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Integrality of the Monopole Number
in SU(2) Yang-Mills-Higgs Theory on R?*
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Abstract. We prove that in classical SU(2) Yang-Mills-Higgs theories on R3
with a Higgs field in the adjoint representation, an integer-valued monopole
number (magnetic charge) is canonically defined for any finite-action I7 .
configuration. In particular the result is true for smooth configurations. The
monopole number is shown to decompose the configuration space into path

components.

Introduction

In classical Yang-Mills-Higgs theories over a Riemannian manifold M, one fixes a
principal bundle

p
le
M
and studies the action functional
(4, @)=%£4(IFA|2+ ld,®1%). (1)

This functional is defined on the configuration space
€ ={(A,P)e A xE|a(A4,P)< 0}, (2)

where .o/ is the space of I} ;. connections on P,and & is the space of I, . sections
of some (fixed) associated vector bundle E. (This is the most general configuration
space. Often one considers only smooth connections 4 and sections @, but for
many applications this restriction is inconvenient. If a potential term is included in
the action, the configuration space again is smaller.) The symbols F ,, d ,® denote
the curvature of 4 € .o/ and the covariant derivative of @ € &, respectively; norms
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are defined by fixing a metric on M, an Ad-invariant inner product on the Lie
algebra ¢, and a metric on E. Multiplication theorems for IZ, . (see [1, Chap. 9])
imply that F , and d ,®, defined by their usual coordinate expressions, are locally
square integrable. Finite action ensures global square integrability.

When M =IR? and E is the adjoint bundle, one considers the flux expression

1
N4, ®)=lim — [ |02, F,). 3)
Row 4T |x|=R
If G=SU(2), a sufficient condition that the “magnetic charge” or “monopole
number” N (A4, ®) be well-defined by the formula (3), and be integer-valued, is that
(A, ®) e ¥ be a critical point of « (and that @ not vanish identically). It has been
conjectured that finite action alone is sufficient to define N,(A, ®) € Z in a natural
way.
This conjecture is true.

Theorem. Let P—IR? be a principal SU(2)-bundle and let E be the bundle of Lie
algebras associated to P by the adjoint representation. Let R be given the standard
metric and let a metric on E be induced by minus one-half the Killing form of s.(2).
Let € be the space of finite-action I . configurations given by (1), (2). If (A, ®)
€4, there is a unique number M such that M —|®| e IS(IR®), and if M+0 then

1
N(A’¢)=47E—MjldA¢/\FA

is an integer. This integer agrees with (3) (ie. N=N,) if
lim sup |M—|®||=0, 4)

R—-w [x|ZR
provided A and @ are continuously diﬁ"erentiablg. There is a natural topology on €
(see Definition 2) such that N is continuous on ¢ ={(A, ®) € €|M +0}, and N.6—Z
decomposes € into path components.

Remarks. 1. By “A” in “d,® A F,”, we mean inner product on E and wedge
product on forms. Similarly, the inner product (&, F ) in (3) is inner product only
on E.

2. The set B=% — % is that subset of % for which |®| € I°(IR?) (equivalently, for
which M =0). Configurations in B are in any case never of physical interest; the
action (1) has no critical points in B except (4 =0, & =0) and its gauge translates.
Any symmetry-breaking potential added to the action density — e.g. (1 —|®|*)* —
leads to a configuration space ¢’ C % disjoint from B.

3. Our proof will show that, when (4) holds with M &0, N(A4, @) is given by (3)
not onlyif (4, ®) e C', but more generally if A € I, |, and $eL? . for some p>3.
In the general case one must take some care interpreting the integral in (3), which is
defined only for almost all large R. We deal with this problem and state the
stronger version of the theorem in Sect. 2.

4. Uhlenbeck [2] has proven an integrality theorem for pure Yang-Mills
fields in even dimensions >4, valid for any compact structure group G: if
Ael ,,(R?") and Fe'(R?"), then the Chern number of any vector bundle
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associated by a special unitary representation is an integer. The question in [2] is
essentially whether a connection on a bundle over R?" extends to the compactifi-
cation S*". By contrast, here we essentially study how a connection on R? restricts
to ever-larger two-spheres, and the methods we employ are quite different from
Uhlenbeck’s.

The theorem above is more or less a corollary of the following proposition,
proven in Sect. 2.

Proposition. Let (A, @) € € be smooth and suppose that
lim sup |1—|®||=0.

R—-o |x|=R

Then N (A, @), as given by (3), is well-defined, integer-valued, and

1 .1
N (4, ?)= i IészCP ANF, = éljl:o y ‘xljzR(tp,FA).

The theorem is proven in two steps. The first step, the subject of Sect. 1, shows
that it suffices to consider continuous @ (more precisely, @ €I, .. for some p>3)
which satisfy an asymptotic condition of the form (4). The second step (Sect. 2)
shows that for such @ the monopole number — which we redefine for convenience
as a volume integral rather than the surface integral (3) —is an integer. (Whenever
the limit in (3) exists, the two definitions are equivalent.)

1. Reducing to the Case in which |@| tends Uniformly to a Constant
Several arguments below make use of a “cutoff function” which we now define.

Definition 1. Fix a smooth function f:R*-R such that 0<B<1, B(x)=0 for
|x|=1, and f(x)=1 for |x| =1/2. For R>0 define fz(x)=p(x/R).

Notation. Henceforth, for @€ &, let &=d/|®| wherever ®+0. Also, let d*,d*
denote the formal IZ adjoints of the exterior derivatives d, d , respectively; thus d*d
and d*%d , are the nonnegative Laplacians. The IZ inner product will be denoted by
{,>. The operator V ,: (EQ(T*R3)?)>T'(EQ(T*IR?P*"), the full covariant
derivative, is the tensor product connection determined by d 4 and the Levi-Civita
connection ¥ on R3.

The following fact is well-known (cf. [3, Lemma 4.12]).

Lemma 1. Let V be the space of real valued functions f € I, ,,(R?) for which df
e IZ2(R?). Let H be the completion of CZ(IR®) (the compactly supported smooth
functions) in the norm || f| g =|ldf || ,- Then for each f € V there is a unique number
M(f)e R such that f— M(f)e€ H. In other words, there is a canonical isomorphism
V=H®R.

Proof. Let f e Vand define Q : H->R by Q(g9) =<d(f—g), d(f—g)>. The functional
Q is weakly lower semicontinuous on H and coercive: Q(g9) =gl — || f |- Hence
it achieves a minimum (see [4, Chap. 6], e.g.), say at g, which is unique since Q is
strictly convex. Let h=f—g; then d*dh=0 weakly. Note that Hc, I, ,,.(R?), since
Ho [ by a Sobolev inequality and I°c, LS. I5,.. Hence hel? .. But any
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weakly harmonic I7, ,,, function on R" is C* and (strongly) harmonic (see [5,
Chap. 8]), and so are all its derivatives. Let h,=0h/0x, i=1, 2, 3. Then for each i
and any R>0,

0={Prhy, d*dh;y = frdh;, dh;y +3<{d*dPg, hi) .

As R— o0, the first term approaches | dh;||3 while the second, bounded by
const- R™?||]|3<const- R™?||d(f—g)ll5< 0,

approaches zero. Hence |dh;||,=0 and h; is constant. But h;=0,(f—g) € I?, so
h;=0foreachi. Therefore f—g=h=const=M(f),and f — M(f) € H. Uniqueness
is clear. [

Kato’s inequality ||d|®| |, = |d @I, (see [6], proof of Lemma 2.1a) implies that
M(|®|) is defined by Lemma 1 whenever d® e I?. This enables the following
definitions.

Definition 2. Let € ={(4, ®) € I, ,,i|a(A, P)<o}. Endow ¥ with the weakest
topology that renders continuous the functions

F,  %4-12,
d@: 612,
M(|®):4-R.
Define B={(A4, ®) e €|M(|9|)=0} and let €=%—B.

Remark. An alternate description of the topology above is as follows. Let Vbe as in
Lemma 1, with the topology induced by the isomorphism V= H®IR, and give
QXAdP) the I? topology for k=1,2. Define 1: 4—Q*AdP)x Q'(AdP)x V by
(A, P)=(F ,,d ,P,|®]). The topology on ¥ is the one induced by the inclusion 1.

Definition 3. Define N': - by |
N(A,®)=— [ d,dAF,.
4n R3

Define the monopole number N : 4—R by

M(®)) " IN(4,®), (4,P)e%
N'(A, D), (A, P)eB.

(We will soon see that in fact N'=0 on B.)

N(4, ®) = {

Remark. The path components of & are, in fact, labeled precisely by the values of N.
We defer the proof of this fact to the appendix, since it uses ideas developed in
Sect. 2.

Lemma 2. For A€ </ let H , be the completion of the space of compactly supported
sections of E in the norm || @y, = |d, 0|,

@ If (A, @) and (A, ®,) are in € and D,—P,e€H,, then
N(A,2,)=N'(A, D,).

(b) Given (A, ®)e€ there exists a unique @’ such that &' —deH, and
d%d @' =0 (weakly).
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Proof. (a) Let ¢ =@, —®,. Since d,¢ and F , are in I?,
” dyo NF 4= ;im fﬂRdA(p A FAl:I}im U (dBR)PF 4|

by Stokes’ theorem and the Bianchi identity (d ,F , =0). Since dfix =0 for |x| < R/2,
the last integral is bounded by

IldﬁRHsIIFAllz< I l</>l6)”6
x2 R/2
(Holder’s  inequality). Using Kato’s and Sobolev’s inequalities,
llolle<const-|d|e||l,<const- ||d,el|l,<0,s0¢elf. Since ||dfgll;is independent
of R, the expression above tends to zero as R— 0.

(b) The functional Q(¢)=a(A, P+ @) is strictly convex, weakly lower semi-
continuous, and coercive on H ,. Hence it achieves a unique absolute minimum,
say at ¢. Then @' =&+ ¢ solves d%d ,&'=0 weakly. [

Lemma 3. Suppose (A, ®)eI? .., dPel?, and d%d, D=0 weakly. Then & is
continuous (in fact e If, o, and d ,® € IZ(R?) for 2<p<6) and

lim sup |[M—|®||=0,

R—- o |x|ZR
where M = M(|®)) is given by Lemma 1.
Proof. The local integrability conditions on (4, @) together with d*%d ,® =0 imply
that ®elf, |, for 2<p=<6 (see [7, Theorem 5.5.3]). By the Sobolev embedding
theorem @ is continuous (in fact C'/?). Hence
|211d B =|@| " (|d P —(&,d D))

is a well-defined distribution. By Lemma 1, g=M(|®|)—|®|e Hc, 7, ., and we
compute d*dg=|®||d ,|>=0 (weakly). By the weak maximum principle (see [4,
Proposition VI.3.2]) g=0 everywhere, so 0Z|®|<M(|®]) and ®eL”. The
inequality

1V 4V 4 @1l> S const([d5d @15+ @] o |F 4l + [ d4@ 21 F 4113),

which is formally a result of integration by parts and a Sobolev inequality (for a
proof see [6, Appendix B]), therefore implies V,V,® e I?. Since V,d=d D eI?,
Sobolev’s and Kato’s inequalities imply ||gl¢ <[Pl |d,P|l, < oo and

ldglle = 1P] | dsPll6 = const- | D] ([ld, P2+ IV 4V 4P 2) <00

Therefore g € I%. But functions in I#(IR") for p>n have uniform decay (see [4,
Proposition I11.7.5]), so lim sup |g|=0. [

R- o |x|=R
The proof above also yields the following corollary.
Corollary. N'=0 on B.

Proof. Let (A,P)eB and let & be given by Lemma?2b. By Lemma 2a,
N'(4,®)=N'(A, ®). The weak maximum principle implies |®'|<M(|P’]), and
since M(|®'])=0 we conclude ¢'=0. Hence N'(4,®)=0. O
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Lemmas 2 and 3 imply that to prove integrality of N we need only consider
configurations for which |®] is continuous and approaches 1 uniformly at spatial
infinity.

2. Integrality of N(4, @) when |®| tends Uniformly to a Constant

To stress the main ideas, we first prove that N is an integer for smooth (A4, @)
satisfying the asymptotic condition (4) with M = 1. Later we relax the smoothness
constraint.

Proposition. Let (A, @) € ¥ be smooth and suppose that
lim sup |1—|®||=0

R—ow |x|ZR
Then N(A, di)eZ, and
1
lim — | (&, FA)— lim — | (®,F)=N(4,9).
R-ow 4T |x[=R w0 4T |x|=R

Moreover, restricting @ to large two-spheres determines a homotopy class of maps
from S* to S*, and N(A, @) is the Brouwer degree of this class.

Proof. Let R, be large enough that |®(x)| =4 if |x|= R,. On the set U ={|x|= R}
there is an orthogonal splitting E = EX@ET, where the “longitudinal” line bundle
E" is the stabilizer of @ and the “transverse” 2-plane bundle ET is the orthogonal
complement of E*. On U let ¢ = ®/|®|, and let @ =P, _ x. The endomorphism
J=add=[d, -],
restricted to
E};:ETllxl=R’

where R=R,, satisfies J>= — 1. Therefore J defines a complex line bundle
LrCEFXC,
R

foreach R=R,,, on which J acts as multiplication by <. Fix a global trivialization of
P momentarily so that & may be regarded as a map from R?® to 44(2).
Topologically, Lp~®=*K, where K is the canonical bundle of CP'=(unit
sphere in g). Thus the Chern classes are related by

¢1(Lg)=deg(Pr)c,(K) = —2deg(®y), ©)

where the orientations are redefined, if necessary, to make the sign in (5) correct.
The value of deg(®y) is independent of R> R, and of the choice of trivialization
[since m,(SU(2))=0].

By orthogonal projection the connection 4 on E|, induces a connection 4 on
ET|y, defined by setting

dzs=(ds)" =ds—(d s, §)D
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for se I'(E™). The curvature F 5, viewed as an End (E)-valued two-form, is given by
Fi(s)=dzdzs=(F 51— (d,D,5) And,P)T.
Using [E”, ET]CE" and [E*, ET]CE", one finds that Fy(s)=f3[®, s], where
fa=(®,F,~3{d,$.d,$]).

Complexifying induces a connection on the line bundle L, with curvature form

w :4fAﬁ .
Since
;
¢ (Lp)= 7 j w,
T |x|=R
(5) implies that
1 . - -
c(Lp)=— P § (@, F,—5[d,D,d,9]). (6)
T |x]=R

The covering homotopy theorem implies that the left-hand side of (6) is
independent of R=R,,. We examine the limit as R— oo of the terms on the right
arising from F, and [d @, d,®] separately. For R=2R,,

j (43, FA): Ixj (1_B2RQ)((ﬁ’ FA)

|x|=R |=R
= _I Ij dﬁzRu(@: F)+ I lj (1 _ﬁZRO)FA/\dAé. @)
x|<R x|<R

The dpf integral is independent of R>2R,,. Also, for such R,
dAP1* 2| @ |d B ZHd D1
so |d,$|<2|d ,®|, and the last integral in (7) is absolutely convergent as R— co.

H "
enee lim [ (6,F,

R~ |x|=R
exists, and since the left-hand side of (6) is independent of (large) R we conclude that

lim | (&,[d,b,d,8])

R-® |x|=R

exists. This limit must be zero for otherwise ||d ,& |, would be infinite. Therefore, by
(5) and (6),

limL | (&,F)=deg(dy )eZ. 8)

R-w 4T |x]=R

To complete the proof we must replace (&, F ) in (8) by (&, F,). But

| If:R(@—@,FA) =\ Isz(l—ﬁR)(‘P—@,FA)
él l§<R|d[>’RHl—I‘PIHFAI
+ J ld,2—d,dlIF . ©)

|x|=R/2
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For |x| =Ry, |d,®—d ,$|<|dP|, so the last integral above —0 as R— co. The first
integral on the right in (9) is

= IldﬁRH3iIFAI|2( § (1—I@I)G>“6, (10)
x|z R/2

since dfi =0 for |x| < R/2. Arguing as in Lemma 2a, the expression (10) -0 as

R—o00. Hence @ may be replaced by @ in (8) as desired. [

The crux of the argument above is that the right-hand side of (6) is
automatically an integer because it is the Chern number. If we only assume
A€, we cannot make this statement directly because the induced connection
form on Lg need not be continuously differentiable. However, the statement is still
true in a measure-theoretic sense.

Lemma 4. Let (4, ) € 6. Suppose that ® € I, ., for some p>3 and that |®| =5 for

r=R,. (Since I |, & C°, |@| is continuous.) Then
1 . .
f(R)= ~ A5 f (D, Fy— %[dA(padA@]) (11
2n |x|=R

is a measurable function of R=R,, and f(R)=c(Lyg) for almost every R=R,.

Proof. For |x|>R0, the 1-form d & =|®|~'(d ;@ — (P, d ,®)P) is locally square
integrable since d (@ € I3, and ® € C°. Hence

[(¢’ [dAQﬂ dA¢])[ € l}lcc(lR3) s

and [(®, F )| € I2,. < Li,. as well. Fix R, > R, and let J be the annulus R, < x| <R,.
If I is theinterval [R,, R,], thenJ = I x S%, so Fubini’s theorem implies that f(R)
is measurable on I and defined almost everywhere.

Let {(4;, §,)} be a sequence of smooth configurations such that 4;,— 4 strongly
in I (J) and @;,—~® strongly in I%(J). Since IZ; ;.. C°, @,— P uniformly, and we
may assume without loss of generality that each ®;is nonvanishing on J. Hence the
bundles (Lg); arising from @, are all isomorphic to the Ly arising from ®. If f(R) is
the integral (11) with (4, @) replaced by (4;, ;), then f(R) equals the Chern
number #n of the bundle Ly, independent of R € I and i. Thus for all such R, i,

R
(R—Ron=| f(rydr= | dra(®,F,—3d,d.,d, ). (12)
Ro Ro<Z[x|=R

The last integrand converges strongly in I (J), so as i— oo we may erase all the i’sin
(12). Hence

I{ (f(r)—n)dr=0

for all Rel. It follows that f(r)—n integrates to zero over every measurable
subset of I, and hence f(r)=n almost everywhere in I. As R; was arbitrary, we
are done. [J

To further mimic the proof of the proposition, we need one last definition and
lemma.
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Definition 4. A measurable function f: [0, c0)— R has an essential limit at infinity
(written ess lim f (r)) if there exists a set U C[0, co) of measure zero such that

r—>w

lim f(r,) exists for every sequence {r,}—co which lies entirely in the comple-

ment of U. (An essential limit is necessarily unique.)

Lemma 5. Let (A, @) satisfy the hypothesis of Lemma 4. Then
esslim | (&,F,), esslim [ (&,F)

R-w |x|=R R—w |x|=R
exist and are equal to | d,® AF .
]RS
Proof. Let Ry, Ry, J, I be as in Lemma 4, but now assume R, >2R,. Let
(A4, ?)—(A, @) just as in Lemma 4. Equation (7) is valid for (4;, ®;), so for
2R0§R§R1’

R R
[ ar | (&, F,)= § dr{— § (@, F 4)dPog, + J (1= Bar)F 4, A dAi¢i}‘
2Ro  |x|=r 2Ro |x|<r |x|<r

Taking limits as i— oo and arguing just as in Lemma 4, we find that

g(R)=I lj. ((ﬁa Fy= _I II (é» F )dBor,+ I II ( ‘ﬂzRu)FA/\dA‘I3 (13)
x|=R x|SR x|<R
for almost every R. Again the first integral is independent of R and the second has a

limit as R—o00, so ess lim g(R) exists. The arguments that this limit is the same
R— o0

with & replaced by @ and that
ess lim [ (@, F,)= f ddAF,

R—- w0
are similar modifications of those given in proving the proposition. We omit the
details. (I

We may now prove the theorem stated in the introduction. For convenience we
rephrase the statement.

Theorem. Let € be the space of IZ; . configurations given by Definition 2. Let %, B,
and N : 4—R be given by Definitions 2 and 3. Then N is integer-valued. Moreover
N is continuous on €, and for (A, P)€ %,

ess lim (4n)" ! | (®,F,)=ess hm @nM)~t [ (®,F)=N(4,9) (14)

R— o |Ix|=R |x|=R

exist, where M = M(|®|) is given by Lemma 1. The configuration (A, ®) determines
a homotopy class of maps from S* to S* and a complex line bundle over S, and
N(A, D) coincides with the degree of these maps and with the Chern number of the
line bundle.

Proof. Let (A,®)e¥. By Lemma?2 there exists @ such that (4,9)e¥,
N, ®)=N(4, @), and d%d,?'=0 weakly. By Lemma 3, ¢’} |,. for some p>3,
and |@’|—> M uniformly at spatial infinity. If M =0, then N =0, so assume M =0.
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Replacing ¢’ by ¢’/M, we may assume M =1, Lemma 4 then applies, and the
function f(R) of (11) is the constant ¢, (L, ) € Z for almost every R > R,,. Together
with Lemma 5 this implies that
ess lim | (&,[d P, d,P])
R—=wo |x|=R

exists. This limit must be zero since d, & e I?({|x|=R,}). Equation (14) then
follows from Lemmas 4 and 5. Now @’ determines the line bundle Ly, and the
homotopy class in Maps(S?, $?) discussed in proving the proposition, and (4, ®)
determines @’". Hence (A, @) itself determines the line bundle and homotopy class.

Continuity of N on % follows immediately from Definitions 2 and 3.
(A proof that the {N =constant} subsets of 4 are connected is given in the
appendix.) O

Appendix. The Path Components of €

For keZ, let 4,={(A4, ®)e G|N(A, &)=k} and let (gk—‘gkmfg We will
show that the path components of % are exactly the %,. Since N is clearly
continuous on %, it suffices to show that each %, is path-connected. Essentially,
this was shown by Taubes in the appendix of [3], but since he only considered
smooth configurations we paraphrase his argument.

Theorem. %, is path-connected for each ke Z.

Proof. Below, = x|, £ =x/|x|, S; CR? is the two-sphere of radius r, and S? is the
unit sphere in g«(2).

Fix k, and let e: Sf—»S; be any smooth map of degree k. Fix a global
trivialization of P (henceforth “reference gauge”) and define @,eI'(AdP) by
@o(x) = (1 — B(x))e(X) in this gauge. Define a connection form by A, = —[®,, dP,]
in reference gauge. Then d, ®,=0 for r=1 and |F,|<const-r~? for r=1.
Lemma 1 shows that M (I(Dl) =1, so (Ay, Po)e%. We will show that any
configuration in %k can be joined to (4,, ®,) by a continuous arc lying in €.

Let (4,0)e%,, let M=M(®P|), and let & be as in Lemma 2b. Since
t—(A4, (1 =)@ +1d’) and t—(A4, M~ '®’) are continuous: [0, 11-%, there exists a
curve ¢,(t) in 4 connecting (4, ®) to (4, M~ '®d")=(A, @,). By Lemma 3, @, is in

5 16.CC°% |1 —|®,|| has uniform decay, and d,®, € I>’nI*. Fix a positive < 1/4
and an arbitrary smooth section @) of Ad P over the closed unit ball. There exists
asmooth extension of @4V to some &,, defined globally, such that forn=2,3,4, ...,

& o, <{8/2",2n—2§r§2n+1
(@) (€200 =8, (= e/2"" 1 2n<r<2n+1,
and
(b) for p=2 and p=4, f ld,®,—d, D,P<ef2".

2n—1=<r<2n+1
Hence |®, — ®,| decays uniformly and d &, € (R*)NLH(R?).
For te[0,1], (A,(1—-0)P+1tP,)=(A, P, )=c,(t)e¥, and [P, -1
uniformly as r—oo0. Thus M(|®, |)=1 (Lemma 1), s0 ¢, : [0, 1]—% is continuous,
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and it joins (4, @,) to (4, ®,). Similarly, let R=2 be such that r=R/2 implies
|®,(x)|=1/2; then there is a curve c5(t) connecting (A4, ¢,) to (A, (1—pfg)P,)
=(4, P,).

Next, let A4,,=A—t[(1'73,dA<D3], te[0,1], and define c,(t)=(A4, ;, ;). From
the formula FA+,1—FA+dA;1+2[11, n1, the fact that d @, eI} (since dP,eL}),
and the fact that |q53[ is bounded, it follows that t+—F,, is continuous:
[0, 1]—I2. Hence c,(t) is a curve in % from (4, ®;) to

(A4, @y)=(A5— [(153, d 93], P3).

Let U={r=R} and note that d,,®,=0 on U. Let AuthszjSU(Z) be the

bundle whose sections are gauge transformations, and let & be the unit sphere
bundle of Ad P. In reference gauge, define @5 by @5(x)=P,(x/R). If ge AutP is in
the fiber over x € U, set n(g) = Adg(P’s(x)); this defines a fibering of (Aut P)|, over
|y The reference gauge gives a bundle isomorphism

(AutPly—Fy) =(AutPlsz > F|sz) X [R, 0).

For r=R, ®,|; is homotopic (as a map from $* to S?) to @,|s3 = @,|s3, hence to
®,|s2. The Theorem of Sect. 2 (or rather its proof) shows that deg®,|sz =k, so
®,|s2 and @5|s2 are homotopic. The homotopy lifting property of fibrations (see
1.11.7 of [8], e.g.) implies that there exists a smooth section § of AutP|; which
covers @,,; i.e. satisfies @, = Ad G(®P%). This § can be extended smoothly to all of R3.
Since Maps (R3,SU(2)) is connected, there exists a smooth 2: R3 x [0,1]-SU(2)
such  that  h,=h(-,t) satisfles hy=identity and h;=g§. Then
cs(t) =(Adh 1(A,)+h ‘dh; ', Adh; 1(®,)) defines a curve in € from (4,, §,) to
some (45, @) (with @5=@% on U).

On {r=R/2} write AS—-AL-I—A I, with AF=(Ps, A5)Ps. Since (45, Ps) is a
gauge transform of (45, @;), we know that d , @ vanishes on U, and it follows that
A= —[®,,d®s] for r=R. By construction @5 is radially constant on U, so
|A5) <const-r~ ', |dAf|<const-r 2, and hence F,re*(U). But FAS—FAT
+dATALeL2(U) so dATAL e I2(U). It follows that cg(t)=(As—t(1 — Bp) AL, &)
is continuous: [0,1]-%. Write c4(1)= (A6, P6); a continuous rescaling of
the IR® variable connects (Aq (X)dx/, Pg(x)) (in reference gauge) to
(R™ A4 j(x/R)dx’, Ds(x/R)) =(A,, @;). Then for r21, ¢,=90,, d, ®,=0, and
A, L@, pointwise, whence A,=A, for r=1. Finally, cz(t)=(1—1)(4,, P-)
+1t(Ag, D) connects (44, D) to (4y, D). [0
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