™ 12" 4]
Here the factor [...] represents an operator on wv(x,)(h~'/*x")* which is
O(1): H™(Q,)—H™(Q,), so the only problem is to find a lower bound for
|Bl+Z(N —|of). Considering again the three different cases, we get the desired
boundedness. [In the first case, we have |B|+ (N —|af)=3/2+ (N — M).]
We identify a function
u= Z uaz(xbh)(h 1z //)a
la| <N

in 7V with the CM-valued function #(x,,h)=(u,),<y. Here M=#{aeN""1;
le|<N}. We shall say that Q is of product type, if near x"=0, Q is given by
conditions on x; only. If Qis of product type and if Q' = Qn{x" =0}, then we have
uniform equivalence between ||ul|gmg, and K"~ 2|4 g, o). The operator P
satisfies all the assumptions of Sect. 3. Let S* x {0} cCQ, CCQ,CCQ;CCQ be of
product type:

Proposition 4.9. For ue H*(Q;), ve H%(Q,), u_,v, € C™, we consider the Grushin
problem:

(i/}ii)(P——E)u+R§u_=v in QZ,} 417
R + u=v +

where RN, RN are adapted to P™ as in Sect. 3. Here we let u, v be z-Floquet periodic,
where z varies in a compact annulus in C\{0}. Then uniformly inu,u_, z, we have with

fi=2n—1
(lull g2y + " u- )< C(lvll g2y + B 04 | + O™ Ul g2y - (4.18)
Proof. Applying (1 —1,) to the first equation of (4.17), we get
(/1 —ty)(P—Eu=(1—1y),
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which implies

(AP~ )1~ =(1 — 2o+ 1 (on(P— E)(1 — i — (1 —20) (P~ EJeya).

Using (4.15) and Proposition 4.8, we get,
(1 —tw)ull 20y = ClI0]| oo, + hl/z“““m(gs) + lull g20,04) - (4.19)
Applying also 7 to (4.17), we get
{(i/h)rN(P —Eu+RNu_=1y,
R¥tyu=v,,
since TyRY =RY, RN =R 1. Then,
(i/h)yty(P— Eytyu+ RN u_ =150 —(i/h)tp(P— E)(1 —1p)u,

so using the estimates of Propositions 3.1 and 4.8 and the remark prior to
Proposition 4.9, we get

(”TNuHHZ(m) +h flu_)=C(lv HHO(!J;_) + hﬁ“” vyl + h'2||u ||H2(n3)) . (4.20)
Adding (4.19) and (4.20), we get,
(]l g2,y + R u_ )= C(l Ul oy + A" v | + Ul g205000) - (4.21)

In the above estimates, we now replace Q, and Q; by O,,3; with Q,cC@,
CCR4CCR,. Since P—E is elliptic in a neighborhood of Q;\Q2,, we have

lull g2@,100) = CUIV] Ho@,) + Oh™) U]l fr2(0,))

so using this in (4.21) (where Q, had been replaced by Q,), we get (4.18).

We now return to the original problem on R”. Let y(x, D, k) be a pseudodif-
ferential operator of order 0 adapted to A4,; with compactly supported symbol,
equal to the identity microlocally near y and with the property that y(I —ST) and
(I —ST)y are negligible (in the sense of [6, Chap. 6]). Here T and S are the Fourier
integral operators introduced in the beginning of this section. We put R, =R Ty,
R_=SR_, where R, =RY, and where we take the natural Floquet periodicity;
z=exp(—iC(0)/h). Then we have the following theorem:

Theorem 4.10. For h>0 small enough and E €[ — &g, €] +i[0, — Cyhl, the Grushin
problem,

(i/h)(P—E)u+ﬁ_u_=v,} 422)

R+u=U+ s

has a unique solution (u,u_)e H(A,5,m)x CM for every (v,v.)eH(A,g, 1)x CM.
Moreover, we have the a priori estimate

(lull g, m+ P lu— 1) < CUl0l s, 1 +H 04 1) (4.23)
where C is independent of E and fi=2n—1.

Proof. Since (p— E)|,,, is elliptic outside a small neighborhood of %, it follows
from the general theory of [6], that

10— Dul aae,m = CUIY I rae, 1+ OE) 1t aearg,m + Tu-1)).  (4.24)
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Here we also use that R_u_ is O(h®) in H(A,g, 1) outside y~.
Applying x(x, D,, h) to the first equation in (4.22), we get
(i/h)(P—E)yu+ R _u_=yv+w,
R, Tyu=v,,
where w=(i/h)[ P, y]Ju satisfies:

”W”H(Atc;, 1)§ C(”U“H(Atg, nt O(hoo)(”u”H(Atg,m) +lu_l)).

Here we use (4.24) with a cutoff closer to y%.If ii = Tyu, and if P is a realization of the
conjugated operator TPS, we get,

(i/h)(P—E)i+TR _u_=T(v+w)+Ww,
Rii=v,,

where | W] goo,) = O(h”) |ull g4, m- Here 24, Q,, 25 are as in Proposition 4.9, and
we may assume that Q, or rather k7 }(44|o,) is much larger than the region where y
is not =0 microlocally. Here

TR u_=TSR u_=R u_—Ww_,
where | W_ || go,=O0h*)|u_|. If we write,
(i/h)(P—E)i+R_u_=Tv+w)+Ww+w_,
Rii=v,,

we can apply Proposition 4.9 and get after using the inverse transform:

'lqulH(Acg,m)+hﬁ/4|lu—- [
S Cloll geag, v+ 04 |+ OB®) (|4l s, my + 11— 11). (4.25)

Adding (4.24) and (4.25), we get (4.23). Thus we have also proved that

P= <(i/ h)l(ip —E) %‘) s H(A,g,m) x CM > H(4,4, 1) x C1

is injective. From the general results of [6], we know that (P — E) and hence also
<(l/ h)(P—E) 0) are Fredholm of index 0. Since < P R‘) is of finite rank, it

0 0 R, ©
follows that £ is also Fredholm of index 0 arid hence bijective, since it is injective.

5. Proof of Theorem 2

Let # = (i §+ ) be the inverse of 2 constructed in Theorem 4.10. We shall
- -+

first compute an asymptotic expansion for F _ .. To do this, we need to determine
u_ as a function of v, in the problem
(i/h)(P—E)u+R _u_ =0,}

~

51
R ou=v,. (1)
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Then it suffices to get an approximate solution of the problem with errors
O(h®)|lv,||. This asymptotic problem is most easily treated after applying the
transformation T:

(i/h)(P—E)ii+R _u_ =O(h°°),} (5.2)

R.ii=v, +O0(h®).

We shall look for u of the form b(x, E, h)e'®+>EV* where b is an analytic symbol.
Then by applying S to @, we will get a solution of (5.1) modulo O(h*) in
H(4,,,1) x CM. To describe properly the structure of F_ ., we shall first consider
(5.2) for ze"CE)~CONk Floquet periodic solutions and afterwards put z=e ~“Ek,
We now denote P simply by P. We shall assume that E lies in the basic rectangle
D=[—¢y,¢&,] x [0, —C,h] for a fixed constant C,, and that N is so large that

For |x/>N; |o(E))E) *—e Bl >C,>0. (5.3)
Let
L=(i/h)e” ¢/"(P— E)e'¢*

and let S™* be the space of symbols a(x, h) having asymptotic expansions,
a(x: h) ~ 2 h—(m_j/Z)ak—j(x) H
j=0

where g, _ (x)=0(|x"*~7) is holomorphic and z-Floquet periodic in x,. If /(x, &) is
the principal symbol of (h/i)L, we see that

Ix, &) =1,(x1, &1) + B(x, Ox" - &, (5-4)

where I, = 0(¢,).
We note that S™*/S™**! can be identified with the space of functions

k
Y hmTig, _ (x), where a,_; is a (k— j)-homogeneous polynomial in the x"-
o

J

variables. Using (5.4) it is easy to verify that S™¥ is stable under the action of L
(defined by formal asymptotic expansions). The action of L on S™*/S™**1 is given
by

FL=¥ (0,00, +1_1,
i=1

or by
Lo=0¢,11(x1,0)0,, + B(x,,0,0)x" - 0, +1_(x,,0,0).
We shall then solve the Grushin problem
Lb+aQF(x,,Z)u_=c, }
((h*2D ) b(x (Dl = o)y <y =0

for b,ce S™N. Here a, Q, F are defined in Sect. 3 for P=P™, We return for a while
to the constructions there. Let a,, q, denote the principal symbols of a and Q. With
the notations of Sect. 4, it is clear, using Proposition 4.7, that to compute a,, we can

(5.5)



Resonances Created by a Closed Hyperbolic Trajectory 415
replace P™ by
n n
PO = q(xla Dx1) + ; ;aj,k(xla 03 Dxp O)Xij{"-" hp— 1(X1, 0, Dxp 0)

h

=q(x155x1)+ ?M(xlaﬁxl)—}'hp—l .

Then a, satisfies the transport equation

(B (50 PP
afl<x1’6x1>8x1+ M\ X055, ) TiP-17 3 552 552 )90=0-

Since conjugation by e+ corresponds to the canonical transformation
(x1,81) > (%1, 81— 0y, 4), we see that I(xy,&y)=q(x;,0,,¢+ +&1), Blx;,0,0)
=(aj,k(x1’ 0, axl¢a O)): I I(xla 0, 0) =ip_ 1(x1; 0, ax1¢ +) + %6§1qa§1¢+a so one has
Zya0,=0. We also note that d, [,(x;,0) is equal to go(x,,0), if g, is the principal
symbol of the operator Q introduced in (3.6). Now we come back to (5.5) and we
start by studying this problem with b, ce S™N/S™N*1 We see that we can replace a
by ay, Q by go(x,,0), since we get then an error term in S™~ ¥ c§mN*1,

With the interpretation of S™"/S™¥*! above, we can obtain an h-independent
problem (“h=1”) by putting x” =h'/2y";

Pob+aoqo(x1, 0F(x,, Z)u_=c ,}
b(x,(E))=v, .

Let M(t,s) be the fundamental solution-matrix of g5 '.%,, considered as an
ordinary differential operator in x,. The solution of (5.6) is then:

(5.6)

bx1)=M(xy, x,(E)v . + {E) M(xy, y1)40 "e(y1)dy,

- )M(XUJ/l)ao(J’l)F(Yn Z)u_dy; .

x1(E

Now using the remark made above and the fact that ay(x;(E))=1, we get that:
ao(y1)=M(yy, x,(E)), so

x1(E)+2m

| M(x,(E)+2m,y)ao(y)F(y1, Z)dy,

x1(E)
x1(E)+2n
= {E) M(x(E)+2m,x,(E)F(y,, Z)dy,

= M(x,(E)+ 27, x,(E)) = U(E),

with the notations of (3.5). Since b(x,) is z-Floquet periodic, we get:

x(E)+2=n
M(x(E)+2m, x,(E))v —zv, + {E) M(x,(E), y1)o 'e(y)dy, =Uo(E)u_,
$0:E° ,v, =Uy(E)” Y(Uy(E)—z)v.. We remark here that the eigenvalues of U, are
of the form o(E)0; **... 0,1, where 0;,=0(E) are the eigenvalues of modulus
greater than 1 of the linearized Poincaré map associated to y~.
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We have then proved that for ce SN%N, v, e(S9)™, we can find heSV*¥,
u_e(S°)™, such that

{Lb+aQFu_ =c+d,
((R*2D o )*b(x {(E))jaj <=0+ »
withde S¥2:¥+1 Wenow look for fe SV*N*1 of the form f=h""2f,, ,(x), where
fy+1=0(x""*') is a holomorphic function, such that Lf=dmodSV? %V,
Equivalently, we have to solve Zf=d. Using (5.3), we see that we can find such a
function, if z stays in a fixed neighborhood of {e~*“®"*; E e D}. Finally, we have
proved that if ce SN2V, v, e(SO)M, we can find be S¥? N u_ (S such that:
{Lb+aQFu_ =c+d(c,v,),
(H'2D ) b(x ((ED)jo <y =10+ »
with de S®~1/2:N We can now iterate this procedure, to solve (5.5) for c=0. We
get thatu_=E_ v, with E_, € S° (here denoting the space of classical symbols

with asymptotic expansions in powers of h'/?). The principal part of E_ is
E° , =(U%E)—z)U%E)~'. We have then proved the following result:

Proposition 5.1. F_ is of the form E_ ,(E,e "“®" h)4+ O(h*), where E_ , € S°
has an asymptotic expansion

E_.(Ezh~Y E. . (E W,
0

and where
E° . =(U%E)—z)U%E)~ 1.
We are now able to prove Theorem 2 (which implies Theorem 1). Let y =y(h) be
simple loop such that F_ (E, h) is invertible for zey. We shall prove that the
number of resonances of P inside y counted with multiplicity is equal to the

number of roots inside y of detF _ ,(E, h)=0. Without changing F_,, we can
forget the factor i/h in Theorem 4.10. The first number is equal to

n(y)=Q2ni)"*tr{(z—P) " 'dz,
v
in view of the general results of [6]. Now
(z—=P)'=—F(@)+F(F_,) 'F_,

and since F(z) has no singularities inside y and since F ., F _, F _ , are operators of
finite rank, we get

n(y)=Q2mi)"* [tr(F . (F- )" 'F_)(2)dz.

On the other hand, we know that the number of roots of det F _ , inside y is equal
to:

m(y)=(Qni)"* f(detF_ )" ‘(detF_,)dz=Q2ni) ' [tr(F_ ,F-1)dz,
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where the dot denotes derivative with respect to z. Using that F=—FPF, we
easily get, ¥_,=F _F,—F_,R,F,—F_R_F__,s0

m(y)=Qni) ! ftr(F_F  F-%)—tr(F_R_)—tr(F_ R, F,F_1)dz
=Qmi) " [tr(F F-\F_)—tr(F_R_)—tr(R,F,)dz
=n(y),

since F_R_ and R, F, have no singularities inside 7, and therefore do not
contribute to the integral.

Now F_,(E,h) is asymptotic to the matrix E_  (E,e “®" p) defined in
Proposition 5.1, and it is easy to see that there is a bijection b(h) between the roots
of detF _ ,(E, h)=0 and the roots of detE_ ,(E, e "“®" p)=0, such that b(h)u—pu
=0(h*). We have then proved the theorem.

Remark 5.2. Modulo O(h'’?), both E_, and F*,=E__U°E) are of block
diagonal form. If Ny <N and the last N — N, entries have bounded inverses, it is
easy to see that the Grushin problem with the corresponding smaller number of
conditions and co-conditions is well posed and that Theorem 2 is still valid. Then,
if (5.3) holds with N replaced by N—1, Theorem 2 holds. To describe the
resonances close to the elements of I'°(h), given by =0 in (0.13), it is enough to
take N=1. Then F®, is scalar valued, and one can show that only integer powers
of h appear in the asymptotic expansion (0.16).

Appendix

We discuss some general geometric facts, including the existence of suitable escape
functions. Some parts of our discussion is inspired from the geometric scattering
theory, as it is presented in Reed-Simon [10], but since our potentials may be quite
large near infinity, we are far from the situation of ordinary scattering theory, and
we therefore give a self-contained discussion.

Let p(x, &) € S(m) be the principal symbol of an operator P, which satisfies all the
general assumptions of [6, Sect. 8], in order to define resonances near 0. Here
1 <me S(m). In particular, we assume the existence of an escape function Ge S 1,

such that
H,Gz2C™'m on p '(0\K, (A1)

where K is a compact set. For our discussion, it will be convenient to have a vector
field, which can be integrated for all times, so we introduce v=m™*H - Then the x-
component v, of v is in the class S~ **® and hence = O(F~!)=O0(r ). We recall here
that r(x), R(x) are the basic weight functions introduced in [6], and that #(x, &)
=(r(x)?*+ £%)'/2. The time T, needed for (x(z), &(t)) = exp tv(x(0), £(0)) to reach a point
(x(T), &(T)), with |x(T)—x(0)| =eR(x(0)) satisfies the estimate, Tconst/R=¢R, so
T = (¢/const)rR = ¢/const. However, to reach infinity, we have to cross infinitely
many such time intervals, so it follows that v is integrable for all times.
Notice that (A.1) becomes

(G)=C™' on p lONK. (A2)

Here, we may replace p~ }(0) by 25 =p~ N[ —e,¢]), if 6> 0 is small enough. Indeed,
v(G) is of class §°:°, so if § > 0 is small enough but independent of g € p~1(0)\K, we
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get v(G)(w)21/2C, for all peB(o,8)={(x,); Ix—0.d<IR(e,), I&—04 <0F(0)}.
Outside the union of all such boxes with ¢ep™!(0), we have |p|>e¢, for some

¢>0. Thus (G)21/C on IR, (A3)

where C>0 and K is compact. From now on, the work on 2%, but most of the
discussion will be valid also on ~,=p~*(0).

In view of (A.3), and since the flow of v is complete, we have G(g(t))— + oo,
t— + o0, if o(t) is an integral curve for vin 2° \K Choose T'>0large enough, so that

Kc{oezs; —T+1<G(o)<T—1}. (A4)

Let us define the outgoing tail I', = {¢ € 2%; exptv(g)+> 00, t— —c0}. If g€ 2% and
exptuv(p) reaches the region G< — T+ 1 for some negative ¢, then ¢ is notin I, .
Hence I', is a closed set contained in the region G > — T+ 1, invariant under the
v-flow (and hence also under the H ,-flow).

Proposition A.1. I', n{G <s} is compact for each s> —T+1.

Proof. This intersection is clearly closed, so we only have to prove that it is
bounded. Since our flow is complete, there is a compact set Kc ¢, such that ge K,
(- (—T+1)C = exptv(g)eK If then pueXj \K, G(,u)<s we know that
exp(—tv)(u) reaches the region G —T+1 for some te[0,C(s—(—T+1)].
Hence pué¢r,.

Similarly, we define the incoming tail I'_, which is a closed v-invariant set
contained in the region G<T—1, such that I n{G=s} is compact for every
s<T—1.Let K=T, nI'_, whichis then a compact v-invariant set, contained in the
region —T+1<G<T—1.

Proposition A.2. If I'_+0 (or if I', +0), then K+0.

Proof. LetgeI'_. Then {exptv(g); t =0} is contained in a compact set L, so we have
exptv(@)—@o € 25, for some g, € 27, and some sequence t;— 00. Put g;=expt;u(g).
For every T>0, we then have exptu(g;—exptv(g,), uniformly for t<T. But
exptu(e;) =exp(t;+t)v(g) € L for j large enough, so exptv(go) € L, for t<T. Here T
may be as large as we like, so g, K.

We next define the true tails 7, =I,\K. On X}, we have the symplectic
volume, which is H -invariant. For any s< T—1, the set 7 N{G = s} is bounded
and hence of finite volume. On the other hand, exptH (7_n{GZs}) » §, when
t— + 00, s0 its volume tends to zero when t— + co. On the other hand, this volume
is constant, so it has to be zero for all ¢, and hence Vol(7_n{G=s})=0, for all s.
Hence Vol(Z_)=0. The same argument works for 7, and we have proved

Proposition A.3. Vol(7,)=0.
We also have

Proposition A.4. The following statements are equivalent:

@) 7, +0.

(b) 7_+0.

(c) If we put K,={geZX%; dist(o, K)<a}, then K and K,\K are non-empty for
every a>0.
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Proof. We have already proved that if 7, or J_ is non-empty, then K is non-
empty, and the proof also shows that K\ K is non-empty for every o« > 0. It remains
to prove that (c) = (a), and that (c) = (b).

Assume (c). The volume of K, \K is non-zero for every a>0, so K,\K must
contain points which are not in J_, and hence not in I"_. Take a sequence of such
points; ;€ K,\(KuI) which converges to ¢, € K. The corresponding trajectories
7;:[0, + o[ 3t—exptu(g;), then go to infinity as t— + 00, and we let QjT be the point
of intersection with the hypersurface G=T. Then @] =y{t;), where t;— o, j— co.
After passing to a subsequence, we can assume that ] —o{. It is easy to see that
08e 7. ,and we have proved that (c) implies (a). The proof of the other implication
is, of course, the same.

Remark A.5. We could restrict the preceding discussion to X,=p~!(0). Then
I'?, K°, 79 are defined as before, and Propositions A.1 and A.2 remain valid as well
as the implications (a) = (c) and (b) = (c) in Proposition A.4. For the opposite
implication (c) = (a), we need to approach K° by a sequence ¢; which is not in 77°.
Everything goes through as before, if we assume that dp+0 everywhere on 2. In
fact, we then have the H -invariant positive smooth Liouville form w/dp on X,
where w denotes the symplectic volume form.

Hopefully, the above discussion could be a first step towards general refined
choices of escape functions. In this paper, we only need a rather rough and
intuitively obvious result about such choices.

Increasing K if necessary, we may assume that KCK. Let H,= {oe2;
G(g)= T}, and notice that we have the diffeomorphism, x, :R x Hp—X*\I'_, given
by x . (t, ¢)=exptv(e). Similarly, we have a diffeomorphism x _ : R x H_z—Z\T,.
Let 0< f, € C*(X%\I_) be =v(G) with equality in {G= T} and outside a compact
set in {—T<G=T}. Let G, eC®(Z%\I") be the solution of v(G.)=f,, with
G,=T on Hy;. Then G,=G in {G=T}, and outside a compact set in
{—T<GZT}. We also have G, <G, and by choosing f, large enough, we may
arrange so that

lim G,<-T. (A.5)
e—~TI-VH_-T
Let f_,G_ have the completely analogous properties.

Let y.,x- € C*(R; R) satisfy y, + y_ =t and have the properties given by the

picture:

X+

Fig. 1
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Put G=y,°G,+y_oG_. Here y, -G, can be smoothly extended by 0 in I'_,
while y_oG_ can be similarly extended to I'y. Thus Ge C>*(2%). By the
construction, we have G=G in {G=T}uU{G =< — T}, and outside a compact set in
(~T<GEZT).

We have

AG)=(xs ° G )f+ +((- > G_)f- 20,
while VG=(x, oG, )VG, +(x_ - G_)VG_. We conclude:

Proposition A.6. Given G, T as above, we can find a new escape function G, equal to
G outside a compact set, such that on X, we have G=0 in a neighborhood of
K=T,nI_ and such that locally uniformly on X3 :

o(G)=C5 v al. (A.6)
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