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Abstract. Itis demonstrated that initial data sufficiently close to De-Sitter data
develop into solutions of Einstein’s equations Ric[g]=Ag with positive
cosmological constant A, which are asymptotically simple in the past as well as
in the future, whence null geodesically complete. Furthermore it is shown that
hyperboloidal initial data (describing hypersurfaces which intersect future null
infinity in a space-like two-sphere), which are sufficiently close to Minkow-
skian hyperboloidal data, develop into future asymptotically simple whence
null geodesically future complete solutions of Einstein’s equations Ric[g]=0,
for which future null infinity forms a regular cone with vertex i* that represents
future time-like infinity.

1. Introduction

In this paper previous investigations [6, 9] of the existence of asymptotically
simple solutions of Einstein’s equations Ric[§] = Ag with cosmological constant
Ax0 [sign=(—, +, +, +)] will be extended. We will first discuss the case of
positive cosmological constant, since there the results are of a certain completeness
now.

In [9] the constraint equations implied by the “regular conformal field
equations” [4] on past conformal infinity 4~ have been analysed, which in the
case A >0 is space-like. It turned out that there is no need to consider an analogue
of the Lichnerowicz equation if one wants to provide solutions of the constraint
equations. Let S be an arbitrary orientable compact 3-dimensional manifold
endowed with a Riemannian metric h,4, A a positive number, and d,; a symmetric
trace-free tensor field on S satisfying the equation D*d,;=0, where D denotes the
covariant Levi-Civita derivative operator for h,;. Then from these fields a
complete “asymptotic initial data set” for the regular conformal field equations can
be derived by differentiation and algebra such that S together with these data
describes the geometry of a past conformal infinity .# . Moreover, all these
(sufficiently smooth) initial data sets determine unique past asymptotically simple
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solutions of the equations Ric[§]=Ag, for which S together with the data
represents indeed the fields on past conformal infinity. These solutions are
“semiglobal” in the sense that they are null geodesically complete in the past. It
may be mentioned here that the freedom to specify initial data is essentially the
same as in the standard Cauchy problem: if @ is a positive function on S, the fields
obtained by the rescalings h,z— ©>h,g, d,s—©O ~'d,; determine the same physical
situation as the original fields. Thus one arrives at a rather complete character-
ization of all past asymptotically simple solutions with compact Cauchy
surface. Though the compactness condition is not necessary for the construc-
tion of solutions, it appears to be a natural requirement.

Of course, if data of such a generality are admitted, it will be difficult to tell
whether the behaviour of the solutions in the far future will be similar as in the case
of the conformally flat, geodesically complete De-Sitter space-time, which is
asymptotically simple in the future as well. However, it will be shown in Theorem
(3.3) that asymptotic initial data sets on the 3-dimensional sphere S* sufficiently
close to an asymptotic De-Sitter data set develop into solutions to Ric[§] = A4,
which are “global” in the sense that they are null geodesically complete, and which
moreover are asymptotically simple in the future as well as in the past. Instead of
starting from asymptotic initial data one could also consider standard Cauchy
data on S® which are in a suitable sense sufficiently close to De-Sitter data and
obtain asymptotically simple solutions. Furthermore the techniques used to derive
these results may also be used to show the existence of (weakly) asymptotically
simple solutions in suitable “neighbourhoods” of other given (weakly) asymptoti-
cally simple solutions of Ric[§]=A4g, A>0.

It has become increasingly clear that the requirement of (weak) asymptotic
simplicity is reasonable for solutions of Einstein’s equations, if it is to be satisfied
either in the past or in the future. In [5, 9] the conditions have been met by taking
them into account right in the formulation of the initial value problems from which
the solution space-times have been constructed. Here it is seen now that due to the
particular propagative properties of Finstein’s equations initial data, which are
completely arbitrary up to “smallness” and smoothness requirements, evolve into
space-times with the expected asymptotic behaviour. Furthermore it follows that
asymptotic simplicity is a rather stable property of solutions of Einstein’s equa-
tions with positive cosmological constant.

Of prime interest in the investigations indicated above were the specific
properties of the field equations which allow us to derive the global existence
result. For a discussion of the early time behaviour of solutions of Einstein’s
equations with positive cosmological constant, oriented to particular physical
applications, the reader might consult for example [14].

The analysis of the case of Einstein’s vacuum field equations Ric[§]1=0 is
considerably complicated by the fact that in general there will not exist conformal
extensions of asymptotically simple solutions of these equations in which to
“spatial infinity” can be assigned a structure to which the non-physical fields would
extend in a smooth way. However, the techniques used in the case considered
above, equally apply to the “hyperboloidal initial value problem,” for which the
existence of “local” solutions under general assumptions on the data has been
discussed in [6]. Here “hyperboloidal initial data” for Einstein’s equations
Ric[§] =0 are given on a 3-dimensional manifold, which represent the geometry of
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a hypersurface which intersects future null infinity in a space-like 2-dimensional
sphere, the boundary of the initial surface. It will be shown in Theorem (3.5) that
hyperboloidal initial data, which are sufficiently close to Minkowskian hyperbo-
loidal data, develop into a solution of Einstein’s vacuum field equations, which is
null geodesically complete in the future and has in fact a smooth asymptotic
structure. The conformal extension of this solution can be chosen in such a way
that the null generators of the surface # *, future null infinity, converge to form the
regular past null cone of a point i+, which represents future time-like infinity of the
solution.

This result appears to reduce the problem of showing the existence of non-
trivial “purely radiative solutions” [8] of Finstein’s vacuum field equations to the
problem of showing the existence of solutions of the standard Cauchy problem,
which possess a “piece” of future and past null infinity “near” spatial infinity.

The statements on the existence of solutions as indicated above are obtained by
a straightforward application of PDE techniques available in the literature to the
initial value problems formulated in Chap. 2. In [11, 12] Kato introduced
techniques to deal with linear evolution equations, which he used.in [13] to derive
existence results for solutions of Cauchy problems for quasi-linear symmetric
hyperbolic systems. His methods apply with only a few modifications to Cauchy
problems for the symmetric hyperbolic system of reduced conformal field
equations considered here.

The regular conformal field equations, from which the reduced equations are
extracted, are equivalent to Einstein’s equations where the conformal factor is
positive. However, they are also regular and meaningful where the conformal
factor vanishes or becomes negative. It will be shown in Chap. 3 that solutions to
the reduced equations will extend, under suitable “smallness” conditions on the
data, into regions, where the conformal factor becomes negative. Moreover, it will
be seen that the regular conformal field equations take care that the set of points
where the conformal factor vanishes, which will represent conformal infinity for
the corresponding “physical” field, has the desired smooth structure. Thus the
(semi-) global existence result and the statements about the asymptotic
structure are obtained at the same stroke. Decisive for this is the possibility,
discussed in [7], to control the evolution of the gauge dependent quantities, the
conformal factor, the frame field, and the coordinate system, by a suitable
specification of the gauge source fields.

The following exposition is meant to illustrate the essential argument, not to
provide the most general results possible. Therefore use will be made freely of some
specific properties of the Einstein cosmos, which are not necessarily available in
more general situations and whose absence would require a higher technical
expenditure. No attempt is made to describe any such generalization, but it may be
pointed out that the methods used here extend to the coupled Einstein-Yang-Mills
equations.

2. The Initial Value Problems
The desired space-times will be obtained from solutions
u=(e" 70225, Sijs dijer) (2.1)
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of the regular conformal field equations. The unknown u comprises the following
fields:

— a frame field ¢, = It determines by

ekﬂ’é—x—“ .
g =n*elte,’ with n*=n,=diag(1, —1, -1, —1) 22

the contravariant version of the “non-physical” metric g,,. Here and in the
following the frame indices i, j, k,[,m take values 0,1,2,3 and the summation
convention is understood. The same holds for the coordinate indices u, v, 4, ... . All
tensor fields will be thought of as being given with respect to the frame ek,

— connection coefficients y,/, with respect to ¢, of the Levi-Civita connection V
derived from g, which satisfy

Yoa+rimi=0, (23)
Ver=V,en=v/e;; 24
— real valued functions 9, s, where Q is the “conformal factor” and [by Eq.
(2.8)] s=3V,V"Q;
— a field X;, which represents [by Eq. (2.7)] the differential of Q;
~ a field s;;, representing the trace-free part of the Ricci-tensor R;; of g
i J %( 4R’7u)

— the rescaled Weyl-tensor d;;,=Q~ ICW, obtained from the Weyl-tensor
Ci jkl Of g.
The regular conformal field equations are given by

ij

e e’ i—e" e == et 2.5)

?’zi s ue"k - Vki A ueul + )’kim')’zm i ?zim'}’km i ')’mi j(ykml ="
=Qd' 5+ 20" sy~ Musn’) + § R » (2.6)
VQ=2z,, 2.7
ViZi=—Qsy+ 1y, (2.8)
Vis=—Xs;—1sRZ;—24QV.R, (2.9)
Vis;— Vlskj =X idi 7 ﬁ'l jtl ViaR, (2.10)
vd wa=0. (2.11)

Assuming that Q is positive, all equations can be derived from the “conformal field
equations,”

Ric[Q~2g]=A(Q"2%g), 2.12)

which may be understood as a condition on the metric g and the conformal factor
Q. In terms of the “physical metric,”

Guv=2""G (2.13)
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Eq. (2.12) is just Einstein’s field equation with cosmological constant A. This has

been discussed in [4, 7, 9] and here will be mentioned only a few properties of the

regular conformal field equations, which are important for the following.
Obviously Eq. (2.12) is invariant under rescalings of the form

(9,Q)~(0%9,09)

with positive functions @. Consequently the same is true for Egs. (2.5)+2.11) if the
fields given by u and the Ricci-scalar R are transformed appropriately. As shown in
[7] the real-valued function R may be given arbitrarily near some initial surface. Its
choice determines the propagation of the conformal factor Q uniquely. Thus R
may be considered as the “gauge source function” for the conformal factor.

The trace-free part of (2.12) is just Eq. (2.8). It can be shown that for a solution of
the system (2.5)+2.11) the quantity

A'=6Qs—3Z,5+ LQ*R (2.14)

is a constant which may be identified with the cosmological constant A. Thus A is
fixed already by the choice of initial data on some initial surface. Equation (2.14) is
then just the trace of Eq. (2.12), and it is seen that Eqgs. (2.5)(2.11) are essentially
equivalent to (2.12), where the conformal factor is positive. Notice, however, that
the system (2.5)2.11) is regular and that the structure of its principal part is
preserved even if the conformal factor vanishes or becomes negative.

To solve a Cauchy problem for the regular conformal field equations, one has
to split the system into constraint equations and propagation equations. The
constraint equations have been given explicitly in [6, 9] and will not be reproduced
here. The analysis of the propagation equations is done most easily in the spin
frame formalism and has been discussed in all possible generality in [7]). The
unknowns are represented then by the following fields:

— a pseudo-orthonormal frame e,, =e* satisfying

g(eaa’9 ebb’) =&apCarb’ 5
which may be related to an orthonormal frame by

A~k
Co =0 aa'€k >

where the constant van der Waerden symbols ¢*,, are given more explicitly by

e00,=L(e0+el), e01,=~1—(e1 +ie,),
V2 )2

2.15)

e10,=—1—(81—iez), €11/ (eo—e3),
/2 /2

— the spin connection coefficients I}, = I 5o

— s, Q and the differential X, of Q,

— the Ricci-spinor ¢aba'_b'=¢(ab)(a'b')= aba'b’s )

— the rescaled Weyl-Spinor @ pes=@apeay =2 " spea> Where ¥ ., is the Weyl-
spinor.
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Here and in the following the conventions of [7] are used. In particular, the
spinor indices a, b, ..., h, a’,b’, ..., h’ take values 0,1 and the summation conven-
tion holds. Use will be made freely of this notation, where the unknown is given by

u= (eaa‘”’ Em’bc’ Q: Z‘aa’9 S, ¢aba’b" ¢abcd) ) (216)

and the notation (2.1). It is assumed that the transition between the frame fields is
always achieved by (2.15).

To obtain the symmetric hyperbolic reduced conformal field equations one has
to choose beside the Ricci-scalar a “coordinate gauge source function”

Fﬂ—_fofo x“ (2.17)
and a “frame gauge source function”
Fu= 2fo (g(fo €ap :eb )) (2.18)

As shown in [7] the choice of these functions, which is completely arbitrary,
determines the propagation of the coordinate system and the frame field off a
suitable initial surface uniquely.

To find gauge source functions which will be useful for our purpose, we
study first two particular solutions of (2.5)«2.11) which are related to the De-Sitter
and the Minkowski space-time, respectively.

In the following the 3-dimensional sphere S* will always be thought of as being
given as the submanifold

1= fuseme] £ o]

of R*. The restrictions of the functions x4, 4=1,2, 3,4, on R* to §° will again be
denoted by x“. The vector fields

0 0 0 0

1 9 4 2 0 3 0

R +x o3 " ox2

0 0 0

0 30 40 5,0
C=X o3 =X 6x1+ P x pa (2.19)

19 d 0

1_~ 2~ 3_7 4

BT Y Xt tx ot X a3

on R* are tangent to $® and will always be considered as vector ﬁelds on §3. Let
dw? denote the line element obtained as pull-back of the line element Z (dx*)?on

R* to $>. Then the fields c, (indices r, s, t will always be assumed to take values
1,2,3 and the summation convention is assumed) constitute a globally defined
frame on S* orthonormal with respect to dw?. The diffeomorphism

x +ix?  —x3+ix*
eSU(2
xX3+ix*t xt—ix? @)

of the sphere S* onto the Lie-group SU(2) maps the vector fields (2.19) onto left
invariant vector fields. This is the reason for picking the particular frame (2.19) on

S33(x!, x2, x3, x4 > (
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S3. It finds application in the relation (2.35), which is basic for the construction of a
certain class of maps. Another reason will become clear in the discussion of the
proof of Theorem (3.1).

The Einstein-cosmos is given by the manifold M =R x S together with the

. . 0 .
Lorentz-metric gf = dt> —dw? with t € R. The vector fields ¢, = p and c, as given

by (2.19) constitute a frame, which is defined globally on ME and satisfies
g%(c, ¢;)=m;. The connection coefficients of the Levi-Civita connection deter-
mined from g¥ with respect to the frame ¢, are given by Y}, =&;,n", where &5, is
the totally skew tensor with 5,3 =1.

The two “conformal factors”

QP=cost, respectively QM =cost+x! (2.20)

on M¥ allow to determine two solutions u®, respectively u™ of the regular
conformal field equations (2.5)+2.11), which both comprise the frame field ¢, [thus
implying by (2.2) the metric g¥] and the connection coefficients y%/,, and are
defined on the manifold ME. Equation (2.5) is satisfied by c*, = ¢;(x*) and y£/, for
any coordinate system x* on ME. From (2.6) follows

dDijkl = dMi k= 0
RP=RM=_¢ (2.21)

D.=

M _s0s0 1
§5=¢§ ij—5 0 k— Mk -

Equation (2.7) is solved by setting

Zl=c(@), ZM=c(@"), (2.22)
and Eq. (2.8) is solved by setting
sP=—%cost, sM=—%(cost—3x"). (2.23)

The remaining equations will then be satisfied as well.
Only parts of the solutions 4, respectively u® are of physical interest. Denote
by

MP={(t,x)eR x $%/|t|< 3}
a maximal connected domain in M%, where QP is positive. The manifold M?

together with the metric g”=(QP) 2g* is just De-Sitter space-time. Defining a
coordinate 7, — o0 <1< 00, on MP by setting tgt=sinhz, the metric g” writes

g° =dv*—cosh?tdw?.
It satisfies the equation
Ric[g”]=40g"

with cosmological constant A,= —3 [which is negative because of the sign
convention (2.2)]. The two space-like hypersurfaces

SPE={t=14}
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of M®, where QP vanishes but X,?+0, represent future, respectively past
conformal infinity of (M?,g”). They are Cauchy surfaces for the conformally
extended space-time. Thus u® may be thought of as being obtained either by
analytic continuation of the fields Q7, (Q”)%g® or as an extension of a solution of
the regular conformal field equations (2.5)~(2.11) for data given on .#°* or on some
Cauchy surface of (MP, gP). The last point of view will be of importance in the
following.
A maximal connected domain in ME, where Q™ is positive is given by

MM ={0<y<m, y—n<t<n—y},

where the function y on S3, respectively M* is defined by setting x* =cos . In terms
of the coordinates 7, r on MM, — o0 <1< 00, 0<\r< 0, given by
T S |

T+r=tg 7 T—r=tg 5
the metric g™ =(QM)~2gE writes g™ =dt?—dr? —r?ds?, where da? denotes the
standard line element on the 2-dimensional sphere S%. Thus (M™,g") is just
Minkowski space-time given here in standard polar coordinates. The surfaces
future and past conformal infinity for this space-time are represented by the null
surfaces

SME ={0<X<na t= i(n—X)}’

where Q vanishes but dQ does not. They are neither Cauchy surfaces for ME nor for
the conformal completion of MM because of the “holes” at the three points

it={x=0,t=+n}, ®={yx=mn,t=0}

which represent future, respectively past time-like and space-like infinity for
Minkowski space. At these points not only ™ but also its differential vanishes, but
its Hessian is non-degenerate. The intersection of the Cauchy surface {t=t,},
where —n<t,<m, of the Einstein-cosmos with MM is a Cauchy surface for
Minkowski-space only if ¢, =0. Fix a number ¢, 0<t, < and consider the surface
with boundary

S={0<\y<Xn—tg, t=t}. (2.24)

Such a surface will be called “hyperboloidal,” since in the case t,=3% the
intersection of § with M™ is a space-like unit hyperboloid. The future domain of
dependence (for this and related causal notions see [10])

D*(§)={0=<y<Xn—t, t,<t=<m} (2.25)

of S'in the Einstein-cosmos comprises the part of Minkowski space in the future of
S as well as S and

H*()={x=n—t, to<t=<Xn}, (2.26)

the Cauchy horizon of S, which is generated by segments of the past directed null
geodesics emanating from the point i* in the Einstein-cosmos. In the hyperbo-
loidal initial value problem dara are described on a surface, which similar to S
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intersects future null infinity of the prospective solution space-time in a space-like
2-dimensional sphere. It will be seen in Theorem (3.5) that for suitable hyper-
boloidal initial data the domain of the dependence of the solution will have a
future boundary which forms a cone similar to H*(S) given by (2.26).

As in these two examples, the solution of Einstein’s equation we are looking for
will be obtained by restricting suitably certain solutions of the “reduced conformal
field equations” which represent the propagational part of the regular conformal
field equations. These solutions will provide a metric g on a manifold which is
diffeomorphic to M*. Equations (2.5) contain as unknowns the coefficients e, of
the frame within a coordinate basis. Since no global coordinate systems exist on S3
one would have to patch together local solutions. To avoid the lengthy technical
discussion arising from this difficulty, one may try, as suggested by the examples
above, to take advantage of the fact that there exist globally defined frames on ME,
and to express the field equations in terms of such a frame. This will result in a
representation (2.42)2.46) of the equations, which allows us to dispense with any
further coordinate considerations. How this can be achieved will be discussed now.

Let (M, g) be a Lorentz-space such that the manifold M is diffeomorphic to M~
A map ¢, defined on an open subset U of M, will be called a “cylinder map,” if it
maps U diffeomorphically onto a set I x S3, I an open interval in R, such that the
sets ¢ '({t} xS3), tel, are space-like Cauchy surfaces and the curves
Iat—¢~1((t,x)), xe S3, are time-like with respect to the metric g. The cylinder
map ¢ may be used to pull back to U the function x° =t, which takes values in I,
and the functions x4, A =1, ..., 4 on 3, whose pull-back to U will again be denoted
by the same symbol. Since the system of functions so obtained has rank four on U,
one may take x° together with a suitable choice of three of the functions x4, to
obtain a coordinate system in a certain neighbourhood of a given point of U.
Coordinates constructed in this way will be called “cylinder coordinates” and
denoted by x*, u=0,1,2,3 (which involves possibly a renumeration of the
functions x4). In the following will be assumed that the manifold M can be covered
by domains of cylinder maps.

Given a cylinder map ¢ and thus the functions x°, x* on its domain U, one can

define a frame field ¢, on U with ¢y = % and ¢y, ¢,,c5 as in (2.19). The frame

0
coefficients e*,, respectively e*,,. with respect to a coordinate basis may now be
replaced in the unknown u given by (2.1), respectively (2.16) by the coefficients e,
respectively &’ ,. defined by

e,=¢c;, respectively e, =e/,c; onU. (2.27)

(Here indices belonging to the same “family” are used in two different ways.
However, the upper index of ¢/, will, with the exception of formulae (2.29), only be
contracted with the index of the fields c;, while indices attached to any tensor field
will always refer to the lower index of ¢/, which counts the member of the frame
{ex}tr=0,1,2,3)- In the two examples studied above the coefficients ¢/,,, coincide then
with the van der Waerden symbols ¢/,,..

It is obvious how Egs. (2.6)-(2.11), if written in the spin-frame formalism, have
to be reexpressed in terms of the coefficients e/, and derivatives in the direction of
c;. However, to obtain a suitable form for the reduced equations, Eq. (2.5), which is
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the condition that the torsion tensor vanishes, needs further discussion. The
torsion tensor t,,,," '“ may be thought of as being given by the quantities
12 =5t Y, 1 =t ",, which satisfy by definition the equations

topecc(X*) = V(af’Vb)f'xu st (xt)= Vf(a' Vo rx* (2.28)

for any coordinate system x* on M, in particular for cylinder coordinates. Assume
that for a given cylinder map ¢ the field c; are defined as above and set [using (2.4)]

P , . .. . Lol L.
S{zb - ekaf ck(e’bf ) - Ijzf “ bf ’ejcc’ +e af e bf '80kilnu s

, . C N (2.29)
Sip = ekfa'ck(e] fb') —I fa'cc fb'e] e+ ekfa'elfb'sowﬂ” .
Then Eq. (2.28) may be written in the form
tfzc’ecc'(xu) = SJ C '(xu) +&, Gﬂ
’ v ’ (2.30)
abecc(x ) abc](x#)'l-gabG
with G = 4T V™5 — 7 e i (e () (2:31)

which holds for any coordinate system, in particular for the cylinder coordinates
associated with the map ¢.

The first term on the right of Eq. (2.31) is just the coordinate gauge source
function. Since this may be given arbitrarily in an initial value problem for Eq.
(2.5)-(2.11), one may expect that it can be chosen such that G* vanishes. In the
following it will be shown that this can be done and that the requirement G*=0
amounts to the construction of a particular type of cylinder map.

Let S be a smooth space-like Cauchy surface of M, which is mapped by a
diffeomorphism y onto the sphere S* and let, assuming a time orientation, n be the
future directed unit normal vector field on S. Maps of the form

M>Usp-(x°(p), x4(p)) e R x R* (2.32)

will now be constructed, which will be seen to define cylinder maps of the desired
type. The functions x°, x4 are obtained as solutions of the system of semi-linear
wave equations

B xB
S T PG R

4 1/2
with |x|= ( > (x")2> . Data for these equations are prescribed on S such that:
A=1

S3q-x%(q)eS® describes the diffeomorphism v,
x%s=t, forsome t,eR, (2.34)

4
> xn(x%)=0, n(x%>0 onS.
A=1
Lemma (2.1). A4 solution of Egs. (2.33) satisfying the initial conditions (2.34) defines

by (2.32) a cylinder map ¢, that maps a certain neighbourhood U of S diffeomorphi-
cally onto a neighbourhood of {t,} x S in R x $3.
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If G*, given by (2.31), is defined with respect to this cylinder map and associated
cylinder coordinates x*, then G*=0 on U.

Where it is positive the function |x| calculated from a solution x* of (2.33)
satisfies the equation, ¥, V*(]x|) =0, as may be verified by direct calculation, using
the second of Egs. (2.33). Since by (2.34) one has |x|=1, n(]x[)=0 on S, it follows
that |x|=1 in the neighbourhood U of S, where the solution of the initial value
problem (2.33), (2.34) exists. By (2.34) the map ¢ : u—IR x S? so obtained has rank 4
on § and thus, possibly after restricting U suitably, defines a difftomorphism onto
the set #(U) containing {t,} x S° such that the surfaces {x° =const} are space-like
Cauchy surfaces and the curves {x*=const} are time-like.

Using the functions x°, x* on U to define vector fields ¢, =
in (2.19) one finds by direct calculation:

0’ and cy,c,,c3a8

¢ j(ck)(xA)) =— (5?51? —n jk)xA =—x* (Bé.l Cj(xB)Ck(xB)) ’
cfe(x%)=0,

whence, observing |x|=1,

(2.35)

oI Tk r ,(Ck(x ) =—x (Bél Te (x")e I ck(x”))

i b g (P (P (2.36)
> V(m) <M>

eiff,ekff'c]'(ck(x )) = 0 .

Thus by (2.33) one has G* =0 on U if G* is defined with respect to the cylinder map
¢ and related cylinder coordinates.

Remark (2.2). i) If x* is an arbitrary coordinate system on U, it may locally be
given in the form x* = x*(x*), where x* is one of the cylinder coordinate systems
considered above. Assuming c; as above, one finds again

Vk kall' = ejff’ekff'Cj(Ck(xul)) )

but the vector fields c; are now not necessarily related to the coordinates x*' as they
are related to the coordlnates x*. Therefore, the condition G*=0 is in fact a
requirement on the cylinder map which serves to define the fields c;.

ii) Using (2.35),(2.36) one can show that the gauge condition G* = 0 implies that
the cylinder map used to construct the fields c; in the definition (2.31) of G* must
always be obtained as a solution of an initial value problem for Egs. (2.35). For the
following it is sufficient to see that the condition G* =0 can always be satisfied and
leaves the usual freedom to specify initial conditions [notice that in (2.34) one
could also have t,=t,(q) a function on §].

For the function G*, which is used to single out a class of cylinder coordinates,
thus fixing the coordinate function F*, for the frame gauge source function F,;, and
for the function R, which determines the evolution of the conformal factor, we will
now take in the general situation we want to consider the same functions as are
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obtained in the case of the two examples discussed above. For space-times which

“deviate not too much” from those of these examples it may then be expected that

the cylinder map, the frame field, and a conformal factor satisfying the appropriate

positivity conditions will exist globally on the prospective solution space-time.
Thus we require

G*=0, F,=0, R=-6. 2.37)

As shown in [ 7], respectively pointed out in Remark (2.2) this leaves the freedom to
specify the conformal factor, the frame field and the coordinates as well as the
normal derivatives of these fields on a suitable hypersurfaces. By (2.30) the first of
conditions (2.37) implies that the vanishing of the torsion tensor then is equivalent
to

Sjab-——'o, Sf;:b:=0. (2.38)
On the other hand, we have:
Lemma (2.3). If in (2.30) holds

sl —shy =0, —shy4sly =0,
o o } (2.39)
sty —sbo-=0, sio+810 =0,

then G*=0 and
—pa e ), e ()
o o } (240)
11— 6% =0, 110 +15% =0.

Using the definitions (2.29), (2.31) one finds the identity

G = 4(5f+ S0 — sy — s Je ()

which holds for any coordinate system x*. From this follows the first assertion and
the second is then an immediate consequence of the relations (2.30).

Remark (2.4). The subsystem (2.42) of the following system of reduced conformal
field equations are just Eqgs. (2.39) in explicit form. Thus the system (2.42)(2.46)
implies the system (2.40), (2.43){2.46) and allows us to determine the gauge source
function F* from G* =0 and (2.31). The discussion of the system (2.40), (2.43)(2.46)
in [7] therefore shows that a solution of the system (2.42)(2.46), which satisfies the
constraint equations implied by the regular conformal field equations on some
initial surface S, will in fact be a solution of the complete system of regular
conformal field equations in the domain of dependence of the surface S with
respect to the metric supplied by that solution.

With the definition
b__ 11 e b b _ 1 b
Ved = zl_fce f(aI:i)e’ )f s Yeaw=32T e(e’f(al:i')e ) f
B _p bbb b
I;a’ cc' ™ I:za’ &' + I:za’ € s

2.41)

and assuming V,,.I;;.., to be given by the same expression which one would obtain
if the I, were the components of a spinor field, the reduced conformal field
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equations in the gauge (2.37) may be written:

2ej00'cj(ei1 1)— ejo1'cj(ei10') - ej1 o'cj(eior)

=—(L/*, o+ To™ r1 Ve o+ (e e, rt e’y 11 ')30jik s
(ejoo' + ejl 1')Cj(ei01') - eil o'Cj(ei1 )= ei1 o'Cj(eioo')

=L =TT 6% o)l —(€/y )€ 1 =€ €% 100604, (242
(ejoo' + ejl 1')Cj(eio1') - eiorcj(eioo') "ejo1'cj(ei1 1)

= (I;)f'“’w' —r fl '“'fl ')eicc’ + (ejofleko Vi ejfl & 71 ')EOjik s
2ej1 1'Cj(eioo') - ejIO'cj(eiOI') - ejOI’Cj(eiIO’)

=L oy +T7 1% po)el e — (€147 €Yy s+ e T 1€ 0 )01k 5
20 111" =Vor Lio™ =VieTor ™ =10 =170

=001+ 38" + %1,
(Voo +V11)0™ = VioT11* =VieToo™ + 911 — V80

. ab 1,.a, b ab
=—Q0% 1 — 38" +6%00

(Voo +V119001™ ~ Vo1 Too™ = Vor Iy 1™ = ¥50 +y1:1:% ¢4
=000+ 380%0" — 6”11

2711 0o0™ = VioTo1 ™ = Vor [10™ + 781 + Y01 ™
= =00 10—%,“" = 9”105

- Vfo*‘Pluf:O,

—V! o @aor+V? 1@ ,=0 in the order ab=11,10,00, (2.44)

Vfl’(POOOf=09
- VOf,¢bc1’f’ = (PObcfor )
= Vo' bseo 1+ Vi boerp = — PoberZ 0+ @132 11 (2.45)
Vlf’¢bc0’f’ =@1oerZ o'
(Voo +V11)R=200 + 211,
(Voo +V11) 2y = — QPovors + P1o16) + S(E0sEory + E15E157) » (2.46)
Voo +V11)5= ~(Boson + P1616)Z" +3(Z00 +Z11)-

In the following it will always be assumed that in these equations the frame
e, =e}yC;is written in the form 3 (e}, + &),)c; to make the system “symmetric” [see
(3.1)]. Given a solution of the system written this way, one may, following the
discussion in [ 7], subtract the complex conjugates of Egs. (2.42) (not assuming now
that e/, =&, necessarily holds) suitably from Egs. (2.42) to obtain a linear
homogeneous symmetric hyperbolic system of equations for the quantities
€, —&,,. Since initial data for (2.42)2.46) will be given such that e, =&,
holds initially, this equality will hold everywhere by the uniqueness property of
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symmetric hyperbolic system. Thus Eqgs. (2.42)+2.46) will be satisfied with the
frame written in the original way.

Before initial data sets will be specified for Egs. (2.42)—(2.46) it is convenient to
collect a few facts, which allow us to reduce the remaining gauge freedom on the
initial surface. Let (M, g), S, @ be the Lorentz-space, the Cauchy surface and the
diffeomorphism of S onto S3, which have been considered in Lemma (2.1). The
requirements listed in the following lemma restrict, for a given choice of the
conformal factor near S, the freedom to select a cylinder map and a frame near S to
the choice of the difftfomorphism y and the “origin of time” ¢,,.

Lemma (2.5). There exists a cylinder map of the type considered in Lemma (2.1)

with related cylinder coordinates x* and frame field c; and a g-orthonormal frame

field e;, k=0,1,2,3; both defined in some neighbourhood of S in M, such that
i) The fieldse,,r=1,2,3, are tangent to S, satisfy h(e,, e,) = —d,, where h is
the interior metric implied on S by g, and have a unique expansion
>0 if s=r,
0 if s>r.

ii) eq, which coincides on S with the future directed unit normal of S, is given by

e,=elc, with e',= {

eg =cy on S. Furthermore x°=t, on S, toeR.

= ox°
ili) The connection coefficients v/, with respect to e, satisfy on S:

v, e,=D,e;, where D, denotes the covariant derivative in the
direction of e, with respect to the Levi-Civita connection defined
onSbyh, y,,=—y%= —y,%, is the second fundamental formon S,
given in the frame e,, y,,=0on S.

iv) The frame gauge source function of e, vanishes near S.

Since the fields c,, =1, 2, 3, given together with y are tangent to S, condition i)
is just an orthonormalization prescription to fix in a unique way an orthonormal
basis of tangent vectors at each point of S. Denote by &, the g-orthonormal frame
on S, where &, is the future directed unit normal vector and the &, satisfy i).
Assume that the frame &, is extended to a neighbourhood of S by parallel
transport in the direction of &,. Then the connection coefficients 7/, with respect to
&, have the properties listed in iii). Set e,=L/&;, where L/, denotes a function,
which maps some neighbourhood of S into the Lorentz-group. As shown in [7] the
requirement that the frame gauge source function for e, vanishes near § implies a
system of semi-linear wave equations for the functions L/, j,k=0,1,2,3. Solving
these equations with the initial conditions L/, = 8%, €,(L’,) =0 on S, one obtains a
unique frame e, near S which satisfies i), iii), iv). If in (2.34) the initial conditions are
specified by setting n(x4) =0, n(x®) =1 on S, the cylinder map obtained by solving
(2.33) near S will be such that iii) holds.

The reduced conformal field equations (2.42)-2.46) will now be considered as
equations on the manifold R x S3, on which the fields ¢ ; are known, and data will
be specified on a surface S, ={t,} x S*, where the gauge conditions i)-iii) will be
assumed. The further structure of the initial data sets will depend on the particular
problem to be considered.
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In the “De-Sitter-type initial value problem” are given “asymptotic initial
data” on §,,, which will correspond to the (non-physical) fields implied on past
conformal infinity of a past asymptotically simple solution of Einstein’s equations
Ric[§]=Aod, Ao=<0. For easy comparison with the standard solution u” of that
situation we take as the initial data surface S=S_z and as the value for the
cosmological constant A,= — 3. The asymptotic initial data may be specified by
giving two tensor fields 4 and d, where

— h is a negative definite metric on S,

— dis a trace-free symmetric on S with vanishing divergence with respect to h:

D'd,=0 onS§. 2.47)

Here it is assumed, as in the following, that e,, ¢°,, y,°,, D, denote the quantities
associated to k as described in i), iii) of Lemma (2.5) (with yp the identity), and
tensor fields are given by their components in the frame e,. Denote by *R,, *R, 3B, ,
the Ricci-tensor, the Ricci-scalar, and the Bach tensor of h, respectively.

With the choice A,= —3, R= —6, an asymptotic initial data set for the De-
Sitter-type initial value problem, denoted in the following collectively by u,P7, is
given by:

S

e,,5 as above,

elo=06, €%=0, i=7%=7%=0,
Q=0, X,=06%, s5=0,
Soo=—+CR+3), 50,=0,
Srs="Rys+40,,CR-1),

—413 —
drOst -2 Brst ’ drOsO - drs .

: (2.48)

Remark (2.6). (i) It has been shown in [9] that by h, d and (2.48) all possible
asymptotic initial data satisfying the constraint equations implied on past
conformal infinity by the regular conformal field equations (2.5-(2.11) with

=—6 and (2.14) with A’=—3 are given. “Conformally equivalent” data
obtained by rescalings h—©?h, d—© ~'d with a positive function ® on S and
related transformations of the quantities given by (2.48), determine the same
physical solutions. Because of the condition s=0 these rescalings represent the
remaining conformal freedom.

(i) The set of solutions of (2.47) has been described in [2].

(iii) The asymptoticinitial data set u,” =u”|s-z implied on S by the solution u”
may be obtained by choosing h to be such that the fields ¢, are orthonormal, i.e.
e’ =0",, and that the field d,, vanishes. Although the “nearness” of an abstractly
given initial data set on S to an asymptotic De-Sitter data set should be formulated
more precisely in terms of the possible diffeomorphisms y and the remaining
conformal freedom, it will be said in the following and will be adequate for our
purpose that the data u,T are “close” to asymptotic De-Sitter data, if the fields
e',—d", d,, and consequently the (componentwise) difference u,°T —u,> are
“sufficiently” small with respect to a suitable norm on an appropriate function
space. A similar remark holds for hyperboloidal and Minkowskian hyperboloidal
initial data.
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The hyperboloidal initial value problem has been described at length in [6].
Here the conditions on the data will be given, which are important for the
discussion in the next chapter. Let § be now the surface given by (2.24) and let Z
denote its boundary

Z={X=7'C—t0, t=t0} .
The collection of fields
“oH =(¢ k?ijka Q,2,5, S, dijnr) (2.49)

given on § will be called a hyperboloidal initial data set, if
onZ: Q=0, X=0, X,<0,
onS\Z: Q>0,
on S—: eio=($j0, eo,.=0,
¢, respectively p/, satisfy the conditions stated in i), iii) of
Lemma (2.2).
The fields given by u,f satisfy the conformal constraint

equations implied on space-like surfaces by (2.5)2.11) with
R=—6and (2.14) with A’=0o0n S.

From uy® will be constructed in the next chapter “extended hyperboloidal initial
data” #,", which will be defined on the whole of S, > § and will serve as initial data
set for Eqs. (2.42){2.46).

L (2.50)

3. The Structure of the Solutions

Before discussing the existence of solutions to the initial value problems
formulated in Sect. 2, the reduced conformal field equations will be written in a
slightly different way. Set v=(Reu, Imu) and let v’ denote either v° = (Reu®, Imu®)
or v™ = (Reu™, Imu™). Setting now v =v"+w, Eqs. (2.42)(2.46), written as a system
of real equations for w, take the form:

A°(w)%w+ i AT(W)c,(w)+ B(t, x, ) - w=0 (3.1)

for an unknown w which takes values in R¥ for some N € N. The properties of the
system (3.1), which are important for the following, are:

i) The entries of the matrix-valued function B=B(t,x,z), defined for
(t,x,z) e R x $3 x R, are polynomials in z of degree at most one with coefficients,
which are real-analytic functions on IR x S3, periodic in .

ii) The entries of the matrix-valued function 4%(z), j=0,1,2,3, are poly-
nomials in z e RY of degree at most one with constant coefficients. The matrices are
symmetric '4%(z) = A%(z), ze R¥, and the matrix 4°(0) is diagonal with diagonal

1
elements not smaller than —.

%
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On the space C*(S3,R") of smooth R¥-valued functions on S define for
meN the norm:

m 1/2
IWlm= {kgof lD"ledu} ; (3.2
where the integration is over S* and the following notation is used:
3
ID°wi*=|w?>, |D*w]*= X ID,,...D, WP,
| ST =1

with | | being the standard euclidean norm on RY, D, du denote respectively the
covariant Levi-Civita derivative operator and the volume element associated with
the metric dw? on 3, and D, denotes the covariant derivative in the direction of the
field c,. For m e N let now H™(S3, R¥) be the Hilbert-space which is obtained as the
completion of the space C*(S3,IR") in the norm (3.2). In most cases it will be
convenient now to consider the unknown w=w(t, x) as a function of ¢t which takes
values in the function space H™(S3,IR¥) with “space variable” x e §* for some
meNN.

For 6eR, me N with 0<6<l-/1—_-2—

Dp={we H"(S*,R")/(z, A%(w)z)>~d(z,2) Vze RN},

where (, ) is the standard scalar product on IR". This set is well defined because
H™(S3,RY) is embedded for m>2 continuously into C°(C3,R"), and it contains a
neighbourhood of the origin in H™(S3,IR¥) by property (ii) of Egs. (3.1).

Theorem (3.1). Suppose m=4, D is a bounded open subset of H(S3,RY) with
DcD™;. If wyeD is given as initial condition for Eq. (3.1), then:
1) There exists a T>>-0 and a unique solution w(t) of (3.1), defined on [0, T,
with w(0)=w, and
we C(0, T; D)nC*(0, T; H™ (S3,RY)).

ii) There is an r >0 such that the corresponding T can be chosen common to all
initial conditions in the open ball B(wg) with center wy and radius r (such that
B,(wo)CD).

iii) If r and T are chosen as in ii) and wy" € B (wy) with |wy"—w|,,—0 as
n—o0, then for the solutions w"(t) with w"(0)=wy" holds |w"(t)—w(t)|,,—0
uniformly in t, te [0, T].

iv) If the solution w(t) ini) exists on [0, T,] for some T, >0, then the solutions to
all initial conditions in B(w,) exist on [0, T,] if >0 is sufficiently small.

Remark (3.2). By i) local existence of solutions is asserted for any w, € D™;. Of
particular interest in the following, however, is the fact that w=0 is a solution of
(3.1), which is defined on [0, T] for any T>0, whence by iv) for any T, >0 there
exists an r >0 such that for w, € B,(0) the solution w(t) exists on [0, T, ]. Because of
the particular structure of (3.1) solutions to (3.1) exist in fact on intervals of the form
[- Ty, T,], Ty, T,>-0. Furthermore, they are of class H™(]— T}, T,[ x $*) (with the
obvious definition of H,) and in particular of class C"~%([ — T}, T,] x S*). By iii)
one has w(t, x)—w(t, x) uniformly on [ — T}, T,] x 3.

, mx2, set
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The results above are analogues of results obtained by Kato in [13] for
solutions of symmetric hyperbolic systems for Hilbert-space-valued functions on
R". The first part of his proof consists in showing certain properties, among them
the m-accretiveness, of operators of a specific type, which are naturally associated
with the equations, and in demonstrating that conditions (i’), (ii"”"), and (iii) in
Theorem I of [12] are satisfied. Considering, as indicated in the beginning, S as
underlying manifold of SU(2), du as Haar measure, the fields c, as left invariant
vector fields and using further structures on the group such as the convolution
product to replace corresponding structures on IR”, one can mimick, with only a
few modifications due to the non-commutativity of the group SU(2), each step in
the first part of Kato’s proof in the present setting (the complete proof of the
m-accretiveness of the operator associated with (3.1) may be given on SU(2) in
close analogy to the exposition in [3]). The second part of Kato’s proof, which
relies on general properties of Banach spaces, and of function spaces similar to
H™(S3,R¥), and in particular on the results derived in [11, 12] for linear evolution
equations in Banach spaces, applies then in much the same way to the present
situation. To avoid what would amount essentially to a lengthy repetition of
known arguments, we leave out the details.

By the choice of the frame field coefficients in the asymptotic initial data set
uoP7, respectively v,°T =(ReuyPT, Imu,yPT) given by (2.48) one will always have
WwoPT =0,PT —vP|ge D™ if v,PT € H™(S3,RY), m=2, and if v'=1” is chosen to
derive the system (3.1). Thus Theorem (3.1) implies the existence of 1ocal solutions
of the regular conformal field equations for all sufficiently smooth initial data sets
as given by (2.48). This has been discussed in all generality in [9]. Moreover, one
has

Theorem (3.3). Suppose m=4. There is a number r>0 such that initial conditions
v,°7, obtained as above from (2.48), with |v,PT —vP|s|,<r determine a unique
solution u®™(t) of the regular conformal field equations (2.5)~(2.11) with R= —6 and
(2.14) with A’= —3, which exists on [ —%, Ty] with T,>>% and such that:

i) The fields supplied by uP”, in particular the conformal factor QPT and the
frame coefficients, are of class C" ([ —%, T,] x S®) and the frame coefficients
define by (2.2) a Lorentz-metric of class C™ 2.

ii) There exists a function S*sx— t(x)eR with —%<t(x)<T, and

QPT>0 on MPT={(t,x) e R x 8%/ —E<t<t(x)},
Q°T=0 on SPT*={(x(x),x)/xe 5%,

is a hypersurface of [—%, To] x S® of class C™ 2 which is space-like with
respect to g°T.

In particular one has: The metric §°T = (2°7)~2¢°T on MP7 is a solution of class
C™~2 (with curvature tensor of class C"~2) of Einstein’s equations Ric[§]= A4,
A= —3, which is asymptotically simple, thus null geodesically complete, and for
which the surfaces $°T~ ={(—%, x)/x €S>} and SPT* represent past and future
conformal infinity.

If v’ =" is used to obtain Eq. (3.1), Theorem (3.1) and Remark (3.2) show that
for sufficiently small r>>0 there exists a unique solution u”7(¢r) of the reduced

fDT+
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conformal field equations (2.42)-(2.46) satisfying the initial conditions, defined for
te[—%, Ty] with Ty=mr, and such that on My=[—%, T,] x S* holds:

07T - QP35 I(PT)— 0. (3.3
Here ¢>-0 is assumed small enough [see e.g. (3.6)] to ensure that det((e”T)})+0

[whence the metric g°T defined by (2.2) from (e”T)}, is regular on M,], that P is
time-like, and that for —%=<(t<XT, the surface {t} x $* is space-like in M, with
respect to the metric g°T. The smoothness properties stated in i) will hold by
Remark (3.2).

From Q”(T;, x)= —1 ensues by (3.3) that QPT(T;, x)<O0 for x € $3. The initial
conditions QPT(—%,x)=0, Z8T(—%,x)=1, xe€S3, imply therefore that the
function t(x), and hence the sets MPT, #2T* are well defined. Since u,°7 given by
(2.48) satisfies the constraints on #2T~ and uPT satisfies the reduced conformal
field equations, uPT satisfies by Remark (2.4) the regular conformal field equations
on the domain of dependence of #2T ~ with respect to g°7, which is M. From Eq.
(2.14), which holds with A’= —3, and Eq. (2.7) ensues that (Z°T)/, the gradient of
QPT is time-like where QPT vanishes, whence #PT * is a hypersurface of class C™ 2,
which is space-like and thus transverse to the t-coordinate lines. This shows the
first statement and ii). The final remark follows from the properties of the regular
conformal field equations discussed in Sect. 2, from the behaviour of the Weyl
tensor under conformal rescalings and from the fact that g°T satisfies the field
equations on MPT,

Remark (3.4). (i) Instead of using asymptotic initial data, one could also start from
standard Cauchy data for Ric[§] = A,4, which describe the geometry of a Cauchy
surface in the prospective solution space-time and construct from those a
conformal initial data set. If this is close enough in the sense used above to a
conformal De-Sitter initial data set, it follows by the arguments above that it will
also determine an asymptotically simple solution.

(i) In a similar way as the existence of asymptotically simple solutions
close to De-Sitter space-time has been shown here, one can demonstrate the
existence of (weakly) asymptotically simple solutions close to other given
(weakly) asymptotically simple solutions. This may, however, require more
lengthy and more technical arguments, since in general an analogue of the
cylinder map will not be available.

(iii) Values of the cosmological constant other than A, = — 3 may be dealt with
by conformal rescalings with constant conformal factors.

(iv) If required, the differentiability statements for the field §°T and its
curvature tensor may be strengthened somewhat and formulated in terms of
Sobolev-spaces.

Let now S be the surface given by (2.24). Set S=8\Z, where Z is the
boundary of S. Writing $° for S, , we may consider S, § as subsets of 3. Denote
by F the set of RN-valued functions on S, which are obtained as restrictions to S
of functions in C*(S3,R"), and let |w|,, s for we F denote the norm defined by
(3.2), where the integration is now over S. By H™(S,IR¥) we will denote the
Sobolev-space obtained as completion of F in the norm | - ||, s
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Set v, = (Reuy?, Imuy™), where uy? is a “vector” as given by (2.49). Since for
m>>4 the function space H™(S, R¥) may be embedded continuously into the space
C™~*(S,R") of functions w on S, which together with their derivatives D,, ... D, w,
k<m—2, are bounded and uniformly continuous on S, it makes sense to say that
the functions given by u,? satisfy (2.50), if v,® € H™(S,R"). We call v,¥ then a
hyperboloidal initial data set on S.

To proceed as in the case of the De-Sitter type initial value problem, the
hyperboloidal initial data sets on S will be extended to S3. For any m>=0 there
exists a linear “extension operator” E, which maps H™(S,R") into H™(S3,IR"),
such that for any we H™(S, R") holds

EW)X)=w(x) ae.in§, [Ew[,<K|wW|n,s,

with a constant K = K(m) >0 [1]. Assume m >4 and make a fixed choice of such an
extension operator. For an hyperboloidal initial data set v,” € H™(S, R"), we will
call 27 € H™(S?,IRY), defined by

8 = E(vo™ —voM|s) +vo™,

with o™ =vM]Sm, the “extended hyperboloidal initial data set.”
It then holds

186 —00™ | w =<K 10" =06 |sllm, - G4

By the structure of v,™ and by (2.50) we may furthermore assume that the
extension 4 is such that:

o=, &;=6%, %,%=0 onS§,. (3.5)
It will be seen later that the fact that the extension is not unique and that 57 does
not satisfy necessarily the constraint equations on S, \S, creates no difficulties.
If v, C H™(S, RY), m >4, is an hyperboloidal initial data set on S, then by (3.5)
holds #,# —v,™ € D,™. Thus Theorem (3.1) implies a local existence theorem for the
hyperboloidal initial value problem. This has been discussed in detail in [6].

Moreover, we have

Theorem (3.5). Assume m>z=4. There is a number r>0 such that for any
hyperboloidal initial data set vy" on S with |[vy™ — vo™ |||, ;<7 there exists on some
interval [to, Tp], with Ty>m, a unique solution 5%(t) of the reduced conformal field
equations (2.42)~(2.46) satisfying 5(to) = and such that

(i) The fields supplied by 3%, in particular 08 and the frame coefficients, may be
obtained as restrictions to My =[t,, To]1 x S of functions of class C™ 2 defined on a
neighbourhood of M, in R x S3. The frame coefficients define by (2.2) a Lorentz
metric § with the same smoothness properties.

(ii) There exists a pointi* € ]to, To[ x S such that the causal past J~(i*) of i*
and the future domain of dependence D"*(S) of S in the Lorentz-space (M, §%)
coincide.

(iii) The restriction v (respectively g%, Q%) of #¥ (respectively §¥, OH) to
D*(S) is uniquely determined by the initial data set vy™ (i.e. independent of the
chosen extension ¥ ) and v¥ provides on D" *(S) a solution of the regular conformal
field equations (2.5)2.11) and of (2.14) with A’=0.
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(iv) The function QF is positive on M™=D"*(S)\H"*(S), where H?*(5)
denotes the Cauchy horizon of S. Furthermore, Q¥ vanishes on H?*(5), dQ¥ +0 on
SHEY = HE*(S)\{i*}, and dQ"¥ =0 but the Hessian of QY is non-degenerate at i*.

In particular one has: The metric §% =(Q¥)~2g" on M¥ is a solution of class
C™~ 2 (with curvature tensor of class C"~2) of Einstein’s vacuum field equations
Ric[§]=0, which is future asymptotically simple, thus future null geodesically
complete, for which 2+ represents future null infinity and i* future time-like
infinity.

Assume that v’=v™ has been chosen to derive Eq. (3.1). Then Theorem (3.1),
Remark (3.2), and relation (3.4) imply that >0 can be chosen so small that for v,*
satisfying the estimate above there exists a unique solution ##(f) of the reduced
field equations (2.42)+2.46), wh1ch is deﬁned on [ty—e, Ty+€] with Ty=3= and
some small >0, satisfies 5%(t,) =5,7, and which is such that on M, holds

€7y, — 8%< 75 (3.6)
12,7 — ZoM|< Lsint, . 3.7)

The functions supplied by # will then satisfy the smoothness conditions stated in
(i). The same is true for the metric §¥ defined by (2.2) from (e":‘”)ik, smce the latter are
invertible by (3.6). Moreover, (3.6) implies that |((8%) 1), —6%|< 1%, from which
ensues

|§H(Cv Ck) ’1tk|—|((eH) l)ll((gH) 1)Jkr’lj ’1;kl<4

This in turn implies that with respect to g%

2 is time-like on M, . (3.8)

{t} x §3 is space-like for t,<Xt<X Ty, Py

We take % as future directed.

Since $¥ satisfies on M, the reduced conformal field equation (2.42)(2.46) and
its restriction to § satisfy by assumption the constraint equations, it follows from
Remark (2.4) that (iii) is true.

The Cauchy horizon HZ*(J) is generated by null geodesic segments which
have past endpomt on Z [10]. Since Z is smooth, it follows that H¥ *(S) represents
near Z a §%-null hypersurface of class C™~2, By (2.50) the null direction tangent to

H2*(§)is given on Z by Z” On Z J™-null vectors n, | are defined uniquely if n is

orthogonal to Z, n*l, =1, and l,, = EH Here and in the following components are
given with respect to the frame &%,. On suitable open sets U of Z the fields n, | may
be complemented by complex vector fields m, i “tangent” to Z with myi* =1. The
pseudo-orthonormal frame so obtained on U may be propagated along the null
generators of HZ*(S) which end on U by parallel transport in the direction of 1.

On H®*(S) the regular conformal field equations (2.5)+2.11) are satisfied.
Transvecting, where the Cauchy-horizon is a hypersurface of class C™ 2, Egs. (2.7),
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(2.8) suitably with *, m*, one obtains (dropping the H’s and. *’s from now on)
FrQ=Vz;,
MR (VZ) = — Q(sul'Th), (39
M mZ) = —Q(sul'm").

By (2.50) the functions @, I*X,, m*Z, vanish on U. Thus following from Z a null
generator on H*(S) one will have 2 =0 until one possibly arrives at a caustic point.
On that part of the Cauchy horizon where  vanishes, Egs. (2.8), (2.9) give,
observing R =const, )

lk Vk(mJE J) =S,

MVs=— (WX ) (sul'l"). }

Finally, one obtains from (2.8) by transvecting with m', m*, where the Cauchy-
horizon is of class C™" 2 and Q=0,

s=—o(n*Zy), (3.11)

where g is a measure for the convergence of the null generators. From (3.10) follows
that n’X; and s cannot vanish at the same point on a null generator, since n’Z =1
on Z. Equation (3.11) shows then that n*Z, or equivalently dQ vanishes at a point
pe H*(S) if and only if p is a caustic point.

Set Z, = ({t} x S*)nH*(S) for t,<Xt<X Ty, such that Z, = Z. Assume that dQ+0
on Z, for t,<Xt<t;, t;<T,. By the preceding discussion we then have Q=0,
2. 2*=0o0n Z, for t,<t<t,. If d2+0 on Z,, this implies that not all the functions
¢,(2),r=1,2,3, can vanish at the same point of Z, . Thus Z,, is of class C" "% and
H*(S) extends through Z, with this smoothness property. It is, however,
impossible to have dQ+0 on Z, for t,<t<XT,. Since X,M(t,,x)= —sint,,
ZoM(3n, x) =1, the estimate (3.7) shows that X H(to, x)<0, Zo(G 7, x)>0 for x € $3,
Therefore, on any null geodesic tangent to H*(S) at Z, which must end on
{T} x S® by (3.8), will be a point where Z,¥ vanishes. Let ¢, < T;, be as above, such
that ;¥ 40 on Z, for <t and that there is a point i* € Z, , where Z,¥ =0. Then
by Z,2*=0 on Z,, we have

(3.10)

dQ=0 atit.

Equation (2.8), which holds by continuity at i*, since it holds on H*(S) for
t<ty, and (3.9), (3.11) give, since 2=0 on Z,,

Vi2k=sﬂik, S#-:O at i+.

Hence i* is a non-degenerate and therefore isolated critical point of the
function Q.

It follows that all null geodesics on the surface H*(S) must converge at the
point i* such that H™*(S) is the past light cone of the point i*. This establishes (ii)
and (iii). The final remark of Theorem (3.5) follows by the same argument as the
final remark of Theorem (3.3).

Remark (3.6). The analysis of the structure of H*(S) is based on a discussion of the
field equations, which does not only involve the reduced equations but the
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complete set of Egs. (2.8), which are the trace free part of (2.12) with 4 =0, of Egs.
(2.9), which “replace” Eq. (2.14), the trace of (2.12), as well as of (2.7). These
equations, however, seem not to be sufficient to deduce the occurrence of a critical
point of 2, which has been forced here by requiring the estimate (3.7). One might
think to use the equation (in N.P. notation)

DQ=Q2+0'O-'+¢00

contained in (2.6) to show the divergence of . However, since ¢, is obtained with
Sy as a solution of (2.10), it appears difficult to derive any information on the
behaviour of ¢q,.
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