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Abstract. We give a rigorous construction of a stochastic continuum P(¢),
model in finite Euclidean space-time volume. It is obtained by a weak solution
of a non-linear stochastic differential equation in a space of distributions. The
resulting Markov process has continuous sample paths, and is ergodic with the
finite volume Euclidean P(¢), measure as its unique invariant measure. The
procedure may be called stochastic field quantization.

Introduction

Ever since the original work of Glauber [24], there has been much interest in
stochastic statistical mechanical models. Such models have been rigorously
studied by Holley, Stroock, Faris, Wick, and others [25-30]. The fundamental aim
in these works is to obtain (and study properties of) Gibbs states of classical
statistical mechanics as limiting distributions of stochastic processes. These
processes are sometimes obtained as solutions of non-linear stochastic differential
equations of the Langevin type (see later). Let e'" be the associated semi-group,
and, starting from an initial state (probability measure) p,, let u, be the evolved
state under the action of the adjoint semigroup acting on the space of measures
equipped with the weak * topology. If y,— in this topology, then u is the unique
equilibrium (invariant) measure. (Sometimes only a subsequence u, converges
using weak commpactness criteria.) Let p be an invariant measure. Then p is a
Gibbs state iff e'" is a selfadjoint contraction on L2 (dy). If the invariant measure is
unique, the process is ergodic.

In [18], Parisi and Wu proposed such a program for Euclidean quantum field
theory. We may call this the method of stochastic quantization. This is natural
because of the analogy between Euclidean quantum field theory and classical
statistical mechanics. Euclidean quantum field theory is described by a probability
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measure which is formally Gibbsian and satisfies some important properties
(reflection positivity, Euclidean invariance and some technical growth conditions),
[1-3], which ensure the existence of its relativistic counterpart. However aside
from Euclidean quantum mechanics (the so-called P(¢); models of which a
stochastic version was constructed [19] by Faris and Jona-Lasinio) all non-trivial
quantum field theories are plagued by ultraviolet (UV) divergences which
necessitate renormalization. Under such singular circumstances it is not a priori
obvious that the Parisi-Wu program can be rigorously pushed through. Ifit could,
then the main interest of this program would be in its application to non-abelian
gauge theories [18, 20-23].

In this paper we make a start on the rigorous non-perturbative analysis of this
program. We consider the simplest non-trivial Euclidean quantum field theory
which has, of course, ultraviolet divergence and hence necessitates renormaliza-
tion, albeit of the simplest kind. This is the continuum (¢*), model [1, 2, 3] which
we consider (as a first step) in a finite spacetime volume A C R?, since we wish to
concentrate on ultraviolet aspects. We consider A to be a square, and the scalar
fields ¢, with values in R, are given, for definiteness, Dirichlet boundary conditions.
Such a theory is then specified by the finite measure [1-3] p on H_{(A4),

_i,[dzx:qb“:(x)
du=due +4 , 0.1
= [ IT dg(x)e >, 0.2)

formally ° .4

| «
S@)= 5@ (= A+ Do+ 3 [ dx:4* (). 03)

Here H_(A) is a Sobolev space of distributions, 4, is the Gaussian measure of
mean 0 and covariance C=(—4+1)"! with Dirichlet boundary conditions. : :
denotes Wick ordering [ 1] with respect to C. Without Wick ordering the exponent
in (0.1) would not be a . measurable random variable. The existence of (0.1) is
proved in [1-3].

In this paper we will prove the existence of an ergodic, continuous, Markov
process ¢, with values in H _,(A) and having the measure u of (0.1) as its invariant
measure. The process ¢, is obtained as a weak solution of a generalized Langevin
equation in the space of distributions H_;(A). Thus we have accomplished the
stochastic quantization of finite volume P(¢), field theory.

In order to motivate the paper let us first consider a ferromagnetic statistical
mechanical spin system (with values in R) in finite volume ACZ?, with Gibbs
distribution u:

du=TT dg(i)e 5?, 04)
S@)=5 6 (~ A+ DA+ T 40, ©05)

with 2>0. 4 is the Lattice laplacian.
A symmetric diffusion process ¢, which has (0.4) as its equilibrium measure will
have a formal differential generator L symmetric with respect to L*(du). The most
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general L*(dp) symmetric second order differential operator L is then of the form:

2 1
-3, 2R 550555 ~ 2.2 KD 5505 5¢(;) 5¢<> 0o
where the operator K: L?(A)—L*(A),
KF =SRGS0, 0.7

is any bounded, positive, selfadjoint operator on L*(A). We shall restrict the choice
of K so that it commutes with 4.

In that case, formally, the dual semigroup (the Fokker-Planck semigroup) e'*
leaves pinvariant, ey =y, i.e. tis an equilibrium distribution. The usual choice is
K(,j)=0;;

The di{”fusion process with L [as in (0.6)] as its formal differential generator can
be obtained by solving the Ito stochastic differential equation [also known as a
(generalized) Langevin equation]

dd (i) =dw(i)— ZK(I e ¢U) (Pt
. ‘ 0.8)
Po()=4(D) ,
and W,(i) is a Wiener process with covariance
E(W)W,(j) = K@i, j) min(z,s). (0.9)

For finite lattice systems ¢, can be rigorously constructed by standard methods. It
can be shown to be ergodic, with u of (0.4) as its invariant measure, when the
spectrum of the positive self-adjoint operator K (— 4 + 1)~ ! is bounded away from
zero. The latter condition assures that the gaussian process ¢, [corresponding to
the case A=0 in (0.5)] has a mass gap. The existence of a solution of (0.8) when
A1Z?, and the existence of reversible invariant measures (Gibbs states) can also be
proved [30].

We now turn to the continuum P(¢), model with (0.1)+0.3) replacing
(0.4)0.5). We write down the analogue of (0.8)-(0.9) directly in the continuum. We
choose for the operator K [the analogue of (0.7)] on L*(A, d*x),

K=Cl"t=(—A+1)"0"0 (0.10)

with ¢<1. Further restrictions will be imposed on ¢ presently, for reasons to be
explained below. Then the analogue of (0.8)~0.9) reads, in operator notation,

dfy=dW,—3(C™*¢,+2C' ~*: § ),

A (0.11)
¢0 = ¢ >
and W, is a Wiener process in H _,(A) with covariance
E(W(/)W{(9)=(f,C' *g)min(t,s), (0.12)

where f, g are test functions.
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Let ¢, be the unique solution of the linear stochastic differential equation in

H_(4),
dg,=dW,—3C"*4,,
¢0=¢’

¢, is an Ornstein-Uhlenbeck (O.U.) process. Then (0.11) can be written as an
integral equation

(0.13)

-

Al , ey T
¢t=¢t—§(f)dse*7("5)c Clme.43:. 0.14)

Note that : : is Wick ordering with respect to the covariance C.

Now for each starting point ¢, and time ¢ > 0, the transition probability of the
O.U. process is a Gaussian measure p,(¢,d¢’) on H _(A). In order that (0.14) be
free of UV divergence it is necessary and sufficient that the Gaussian measures
p¢,-) and u, be equivalent. This imposes the condition ¢>0, strictly.

Now the standard method of solving a non-linear equation like (0.11,0.14)
(Picard’s method or contraction mapping) cannot be applied here since the
perturbing drift [the non-linear term in (0.11)] has no continuity properties.
1431 (f) exists only in L?(dy,), 1 <p< co. Instead we may attempt to construct a
weak solution.*

The semi-group corresponding formally to the evolution governed by (0.11)
can be written as:

At a2¢e
—I(:d)i:,dWs)—@(I)dS(H/’i:,CI“:dié:))

(e™f) (9)=Ey,L (f (g)e 20 ) (0.15)

where f'is a bounded y, measurable function and ¢, is the O.U. process satisfying

(0.13), and is considered as a functional of the Wiener process W, and E™ is

Wiener expectation. For (0.15) to be well defined, it is necessary that the exponent

is a well defined random variable. This imposes the further restriction ¢ <1 strictly.
In the range 0 <e<1 one shows straightforwardly that

E{(e<1, (0.16)
where ¢, is the exponent in (0.15). Thus e is a contraction on L*(dy,). However in
order to construct a weak solution we must have

E(e*)=1. (0.17)
To prove this we first obtain an Ito formula which permits us to rewrite (0.15) in

Feynman-Kac form. Exploiting the fact that the perturbing drift in (0.11) is a
gradient, one obtains

I(¢s LAW) =gt Px AL Ex e ds L C ) 08)

1 Byaweak solution of (0.14) we mean a Markov family of measures P¢ on path space, such that
$, minus the second term in (0.14) has the same distributions as that of ¢,
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In order that this formula makes sense in L*(dP™, Q), where P*™) is Wiener
measure and Q= C°([0, ), H_,(A)) is path space, we must impose the further
restriction: 0 <¢ <%, (otherwise the last term in (0.18) is not a random variable).
Equation (0.18) enables us to eliminate the stochastic integral (0.15). Under the
further and final restriction:

0<e<iy (0.19)

(which is not necessarily optimal), we show, using estimates of the type
encountered in constructive field theory [1-3], that ¢~ is a strongly continuous
self-adjoint contractive semi-group on L*(du) with 1 as its unique ground state,

etl=1, (0.20)

which implies (0.17). The Markov process ¢, is constructed, in a standard way,
using the transition probabilities given by ¢'~. There exists a continuous version of
the process corresponding to a Markov family of measures P, supported on
Q=C°(0,1), H_,(A)). It gives a weak solution of (0.11) or (0.14) in the sense
that the process

A

NSRS
O~

g A dse e g, 021

has the same joint probability distributions (with respect to P¢) as those of the O.U.
process ¢,. Thus Z, can be identified as an O.U. process which is however not
necessarily measurable with respect to ¢,.

The Markov process ¢, is ergodic, and also mixing (because of the existence of a
mass gap). This ensures that

i By BN = LAk d(f) - 4(F),  na.

where the f; are test functions and Z = du.

The rest of this paper gives the technical details of the above outline. We have
gone into some pedagogic details as the subject is of interest to both physicists and
mathematicians.

1. Preliminary: The (¢*), Finite Volume Euclidean Measure

Let ACR? be a square with Dirichlet boundary conditions. The Laplacian

62 62
Ad=—5++5>

e (1.1)

0x3

with the above boundary conditions is a self-adjoint operator on L*(A). H,(A) is
the Sobolev Hilbert space of functions with norm | - | ;,

||fl|§=£d2>CI(—A +D2f (%, (1.2)
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obtained by completing C*(A) functions in this norm. H _;(A)=E is the Sobolev-
Hilbert space of distributions with norm | - | _,

N2, =£d2XI(—A +1D) 720 (1.3)
Then the injection:
itH(A)oH_((A)=E (1.4)

is Hilbert-Schmidt. A theorem of Sazonov, Minlos [11] and Gross [8, 9] assures us
that there exists a Gaussian probability measure on E with mean 0 and covariance
C, denoted p,,

i dug(f)p(9)= (1, Cq), (1.5

where f, g€ C®(A) are test functions, and
C=(—4+17". (1.6)

: 1 denotes Wick ordering [1-3] with respect to covariance C. It is defined
recursively via

B9 - 8-
=B B L)+ E, U )00 ) By (L)

where ~ means omission. Wick ordering gives a symmetric function. Let {e,, 4,}
be the spectral basis of (—4+1) on L*(4).

® 1 S .
Because we are in two dimensions, > - is logarithmically divergent and
n=1 Ay

Y i, 850, (1.8a)
n=1
This will be used repeatedly. For any ¢ € E,
4= 3 (hee= 3 bren. (1.8b)
and
N
pV= 3 den
n=1

is the N-finite mode approximation. We can define recursively : ¢™: by

PN(x) (M) = (M) +rCVX) (V)

Cx) =] du B 42
Then we have [1-3], the following facts:
(@Y () 1 e(f) in LP(dp, E),  1Sp<oo, (1.10)

N— o0

e RN e Dy, E). (1.11)
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This leads to the definition of the finite volume Euclidean (¢*), measure [1-3]
A 14 (x)d2x
du=d,uce_zj"¢ 0 (1.12)

Because of Nelson’s estimate (1.11),(1.12) is a well defined finite measure supported
on H_(A).

In the following we also need the space of vector valued (E-valued) functions
on E, denoted V. The corresponding L? spaces, LP(du,, V) are defined with the
norm: .

17 l,= (}fzduc(fﬁ) II“V(¢)H"-1)””- (1.13)

It is easy to check : ¢": belongs to LP(du., Vy), 1 <p.

2. Ornstein-Uhlenbeck Process Associated to the Euclidean Free Field,
and Some Ito Functionals Thereof

Throughout this section we hold ¢ in the range 0<e<43.
Let t be a positive real number, and define:

C,=tC' t=t(—A+1)"179, (2.1
Let pc, be a family of Gaussian measures supported on
E=H_,(A) (2.2)

of mean 0 and covariance C, obtained by the Sazonov-Minlos-Gross construction
of the previous section.

For any t>0, ¢ € E, we define a family of probability measures p{*(¢,-) on E
by the formula:

"¢, B)=pc(B—4), (2.3)

where B is a Borel set in E.

The Wiener process W, in E is defined by giving a family of probability measures
P{" with ¢ € E on the path space (2, B(Q)), where 2= C°([0, c0), E) with B its
Borel algebra, satisfying

() PV{W,e B} =p{" (¢, B)

the transition probability,
(ii) for s<t,

PYO{(W,— W) e B} =p¥)(0,B),
(i) P{{W, e A, (W,— W) e B} =p{"¢, A)p*)(0, B). (24)

(i), (i), and (iii) guarantee that P§" is a Markov process supported on C°
({0, 0), E). The covariance is given by:

E§V(W( W) =(f,C' ~*g)min(t,s), (2.9)

where E}" is integration with respect to dP}") and f,g are test functions.
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The Wiener process W, plays only an auxiliary role in the following. Our basic
reference process willl be an Ornstein-Uhlenbeck (O.U.) process ¢, € E, obtained
as the unique solution of the linear stochastic differential equation,

dg,=dW,—1C *¢dt . (2.6)
The unique solution is
— LC -& 14 _
bi=e 2 gt [em 1AW, @7)
0
which describes ¢, as an explicit functional ¢,(W) of the Wiener process.
Remark on the Stochastic Integral in (2.7). The stochastic integral of the type
t
I,={e #t=9C " qw. (2.8)
0

encountered in (2.7) is a continuous square integrable martingale in E, with zero
Wiener expectation, and the martingale property is with respect to g-algebras B,
engendered by W, Vs<t.

To see this we introduce a finite dimensional approximation W™ to W,:

N
W= 3 410 e, 29)
n=1

where {4, ',e,} is an eigenbasis of C on L*(A), and % is normalized Brownian
motion on the line:

E(B™Bm™) =4, min(t,s). (2.10)
Then
t N .
IM=[ 3 e 309231 -eggme (2.11)
0n=1

as an Ito Stochastic Integral in RY, [13-16], is a continuous square integrable
martingale. We have

N+p 1 .
E§I P =TV = X o5 (1—e” )20, (2.12)

fee]
since Y A, ?<oo. Hence {I™} is a mean square convergent sequence, and its limit
n=1

defines I,( /). To extract a continuous version we have by the martingale inequality

[13],

PE | sup MIPYP 1> 0} <6 BRI )
T

0t
N+p 1 e
=572y 5(l—e ™) ——0. (2.13)
n=Nln N—w©

By a standard application of the Borel-Cantelli lemma [13] we can extract from
I an a.e. convergent (uniformly in ) subsequence. Its limit defines the continuous
version of I,. [J
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The O.U. process ¢’ starting at ¢ given by (2.7) is a continuous Markov
process, which is not equivalent to the Wiener process W, (starting at ¢). P is the
probability measure on C° ([0, ), E)=9 induced by the process. E; is the
corresponding expectation.

The transition probabilities p,(¢, -)

pd¢, B)="P(4,€ B)=P(W:$(W)eB), (2.14)

with B a Borel set in E can be obtained as follows.
Let

i= 3 (@.e)e= 2 due, 15

with {4, %, e,} the eigenbasis of C on L*(A). Then in components (2.7) reads:
t
¢§n):e~%lﬁ¢(n)+ j er%(t—s)lﬁ;t;%(l ﬁa)dﬂ(s") , (2.16)
0
where ™ is as in (2.9), (2.10).
The stochasticintegral on the right-hand-side of (2.16) is also Brownian motion
with time change [13], t—1,(t)= %(1 —e~*"). Noting also the translation by
e D™ the component process ¢™ has transition probabilities

pg’i:t))(e“%tlf.¢(n)’ ) > (217)

where p)(x,-) is the standard Wiener transition probability in R*.
It follows that the O.U. process ¢, of (2.7) has transition probabilities p,(¢, )
given by:

P4, B)=uc,<B—e_—2t_cw¢>, (2.18)
where
C=(1—e)C, (2.19)
and B is a Borel set in E.
Note that
P, ) — 5wl ) (2.20)

in the sense of weak convergence of measures. It follows that the O.U. process is
ergodic with , as its unique invariant measure.
If we use the Ito calculus, appropriate to W,

EMAW(f))=0,

2.21
EVAW,[)dWg) =ds(f, C*~7g). @21
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where f, g are test functions. We have directly from (2.7)

Ey(${)69) =EP(3W) (N)${W) (9))
= (e P)ple” P g) + (. (1—e 7 )Cg)——— (£, Cg)

= {2 dpp(f)P(9) - (222

Remark. The above construction of P, our equivalently of ¢,(W), may be called
the “stochastic quantization” of the Euclidean free field in the sense of [18]. It
should be remarked however that the white noise in [18] has unit covariance,
whereas our white noise (W, formally) has covariance C!~%.

The drifts differ correspondingly. The advantage of our procedure will be the
easy mathematical control of the stochastic quantization of the interacting (¢%),
Euclidean theory in the subsequent sections. [

The O.U. Semigroup e'™ and Its Properties

The continuous Markov process ¢, gives rise to a semigroup e, the O.U.
semigroup

(™ f) () =E4(f(4))= Ifs (9,49 f(¢), (2.23)

where f: E—R is a bounded measurable function (to begin with). The following
proposition summarises well known properties of the O.U. semigroup, which
suffice to control the (¢*), stochastic quantization.

Proposition. The O.U. semigroup e'™ satisfies
(i) e is positivity preserving and el =1,
(i) e is a contraction on all LP(du,), 1 <p< oo,
(iii) e is a strongly continuous, contractive, self-adjoint semigroup on L*(du.),
(iv) e'fo is hypercontractive: 3T >0 such that for t>T

“etLUf”L“(duc)é ”f”LZ(duc);

(v) 1is the unique ground state. e'™° is positivity improving, i.c. if f,g=0a.e. are

non zero vectors in L*(dy,), then (f,e'L°g)>0.
Note that (i) follows from (2.23) and that p,(¢, -) is a probability measure (2.18).
(i) follows from (i) and the Markov property, see [ 12, Chap. XII1]. (iii) follows from
(ii), symmetry of the transition probabilities and stochastic continuity: p,(¢, B) is
continuous in t, a.e. in ¢. (iv) was first isolated in the context of constructive field
theory [2-7]. (v) follows from ergodicity, (i) [and selfadjointness in L*(du,)], see

[21.

An Ito Formula

We shall now derive an Ito formula which will play a key role in the subsequent
sections.

By property (iii) of the previous proposition, if L, is the infinitesimal generator,
then — L, is a non-negative selfadjoint operator. It can be realized as a second
order differential operator on the subspace of twice differentiable cylindrical
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functions which with their derivatives are also in L*(dy,). This subspace is dense in
D(Ly)-

Let w_ - 3
¢ = _;1 eig.e)= '=21 ie;

the (finite) mode expansion of (2.15).
Then a cylindrical function is of the form

F(¢(N))=F(¢1> L) ¢N)a

and on a twice differentiable cylindrical function which, with its derivatives, is in
L*(du,)s

L. F(¢®™ _1 al —(1-¢) o2 £ 4 (N)

gy

Define
F(¢)=%jfid2x (),

H(g)=(:¢>:,C' 7*:¢%1), (2.25)
G(¢) = (¢39 C_S¢) o
and we recall that we restrict ¢ to the range 0<e<3. Then F,G, H e LP(dp,),
1<p< o0, and F(¢™), G(¢™), H(¢"™)) converge respectively to F(¢), G(¢), H(4) in
LP(du.). By explicit calculation,
LoF(¢™)= —3G(¢™). (2.26)

We now note the following: the transition probabilities p,(¢, -) of the O.U. process
¢, given by (2.18) are absolutely continuous with respect to u(d¢’) for each ¢ € E,
t>0 provided ¢>0. The Radon-Nikodym derivative
p{¢,d¢)
1 (dg)
is in L2(dp,). Indeed by a straightforward calculation
a(t, 9)* = lo., o( @) du4")
=[det(I—e 2 )] Y2exp{(¢,C e (1+e7 ) 19)}, (2.28)

2tC~¢

2:,4(9)= (2.27)

which is well defined for £>0, because then e is of trace class.

Let he L*?(dy,). Then,
E4(1h(#)1") =1 p(¢, d)h(¢)I?
= 01, P NHP)Pdp(9) L a(r, $) | ] F 20,y - (2.29)
As a consequence, he L*?(du,), | Sp<oo = h(¢,) e LP(dP,,Q), | Sp<co.
Finally let h(¢) € L*?(dy,) be obtained as the convergent limit of h(¢")), N — o0,

where h(¢™")) is a continuous function of ¢*. Then since ¢, is continuous, P, a.e.,
ins

(f) ds h(g™)
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t
exists P, a.c. as a Riemann integral. Then Ids h(¢,) is defined as the convergent

limit as N— oo in LP(dP,, Q) of the sequence fds h(¢™). This follows using (2.29)
(2.28) in the region s>0 and

([N e—
U, a.e.in ¢. In particular, let h stand for any of the functions F, G, H of (2.25). Then
h(¢) e LP(dP4, Q), 1=p<oo,

t
E, <£ dslh(qﬁs)l) <00.
We will define the stochastic integral
t
1t=f(3¢3:,dWs), (2.30)

where ¢(W) is given by (2.7), as the covergent limit in L*(dP}", Q) of the sequence
of Ito stochastic integrals

IO=] GGM ™),
0
where W is given by (2.9). Indeed

Q1P — 1)

t 1-e 1-e
=E¢<jds]lC 2 (g3 2 :(¢§N’)3:llizw)——»pH 0,
0

[ee]

since
E¢<ids(:¢3:,cl‘8:¢3:)> <

by the above.
Now by finite dimensional Ito calculus [13-16],

F(M W) =F(¢™) + ; (:(¢8")* 1, dW) + 5) LoF(#M(W))ds

—F(p™)+ J (O 1, dW) —4 ] ds GOW)),
0

where we have used (2.25), (2.26). All terms in the above equation converge in
L*(dPy", Q). Hence taking the limit N— oo in this space,

L gt =3[ gt = g2 dW)—4 [ ds:@.Cog)s @3

Finally let us define the probability measures Q", 0, on E x Q by
4O =du pdPY and  dQ, =du(#)dP,.
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Here PJ"), P, are respectively the Wiener and O.U. measures on Q. We have of
course

[dQ, h(p)=1dQTh($(W)),

where ¢,(W) is given by (2.7).
It is easy to check that if he LP(du,), 1 <p< oo, then

hig(W) e LP(dQL)), 1sp<oo.

As a consequence F(¢,), G(¢,), H(¢,), where F, G, H are given by (2.25), exist in
L7(dQ\!"). Moreover the stochastic integral (2.30) as well as the Ito formula (2.31) is
valid in L*(dQ™).

3. Markov Process Associated
to the (¢*), Euclidean Field Theory in Finite Volume A

We consider the stochastic differential equation in E=H _(A),
df=dW,—HC™*¢+1C 7*: 47 )dt,  do=9, (3.1)
which can also be written as an integral equation

~

t ~
¢t=¢,—%gdse‘%“’s)c"tcl‘ezqﬁf:, (3.2)

where ¢, is the O.U. process of Sect. 2.
The vector

c=C' % ¢%:

belongs to LF(du,, Vi), | £p< oo (see the end of Sect. 1 for the notation), but has no
continuity prooerties. Hence the contraction mapping principle (Picard’s method)
cannot be exploited to solve (3.1) or (3.2).

Instead we will shoot for a weak solution. Namely we will construct a Markov
family of measures 15¢, peE, on Q=C° ([0, 0), E) such that the process

~ ~ )ut 1 -& — T
Zt=¢t+—§dse"7“"s’c Cl e ¢3: (3.3)

(where ¢, are paths in Q) has as its P¢, joint probability distributions those of the
0O.U. process ¢, of Sect. 2. In other words under the law Pd,, Z, is indistinguishable
from ¢,, but not necessarily measurable with respect to it.

In this sense P¢ solves (3.2). This will be done under the restriction 0 <& <+s.

In this section we will construct the Markov family of measures P¢ on Q, and
prove ergodic and mixing properties. Some technical estimates are relegated to the
appendix. The unique invariant measure associated to this process is the (¢*),
measure of Sect. 1, and in this sense we have “stochastically quantized” Euclidean
(¢*), theory in finite volume.

In Sect. 4 we will verify that this family Pd, actually gives the claimed weak
solution.
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To understand our strategy we first consider the finite dimensional approxima-

tion ¢ — ¢, of Sect. 2. Then, in this approximation, with ¢ = Z $..e, identified
also with the vector (¢, ..., #y) in RN we have

AP0 =AW —Y(CGOACT GO e, =g G4
Note that,
: (¢(N)(X))3 - (¢(N)(x))3 _ 3C(N)(x)¢(N)(x)

and C"™)(x) is finite. As a consequence, the drift in (3.4)is a C* function on RY. Now
we can apply the standard method to construct a unique strong solution to (3.4),
[13], because we can find an increasing nested sequence of compacts in RY on each
of which the drift is bounded and Lipschitz. To make sure that there is no
explosion, i.e. the solution is defined for all times, it suffices, [14], to constructa C*®
function ¢ on R¥, such that it is non-negative and

: _ ™
() 0r W}VQILRQ@ )5 ©>

where [|¢™]2 = (g™, ™) = Z ¢
(ii) there exists a constant C >0, such that
L™9=Co,

where L™ is the differential generator associated to (3.4).
In our case it is easy to see that the choice

o(¢™) = ¢™ I3 -+ const, (3.5

where

lg™IF - =(¢™, C~ 1 79gM) = Z Az N2

does the job, using the explicit expression,

1 o?
w_ 2 32 (N —¢(y
L0 =3 L O X =) s s

~3 | ExPHCT = )0) +AC =) B0 s ()

0
6¢™(x)
Thus there is a unique, non-explosive solutlon ™ of (3.4) which is a diffusion
process, and the associated semigroup e*“"’

@ N @=EL (M)

can be expressed by the Cameron-Martin-Girsanov formula [14] as

CaIOE E‘W)(f (¢$N’) &),

. (3.7)
ii”)(W)=—§§(1(¢§”’)32,dVK‘M)— de( (@)1, Cr 7 (gM) ).
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In the above ¢™(W) is the unique solution of (3.4), for 4=0, and is thus the
finite dimensional approximation to the O.U. process ¢, of Sect. 2.
We also have,

L] =EEI,W)(€§(N))= 1, (3.8)

because of the absence of explosion.
We now proceed to the infinite dimensional system (3.1), (3.2) by simply
defining the semigroup e by:

(€1 (9)=ESV(f ($(W))e*™), 3.9
where
At yER: -
Q(W)=—§£( 5 ,dW)~—f( ¢, C 097 ) (3.10)

and ¢, is the O.U. process of Sect. 2.

In Sect. 2 we showed that each term in (3.10) belongs to L*(dP$", Q). Moreover
EM ¢ in L*(dPYV, Q). Thus ¢, is a well defined non-anticipating random variable.
Theorem 1, proved below, shows that e~ as defined by (3.9), (3.10) exists for f a
bounded measurable function, and moreover e'“1= 1. This shows in particular that

'L is a contraction on L® (du,). Theorem 2, proved below, shows that e'* is a

strongly continuous, contractive selfadjoint semi-group on L*(dy) with 1 as the
unique ground state.

First we need

Lemma 1. Let 0 <¢<+y. Then,
(i) EQ(e")<o0, 1=Zp<oo,
(i) E§ (e ™)< Cy g 1ar»

where C, 4 14, is a generic constant depending on t, $,|A| and independent of N.

Proof.
At 3
E{(e) < E;W><e RETAR ="‘Ws>> .

Now use the Ito formula (2.31). Hence

PA o ——szx 68— P2l as: 93, o)
E;)W)(epﬁc)ges ﬂdzx"ﬁ?'qu(e 40

N ZIN 25 172 p——t 5:($32,C~%¢s): }1/2
§C¢.|AI{E¢<6 NG >} { ¢< 23! ) .
(3.11)

A 4.2 . .
Since e ~7 4:#*:¢** belongs to Li(dy,), | <g< oo by Nelson’s estimate (Sect. 1), it
follows by virtue of (2.29) that
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Define

M(g)=:(¢> C*¢):.
It is shown in the appendix that exp(— M(¢)) € LYdp,), 1 £g< o0, and also that

exp<—jdsM(¢s)>eL‘1(dP¢,Q), 1£g< .
0

Hence
Ef (") <0, 1<p<w,

which is (i).

Moreover, as stated in the appendix we have (by the method of [31]) not only
integrability but also stability bounds for each factor in (3.11): replacing ¢ by ¢,
each of the two factors in (3.11) is uniformly bounded above, independent of N.
This gives (ii)). [

Now we proceed to Theorem 1.

Theorem 1. The semi-group e'“ is well defined (i.e. the right-hand side of (3.9) exists)
for f, bounded and measurable. Moreover

ell1=1.
As a consequence, e'“ is a contraction on L*(du,).
C.

Proof. That the right-hand side of (3.9) is finite follows from (i) of Lemma 1. Now
we prove the next statement

E(e¥)=E(e5™) + EQV(e% — e ™)
=14+ EQ (e —es™),

where we have used (3.8).
Hence

()~ 1S B (Jef — &) < B — &Vl + 7))
<{EY(E — EV P} PUES (@32 + {EQ ()} 12).

As N—- o0, the first factor tends to zero, whereas the second factor is uniformly
bounded above by Lemma 1. Hence, letting N— o0

EP(e=1. O
We now turn to Theorem 2.
Theorem 2. Let e'“ be defined by (3.9). Then ¢'" is a bounded self-adjoint, strongly
continuous semi-group on L*(dp), du=du exp| — % J; d?*x: ¢*: (x) |, e is positivity
preserving and improving, and 1 is the unique ground state provided 0 <e<7s.

Remark. Because, e'* is symmetric in L*(dy) it follows that

[ dpe™f={duf
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for fe L*(dy). It follows [12, Chap. XIII] that e'L is not only bounded on L*(dpu)
but also contractive. Hence the infinitesimal generator L is a self-adjoint operator
and —L=0.

Proof of the Theorem. Let
U: L*(dp)—L*(dp,) (3.12)
be the unitary map given by
fofmUfme BRSO,
Let ¢'L be defined by (3.9); then

d2x: ¢4 :(x)

(fs " Pr2aw =[du(pe 4 A f(ES

At A2t N
—FiCosm: aw )~ Tas e -9 :30m): nl)
0 0

~<g(¢t( W))e

We now use the Ito formula (2.31) of Sect. 2. Let f, § be the unitary transform of
f.g into L*(du,) given by (3.12). Then we obtain:

(fs etLg)Lz(du) = (ﬁ etig)LZ(dyC) > (3.13)
where
(e"4) <¢)=E¢(g~<¢,)e"§‘“m">» (3.14)
T A (A3 —& 4y . )'2 .43, 1—¢. 43.
V(¢)=Z'(¢’C ¢).+§(.¢ LCHTEgR ). (3.15)

#, is the O.U. process of Sect.2 and we recall that 0<e<<y 10 First note that

V(¢) e L*(du,), 1 £p< 0. We show in the appendix that exp— (¢3 “p):isin
LY(dy,) for any A>0.

This fact, together with the fact that the second term in (3. 9) is positive, implies
that exp(—¥)e L'(du,). Moreover the O.U. process ¢, is hyper-contractive
(Sect. 2). It follows [2-6], [6] gives the abstract setting used in this paper, that '~ is
a strongly continuous bounded self-adjoint semi-group on L*(du,).

Moreover 3T >0 such that for > T, ' is a bounded map from L*(du,) to
L*(du,), see e.g. [6]. Hence, by virtue of [107], ¢’ has a ground state with finite
multiplicity. It now follows, because of (3.13), that e'“ is a strongly continuous
bounded self-adjoint semi-group on L*(du). Moreover e'- has a ground state with
finite multiplicity.

The representation (3.9) shows that e'" is positivity preserving. We now prove
that e~ is positivity improving: ie. if f,g, =0 are positive vectors in L?(dyu) then

(fs etLg)Lz(du) >0 (3.16)

(by a positive vector we mean non-negative and not identically zero).
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If f, g are positive vectors in L?(dp), then f, § their unitary transforms via (3.12)
are positive vectors in L?(dy,). Then (3.16) will follow, because of (3.13), from

(f.e§)>0. (3.17)

Inequality (3.17) follows from a standard argument [2]. Namely, recall Q, the
measure on E x Q given at the end of Sect. 2. Then if f,g e L*(dy,), are positive
vectors, then

{40, J@5@) = (T e Drras>0,

since the O.U. semigroup e‘’° is positivity improving. It follows that f(#)J(¢,) is a
positive vector in Q x E. Moreover

t o~
= [V(¢s)ds
e b >0, Q, ae.

Hence

- [P @ais

(fe g)Lz(du)— j dQucf(¢)g(¢r) >0. (3.18)

We conclude that e'* is positivity improving. Hence by the Perron-Frobenius
argument [1,2] it follows that e has a unique ground state. That 1 is the ground
state

el1=1
follows from Theorem 1. [

Remark. Theorem 2 implies by standard results [12] that the semi-group e'“
ergodic. In other words, if fe L*(du), and Z = du,

lim o (s @)= 1D @), ae (.19)

However, in our case we have a stronger result, namely that e'* is mixing:

lim (7, g)150= (i) dus). (3.20

This follows from the fact that e'* has a mass gap.

The existence of the mass gap follows from the following facts (for details see
[4,6]): a) the resolvent of the O.U. generator Ry,=(A—Ly) " in a finite box is
compact; b) the resolvent R=(1—L)"' is also compact as ¥ is an almost
semibounded perturbation of L, and L, generates a hypercontractive semigroup;
c) ¢’ has a ground state. Hence ¢'“ has a mass gap.

The Markov Process q?,

The previous Theorems 1 and 2 and the representation (3.5) enables us to
construct the desired ergodic Markov process ¢, which gives the stochastic
quantization of continuum (¢*), Euclidean field theory in finite volume.
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We define transition probabilities p,(¢,d¢) as probability measures on
E=H_,(A) by:

At A%t F1-e). .
5.6 BY=EV(1{g (W) e Bl 2By it eaon:i)

, (3.21)
where y is the characteristic function of an event and B is a Borel set in E.

The exponential in (3.21) is integrable by virtue of Theorem 1. Moreover
¢'“1 = 1. From the countable additivity of E}"” it now follows that p,(¢, -) is a family
of countably additive probability measures on E. Moreover the theorems assure us
that p,(¢, B) is u, measurable in ¢, and dt measurable in ¢.

Hence p,(¢, B) are “stochastic kernels” and qualify as transition probabilities of
a Markov process @, with values in E. Its joint probability distributions are defined
in the standard way: (0<t, < ... <t,)

ﬁ¢{$t1EB1a ""é\t"eBn}
=Bf ,§ Pe (@, dh1)Pr, 1 (D1,dD5) ... Doy, (D1, dDy)

=Py, ., (BiXByXx ... XB,), (3.22)

which defines p,, ., asa consistent family of probability measures on (E)". We
shall show later that 15¢ can be realized as probability measures on Q, our path
space, and then (Q, p,) constitutes our Markov process with continuous sample
paths. Let us note, from (3.22), that if f, ..., f, are test functions,

Ey@ () - é,n<ﬁ,>>=E;W)(¢n<fl> B ex { ~ 5T cgomy:,amy

yER™ .
-5 (5) ds||Cc¥1 =9 ¢3(W)|;2}>. (3.23)

By the preceding remark after Theorem 2, e~ is mixing. Hence we have:

i £y(f (1) 6, D)= ST du @9 4. wae, (329

which is the aim of stochastic quantization of the (¢*), theory.

We shall now show that the Markov process ¢, constructed from its transition
probabilities has a continuous version. In other words, there exists u a.e. in ¢ a
Markovian family of probability measures }3¢ on Q=C°%[0, ), E=H_,(A)) of
which (3.22) are the joint probability distributions. For convenience, we run off the
Markov process §, with initial distribution u. We shall prove:

Proposition. Let 0 <s<t<T. Then
idu(cﬁ)ﬁqb(llfi?t— GBS Cle—s*(Cp) . (3.25)

Corollary. By virtue of the estimate (3.25), Kolmogoroff’s theorem, see e.g. [14],
assures us that there exists a probability measure Q, on Q= C°([0, o), E) such that,
if By, ..., B, are Borel sets in E,

Qu{én EBI’ (RS ét,,eBn}
=£du(¢)g Bf P:(#,d9)P1, -1 ($1,d92) ... Br—1,_ (Bn-1,ddy) . (3.26)
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(Qu, Q) is a stationary Markov process. We can write
0.(B)={ d($)py(B) ,
where B is a Borel set in Q. (15¢, Q) is the Markov process started off at ¢.

Proof of the Proposition. It is straightforward to verify that the continuous O.U.
process ¢, of Sect. 2 satisfies

JAudDE(Ig,— 45l E) < Cle—sl" (3:27)

for any positive integer r=1. Next we note

[duBDE 16— l1*) = du(@) [ (¢, D) [ B ($1,d42) | §1 — b F
=[du(P)[ .- (¢, d¢>) |~ hallF

where we have used the fact that e'™ leaves p invariant. Hence (¢, is the O.U.
process)

[ AW PE |6, ~ 6,130 =1 du@PES (16—, (W) 17

At—s 3 ) 12 - ‘o). )
"expy — 5 £ (95, (W), dW; f dsy [P 7993 (W) |
—fduc(¢)E‘W’<ll¢ o (MIE exp{—1£d2x2¢“i(x)

t—s 2 t—s
—4J(¢s, dW, }'—Ids jcr-a g3 |}>

and, on using the Ito formula (2.31)
~Lan @ (164, T 0] — ] st (= 5[ Pt i)
T asre.f).
where 7(4) is given by (3.15). Apply Hélder’s inequality
(@ E g0 (anpp e 25 )"
(anorp (e 200 ) " (Fang e o))"
(3.28)

S dudDE(14— 12N

A
) ”e—zﬁdzx:a&“.(x)

—4(t—s)f/“1/4 (3'29)

L2(dpe) e Li(due) >

where the last factor in (3.28) has been estimated using the Riemann sum

t—s
approximation for { ds, ..., Holder’s inequality (see e.g. [5]) and that e'L° leaves
0
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U, invariant. The latter was also used for the second factor. It is easy to check

[ duDE 16— 6,15 =1 duPEI16— d— |15, (3.30)
and
le™ ™ g S Ule ™7 eruy) " (3.31)
From (3.29), (3.31), and (3.27),
§ du@PE(1.— d|I?) < Clt—sI"(Cr)' . (3.32)

choosing r=2 in (3.32), the proof of the proposition is complete.

4. The Process ¢, as a Weak Solution of (3.2)

Itislegitimate to ask in what sense the ergodic Markov process (£2, 15¢) constructed
in Sect. 3 solves Eq. (3.2), which was our starting point.

Let Q= C°(0, T], E) and 13¢ the Markov family of measures on Q obtained
from the joint probability distributions (3.22) by what we have shown previously.
Then the answer to the question is given by the following proposition.

Proposition.

t (t—s)c_s R
g 2 Cl . ¢3: (4.1)

l\)l>->

has the same joint probability distributions (with respect to (Qr, P¢) ) as the O.U.
process ¢, of Sect. 2. Thus we have a weak solution of (3.2). Note that Z, which can be
identified as an O.U. process is not necessarily measurable with respect to §,.

Proof. We merely have to show that the transition probabilities of Z,, with respect
to P,, are that of the O.U. process ¢,. Let E,, be the expectation with respect to P,
and f a bounded measurable function on E. We have from (3.5)

Ey(f(Z)=E(f(Z)e%), 4.2)
where
t _=s) .,
Z,=¢t+%fdse z ¢ Cl e:¢3:, (4.3)
20
t /1 ¢ 3 ;12 ‘ 1/2(1—¢) 3 2
G==5104dW)— "5 lds|C YRUAR RS (4.4)

and ¢,(W) is the O.U. process, starting at ¢, given by (2.7). By virtue of Theorem 1
of Sect. 3

€5 e LN(Qyp, dP™), 4.5)
and moreover

EQ(ef0)=1. (4.6)
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Let B, be the g-subalgebra engendered by W,, Vs<t. Then it is a straightforward
consequence of (4.6) (see e.g. Lemma 2.3, Chap. 7, [16]) that the conditional
expectation

Ey e¥By)=1, P™ as.. 4.7)
Define on Q, the probability measure P™ by
AP = eFapyy, (438)

and let £§") be expectation with respect to P}
Note that, using (4.8) and (4.7),

EO(f(2) = ESV(f (Z)eF) = ES(f (Z)eet)
= E0V(f(Z)e*°E ,(e5FB,)) = ES"(f (Z)e%) . (4.9)

Hence from (4.2) and (4.9) we have,

ENf(Z)=EP(f(Z). 4.10)

Thus to prove our proposition we have to show that Z, given by (4.3),isan O.U.
process, with respect to the measure P{", whose joint probability distributions
coincide with that of the O.U. process ¢ of Sect. 2.

Because of (4.5) and (4.6) we are assured by the Girsanov theorem [valid in our
context because of (4.6)], that (W, is the Wiener process of Sect. 2)

~ At
W= W+ 5 1 ds C' = 3(W): (4.11)
0

is also a Wiener process in Qq with respect to the measure PY) with the same
covariance as W,

E™(W( )W) =(f, C* ~*g) min(z,s). (4.12)
Then, Z, is just the unique solution of
dZ,=dW,—1C*Zdt, Z,=¢. (4.13)

Indeed, the solution of (4.13) is:

t I Uk ) P

—,E_ —& ~
Zo=e 2° g4 [dse 2 AW,
0

L
e 2

- t t
g gdse—%"-ﬂc“dWer%(j)dse—%“‘”c”cl-fzgég(W):
]’ i —1(t—5)C &1 —¢ 3
=¢,(W)+§£dse 3 Cl e ¢3(W):, (4.14)

which is just (4.3). Comparing (4.13) and the differential equation corresponding to
(2.7) we see that Z, is with respect to P*) an O.U. process with the same joint
probability distributions as ¢, of Sect. 2. This proves the proposition.
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Appendix
Define

M=:(4,C%):. (A1)

In this appendix, C will be the covariance with free boundary conditions. In fact by
Theorem VIL9 in [2], Propositions 1 and 2 below imply similar estimates for our
field with Dirichlet boundary conditions in A.

Then in this appendix we will prove the

Proposition 1. For any 4>0 and for ¢ restricted to the range 0 <¢<7s,
e Me LY dy,). (A.2)

This result was used in the proof of Theorems 1 and 2 in Sect. 3.

Note that M e L*(du,)1 < p < oo, for e <4. The restriction &> 0 was imposed in
Sect. 2, to ensure that the transition probabilities of the O.U. process are
absolutely continuous with respect to u,. The upper bound & <% turns out to be
sufficient for (A.2) to hold.

The proof of the above proposition and (A.2) is based on a series of lemmata.

Lemma 1. For O0<es< 1,'

(0%, C* )2 [ d*x¢*(x). (A3)
A
Proof. We let || - ||, denote the LP(A) norm.
Define
© s~ 1+2¢
aszg)ds e >0,

which converges for 0<e<1.
We have the representation, converging for O<e<1,

(—4+1)F=a ' fdss 12U —s2(—A+14+55) 1),
0

Hence
@ (= A+ 1) =a; ! T dss™ (913 =2% C 1)
2o, [ dss T (IE=1 % Conidl), (A
where

Copi=(—A+1+4s*)71.
Using Hélder’s inequality,
4% Co 1 DI 16121 Cors 18]l (A.5)
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Now use Young’s convolution inequality

1 1 1
If*ol, =1/ oMl I—)=a+;~1,

with the choice f=integral kernel of C.., p=r=4, g=1.
Note that

L=

s241°

Hence
1
1Cas1dlla S o 14l (A.6)

From (A.5), (A.6), we have

4% Comdls 5~ e 7 lgls- (A7)

From (A.4), (A.7)

2

(@* (—4+1Y¢)za; ' | dss‘””( >H¢H4"II¢II4- U
Next we turn to Lemma 2.
Define UV cutoff fields ¢,(x) by

2

d K iKx ~
b= [ e oK),

Define
=145 C %) =1 (¢ (— A+ 14 . (A.8)
Then for 0<e<3
M———M, in LPdp), 1sp<ow.

Undoing the Wick ordering,
M= (2, (= A+1)°4,) = 3(Co0) (f, (— 4+ 1)¢,)
+CiT0) (s 9)) + 31AICL0)C(0), (A9)

where C,(0)=C,(0,0) and C,(x, y) is the integral kernel of C, the covariance of
b, CL750)=CL%0,0), and C! %0,0) is the integral kernel of C}~*.
Now use primitive positivity, i.e. Lemma 1, and

(¢m ( -4+ 1)E¢x) é (’C2 + I)E(¢K9 ¢x)
to obtain from (A.9)

= £ Ax($())* = 3(C(0) (12 + 1)+ C.%(0)) ($(x))*
+3C,(0)CL%0)). (A.10)
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Now use
C.(0)~0(Ink), CLl7%0)~O0(K**Ink)

to obtain immediately:

Lemma 2.
M, = —constO(k*(Ink)?). (A.11)
Define
M. =M—-M,. (A.12)

Then it is straightforward to verify via Feynman graph calculations

Lemma 3.
[ du M2 <(G)*Bi(Ins)me =2+ 42y (A.13)

for any j, some m>0. b is a constant independent of j and k.

The proof of the proposition at the beginning of the appendix now follows from
Lemmata 2 and 3 by Nelson’s argument [1-3].
Namely, we have

:uc{Mé —COHSt(K‘“(an)Z - 1} é.uc{lﬂxlzjg 1} éj d.uclﬂklzj
S(GH*P((nw)me 2 T4y (A.14)

Using Stirling’s approximation for j! and an optimal x-dependent choice of j, we
have

- ccmsmz_d_;4'8 (Inkx)~m/4

UAM £ —const(k*¥(Ink)*)— 1} <e (A.15)

This estimate, together with Lemma 2, assures us that for e<{5 e”* e L' (dpu,),
A>0, and the proposition has been proved. [

Remark. It can also be shown by methods very similar to [31], that we have a
uniform bound

jduce~lM,<§econst|A|. (A16)

In Sect. 2, we verified that

[ ds M(¢y)
0

with M defined by (A.1)is a random variable in L?(dP,, Q), | <p < oo and P, is the
O.U. measure.

Now p,(¢, d¢), the transition probability of the O.U. process, is absolutely
continuous with respect to ., for every ¢ >0 and starting point ¢, and its Radon-
Nikodym derivative is in L?(du,). This fact, and the proof of Proposition 1 of this
appendix leads to,
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Proposition 2. For any >0, and provided 0 <<,

t
= A[ds M(¢s)
E¢<e o >< 0,

where E, is expectation with respect to the O.U. measure P,,.

Proof. Define
t t
M'=[dsM(¢,), M.=]dsM¢,),
0 0

M, as in (A.8). Then from Lemma 2,

M9 > —consttO(k*(Ink)?). (A.17)
Analogous to the step before Lemma 3, define
ij’zM‘”—ij’:idsMK(qbs). (A.18)
Lemma 4.
E4(IMP)» < Cy((2)!)*bi((nr)™c =249 (A.19)

for any j, some m>0, and large .

Note that for large j, by Stirling approximation, ((2/)!)*~(2j)* whereas
(j")* ~j* so that (for large j) Lemma 3 and Lemma 4 are the same, as are Lemma 2
and (A.17), (t, is fixed).

This Suffices to Prove Proposition 2. It remains to prove Lemma 4.
We have

E(MOP) <251 g) ds E (N4>
< j)dsf P )V ()]

<¥-ic, (f ds| p,(0, d¢"|M .c(czﬁ’)l‘“)”2 , (A.20)
0

where we have used the fact that py(¢, d¢’) is absolutely continuous with respect to
ps(0,d¢") and the radon-Nikodym derivative is in L*(p,(0,d¢"), and Schwarz
inequality.

Now p,(0,d¢") is a gaussian measure with mean 0 and covariance

C,=(1—e¢C, (A.21)
and we have for integral kernels
lim (C/(x, y)— C(x,y))=0C,< 0. (A.22)
x>y

M ($) has Wick ordering with respect to C. By virtue of (A.22) we can change the
Wick ordering in M, (¢) to C,-Wick ordering at the cost of introducing lower order
terms with finite coefficients [1].
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Now, because of (A.21), we have by Feynman graph calculations exactly as
leading to Lemma 3, for large «

(f: ds J (0, dg")IM (@)™ < (D)) b (nse)sc ™2 427 (A.23)

(A.20) and (A.23) imply (A.19), which prove the lemma. [J

Remark. Analogous to (A.16) we also have the uniform bound

Ed,(e ~afds MK(q&s)) < oClAl (A24)
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