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Abstract: It is shown that for a set of full measure with respect to any
translation invariant probability distribution on the space of initial configura-
rations of classical particle systems on R? with interaction given by a smooth
superstable potential of finite range there is a solution to the Newtonian
equations of motion, provided that the specific energy and the particle density
of the initial configuration exist a.s.

0. Introduction

The infinite particle system approach to statistical mechanics raises the question of
the existence of Newtonian dynamics for countable systems of interacting particles
in Euclidean space IR?. This means the following (if we confine ourselves to the case
of pairwise interaction): Let be given a potential function U : R% VR fulfilling some
regularity properties including smoothness and decay conditions. We consider the
following infinite system of ordinary differential equations, concerning a sequence
{z;},i=1,2,... of twice continuously differentiable functions z; : [0, o)/ \IR?:
(N): éi=—§.VU($i—xj), i=1,2,....
JF1

The problem is to prove for a largest possible class of initial conditions
Do ={[xiv:1}i=1,2...

[where x;==,0), v;=2(0)] that a solution to (N) exists. Naturally, we suppose
that the initial configuration is locally finite, i.e. {x;};-; , .. hasno accumulation
points.

This is a purely analytical question. It is well-known that in the case of
dimension one and two for some classes of potential functions U Lanford [1]
(d=1), Dobrushin and Fritz [3,4] (d=1, 2), and Gurevich and Suhov [15] (d=1)
succeeded to show the existence and (in a certain sense) the uniqueness of a
solution to (N) for large classes of initial configurations which are characterized
by explicit conditions.
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For the purpose of equilibrium statistical mechanics it would be satisfying to
prove the existence of dynamics [i.e. of solutions to (N)] for a set of full measure
with respect to the equilibrium Gibbs states which correspond to the potential
function U. Such results were obtained by Sinai [5,6], Marchioro et al. [7],
Alexander [8], Lanford [2] for any dimension d > 1.

This paper deals with the non-equilibrium dynamics in the case of random
translation invariant initial conditions. The main result is of the same type as those
concerning the equilibrium case. It can be shown that, for a set of full measure with
respect to any translation invariant probability distribution on the space of initial
configurations with respect to which specific energy and particle density are finite,
one can find a solution to (N), provided that the interaction potential U has the
following properties:

Ul) U is a C2-function,

U2) U(x)=U(—x) (Symmetry),

U3) U has a bounded support, i.e. there is some R>0 such that U(x)=0 for
xeRY, |x| =R,

U4) U is superstable, i.e. there are positive constants a, b such that for each
finite sequence {xi, ..., xy} of elements of R? we have

> U(x;—x;)=Z —aN +bll,
i*j
where IT is the number of pairs (i,j) such that |x;—x; <R.

We get the existence of non-equilibrium dynamics for any dimension including
the physically realistic case d=3.

The problem of uniqueness is still open. Especially it would be desirable to get a
result that the limit procedure defined here leads to a unique solution for almost all
initial configurations and that in that way there can be constructed a transforma-
tion group acting on a subset of full measure of the space of initial configurations.

We give a brief heuristic outline of the proof of the main result. A usual
approach to infinite particle dynamics is, roughly speaking, to consider large boxes
and the particles within those boxes, and then to enlarge the boxes to cover the
whole space (and all particles). Then one has to prove the convergence of the
trajectories of the finite particle systems towards a solution of (N) for the whole
system. We modify this approach a little in order to be able to make use of the
translation invariance of (random) initial configurations. Instead of considering
the finite subsystem of @, lying in a large cube we consider the infinite periodical
system which we obtain if we dissect the whole IR? into large cubic cells and endow
each of them with the same finite subsystem of @,. Finally we shift the periodic
system with a random vector being uniformly distributed over a cell, such that we
get a random periodical and (statistically) translation invariant particle system.
For periodic systems the existence of dynamics is obvious, since we may consider
them as finite systems on a suitable torus. Then we show that, if we enlarge the cells
to infinity, the sequence of translation invariant probability measures governing
the bundle of trajectories of the periodical systems (of course, all randomness stems
from the initial condition) is relatively compact, such that we can find a limit point
in the sense of the weak topology. This limit point is a probability measure
concentrated on solutions of (N), where the initial values are equal to @, in
distribution.
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As in the deterministic case [1, 3, 4] the main problem for the feasibility of this
programme is to find an energy bound ensuring that there is no accumulation of
large amounts of energy near the origin. In the deterministic case this is quite
difficult (and unsolved for d=3 up to now). In the translation invariant random
case considered here all things are easier, since now the origin is a place “as any
other,” a “typical place,” where the energy is statistically distributed, and, in view of
the conservation law for the specific energy being valid in the translation invariant
case, cannot become too large.

Some Notations. Point process notations are taken from [10]. Counting measures
are usually denoted by Greek capitals as @, ¥ (except for counting measures on
function spaces). By , we denote the Dirac measure concentrated on x. We denote
by u the Lebesgue measure on IR?%. We will use the notations B, cl B, 0B for interior,
closure, and boundary of a set B. The indicator function of a set Bis denoted by 1.
The sets of integers and nonnegative integers are denoted by Z and IN, respectively.
We introduce the following notations:

By(x):={yeR*:|x—y|<s},

B,:=B(0),
Wix): ={yeR": x;— /25y, <x;+5/2},
W =W\0),

for se(0,00), xeR%. Let be £eIN% Then we denote by ||#| the maximal
coordinate of 7.

1. Newtonian Dynamics with Periodical Initial Conditions
We consider the set R? x R? endowed with the following metric:
d([x,v], [y, w): =Ix—yl+lo—wl/(L+lo—w]), x,p,o,weR’.

A counting measure is a measure @ on [IR? x R4, R‘® R*], which has the property
that @(B) € N for any d-bounded set B in R?® R’. The set of all counting measures
we denote by M. Let @ be an element of M. Then (cf. [10, Proposition 1.2.1]) @ has
a representation
= 3 Oy IS0,

1<i<I
as a sum of Dirac measures, where (in view of our choice of the metric d) {x;}!- | has
no accumulation points. So we may interpret ¢ as particle configuration (with
given positions x; and velocities v;).

In the following we will denote by ¢*, for a counting measure
o= Z Ié[xisvi] ’

1<5i<

the measure
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which is obtained from @ by cancelling all velocity “marks” (such that ¢™ is a
counting measure on RY.

Let, for each y e R%, T, denote the spatial shift operator on IR? x R? defined by
T,[x,v]: =[x+ y,v] which extends to M by the set-up

To(X): =H(T,X), XeR‘QRY,
where
TX:={[x,v]eR*xR*: [x—y,v]e X}.

Let F, denote the set of all continuous bounded real functions f on R? x R? having
a d-bounded support, ie. f(x,v)=0 for |x|=C,, C, being some real number
depending on f. The vague topology on M is defined as the weakest topology
making all mappings

PeMy }: .f(xblh)eng9 ufEI%

ieI(®)

continuous. Here

2 fxpv):= ISZMf(xi, v;)

icI(®)

for
¢ = Z B[xu vi]*

1=5i<I1
It is well-known that the vague topology makes M a Polish space (cf. [10,
Chap. 1.9]). The corresponding o-field of Borel sets we denote by IR.

We want to give without proof (see [ 14]) a simple characterization of the vague
convergence of counting measures in terms of their atoms, which is valid not only
in the context of our special phase space R? x R?, but also for counting measures
on arbitrary complete separable metric spaces 4. Let be given a sequence

{®i}k=0,1,2,... of elements of M. Then the vague convergence O —= % takes

place iff there are representations (for some I < o0)
dj0 = Z 5a,- s
I

1<i<

Q= X b .tu, k=12,..
1Si<N@®)
such that the following relations hold:
Ai) N(k)1I as k— o,
Aii) a; ;—a; as k— oo,
Aiii) For each bound set BC A there exists a ke N such that
< , 5ai,k+xk>(B)-_kTo.T->0'
k' Si<N(k)
A probability distribution P on [M, 9] will be called translation invariant, if for
any ye R?we have P=Po Z},’ !, We call @ a b-periodic configuration, for b € (0, o),
if T,,@=¢ for each yeZ’. Let M, denote the set of all b-periodic counting
measures.
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Consider a ¢, M,, &,+0, and choose a representation
0
¢0 = .21 5[xi,vi] .
i

It is an immediate consequence of the existence and uniqueness theorem for
ordinary differential equations on smooth manifolds (see [12, Chap. 5.3]) that
there is a unique solution {z;}2 ; of (V) with initial condition {[x;, v;]}{2, such
that w
D=3 Opmean€M, forall t=0.
i=1

Indeed, there is a one-to-one correspondence between counting measures in M,
having the property @ *(W,) =n, and points of the manifold T%* x R*", where T is
the dn-dimensional torus obtained from (W,)" by an identification of opposite
sides. In view of the finiteness of the interaction radius R we may consider (N) as an
ordinary first order differential equation on T x R%", where the existence of the
solution for all times ¢ =0 follows in the usual way from the energy conservation
law, which ensures the boundedness of the velocities.

Obviously the (arbitrary) way of indexing @, does not influence @,, so that (N)
defines a family of mappings

SPM,WM,, t20.

Using the vague convergence criterion given above it is easy to see that the one-to-
one correspondence between
1= {@eM,: &"(W)=n)

and T% x R is a homeomorphism with respect to the vague topology in M? (i.e.

the restriction of the vague topology in M). This fact together with the theorem

about continuous dependence of solutions of ordinary differential equations on

initial values implies

Lemma 1. S? is, for any t 20, a vaguely continuous mapping from M, into itself.
It is also clear that S? is translation invariant, i.e.

T,°St=S?-T, forany yeR?, >0.
Fix some b> 1 and consider the following mapping
Pyt P= X , Oz, 00 € MMYPY(D): = . <Z<1 Ly, (x) sz Opx, +bz,00€ Mp.-

15i<
It is easy to derive from the definition of 9 (see [10, Chap. 1]), that p, is a
I-measurable mapping from M into itself and that M, is an element of M. We set
M, : = M,nM. So p, transforms any probability distribution P on [M, 9] to a
probability distribution P?: =Pop, ! on [M, 9] which is concentrated on the
measurable subspace [M,, M,]. Now we consider the following mixture:

1 -
P":=ﬁu§, Pbo T ' u(dx).

Clearly we have
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Lemma 2. P’ is translation invariant.
We assume from now on that P is translation invariant itself.
Lemma 3. For b— oo we have the weak convergence relation P* = P.

Proof. Let X be a d-bounded subset of R? x R? and let Y be an element of M. We
have

PA@(* nX)e Y)=b"* | w(dx)P*(T,®)(* nX)eY)
Wy
=b"? | wdx)P'(@(* N"T,X)e T_,Y)
Wy
=b"1 ) wdx)P'(d(* " T.X)e T_,Y)

(xeWp: TxXSWp X RY}

+b74 | wdx)P(d(x "T,X)e T_.Y)

{(XeWp:TxX{Wp X RY

=b"1 { )ﬂ(dx)P@b((p)(* NTX)e T_.Y)+o(1)

{(xeWp:TxXCWpXRY

=b""v£ px)P(T,@) (* nX) e Y)+o(1)
=b~¢ | w(dx)P(P(* nX)e Y)+o(1)

=P(®(x nX)eY)+o(l), b—oo,

such that the desired weak convergence holds for the restriction of the particle
system to bounded sets. This implies the statement of the lemma (cf. [10,
Proposition 4.1.12]). O

In view of Lemma 1 we can define probability distributions
PP:=PPo(SH)~ 1.

Since S =idy,, we have P} =P".

2. Specific Energy

Let @ be an element of M and let [x;, v;] denote the position and velocity of a
particle in @. By the energy of this particle we understand the (finite) expression
ol +3 X Ulg—x)=:e(®,i).

Jel(P)
Jj¥Fi
Consider the energy of @ within the unit cube
e(Qa VVI) = X z 11Wl(xi)e(¢7 l) s
iel(P)

which is a measurable function of &.

Let P be a translation invariant probability measure which satisfies the
following two conditions:

1) m:=Ep@*(W;)< 0,

2) é:=IEpe(P, W,) exists
ie. P is supposed to have finite mean particle density and specific energy.
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Taking into account the superstability of the potential U we have the following

Lemma 4. There is a finite constant C = C(, &) >0 (depending on P only through m
and &) such that

G = [0* (W) < C.

Proof. 1. We will show that 4 is finite. For any N € N consider the cube W,z which
can be cut into smaller cubes of edge length 2R,

WzNR—( g . Wyr(x(N)+2R?),
|If||<N 1

where x(N): =[—(N—1)R, ..., —(N—1)R]€R% Now we have for any e M
e(P, Wynr) = €xin + €int + €pa »

where
=1

€xin: =2 ue‘;'w [vil 11W2NR(X)

€int =‘i‘_ ) Ux;—x)1 W) L2 (X5) 5
i,jel(®)

*J

€pa : =%. ) UG —x) 1y, () [1— Ty, on(x))].

i,je (D)

In view of the superstability of U we have the estimate
&(D, Wynp) 2 —a® ™ (Wpng) +bII(D, Wyng) +€pa s

where for any Borel set B we denote by II(®, B) the number of pairs (i, j) such that
x;,X;€ B and |x;—x;| <R. Then we get

&(D, Wynr)Z —a® ™ (Wyyg) +b Z (D, Wor(X(N) +2R.)) + €,y . (2.1)
I ll <N 1
Obviously there exist some absolute constants «, § >0 such that for any & € M, we
have II(®, Wz) Z o[ @™ (W,g)]* —B. So
e(D, Wyng) 2= —a® ™ (Wyyp)
+ba Zd [@* (Wor(x(N)+2R.))1>*—bpN +¢,,.  (22)
1N -1
Let us denote by @ the supremum of |U|+ 1. Then we get
lepal < AI(P, Wian +2)r\Wian - 20) -
Any pair of particles in @ with |x;—x; <R and

Xy X; € Won + 2)R\VV(2N—2)R

is covered by some cube W,g(xo(N)+R¢), where xo(N) is the vector
(=NR,...,—NR)eR%and /e N ||/|| <2N, and at least one coordinate of £ is 0
or 2N. We denote the set of such £ by L(N). Then we have

lepal S 3. [ (War(xo(N)+R)T?.
¢ELN)
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This together with (2.2) yields

e(D, Wong) 2 —ad’x(VVzNR)_bﬁNd
+ bo [ZI‘,W [D" (W, r(x(N)+2R£))]?
lefl Ev-1

—i ¥ [P"(Wyr(xe(N)+RE)T*. 23)

£eL(N)
We introduce the following notation (for any #eM, xeR?, 1 <k<d),
@ %, k)= 3 [@*(Wor(x+2RA))]?,

¢£eLy(N)

where L,(N) is the set of all #e N with ||£]| <N —1 and #,=0.
Let e, be the unit vector in direction of the k'* coordinate axis. Now from the
relation (2.3) we get

e(9, WZNR) +a® ™ (Wng) +bBN*

Z Z Z Yn(D, Xo(N) +i2NRe, + yR, k)

k=1 i=0 yeEq4
by 4 N-1
25 % % 9@ x(N)+2Rme, k). 2.4)

Here E, is the set of vectors with all coordinates being 0, 1 or 2. For ¢ >0 we define
a continuous function f; : [0, 00) /[0, c0) by means of the set-up

for s<o

. S =
f(,(s).—{ os for s>o.

For each ¢ >0 the function f, has the following properties:
i) f, is concave,

ii) fo(s+5)=1,(5)+/,(5), 5,5'20,

iii) A4,(9) 2/,(19) 2)/Af(s), 520, 421,

iv) f(s)<s, s20.

So we get (using Jensen’s inequality) for any ¢ >0, N = (ba) " !:
le(2, W2NR)| +a® ™ (Wyyg)+bSN*

ukZI Z Z Jo(yn(P, xo(N) +i2NRe; + yR, k)
2d"')/baN"1 kgl z=;0 £,(7a(®, x(N) +2Rme,, k)) . @.5)

From the definition of yy and the property 7i < o0, it follows that
g(a, N, k) L= ]Efa(yN(Qa X, k)) <o,

where the fact that this expectation does not depend on x is a consequence of the
translation invariance of P.
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So from (2.5) we deduce

d
Ele(®, Wyyg)| +ami(2NR)! +bpN +2ii-3* Y g(o, N, k)
k==1

d
2d"')/baN Y g(o,N, k),
k=1
such that
d
[d=* |/ baN — 34.2i] ¥ g(o, N, k) SEle(®, Wynr)l + (ai(2R)* +bB)N* .
k=1

For sufficiently large N the factor in square brackets on the left-hand side is
positive. With — o0, we get that

Eyy(®,x,k)<o, xeR?, k=1,2,...,d.
Hence we have
E[0*(W,p)]*< 0.
2. Now in (2.3) we may form expectations on each side: So we have
(2R)%¢+ (a2R)*i+ bB) = [bo.—2idN ~1(2+ N~ 1! " 1JE[ @ * (W, )]

In that way we get for sufficiently large N an upper bound for IE[®*(W,)]*
depending only (linearly) on € and . Now we choose an integer k, such that
2koR=1. Then we have

E[0*(W)]* S E[®” (W, )] -

Cutting the cube W, into (k,)? cubes of edge length 2R we get, making use of the
translation invariance of P and of the Schwarz inequality

q=E[0o" (W] <k E[@™ (W,op))* = C(m,8). O

Let us fix some translation invariant probability measure P having finite
specific energy € and particle density ri. Let b> 1 be given. It is easy to derive from
the definition of P’ that this probability measure has a finite second moment
G : =Ep[®* (W,)]?, too, and that §° < C'g for some absolute constant C’ (we can
choose C’=2%%).

From this we derive that the absolute value |€°| of the specific energy is bounded
by a constant independent of b:

lel<C. (2.6)

It is clear that the mean particle density m remains unchanged when passing from
P to P°.

Let us investigate what happens under time evolution. From the fact that S
leaves the particle number in W, invariant (this is in fact the number of particles of
the finite torus system considered above) we easily derive that

il =Ep® (W)=, 120, 2.7)
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if we take into account the translation invariance of P?. On the other hand it is
well-known that the energy of the finite torus system is an invariant of the motion.
Since this energy is equal to e(®, W;) for & € M, we may conclude that S? leaves the
specific energy unchanged, too. So

e&=é, 1t20. (2.8)

This together with Lemma 4 leads to the conclusion that there is a constant C, (not
depending on b) such that

3 =Co (2.9)

for all t=0.

3. Energy Bounds

Let us consider a sequence Vj, V;, ... of continuously differentiable functions on IR?
with finite support having the properties

V1) Vi(x)=1 for |x|<k+R,
V2) 0=V(x)L£1 for |x|£k+R+1,
V3) Vi(x)=0 for |x|>k+R+1,
V4) PV(x)|£2 for xeR‘.

On the other hand we introduce a sequence f, f1, f5,... of continuously
differentiable functions on R? with finite support fulfilling the conditions

f1) f)=1  for |x|SkR+i(k+2)(k+3),
f2) 0=Zfi(x)=1 for |x|<kR+%i(k+2)(k+3)+1,
3) £(0)=0  for |x|>KkR+L(k+2)(k+3)+1,
f4) Vf(x)<2 for xeR?.

Using these functions we define “modified energy functions”

el®):= X fG)| ol +3 3 Vilxi—x) |
iel(®) 13,;(?)

For any bounded Borel set BeIR? we introduce the notation

eo(®,B):= 2 [%lvi|2+% 2 Vo(xi_xj)] 15(x) .
) Ji‘i(?)

iel(®

Let &,eM,. Then, writing @,: =S"®,, we see that all functions e(P,) are
continuously differentiable with respect to ¢ and we get

FeB)= T (VR 0)-40[ B0+ F U0 =2(0)]

€ I(D)

+ fk($i(t”,§i (=z{(OVU(z(t)— z(1))

+3@(0)—2,0)) V%(wi(t)—ccj(t))} :
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Hence we have, using |VU|<# for some i,

‘% o(®@)

+, 2 i) [,; Vesr@(®) =2 )@+ D) &(0)]+ |2 ,-(t)l)]

S4[e;11(9)] 312

iel(D
SQu+8) e, 1 (2] (3.1)
Fix some T=1. Choose a constant L>1 and assume that, for some k,

>k+1 k+2
OggTek(@):Z L, OiggTem(@t)d :

Let 4 be chosen such that e,(®,)) >2***L. Then we would have, in view of (3.1),
e (®,) =2 L for any te [0, T] with
d -1
< (kFIT Ak a
t—to|=(2*""L—2"L) (02151% |ds ek@s)>

<O*L(2i+8) "1 (2K2L) "3

<Qa+8) 1L kI,
Now from T, L= 1 it easily follows that e,(®,) = 2*L on a subset of [0, T] of measure
not less than (27+8) 1L~ 1/227¥273 gsuch that

T
[ eW(®)dr = (20 +8) 1L 73,
0

This leads to the conclusion that either

0] OSéltlgT eo(P,)<2L
or
(i) fek((bt)dt >[8(2u+8)]~ LLY?2¥2  for some k
or ’
(iii) oSup, e (®)=2*1L for every k.

1. Let us first discuss the third possibility. From the fact that the energy and the
particle number in W are invariants of S? (hence velocities are bounded for given
&, € M,) we easily infer that (iii) is impossible.

2. Consider (ii). We get using the Fubini theorem

=] iek(dit)dtP"(dtbo) = EI ex(P,)PP(dD,)dt .
From the definition of ¢, we get for some K, K’, K”>0 (not depending on b)
o =] L@, B 1)+ 80 (B 1))
+(P” (B e+ 1))} Pr(dP)dt

T
<[ [K/(k+ )% + K"(k+1)*g]dt .
0
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Here we estimated IEp,[® ™ (Bgg+1)2)]* by ¢ =Ep[®*(W;)]? in the way which

was shown at the end of the proof of Lemma 4. So we get, using (2.6), (2.8), and (2.9)
“ké T m(k + 1)4d

for some K" not depending on b.
From this we derive, using the Markov inequality for some K, K; >0,

P "( v {f e(®@)di > [8(2i+8)] ! L1/22k/2}>
k>

0 (0
éL—l/ZTKO Z 2—k/2(k+ 1)4d=L—1/2K1T.
kz0

From 1. and 2. we easily infer that, for any bounded Borel set BCIRY,
Lemma 5.

p (OsugT eo(®P,, B);L) <K(B)TL ', TL=x1,
st=

where the constant K(B) does not depend on b.

4. A Velocity Bound

Let @ be an element of M,. Denote by =; the trajectory of the i'® particle with
respect to S? (for any fixed indexing). We consider the following event (not
depending on the indexing)

YM:?: ={®eM,: There is an ie I(®) and a 1[0, T]
such that z(t) e W,, |z(7)|>M}.

(From the theorem about continuous dependence of the solutions of ordinary
differential equations on initial data, it can be derived that this is a measurable

subset of M.)
Now we get, estimating the acceleration of the particles

P(Y):") <P ({dj eM,: 3 [1W1($i(t)) (vl

el(®P)

iy |VU(z,-(r)—z,-(r»|dr)] >M}>

0 jel(D)
T
éM_leb(d@{ 2 1W1(wi(t))<lvi|+ I = IVU(wj(V)—ﬁi(T))ldT>} =o(f).
iel(®P) 0 jeI(®)

Let b> 1. In view of the b-periodicity of the system, this is equal to the value of the
set function

M PAD] 3 10,60 5 Tanei)

~<|vix +] 2 WU —a:i(r))wrﬂ} —:A(B)
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at the argument B= W,. Here B runs through the o-algebra of all Borel subsets of
W,. It is easy to see that A is a measure on W,. Moreover, from the translation
invariance and b-periodicity of P? it follows that A is translation invariant, too. Of
course, this translation invariance is meant modulo b. (To understand that
consider the torus system by means of which we defined the motion group S?.)
Hence A must be a multiple of the Lebesgue measure on W, and so we can continue
the above chain by

=b"'M 1| P(d®) {ig_(jm 1y, (x) <|vi| + E jeIZ@) VU(zy(r)— xi(r))ldr>} .

Hence «(f) does not depend on t and we get for t=0,

T
=M—1§Pb(d¢){ 2 My, (x) <|Ui|+ [ = |VU($j(T)—ﬂ3i("))!d7>}-
ie (D) 0 jeI(D)
Using the estimate |v| <1+ |v]?, we get

<M (rh + | P(d®) [2e(¢, W) — ; 1y, () U(x;—x))
+ g« an(xi) i VU(= j(") - $i("))|dr]>

<M! <m+2é+(1 +2R)*iagb

T
+ i [f PY(d®) Z, Ly )V U (2 (r) — xi(r))i] dr) .
Let us denote the expression
ij(d@). ,ZI@) Ly (O U(zir)—z(r))|

1,J€

by B(t). The same arguments as above yield the independence of § from t. So we
may continue the chain of inequalities by

=M <m+ 2¢+(1+2R)*aq’
T
+ (f) [I PY(d®D) Y. Ly (&) IV U (2(r) — wi(r))l] dr)
LJ
T
gM—l[m+2é+(1 +2R)2d<1z"’+ﬁjqfd )]
0
Finally, by (2.9) this can be estimated by
SM [m+2e+(14+2R)* i+ Tu)Cy]1,
where C, does not depend on b. Altogether we have shown

Lemma 6. There is some constant k, (not depending on b or t) such that
PYANSKTM™ ', Tbzl.
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That means that the maximum velocity of a particle chosen from a bounded region
(at any given time f) remains statistically bounded for finite intervals of time
uniformly in the periodicity constant b.

Remark. Of course, instead of using the unit cube in the definition of ¥;*:* we could
have taken any bounded Borel set B. If we denote the set defined in that manner by
YM:B, we get

PY(YYil) Sk (B)TM ™',  Tbzl. (4.1)
» T,

5. Trajectory Processes

Let % be the set of all continuous R?-valued functions ¢ defined on [0, co) which
have the property that lim e |&(t)]=0. We equip this set with the following
metric: e

0e6m): =supe IEO—n(Ol,  Ene?.

It is easy to see that € is a complete separable metric space. Consider the set
Z =R?*xR?x % endowed with the metric ¢ : =d +04/(1 + 04). This makes & a
complete separable metric space, too. Hence we may consider & as phase
space in the sense of point field theory (cf. [10, Chap. 47]). Here % plays the role of an
additional “mark space.” Let [ .#, M] denote the corresponding space of counting
measures, with the canonical o-field of Borel sets (with respect to the vague
topology) M. The set of all probability measures on [.#,M] we equip with the
weak topology [10, Chap. 4].

Let us consider the trajectory z; of a particle [x;, v;] belonging to some & € M,
Now consider the relative (or displacement-) trajectory {;: =«;— x;, and add itas a
“mark” to [x;,v;], getting [x;,v;, {;] € &, where the fact that {;€ ¥ easily follows
from the boundedness of velocities in the periodic case. In that way we get a family
of mappings

Fo-M, 4, b=1.
We have

Lemma 7. For each b= 1 the mapping F? is continuous with respect to the vague
topologies in My and M .

Proof. The vague topology is metrizable [ 10, Chap. 1.9]. So, let {®,} be a sequence
of initial conditions from M, such that &,—® € M, vaguely. In view of the criterion
for vague convergence given in Chap. 1, this is equivalent to the assertion that for
some £, we have

@;(V%):@x(l/n):;n’ /2/0,

and that the element a, € T" x R™ corresponding to @, £ = ¢, converges towards
a (the element corresponding to @). Now again from the theorem on the
continuous dependence of the solutions of ordinary differential equations from the
initial values we infer that, for any bounded interval of time [0, T], the trajectory
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a,(t) converges uniformly in ¢€[0, T] towards a(t), and so do the “unrolled”
trajectories of the particles of @,, such that, for any particle [x;,v;] in @ and the
corresponding particles [x; ,,v; ,] in @, we have

(i) =2 f() = X; p——— () =2() — x;

£ o0

(uniformly in t for bounded ¢). On the other hand from a,—a we infer that for the
energy (being a continuous function on T™ x R™) we have e(a,)—e(a). So all e(a,)
are bounded by some E,, such that

IO 12, A J/2Eo+ n*i=:K,

for t=0. So we have for any T>1
lim sup (L, () Slimsup sup e~ |0, A8)— L)

+sup2e"K0t=0+2K0Te"Tﬁ 0,

T<t

such that g4(¢; 4, {;)—0 as £— 0.
In view of the vague convergence criterion given in Chap. 1, we may conclude
that Fo(®,)—»Fo(®). O

So any point field distribution P generates a family of probability measures 2°
on ./ defined by
PP =Pbo(FP)~1.
Suppose that P fulfills the assumptions given above, i.e. P is translation invariant

and has a finite specific energy and mean particle density. Now we can prove the
following:

Proposition 1. The family {#?"} is relatively compact with respect to the weak
topology.

Proof. 1. Using the compactness criteria 4.1.5 and 4.1.3 in [10], we see that the
proposition would be a consequence of the following assertion: For any closed
bounded subset X of & and any >0 there is a compact Dy ,CX such that

sup [ 2'(dg)p(X\Dy, ) <e.

We shall show this in the sequel. Without any loss of generality we may choose X
as

X:={[x,0,{]e S |x|=K}.
We introduce the following sets (depending on a constant L)
Xpi={[x,v,{Je S |x|<K, || <L, |{(s) - {(s)|
S|s—s|L(1+1)" e for all s,5,t=0
with s<t, s’<t and {(0)=0}.

Clearly the X, are closed subsets of . Fix some L and consider any sequence
{s:}ien={[xi, v;, {;1};en Of elements of X ;. For each natural number N we find a
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subsequence {s;} of {s;} such that the x; and v; converge towards some x and v and
such that {; converges uniformly on the interval [0, N] towards a continuous
function defined on [0, N]. This is a simple consequence of the Arzela-Ascoli
theorem. By the diagonal method we find a subsequence {{;.} of {{;} converging
pointwise towards a continuous function { defined on [0, c0) such that the
convergence is uniform on each bounded interval of time.

Obviously for each i we have

lci(t)|§L§(1+s)-1eSds, 120,

such that the same estimate holds for {. Since j (1+5s)" te’ds=o(e"), { is an element
of ¥. We have, for any N>0:

lim sup g¢(C, O) =lim sup sup e ™|C,(6) - (O]
<liminf[li e () —
<liminfllimsup sup, e'Co(0) L)

+lim sup supe”*(50] + KOD ]
t
§0+1iminf2Lsuge"I (145) tesds=0
N—-x t> 0

Hence we have Sir [x,v,{]€ X, as i”—> o0, such that X, is compact.
2. With the help of (2.9), Lemma 6 and the Schwarz inequality, we get
j 2 b(d(P)(P(X \X L)‘:j 2 b(d(l’) [o(X \XL)jl(we./it:w(X\XL)>0)((p)]
< 2°(de) [p(X\X )1V (9(X\X 1) > 0))"?
(| P*do) [9* (Bx]))'?
-(P" & eM,: There is a [x;,v,] in @ such that

X; € By and sup (1+1)e”"|z(0)] >L}>)m
t20
© 1/2
= (ZK)d(qb)1/2(2K)d/2 (z Pb(Y(;,ljtj}_ lejL’b)>

0 1/2
_S_C(Z (i+l)2e"’> L2,
j=o

where ¢ is some constant not depending on b. Hence we have
lim (gu]l) [ PPdo)p(X\X L)) =0. O
L—=o0 >

6. The Existence Theorem

The proposition proved above yields the key to show the existence of Newtonian
dynamics.

Theorem. Let the potential function U fulfill the assumptions given in the
introduction. Let P be the probability measure of a translation invariant particle



Non-Equilibrium Dynamics of Multidimensional Infinite Particle Systems 261

system (with phase space R?xIR?) which is supposed to possess finite particle
density and specific energy. Then for P-almost all configurations @, there exists a
solution to (N) with initial condition @,,.

Proof. 1. The results above yield a family of probability measures {#*},., on
[#,M]. From Proposition 1 we derive that there is a limit point of this family, so
that for some 2 and a certain sequence b;1 oo, we have 2> = 2.

We introduce the following subsets of .#:
Y, = {qoe//: For each i€ I(¢) with x, € B,

we have () =v;t — idsidr > VUQ;—x;4+ () —{(r)

jel(p)

for Oétgl},

YM: = {(p € M : For each ieI(¢) with x;€ B,, we have
()<
o3up, IC,(S)le},

YM:N:={pe.#: For each ie I(p) such that there is a
1e[0,1] with x;+{(t) € B pr+ 1,
we have [x;|S<N}.
Here M and N are natural numbers with M, N > 1. We set

YN =Y, aYMA YN,

2. Y™V is a vaguely closed set. Indeed, let {¢,},-;,, . be a sequence of
elements of Y™'¥ tending to some ¢ € .. Let be given representations

¢= Z 6[%:%(:’]’

¢g= 2 5 i,¢s0i,2,Ci 'HPA’
1<ZN0) [Xi,¢,0i,¢,8i,¢) ’

such that the properties Ai)-Aiii) (introduced in Chap. 1) are fulfilled (in the

context of our special phase space &). Now suppose that x, € B,. Hence for almost

all/ wehave x, ,€ B,.Since all 9, € YM, we have sup 11, (5)| < M for almost all
0=ss=1

¢, such that sup |{;(s)|£M, too. So pe V! such that Y is a closed set.
0 1

<s=

Hence within the time interval [0, 1] the vector x, +{,(s) does not leave the set
By 4. Let J denote the set of all indices such that x;+{(t;) € By;+ g+ for some
7,€[0,1].

For any ie J we have x; ,+; [t;) € By r+ for almost all £, such that those
[i, £] fulfill |x; | < N, from which we deduce that |x,|<N.So ¢ € Y*", and thisis a
closed set, too. Since the closed set F : = {[x, v, {1 e & :|x| < N} is 9 o-bounded, we
may deduce from the fact that ¢ is a (locally finite) counting measure, that J is a
finite set, contained in the finite set J* of all indices i with s;: =[x;, v;, {;] € #¥. Now,
since ¥ is closed and bounded, in accordance with Aiii) we find a /,, such that for
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{={¢, we have

YA(N)=0, 5 ,:=[Xi 05000 ¢Sy for i¢J .
Hence for each £/=>¢,,
{1, D=0y, ,t—fds[dr ZJ VU =% 0+ 00,/ —0 1), 0=t=Z1.(6.1)

Since, as we have shown, ¢ € YN no trajectory x;+ {; with i¢ J’ for t € [0, 1] hits
By 4 g+ 1> hence any such trajectory fulfills |x; —x;+{, (1) —{,(t)| =R for 05t < 1.
From (6.1) we get

L= vlt—deIdr UG =+ 60 =40),  0se=l.

<;

We derived ¢ € Y}, such that ¢ € YM 'N_This proves the fact that Y*¥ is a closed
set.
3. Therefore we have (cf. [11, Theorem 2.1])

?(YM*N)glir.Ilsup Pr(YMN), (6.2)
We can estimate o
PHYMN) 21— [PM —Y)) + P (M — 1)+ P (MY M)].
Clearly,
PM\Y,)=0.

On the other hand using Lemma 6 we get

sup PY(M\Y)<sup P'({p € A : There is an ie I(p) with x,e W,

! " and |{(6) > M for some te[0,1]})

<2 iE?P”(K,",‘i”) <2% M1 == 0.

4. For real numbers M, N>1 and natural numbers L we introduce the
following sets:

XM-N.L, {(PGM,, There is an ie I(F®(®)) and a

natural number 4 <L such that
A
x;+¢; ( >EBM+R+2 and |x|>N}

Now we obtain for any natural number L
F)~ W\ N e XN POz
where
Z¥L: ={®eM,: There is an i€ I(®) such that
X;+i(t) € By r4 2 and |{(0)|Z2L
for some 0<t<1}.
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So we have for any fixed M [with the help of Lemma 5 and (4.1)]

lim sup sup POMN\YN)
N->w
<lim sup lim sup sup PY(XM-N-Ly 4 Tim sup sup PY(ZM1)
L— oo N—-ow L->w b>1

L—=wx N—-o b>1 4=0

<lim sup lim sup sup Z pb ({@EM,,Z There is an i€ I(P)

with x;+{; <A>6BM+R+2
and |((7)|> N—(M+R+2)

for some 1[0, 1]}>
+lim sup supr({tpeMb sup. eo(SH(D), BM+R+2)>2L2}>
L-w b>1 0=5t=51
<limsup lim sup sup Z PAY N VAR 2010
L->w N—-w b>1 A=0
<limsup limsup (L+ 1)k, (By s gs2) N—M —R—2)"1=0
L— o N-ow

5. Altogether we have, using (6.2)
lim liminf 2(YMY)=1.

M—-w N-w

Let us denote by Y; the measurable set () |J YM¥. Obviously
M N

Y;={@e .4 For each bounded Be IR there is just a finite number

of ie I(¢p) such that x;+{(t)e B
for some 1€[0,1]}.

From (6.3) and the definition of Y*-¥ we get 2(Y;)=1 such that, setting

Y=Y, nYnY;= [U (Y1ﬁYszY3M’N)] nY;,
N

we get
lim 2(Y*)=P(¥,nYy)=1.
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(6.3)

Since the restriction to the finite time interval [0,1] and the unit ball B, was

arbitrary, we see that

g"({w e : For each bounded Be R? and each T >0 there is
just a finite number of i€ I(p) such that
x;+{(t) € B for some 1< T, and for each ie I(¢p)
we have

l()=vit— deIdr 2 VU=x;+ L) —{(r)

Jjel(p)
for t;O}) =
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We denote the (measurable) event considered above by Y,. Then, of course, any
peY, yields a solution to (N): The collection of R%valued functions x;+{;
resulting from the atoms [x;, v;, {;] of ¢ fulfils (N) with initial condition given by
the atoms of ITg, where IT is the projector defined by
HZ(pE.///f\HQ= Z 6[xi,v'.]€M.
iel(p)

6. Obviously IT is a continuous mapping from .# to M. We have in view of the

continuity Theorem 5.1 in [11] and Lemma 3,
Poll *=lim P*o I ' =lim P=P,

i—o0 i~ o0
since
H ° Fb=ide .

As mentioned above, (<, 04) is a complete separable metric space. Hence (cf. [ 10,
Chap. 4]), [.#,M] is a standard Borel space. So we may form regular conditional
probabilities Z(* M), where My:=I1"'(9R) is the (countably generated)
o-subfield of M generated by I1. We have Z(Y,|M_) (¢)=1 for #-almost all p € 4.
So in view of the relation #-I1"'=P and of the Mp-measurability of
P(YoMp) (), we get that for P-almost all &, e M and all ¢ € I1~}(D,), the relation
P(Y5)Mj) (p)=1 holds. On the other hand, for P-almost all $,eM and any
pell Y (®,), we have P(II YD) Mp)(p)=1 (see, for instance, [13,
Theorem 1.1.8]). So for a certain set M in 9% of P-measure 1 we have
I~ Y(®)NY,+0 for &,eM, such that according to 5. there is a solution to (N)
with initial condition @, for any ®,€ M, and M has P-measure 1. []
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