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Abstract. Solutions of the Boltzmann equation are proved to exist, globally in
time, under conditions that include the case of a finite volume of gas in an
infinite vacuum when the mean free path of the gas is large enough. It is also
proved, as might be expected in this case, that the density of the gas at each
point in space goes to zero as time goes to infinity.

1. Introduction

Here, we prove that the Boltzmann equation has a unique solution, global in time,
in all space. The conditions are a) that the initial data go to zero fast enough at
infinity, and b) that the mean free path is large enough. As a special case, it is
illuminating to think of a finite volume of gas released into an infinite vacuum. In
this paradigmatic case, our results give that the corresponding solution of the
Boltzmann equation exists globally if the gas is rare enough.

The paradigm shows that infinity should be absorbing, and so it is. Under
conditions a) and b), we prove in Sect. 5 that all molecules are eventually swept out
of any finite domain. Thus equilibrium is always trivial. The fact that infinity is
absorbing shows that our results are related to earlier work of Babovsky [1], who
proved global existence in a bounded domain when the mean free path is large,
assuming that the boundary of the domain is absorbing, that is, that molecules
simply disappear when they reach the boundary. Our result is, perhaps, physically
more interesting since particles do not literally vanish in a finite time.

To arrive at our results, we use the method of Kaniel and Shinbrot [4], which
requires a global upper bound for the solution. To find this, the basic idea is that,
under conditions a) and b), the dominant process in the gas should be free flow, the
molecular interactions playing a secondary role. This suggests looking for an
estimate

ftx,ESf(x—E,¢), (1.1)

where fis the solution of the Boltzmann equation and f which depends on ¢ only
through the combination x — ¢&t, describes a free flow. Estimates like (1.1) were
introduced by Tartar [5] for certain discrete velocity models of the Boltzmann
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equation in one space dimension. Illner [3] later applied these estimates to the one-
dimensional Broadwell model. Recently, Hamdache [2] applied inequalities like
(1.1) to a class of discrete velocity models in three space dimensions.

We carry out the argument for hard-sphere molecules. Although it is probably
possible to extend the results to other kinds of molecules with a finite cut-off, we
make no attempt to do so.

The conditions a) and b) seem to be essential for our approach. This is natural,
since we require the flow to be dominated by free streaming. On the other hand, an
interesting question is whether at least the condition on the mean free path can be
omitted. Since the Boltzmann equation is derived under the hypothesis that the gas
be rare, the condition may really be essential, but we conjecture that it is not.

2. Preliminaries

In what follows, ¢ is the time and (x, £) the position and velocity of a molecule.
Given any function defined on [0, T)xR3xR3, we always write f°(t,x, &)
=f(t, x+ &t, £). This notation can be used to write the Boltzmann equation in the
so-called “mild” form

I 0=CU N %0, @1

when there are no spatial boundaries. We look for a solution of (2.1) satisfying

J0,x,9)=¢(x,9), 22

where ¢ is given. When the molecules are hard spheres, the operator Cin (2.1) takes
the form

C(f, Nt x, f)==¢n{3 Sf% - E=n)[f(&x,E)f(t,x,n)—f(t,x, &) f(t,x,n)]dwdn
=0(£, /), x,)—P(f, ), x,8), (2.3)
say. Notice that P(f, f)=fR(f), where
R(f) (@ x, €)=ﬂn£3 Sf% - (E—n)f(t,x,n)dodn
=mfn{3|€—n|f(t, X, m)dn .

</ is a constant, proportional to the total area of the spheres; 1/.o/ is a measure of
the mean free path. Also
3 ={weR*:o|=Lw-E—n)>0}, (24)

and

f=¢—lo-E-n]o, nr=n+lo-(E-nlo. (2.5)

The transformation #: (&, w,%)—(& — w, ') is known as the collision transforma-
tion. It is an involution, so that #2 is the identity. Other well-known properties of
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¥ are conservation of momentum and energy. Since we need these properties, we
record them here:

Ern=C+n, P+ =1E7+ . (2.6)

All our considerations take place in spaces S;, >0, consisting of the
completion of the continuous functions of compact support with respect to the
norm

1/ ls= ni[3 max [e”f (x, §)ld¢ . (2.7)

If f and g lie in S;, we write f 2 g, if f (x, &) Z g(x, £) a.e. Then, we denote by S; the
set of all fe S, satisfying f =0. With this notation, we can say what is meant by
condition a) of the introduction. It is that the initial data lie in S5 for some >0.

We need two other norms besides (2.7), referring to functions defined only in
IR3. They are

Ilfllo=n{3 If(Old¢ and | f1, =n£3 €11 (D)lde - (28)

Clearly, the spaces defined by these norms are L!-spaces with respect to the
measures d¢ and |£|d¢. We denote these spaces by LY and L1, respectively.

We solve (2.1-2) using the method derived by Kaniel and Shinbrot in [4]. Since
the context here is different, and also for the sake of completeness, we review the
method now. Let 0 < T< oo. Suppose we have two functions u, and [, such that u;)
and I map [0, T) into S;, and such that [o() Sue(t), 0<r<T. Then, we define
recursively two sequences {/,} and {u,} as solutions of the equations

d
at lli+ 1+ l;+ th(uk) = Qh(lk, L),
d
E“E+1+“E+1Rh(lk) =Qh(uk: ), 2.9

b 1(0)=¢=1u;,,(0),
for k=0,1,.... Suppose that
ugR (uo),  Q*(ug, Uo) € Lioe(0, T; S7) . (2.10)

Then, (2.9) has a unique solution when k=0. Notice that (2.9a,b) are linear,
ordinary differential equations. Accordingly, [, and u, exist when [, _, and u,_, do.
Also, using the monotonicity properties of such equations as well as the
monotonicity of R and Q in their arguments, it is easy to show that if |, _ ,(t) £ [,(¢)
Su®)=u (1) for 0<t<T, then L)y (), () Su(t) in the same
interval. Thus, it follows that all equations (2.9) have unique solutions
I, up € C°(0, T; S7) with {I,(z)} increasing and {u,(t)} decreasing if

0<Iy ()<L O <u,(<uy() for 0<t<T. .11

Expression (2.11) is called the beginning condition in [4].
Suppose the beginning condition is satisfied with some ug:[0, T)—>S;
satisfying (2.10). Then there are functions [ and u such that [,(¢)7I(t) and u,(¢)|u(t)
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for all t, 0=t < T, since both sequences are surely bounded below by [(¢) and
above by uy(t). Also,

) <u(t), 0<t<T. (2.12)

Now, integrate (2.9), send k to infinity, and use the dominated convergence
theorem. The result is

)+ (ft) PR (u) (1)dt =+ (ft) Q'L D) (r)dr,

u'(t)+ (jt) W'R' () (t)dt=¢+ i Q' (u, u) (t)dr.

Thus, I* and u* are in C*(0, T; S ). Differentiating, we obtain

L O
%u"+u“R“(l)=Q“(u, u), (2.13)
10) =6 = u(0).
If we can show
u=I, (2.14)

then f=u=11is a mild solution of the Boltzmann equation on [0, T). We call (2.13)
the separated Boltzmann system.

Now, take I, =0 and any u: [0, T)—S; satisfying (2.10). Equations (2.9) with
k=0 give easily 0=1,(t)<[,(t) Su,(t). Thus, without further hypotheses, the
beginning condition reduces to

u () Suo(t) .- (2.15)

We summarize: To solve the Boltzmann equation in an interval [0, T),
0< T = o0, we have only to find a u, satisfying (2.10) such that (2.15) holds on
[0, T), and then to verify (2.14). Precisely, we have

Lemma 1. Let ¢ € S5 and l,=0. Suppose there is a function ug : [0, T)—S; such that
(2.10) holds. If, in addition, the beginning condition (2.15) is satisfied on [0, T), then
the separated Boltzmann system (2.13) has a solution (I,u)eC'(0,T;S;)
x CY0, T; S;).

3. The Beginning Condition

In this section, we show that the beginning condition (2.15) can be satisfied globally
(T= o0) when condition b), that the mean free path is large, is satisfied. First, we
have to say what we mean by a large mean free path. Let ¢ € S; . Then, the function

p(&)=supe’ < g(x, &) (1)
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is in LY. In the following we assume that

8nl |[pllo <l/§—- (3:2)

Since (3.2) gives an upper bound on ., it may be interpreted as saying that the
mean free path is large.
Now, when [,=0, (2.9b, ¢) give

t
ui(t) :¢ + g Qh(u09 uO)d‘C s
or, what is the same thing,

it x+EM =95, )+ | [ § 0 nhulr, v+6,8)

- up(t, X+ &1, 1)dndwdr .

(3.3)

We now suppose, striving for an estimate (1.1), that u, has the form ug(t, x, &)
=v(x— &t, £). In this case, it follows from (3.3) that the beginning condition (2.16) is
satisfied if

P(x, O+ (It) ,,'L sz - (=mo(x+1(E =), ox +1(E—n), n)dwdndr v(x, §) .

(3.4)
We note that
e+ =E)P +Ix+(E—n)P
=20x2 4 2tx - (28 =& — 1) + P Q2x* = 28(& +n) + |1 + ')
=xI* +x+ (¢ =), (3.5)
by (2.6). Thus, if we set
uo(t, X, &) =v(x — &1, &) =e ¥~ #lw(g), (3.6)

(3.4) is satisfied if

(&) +o ;f) [ J o (E—me M CPw(@wly)dndwdt <w(©E);  (3.7)

R3 S?

here  is defined in (3.1).
We are looking for a non-negative solution of (3.7). When w =0, on the other
hand, (3.7) is true for all t=0 when it is true for t=co. Also,

T e plx sl gy — g plxi2sin®6 | o pele—nl +Ix|cosgy
0 0
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where 6 is the angle between x and £ —#. Thus, we have

o0 [*9)
| e~ P+ eE=nl gy < [ o= Bels=nl+lxlcosoP g
0 0

0
< j e BE—n? g,

_;l/i
T E-nlY B

Since 0< w - (E—n)Z|E—nl, (3.7) holds if

YO+ l/% H{S SL w(&)w(n)dwdn =w(E). (3:8)

Thus, the beginning condition is satisfied by the function (3.6) when w satisfies
the integral equation (3.8). We show that this is the case when (3.2) is satisfied.
Define an integral operator W: L'(R%)—L}(R?) by

Ww) (O =vp(O)+e n{} SL w(&)w(n)dwdn , (39

where e =/ ]/% W is well-defined because of the involution property of ¢ and

Fubini’s theorem.
Let w=0 and integrate (3.9). The result is

IWODllo=1pllo+e [, [ § w&wn)deodnd
=lwlote [ I [ wOwindwdnds
R3R3S?
=lplo+2melwl3. (3.10)
Also, if w;, w,, =0, a similar calculation shows that
[W(wy)—Ww,)llo=2me(lwillo+ [W2llo) Wi —wallo - (3.11)

Equation (3.10) shows that W maps the set of non-negative functions in the ball of
radius R, into itself if

lwllo+2meR§ <R, (3.12)

while (3.11) shows that W is a contraction on this set if
4meR,< 1. (3.13)
Inequalities (3.12) and (3.13) can both be satisfied by choosing R, so as to satisfy

1-)/1—8nelwl, <4neR, <1,

and this is possible when 87¢| ||, <1. By the definition of &, this is the case when
(3.2) holds. Thus, (3.8) has a non-negative solution and the beginning condition can
be satisfied globally when we have (3.2).
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Since W is a contraction, the solution of (3.8) is of course given by
w=lim W*y). If |W*y)|o<2llyll, (which is true when k=0), it follows from
k— o0

(3.10) that [W** ()]0 < lpllo +8ellw 3 = 2], by (3.2). Thus,
WX wllo = Iwllo =2[lwll, for all k. (3.14)
Suppose next that ye LynL}. If we L}, we have, from (3.9),

W)l =llwly+e§ T [ 1EwEIwn)dwdnds
R3R3S%
=yl + g [T 1 (€ +Inhw(&)wn)dadnds
R3R3S%

=yl + % [T L Q1T+ Inhw©windewdndd . (3.15)
R3R3S?

However, [€]+1<)/2)/[€7+ 11" =)/2)/ |8 +InP <}/20&)+ nl). Using this
inequality in (3.15), we find

W)l < ol +2me))/ 2w olwl (3.16)
Thus, W maps LynL} into itself. Applying (3.16) to W*(y), we get

IWE ) <l + 27/ 2IWE ) o I WHW) 4
< llwll, +4me)/ 2l wllo | WHw)Il,

1
Iyl + —= W W)l 1,
Pl 1/5 )| 1

where (3.14) and (3.2) have been used. An induction now gives |[W*(y)l|,

2
<lwvll, T Thus, if yp € Lin L}, the solution of (3.8) lies in the same space. We

need the fact just proved to show that Lemma 1 may be applied, for we have to
show that Q(u,, u,) and R(u,) satisfy the conditions of the lemma. We proved in the
course of deriving (3.8) that Q*(uy, u,) € L'(0, 00; S;), and in a similar way one sees
that u{R"(u,) € L'(0, 00; S7).

Thus, we have

Lemma 2. Let ¢ € S5 and define y by (3.1). If (3.2) holds and if y € Ly L], then the
separated Boltzmann system (2.13) has a global solution (1, u) with (I*,u®): [0, c0)
—»S; X S; .

4. The Boltzmann Equation

To solve the Boltzmann equation itself, it remains to show that [ =u, (I, u) being the
solution of the separated Boltzmann system (2.13). We do this by estimating u —[in
a suitable norm, namely, that defined by

wfmy= ] sup eI X, Olde
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We denote by C; the set of all f such that f* € C%(0, c0; S5) and mfmg < c0, and by
C/3 the non-negative functions in C,. Because 0 < I(t) Su(t) Su,(t), and because of
(3.6), I and u lie in C,.

Subtract (2.13a) from (2.13b) and integrate the result. Because of (2.13c), we find

t
@ =) () =] [Q"w,u—D+Q (u—LD)+u'R (u—D+u —IHR(D] (v)dz.
0
Thus, "
mu—m; <supef™* [ [Q*(u,u—D+Q (u—1L ) +u'R'u—1)
x 0
+@ =R (D] (v, x, §)drdE . (4.1)
We begin by estimating the first term on the right of (4.1). It is

A | supe”""zzn{ | w-(E—nult,x+1& &) (u—=1) (1, x +1&, y)dwdndrdé

R3 X 383

=of [ supe* [ [ | w-(E—n [ u(r,z+1¢, )]
R3 X 0 R3s?
[P u—1) (o, y+ o', n)Je” P4 PP dwdndede

where we have written z=x+t(¢— &), y=x+t(¢—7"). But, according to (3.5),
22+ [y|* = |x|* +|x + (¢ —n)|*. Thus, the first term on the right of (4.1) is surely
bounded by

& §sup| [ [ o E—n)sup[eui(z,z &)]
R3 X 0 R3S? z

-+ sup [P (Wt —1%) (z, y, ") ]e  P* €D dwydydrdé

= | Supf f fw (S ﬂ)Sup[eﬁ'z' u'(t,2,8)]

R® *

“sup [e”'y'z(u ——l ) (z, y, ) ]e PP dodndedé

<o [ Sup[e”'z'z (0,2, )] SUP[e”‘y' @ =) (e y,mlo

]R3 3 S+ e
-(E—n)sup j e P+ drdomdndé . 4.2)
x 0
Estimating the time integral as in Sect. 3, we find that (4.2) is bounded by
2nd )/ (n/B)mum My — [m.

It is a straightforward matter to verify that the other three terms on the right of
(4.1) have the same bound. Hence,

lu—ll,;§8mil/%luuﬂlu—llﬁ.
However, mum, < mul;= |w],=2|pll, by (3.14), and so

lu——llﬂ§167wfl/% vl omu—m,. 4.3)
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If we now strengthen (3.2) to read

s
q:=16nd |/ -
B

(4.3) gives mu—Im;< qmu—Im; with g <1, which is impossible unless u=1.
We summarize our results in

lyllo<1, (4.4)

Theorem 1. Let ¢ € S, and define y by (3.1). If (4.4) holds, and if w € Lyn L}, then
the initial-value problem (2.1-2) for the Boltzmann equation has a global solution
feCy. This solution is unique.

Proof. Everything but uniqueness follows from the earlier discussion in Sects. 3, 4.
On the other hand, uniqueness follows exactly the proof that u=I given above.

5. Some Remarks

Remark 5.1. In the introduction, we interpreted (4.4) as a condition that the mean
free path be large. It is clear, however, that the dimensionless condition (4.4) may
also be interpreted as a condition that the initial data be small.

Remark 5.2. The way we have derived the bound u, also shows that the monotone
sequence {f;} defined by f,=0, and

d
Eﬁc“H:Q“(ﬁ‘, )y fer1(0)=¢

is also bounded by u,. Thus, the mild Boltzmann equation without the loss term,

a* _
dt

also has global solution under the conditions of Theorem 1.

(L., fO)=4,

Remark 5.3. The fact that f*(t,-)eS; for all ¢ permits the prediction of the
asymptotic behavior of the solution as t—oo. In fact, f(t,x, &)=Zuy(t, x, &)
=e Flx=&l”y(¢), where we LY. Clearly, the form of u, implies that

lim f(t,x,&)=0 ae. in R3xR3.
t—
If we LinL*, we can even say more. Consider the spatial density
ot,x): = H{Sf (t,x, O)d¢.
Clearly,
— — 2 1 2 -
ot )= [ e dly(de=— [ W W<u> dy,
R3 1° r3 t
and if w is bounded it follows that

loCx, )| =0 (%) as t—o.

Remark 5.4. One might think that the global existence proof given in Sects. 3 and 4
immediately translates into a local existence proofif ¢ € S, even if condition (4.4)
is violated. Unfortunately, this is not the case. The reason is that the integral
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je"”"“(‘f "I°ds can not be made small (uniformly in & and #) by Just choosing ¢

sufﬁ01ent1y small. Of course, this integral is globally bounded by —— ‘ é— p l/; but
this is not sufficient for local existence. On the other hand, local existence is true if
one considers more special initial data. For details, see [4].

Remark 5.5. The space S, arose in a natural way in the verification of the beginning
condition, given in Sect. 3. For the proof that u=1, then, we had to introduce the
norm given by (4.2). However, once this norm and the corresponding space are
given, we can also use a contraction mapping argument to prove the global
existence theorem.

Let g€ S7, let  be given by (3.1), and suppose that (4.4) holds. In Cy, let B, be

the ball {f: 81uz¢]/% 11 §q}, where $<g<1.

Theorem 2. Suppose that ¢ € S; and that (4.4) holds. Then, the initial value problem
(2.1-2) has a unique global solution in B, when q € (3, 1).

Proof. Consider the operator M : C;— C; defined by
t
(Mf)'(t, x, &) = d(x, &) + (f) CH(f. )z, x, &)dr.

Forg=16n.4 ‘/% [wlo, M maps B, into itself and is a contraction. All the details

for this fact are already contained in the formulas (4.1)ff., and we leave the
elaboration to the reader.

Remark 5.6. Note that the conditions in Theorem 2 are slightly less restrictive than
those in Theorem 1. On the other hand, the solution given by Theorem 1 is
automatically nonnegative, whereas we do not know this for the solution given by
Theorem 2. We conjecture that standard methods can be applied to prove the
nonnegativity also in the more general case, but make no attempt to verify this.
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