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Abstract. Let o be an invariant state of the C*-system {2, G,«} on a locally
compact noncommutative group G. Assume further that w is extremal
t-invariant for an action 7 of an amenable group H which is w-asymptotically
abelian and commutes with o. Denoting by F 5, G, the corresponding two
point functions, we give criteria for the fulfillment of the KMS condition with
respect to some one parameter subgroup of the center of G based on the
existence of a closable map T such that TF ;=G , for all 4, Be 2. Closability
is either in L®(G), B(G) or C,(G), according to clustering properties for 7. The
basic mathematical technique is the duality theory for noncompact, noncom-
mutative locally compact groups.

Introduction

This paper continues the investigation of the relationship between group duality
and the KMS condition undertaken in [1, 2] as a part of the general study of the
mathematical structure of equilibrium states. Apart from their own interest for the
description of temperature states, KMS states of C*-dynamical systems appear as
a natural testing ground for the generic features of dynamical automorphism
groups (we recall that ground states are limiting cases of KMS states for a
vanishing temperature, the KMS condition becoming positivity of the spectrum in
the limit). Specifically we ask the question as to what generic properties of a C*-
dynamical system will cause its equilibrium states, defined, e.g., as the extremal
invariant states, to exhibit the KMS structure. Although partial answers to these
questions are known [1, 4, 5] we feel that there should be more to say about
distinctive features of dynamics as automorphism groups. In particular one is
tempted to think that besides locality, a property of the quantal ergodicity type
should be a generic feature of the interaction for infinite quantum systems,
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possibly responsible, with locality, for the occurrence of the KMS structure. In
order to get a handle on such questions it seems of interest to gather alternative
mathematical formulations of the fact that a given state of a C*-system is KMS for
some one-parameter group of its isotropy subgroup. Such a criterium was given in
[11 for the case of asymptotically abelian C*-systems with an abelian automor-
phism group leaving the given state invariant. In the present paper we want to
generalize some of the results in [1] to the technically more involved and possibly
more interesting case of a noncommutative group. Namely, we look for conditions
which enable us to find a one parameter subgroup of the preassigned automor-
phism group for which the state satisfies the KMS condition. In the abelian case,
we handled this problem by making use of the Kampen-Pontryagin duality
theorem. In the present paper, we shall instead appeal to the Tannaka-Tasuuma
duality theorem for noncommutative groups. Except for this change in the basic
tool, our investigation goes quite parallel to the abelian case.

1. Framework and Notations Concerning Locally Compact Groups

Let G be a (non-commutative) locally compact group with left Haar measure ds
and modular function 4:

d(st)= A(t)ds
=1y _ -1 (1)
d(s™")=A4(s)” 'ds,
and set LP(G,dx)=LP(G), 0<p=oo. We consider the following diagrams of
s-homomorphisms all of which but one are injections’

%(G)

(@) A(G) — L™(G)

(b) A(G) «——— L(G)
CHG)

The algebras (a) are injected into L*(G) as =-subalgebras of the latter endowed
with its usual structure as a von Neumann algebra (i.e., with the pointwise product
of functions and their complex conjugation ~): These algebras are thus abelian.
C(G) is the algebra of continuous functions on G vanishing at oo, B(G) the linear
closure of functions of positive type on G (the Fourier-Stielties algebra), the Fourier
algebra A(G) consists of the convolution products of two elements of # =L*G).

1 The map sending C*(G) into Z#(G) is injective if and only if G is amenable. The involution is
noted ~ for the algebras (a) and * for the algebras (b)
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The algebras in the diagram (b) are noncommutative, they contain as a dense?
x-subalgebra the group algebra L'(G) with the convolution product

(f*g)(5)= | f(©)gt™ 's)dt= [ f(st)g(t™ ")dt (2
and the involution
f*s)=4(s)" f(s71). (3)

M*YG) is the set of bounded regular measures on G with the convolution of
measures as a product, C*(G) the group C*-algebra [the C*-envelope of L*(G)],
and Z(G) the weak closure of L(G) in its regular representation A:R(G)= XL*(G))"
= A¢, where

(4 O=E&s""1), ¢eL¥G), s,teG 4)

Me=fx¢,  LeL¥G),  feLNG). )

In addition to the left G-translations (4) we shall consider the right G-translations
0,(&) (1) =<&(ts) (6)

of arbitrary functions on G.
The above algebras appear in the following pairs (o7, %) of algebras of different
types (a), (b), one of which is the strong dual of the other?:

(A, R=A%), (€,M'=%%), (B=(C¥*C*, ([L°=L",LY). (7
The duality form for such pairs will be noted
la, by, aed, beAR, 8)
in particular, for &/ =L® and #=L" *

<a,b>=ja(s)b(s)ds=(b*a')(e)=(b’*a)(e), acd, beA. 9)

The definition of 4 as L*xL?* follows from the more natural definition as the
predual of the von Neumann algebra £ [or equivalently as the set of bounded
linear forms on L*(G) or C*(G) normal for the regular representation A]: since Z is
standard each of its normal states is a vector state, it follows thus by polarization
that A4 consists of the following “dyads” |5)(¢|:>

AnELby=(lby), n.teLl?, beR. (10)
For a=Au), ue L', this reads

Cln) (&L, Aw)y = [ E(s)u(t)n(e ™ s)dsdt
= [ (&) (Du()de, (11)

2 Either in their weakor in the weak * topology

3 Weshall henceforth omit in the symbols (a), (b) the explicit mention of the group G given once and
for all

4 See below for the definition of “and °

5 (flg) denotes the scalar product in # = L? considered according to the physicist’s convention as
linear in g
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where f~ denotes the function

=Y, tegG. (12)

We note that the map (12) is an involutory isomorphism of each of the algebras
o of type (a). We denote by “the involutory antiisomorphism of the corresponding
algebra % obtained by transposition

{a,b)={d,by, acsl, beA. (13)
We have, for #=L",
f)=46)"1f(s7Y, feL', seG. (14)

We shall also consider on the algebras % the operation ~ given by

b=(b*y=()*, be%, (15)

coinciding on L' with complex conjugation.

We recall the known fact that for each of the algebras <7, % in (a), (b) the
involution is continuous and the product separately continuous for the topology
o, B), respectively o(H, /). The G-translations (4), (6) leave the algebras .o
invariant and are o(/, %)-continuous, so that we may define

{(/lsa, by ={a,1-b)
{Aa, by =<a, 0,-1b)

whereby A, on #=L" is consistent with (4) whilst A, = 4(s)o,.

In the proofs to follow we shall treat in a uniform manner the pairs of algebras
(<7, %) in (7). It is therefore appropriate to cast our assumptions in the following
abstract manner subsuming the above facts.

seG, aesd, bedh, (16)

Definition 1. We say that two Banach = algebras &/ and % are in duality if the
following conditions hold:
() o =%B* or B=A%,

(i) for each aye., the maps ae o/ »agae o/ and ae o/ —aase o/ are both
a(o/, %B)-continuous;

(ii") for each bye %, the maps be #—b,be# and be #—bb,e# are both
o(4%, o/ )-continuous ;

(iii) the antilinear involutions ~ of &7, and * of %, are respectively o(, %)- and
a(A, o/ )-continuous.

Assumptions. With the notation introduced above for the locally compact group G,
we assume the existence of a diagram

AG) = of -5 L2(G)
(17)
R(G)—— B LY(G)
fulfilling the following conditions:
I) o and # are Banach = algebras in duality.
II) n, n,, and #, &, are pairs of adjoint maps; and =m,, #, 7, are
*-monomorphisms, whilst 7 is a *-homomorphism.
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III) #em, is the canonical embedding of A4 into L*; mest, =/, the regular
representation (5) of L.
IV) The group G acts on < bilaterally as follows

{ﬁ(/ls(a)) () =m(a)(s" 1)
#(o,(@) () =7(a) (ts)
V) &/ possesses a o(s/,%)-continuous involutory automorphism~ , thus

inducing in & as in (13) a transposed involutory antiauthomorphism *, and one
has

s,teG, aesd. (18)

{ #a)=7(a)’, acA (19)

2, (b)=%,0b), beR,

where ~ and * on the right hand side are the involutions (12) and (14) of L*,
respectively L.

For more clarity we shall use different notations for the products in o7 and %:
the former will be denoted a, -a, (corresponding via # to the pointwise product of
functions), the latter b, b, (coinciding on L' with the involution).

Property (ii) allows us to define as follows an action of .o/ on %

{a;-ay,by=<a,a,°by, a;a,esd, beAR. (20)
Property (ii’) on the other hand yields as follows a right and a left action of % on o/
{a,b,b,>={aby,b,>=<bla,b,y, ac, b,;,b,eR. (21)

We end up this section with three lemmas stating intuitive technical facts
needed in the sequel.

Lemma 1. For fe L' we have
{/1 Aa)= | f(s)A(a)ds =7 (fVa 22)
o/a)= | f(s)ola)ds=at(f)".
Proof. We have, for ge L'

Q@) 4 (9)> = [ £(5)<Ala), 7, () ds
= [ f(5)<A(Afa)), g> ds
= [[ () g(0) ~(A{a)) (1) dsdt
= j § £(8)g(t)”(a) (s~ 1) dsdt
= [[ f(s)g(st)(a) (t)dsdt = ((a), f*g)
={a,7,(f*g)) ={a,7,(f(9)
={m(fVa,7,(9)) . (23)
The second relation in (22) is checked similarly.

Lemma 2. For be %, &, ne # we have

freatl0l) ~s (et o
7, 180113 b7= e, { (b)) (1]}
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Proof. We have, for b,e %

b 1) 3, by > =<7, {1 (nl}, bb, > =<1€) (nl, n(bb,)>
=(n|m(bb,)&) = (n(b*)n|n(b,)E)
={1&) (=(b*)l, n(b,)>
=, {I) (&*n)}, by - (25)
The proof of the second relation (24) is analogous.
Let i be the natural imbedding of #NL*(G) into L®(G). When a function
feA gives rise to a bounded operator as the convolution from the left:

ge A —f g, we denote the corresponding operator by A(f). Of course, A(f)
belongs to #(G).

Lemma 3. Denote by #, the subset of # consisting of the convolution products
f*g, f, g compactly supported continuous functions on G. We have, for be # and
foeH

i(n(b) fo) =#(b"ay) , (26)
where a, is the element of o/ such that i(f,)="7(a,) and
Mn(b) fo) = n(b) Afo) - 27)
Proof. Let fo, =&, n, £e @ (G). We have according to (11)
(#om,) {18) (]} = i(7j+), (28)
thus
ao=m {1 (l}, (29)
hence, by (24)
bag=m,{12) (@(b*)nl}, (30)
thus
#b'ag) =Reom, {|8) ((b*)n| } = i(n(b*)n+&) = i(n(b) fo) - (1)
We proved (26). Now, for any xe Z(G), g€ #,, we have
| (efo)xg = (gIxXf =x2(9)f =x(fo*9), (32)

since A'(g)e Z(G), so that xf, is left bounded and A(xf,)=xA(f;). Thus (27) follows.

2. The Operator T: A Duality Theorem

In this section T denotes a a(#, %#)-closed linear operator on &/ with o(Z, %)-
dense domain 2. We consider the properties

(1) 0(2)CP; and Tog,=p,°T for all seG

(T)) 2{D)CPD; and ToA,=A,T for all seG

(T,) 2-2C%; and T(a,a,)=T(a,)T(a,) for all a,, a,€ 2.

In what follows we seek to characterize such operators T.
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Lemma 4. Let T be o(<Z, %B)-closed with (L, B)-dense domain 9 and denote T',

with domain &', the adjoint of T on %
if (Ty) holds one has

() 2% CZ; and T(agh)=(Tayb", aye D, be #;

(i) 2BCD'; and T'(b)=(T'by)b, by D', b= B ;
if (T}) holds one has

(i) B2C2; and T(b"a,)=b"(Ta,), ac 2, be B ;

(i) B9'CD' and T'(bby)=b(T'b,), by D', be B ;
if (T,) and (T7) both hold one has

(ii") T'(bob,)=bo(T'by)=(T"by)b;, by, b €X' ;

(ili) HLDCD; and T(aby)=a(T'b,), bye D', ac A ;

(i) 2"/ CD; and T(bya)=(T'by)a, byc D', ac A ;
if (T,) holds one has

(iv) (TD)-2'CD'; and T'(Tay)-by)=aq (T'by), ag€ D, by D'

Proof. (i) and (i'): let a,€ 9, be 8. By the closedness of T, and (T,), respectively (17),
one has for feL' that ¢, 2C%, Teg,=g,°T, respectively A, 2CD, Ted,=A.°T.
But Lemma 1 tells us that ¢, and 4, are the right, respectively, left, multiplication
by #,(f)", respectively 7, (f")". Since the latter are dense in %, b can be approxi-

mated by sequences #(f,), respectively #.(f.), f,€L', yielding
oty (fu) = aobs  Tlaohty(£,))=(Tag) &y (£ =2 (Tag)by »
respectively
. (f)a —- bay;  T@(f,)ae)=7(f) Ta, —_ b(Ta,),
whence (i), respectively (i), by the closedness of T.
(i) and (ii"): we have, for ay€ 9, b,e 2’ and be @, using (i), respectively (i'):
{Tag, bob) =<L(Tay)b", by ={T(agh"), by) =<ayh’, T'by)

=<a,(T'by)by,
respectively

(Tag, bboy =<b(Tay), boy =<T(b°a), by) =<b'ay, T'byy
=<ao, b(T'by)>

(i1"): follows from (ii) and (ii’).
(iii) and (iil"): we have, for ae ./ and by, b, €Z’, using (ii’)

aby, T'b;» =<a,(T'b;)by) =<a,b,(T'bo)> =<{a(T'by), b, >
and

{boa, T'by ) =<a,by(T'b;)) =<a,(T'bo)b; > =<(T'bo)a, b,y .
(iv): we have by (1), for a,, a,€ % and b,e P’

(Tay,(Tay)-boy =<(Ta,) (Tay), bey =<T(a,a,),by»
={a, a5, T'byy =<{ay,a,-(T'by)>.

(33)

(34)

(3%)

(36)

(37)

(38)

(39)
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Lemma 5. Let T be as in Lemma 4 and assume (T), (T7), (T,). Let further 2,,C %,
and D, C D, be defined as

Do=[DVH], Doo=[n(D")H,], (40)
DE=[(D V' H=[MD)\H], Dio=[MDVH,]=[(D)H,], (41)
where [ ] indicates a linear closure and 3, is as in Lemma 3. There are mutually

adjoint closed operators T, T* on H#, with domain Dy D Dy, respectively Dy.D D,
such that

Tn(bo)f =n{(T'bo)} f> 42)
{T*n(bi))*f =n{(T'bo)}*f or
T*(n(bo)f) =n(T"bo) f ’

Furthermore 9, and 9§, are cores of T, respectively T* on which T and T* are
related as follows with T, respectively T': we have

fet, byed'. (43)

{i(@oo)c (%) and (44)
(Tf)=m(Ta), f€Dyy, ac suchthat a(a)=i(f)
and
{2(930) cn(2') and (45)
AT*a(b))=n(T'D)AS), feHy, bed,

where T' is defined by T'k=T'k, ke @'. Finally T is affiliated with the center of &
and one has, with W:L*(G x G)— LXG x G) defined as in the appendix

MTRT)=(TRKLW. (406)

Proof. We first show that &, and 2 are dense in # : if ge S is orthogonal to &,
(respectively 2%) we have indeed, for all fe# and bye Z':

{0 =(g, m(bo) /)= <11) (gl , (bo)> = <If) (g mlbo) » 47
(respectively 0= (n(bo)f1g) = 1g) (f1,bo> = <Ig) (1’ bo?)-

Thus, by the (%, /) density of ' in 4, |f)(g| =0 (respectively |g)(f)| =0) for all
fe, thus g=0.
Now we notice that, for f, f'e # and by, b, €9’

(@ {(T"bo) S Im(b})* 1) = (r(b) f[1m{(T"b, 3 ) (48)

as immediately follows from Lemma 4: this shows that the relations

{Ton(b?))f =n{(T'bo)}f
Som(bo)*f =n{(T'bo)}* [~

coherently define closable linear operators T, S, with domains &, respectively
9%, such that S, C Tif, T, CS§. Let T=T5* and S=S§*. Then TCS* and SCT*.

fe#, byed (49)
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We next check that 2, respectively Z§,, are cores of T, respectively S: With
fe#, let the {f,} CH#, be a sequence such that ”fn—sz;:.;’O, we have, for all
boe 2’

n(b) = 7(b0)S
(50)
respectively n(by)* f, —_ n(bo)* f,

whilst
Tr(by) f,={(T'bo)} fo =2 T{(T'bo) } f = Wn(bi) f

respectively Sn(bo)¥, =n{(T'bo) }* f, =2 n{(T'bo) Y f=Sm(by)*f.  (51)

Properties (44) and (45) are easily checked from the definitions (42), (43) taking
account of Lemma 3. Let fe%,, we have f=mn(by)f, with foe H#,, thus, by
Lemma 3, i( f =7(byay), age  such that 7i(ay)=i( f,), whereby a= boaoe@ by (ii1")
in Lemma 4. Now, by (42) and (26).

(T f)=i{nl(T'bo)1fo} =R(T"bo)as) = T(boao)) =#(Ta). (52)
On the other hand let he 2%,, we have h=mn(b,)f,, thus by (43) and (27)

MT*h)=A(T'by) f)=n(T'bo) Af)
=n(T'by) Af). (53)

Now (44) and (T)), (T,) readily imply that &, is right and left G-invariant and
that T commutes w1th A and A, then T is affiliated with the center & of #. Hence
S=T*.

We now proceed to prove (46). Since two closed operators affiliated to an
abelian von Neumann algebra, one of which extends the other, must coincide, it
suffices to (46) with the equality sign replaced by C. For this in turn it suffices to
show that

n=oo

W(ITfR@Tg)=(TRNW(f®g), [€Doo, 9€@r, (54)

or that both sides of (54) have the same scalar product with h®k, he I, ke H#.
Taking account of (A3) in the appendix, this comes to

_ 3 2 fE@Oo, geg'ﬂ'
(TGl AT f-h)k)=(glA(f- T*h)k), {he@go, ke A .

We shall need to know that
Mo n(b)é)=n(r, (@) (nm,(0)), @eA(G), be#, CeH,, (56)
indeed, for we A(G),
(U -(b)E), )) =<{@-An(b)S),p) by Lemma A6

= Mn(b)C), oy =<n(b) A&), o) by (27)
={n(b7t,(0), oy) = b7 (&), m, (o))
=<{brt (&), n ()7, () =7 (@) (b (), m,(w)>
={n(r (@) bn, (), v .

(55)
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Now on the one hand, with ae.«, such that #(a)=i(f) and be @', £ #, such
that n(b)é =h, we have
AT f-h)=ATf(n(b)S))
=n(n(Tf) (b7, (&) by (56)
=n((Ta)-(b7,(9))). (57)
And by (44), (45), (Tu) b7, ()e(TD)-2'CP [cf. Lemma 4 (iv)], thus ATSf
ke 2§ C 2y . and
T*AT]-h)k =n(T'(Ta- bt )k
=n(@ T'h# (O))k. (58)
On the other hand, we have, by (56) and (45),
MF-T*hk = f- (T*r(b)E)k
= Fr(Tb# ()= n(A(F)-(T'bR(E)k
=n(a-(T'bx (&)k; (59)

we proved (55), i.e., (46).
From this and Theorem AS5 in the appendix now follows

Theorem 6. Let G be a locally compact group, with of and # a pair of Banach
algebras in duality satisfying assumptions I through V above ( for example one of the
pairs in (7)). Let T be a linear o(<f, B)-closed operator on f with o(f, B)-dense
domain @ fulfilling properties (T,), (T}), and (T,) above. Then there exists an element
Sq in the center Z(G) of G and a continuous one-parameter subgroup {g(t)} of Z(G)
such that for every ac @ and se G there is a ue H*(D), D={zeC; —1<Imz<0},
such that

{u(t)=ﬁ(0) (g()~'s) eR. (60)

u(t—i)=7#(Ta) (sog(t) " 's)’
Conversely with G, o and % as above, s €G, and {g(t)} a continuous one-

parameter subgroup of G, there is a unique densely defined closed operator T on o/
such that for every a in its domain and s€ G we have a ue H*(D) giving rise to (60).

For the proof we need the three following lemmas.
Lemma 7. With the assumptions of Theorem 6, let

{@A={(peA;n*(<p)e@ and Tn(p)en, A)]

G={fel' ;7 (f)eP and T, (f)er (L)} (61)

Then 92 4, is a dense subalgebra of A and 97y, is a dense ideal of L. Furthermore the
linear operators T, on A and T,, on L' defined by the following commutative
diagrams are both closed

g, 7/

y
l"* 1 l j . 62)
o

7N 9 -, 3
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The closed operator T, .. on L® defined as the adjoint of T;, then gives rise to the
following commutative diagram

9 -1 o

T

Do RSN 5
the domain Z ;. of T« containing #(D) as a core.

Remark 1. It follows that T, is the adjoint of T,. and that T,. fulfills the
conditions (T}), (T7), and (T,) with o/=L% and #=L". The conclusions of
Lemmas 4 and 5 thus hold for T=T,., T'=T,,, &/ =L" and #=L".

Remark 2. Diagram (63) shows that the direct statement in Theorem 6 holds for the
dual pair (=7, %) and the operator T if it holds for the dual pair (L®, L) and the
operator T,.: indeed for any ac 2, (#(a), #(Ta)) belongs to the graph of T; .

Proof of Lemma 7. Since Graph T,=(m,xm,)”' Graph T and Graph T},
=(#, x#,)” " Graph T', closedness of T, and T;, follow from that of T and T'.

Now we have the inclusions

D D(fom,) " Hi(Doo)} (64)

11T Do) {(Z80 (65)

from which the density of 2, and 27, follow: indeed the preimage of i(2,,) for

ftem, is evidently dense in A. And i(2%,)- (TP ,,) is dense in L' since Z%, and

TZ,, are dense in # (the latter since 2, is a core of the nonsingular operator T).

We prove (64): let fe%,,, aco/ and e A with #(a)=i(f) and 7, (p)=a. By

Lemma 5 #(Ta)=i(T f), thus #(7Ta) belongs to (#*n,)(A), thus Ta belongs to 7, (A).
We prove (65): We first claim that

T, (i(@)- (b)) =n(0)- (b7,(E),  @eAGNLHG), beA,
e LN(G)NLY(G). (66)

In fact, if {f;} is a net in L'(G) such that {#,(f,)} converges to b in the o(%, o/)-
topology, then A(f,) converges to n(b) o-weakly, so we have, for ae </,

{a,m () (b7, () = lim Ca, 7, (@) (7, (/i) 24(£))

=lim{7,(@)a, 7, (fixl)) =lim<Aa)i(p), Af)ED
=lim(t(a)i(p)| A f)) = (7(a)i(¢) | n(b)S)
={#(a), () (H(b)&)) -
Hence (66) follows. Let h=i(T f)-(rn(b)f) with feZDy, beP’ and &e#,. Since
T fe LA(G)n A(G), we have, with ae .o such that n(a)=i(f),

wt(h) =7, (#(Ta)- n(b)¢) = Ta- (b(Z)) .
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Thus 7, (h)e(T2)-2'CZ' (cf. Lemma 4); and

T'#,(h)=a-[(T'b)#, ()] =1, (i(f) - (n(T'b)S))- (67)
Lemma 8. 9, contains a bounded approximate identity of L'.
Proof. For each relatively compact neighborhood U of the unit e G, set

ey=1u/f xu(s)ds, (68)

(xy the characteristic function of U): we thus get an approximate identity of {e;} of
L'. Now, by the density of 2}, in L', there are elements f,€ 9}, such that

Ifu—eyli S [rp(s)dx and | fyl =1, (69)
Obviously {f,} is a bounded approximate identity of L'.

Lemma 9. i(Z,,) is a core of T, .

Proof. Applying Lemma 4 (i), (iii') to T;.. and T;, we have that, for fe 27 and
UED | w, fuE D and

Tl fu) = f (T o) = (TpafVu (70)

With {f,} the approximate identity described in Lemma 8, ue 9, ., and ge L', we
have

{fous 90 =<u, fyg 5 <u 97 (71)

whilst, from (70)

(Tl fgu), 9 = fo( Tpott) @ = T, f39) 5 < Tyt g - (72)

Thus 27.9;. is a core of D;.. Now let f€2), and ue ;.. Since i(H,) is
a(L*,L')-dense in L™ there is a sequence {¢;} C.#;, with i{éj}—;;»u. We have

then, for all ge L*
SUED 9> =<UE, fa7 5= <u, fgr =<{fu.9) (73)
whilst, from (70)

(T fUEDY 97 = UE (T N)gp = LT[ SVHEY, 90
= ST f)g) =T fVu, > =<Tpl fu)g> . (74)

We proved that Z7.i(#,)=i(Z,,) is a core of T} ...

Proof of Theorem 6. By the Duality Theorem (Theorem AS in the appendix) there
exists an s,€ G and a one-parameter subgroup {g(t)} of G such that

U=J,; [T*=4 teR, (75)

g(t)

where T =|T]| is the polar decomposition of T. Furthermore, since T is affiliated
with the center of %, s, and {g(¢)} are both central. The domain 2, of T then
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consists for all those f'e H such that the H-valued continuous function

teR— A, f=T"fe# (76)
admits an extension to a bounded continuous function ze S— f(z)e # on the strip
S={zeC; - 1=<Imz=<0} (77)

which is holomorphic in the interior of S. We then have
flt—=i)=2,,TIf, teR. (78)

Let now f€9,,. We noted that Lemma 5 applies to the case o/ =L®, #=L",
T=T;.: (44) then yields that i(f)e 2. with

T-i(f)=iTf). (79)
Thus if we set
F, (2)=if(z)(s), seG, zeS, (80)
we have, by (18), using the fact that ie4,=4,°i, g€ G, that
F; (0=i(2,f)(5)=i(f)(g(®)"'s), seG, teR, (81)

whilst

Fp (t= =2y | T ) ()= i(AgyAs- T 1) (5)
=i(Tf)so9®)"'s) seG, teR.
= Tpwi(f) (509(t) " 's). (82)

We have thus established property (60) for T=T, . and the elements of .o/ =L*
belonging to i(Z,,). In order to extend this property to all elements of &, .. we now
use the fact that {4, } acting on L* is a bounded continuous one-parameter group
and this gives rise to the analytic generator in the sense of Ciordnescu and Zsido
[11], a o(L*, L')-closed operator U(—1i) with domain consisting in all fe L* such
that t—4,, f admits an L*-valued bounded holomorphic function F(z) on S, with

U(—=i)f=F(—1i). (83)
The above discussion shows that
Ti(f) =2, U(=Di(f),  fe€Dyy- (84)

Since (%) is a core of T} ., A, U(—1i) is an extension of 7, ... Therefore, if g€ Z; ..,
there exists an L*-valued bounded function F on S, ¢(L*®, L')-continuous on §
and holomorphic in its interior, such that

Ft)=2yf5 Flt—i)=2yiy'Tf, teR. (85)
Let & be a left translation invariant lifting of L® to £ [13].° We then set
F(z2)=®(F(z))(s), seG, zeS. (86)

6 ¥~ denotes the algebra of bounded measurable functions (defined everywhere without identifi-
cation modulo null sets)
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Since @ is a norm-continuous isomorphism of L® into the algebra of bounded
measurable functions on G, F| is holomorphic inside S, and we have

F(O)=/f(g~'s)
{Fs<r—i>=(Tme) (50(0)1s). ®7)

We ended the proof of the direct statement in Theorem 6 (cf. Remark 2 above).
The converse part of Theorem 6 is obtained by taking T= A, U(—1i), U(—i) the
analytic generator of the automorphism group t—4,, of o/ [11].

3. Density of the Two-Point Functions of Invariant States

Our two last sections are minor modifications of the corresponding sections of [1],
of which we adopt exactly the notation and definitions, G being now a (noncom-
mutative) locally compact group.

For the discussion preceding Propositions 3.4 and 3.5 of [1] to go through in
the noncommutative group case we have merely to replace the assumption
SpU =G by the following corresponding requirement :

(R) The unitary representation U contains weakly the regular representation

Aof G.

The above-mentioned propositions now generalize to the following density
results for the two-point functions of invariant states:

Theorem 10. Let w, with the notation of [ 1, 3] be an invariant state of the C*-system
{U, G, a}. We have that

(@) F (or %, or f, or g) is weak * total in B iff (R) holds.

(i) these sets are even weak * dense in B if we assume in addition the existence
of an action t of alocally compact group H on W commuting with o and such that ®
is t-invariant and t-clustering.

Theorem 11. Let again w be an a-invariant state of the C*-system {2, G,a} with the
notation of [1, 3]. And assume the existence of an action T of an amenable group H
on W, commuting with o, w asymptotically abelian, and for which w is weakly ©
clustering. If (R) holds the sets &, 9, {, and g are all weak * total in L*. These sets
are even weak * dense in L® if w is t-clustering.

4. Criteria for the KMS Property

The argument of [ 1, Sect. 4] are valid for the following generalization, to the case
of a non-abelian G, of Theorems 4.1 and 4.3 in [1].

Theorem 12. Let w be an a-invariant state of the C*-system {U, G,a} with the
notation of [1, 3] and assume that (R) holds. Assume further that w is extremal t-
invariant for an action t of an amenable group H on W which is w-asymptotically
abelian and commutes with o. Let (sZ, 8) be one of the pairs (B, C*) or (L*, LY). If
there is a closable linear operator Ty in £, with domain the linear span of & (§), such
that TyF ;5 =G 45(To f4=94p) for all A,Be, then w is KMS for some continuous
one-parameter subgroup of the center of G — and conversely.
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These conclusions are maintained under the following alterings of
assumptions

(i) t© is assumed t-invariant and t-clustering (instead of merely extremal
T-invariant).

(il) Ty is merely defined on F(§) and closable in o (the linearity assumption for
Ty, and its domain is suppressed).

The fact that the KMS condition implies in turn the existence of the operator
T, follows by taking, for the letter, the restriction to Z(f) of the analytic generator
of Ciordnescu and Zsid6 [11].

We conclude with a comment on the physical context of this paper. Our
general aim is a description, within the field-theoretic frame proposed by Rudolf
Haag, of the general features of thermodynamical (i.e. finite temperature) equilib-
rium states. Haag’s scheme for local physics consists in the representation theory
of a C*-algebra endowed with a relativistic local and automorphic structure [an
inductive limit of local algebras with the natural inclusion and (space-like)
commutativity properties, acted upon by the Lorentz group equivariantly with
respect to the local structure]. In this scheme equilibrium states are defined as the
extremal invariant states for the one-parameter groups of time-like translations.
The first main challenge of the theory is then to give a basic explanation for the
occurrence of the KMS condition universally observed in this context (the so
called Gibbs structure — the positivity of the energy in the vacuum representation
is a limiting case). Since the Gibbs structure is shared by relativistic and non-
relativistic situations, we expect an explanation based on the automorphic
rather than the local structure — in fact on these features of the automorphic
structure common to relativistic and non-relativistic situations. This actually
happens for the two kinds of explanations proposed thus far, based on the
postulated dynamical stability, resp. the passiveness, of the equilibrium states [4,
1477, Now these derivations relate the hitherto mysterious KMS condition to
physically necessary properties of the equilibrium states, and thus provide a
physical understanding of the Gibbs structure. However the problem remains to
explain the latter from basic properties of the interaction. It thus seems worthwhile
to try and reformulate the KMS property in a way hopefully more closely related
to these basic properties. In this connection we pursue the project of deriving the
Gibbs structure from a combination of locality (here technically asymptotic
abelianness) and a modernized form, stated within the algebraic quantum context,
of Boltzmann’s ergodicity (pervading nature of the interaction). The latter
property is clearly a general property of physical interactions, hitherto in-
sufficiently exploited, and which could tentatively be expressed as an “in-
splitability” of the dynamical C*-system — or the presumably related fact that an
appropriate subgroup of the Lorentz group already contains the automorphisms
with which it commutes (few constants of the motion). We hope that the result
presented in this paper relates to such a program, since we believe that the

7  Passiveness is a condition related to the second principle of thermodynamics. We do not mention
here the explanations based on extremum principles — confined to models of the (hopefully provisional)
absence of the entropy concept in the algebraic frame. We recall that the fact that KMS is for a mixture
of time and gauge on the field algebra is well understood algebraically [3, 15]
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existence of the map T:F ,,—G,, is connected with ergodicity (as a tightness
condition — this however still has to be demonstrated). The present extension of an
earlier result to the non-commutative group case is motivated in this context by
the possibility that ergodicity should only hold with respect to non-abelian
subgroups of the Lorentz group (possibly the whole Lorentz group).

Appendix. Duality of Locally Compact Groups

This appendix, added for self-containment, describes the duality of locally
compact groups (Tannaka, Stinespring, Eymard, Tasuuma, Saito) in an operator-
theoretic spirit.

Theorem Al. Let G be a locally compact group, let #®*=L*G)QL*G)
=L*G % G), and let W:#°?—#®2 be the operator

W) (s,0)=f(s,s1), feH#®?, s1eG. (A1)
Let furthermore % be the set of nonvanishing bounded operators on H# = L*(G)
Sulfilling
W(TR®T)=(TRLHW. (A2)
We have 9=1{A,; geG} the set of representatives of G in its left regular
representation.

We prove this theorem by establishing a succession of lemmas.

Lemma A2. 1,e¥ for all se G. Consequently A is quasiequivalent to A® A, and A(G) is
a *-subalgebra of B(G).

Proof. For fe#®? one has (A,®2,)f(s,t)=f(u"ts,u”'t) thus W(TQRT)f(s,t)
=f(u™ts,u” 'st)=(TRL) Wf(s,1). Since Z(G) is a standard von Neumann algebra,
each of its normal forms is a vector form, thus A® 4 ~ 4 implies that the set A(G) of
normal forms is multiplicative.

Our next lemma states properties of the operator W.
Lemma A3. The operator W defined in (A1) is unitary; belongs to the von Neumann

tensor product m(L®(G)RR(G) (where m is the representation of L*(G) by
pointwise multiplication on 3#); commutes with C (where Cf=f); and fulfills the

property
(W(f @) h®@k)={g+k’, f-h>,  f,g.h ke #
=glAF-h> k), (A3)
where gxk’e A(G) and f-he LY(G).

Proof. One has obviously W*=W~1 with

W= f(s,t)=f(s,s"'t), s,teC. (A4)
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We recall that the commutant %'(G) of %(G) is generated by the 4, se G, where®
(BN (=402 f(sr),  1,5€G. (A5)
Now W commutes with 1®4, s€G:
WARL) f(s,t) =A% f(s,str), feH, rs,teCG
=(1®4) Wf(s,1). (A6)

Our claim that W belongs to m(L*(G))®%(G) then follows via maximal abelian-
ness of L*(G) from the fact that W commutes with all m,®1, ge L*(G), where

mi(s)=g(s)f(s), geL™(G), <ceH, seG. (A7)
Indeed
(m, @) Wf(s,t)=g(s) f(s, st) = W(m,®1) f(s,1). (A8)

W obviously commutes with C. On the other hand

(W(f @9)Ih®K)= | F(s)g(st)h(s)k(t)dsdt
= [(fh(Gxk)) (s)dx, (A9)
(A3) thus follows from (11).

The next lemma shows that ¢ consists of unitaries of %(G) acting multipli-
catively on LYG)NL*(G).

Lemma Ad4. The set 4 possesses the following properties

(i) let T, T'e¥ with T=U|T]| be the polar decomposition of T, let T=CTC:
then TT', T*, T, |T|, U belong to %, and so does T~ if it exists;
(i) 9CR(G); thus T(f+g)=(Tf)xg, Te¥9, feH, AV *qe L} (G);
(iii) let Te% with T*=T". One has

[+ Th=T{(Tf)-h} )
{(Tf)~h= T{f (T}’ S he LX(GNL*(G) (A10)

thus
[ Th=TT{f-Th}, fhe LXG)nL™(G); (ALD)

(iv) each self adjoint projection in % coincides with 1;

(V) % is a group of unitaries in %(G) commuting with C;

(vi) each Ue% leaves invariant the * subalgebra L*(G)NL®(G) of L*(G) on
which it acts multiplicatively :

U(f-9)=Uf-Ug, f,9eLAG)NL™(G). (A12)

Proof. (i): the facts that TT', T* T, and T~ ! if it exists, belong to ¥, are
immediately obvious from (A2). Let T= U|T]| be the polar decomposition of Te ¥,
since we have

WHUIT|QD) W =W*UQNDW- W TIQ)W
=UITI®U|TI=URU)(TI®ITI), (A13)

8 In the appendix A, is defined in a way which differs from that of the main text
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with equality of the right supports of W*(UQLW and W*(T|Q )W, resp. UQU
and |T|®|T], the uniqueness of polar decomposition implies that |T|, U satisfy
(A2): since they do not vanish, they belong to %.

(ii): we have, for Te ¥ and seG

WHTRL) AR L)W = WA 1) (TODW, (Al4)
hence, by (A2) and the fact that Wem(L®(G))®Z(G),
(TOT)A®L) =1 L) (T®T), (AL5)

ie. T®(TA,— A, T)=0 whence TA,=A.T since T=0.
(iii): we have, for f,he L2(G)nL*(G), g, ke #, using (A3) and (ii)

(TR W(f ®g)|h®@k)=(W(f ®g)| T*Ii®k)=(f - T*h|gxk")
=(f Thigsk)=(W(Tf @ Ty) h@K)= (T -h| Ty+k)
=(Tf - h| Tg=k) = (Tf - h| T(G+k)) = (T(Tf - ) | g*k") (A16)

whence the first equation (A10). The second follows exchanging T with T" and f
with h; and the combination of both yields (A11).
(iv): let E be a self-adjoint projection in ¥: applying (Al1) to E" we have

m Eh=EEm Eh, f,he LAG)NL™(G). (A17)

Thus m Eh=EmEh, whence, by density, m,E=Em, and Eem(L"(G))
=m(L*(G)). Thus, by Lemma A3, EQ1 commutes with W, hence (A2) with T=E
yields

WHEQL)W=E®1=EQE. (A18)

Thus EQ(E—1)=0, whence E=1 since E=+0.

(v) let Te ¥ have the polar decomposition U|T], so that U, |T|e%. By (iv) U*U
=UU*=1, U is unitary. Thus, T*, and T", have dense range, thus (A11) implies
that

1=T"T=|TI'UUI|T| (A19)

hence that ||[T || = 1. Analogously | T|~ ! £1. Since |[T| 20 we must have | T|=1: we
proved that T=U is unitary. Now from U'=U"1, but U'=CU*C=CU " !C, thus
U commutes with C.

(vi): from (A10), we have, for f,he L%(G)nL®(G), since U is unitary,

ICUS)-hll =1 Sl Al (A20)

Thus [my | =I1Ufll, < fll.,, and U leaves L%(G)NL*(G) invariant. Furthermore
since, as we saw in (v), U'=U"1 the first equation (A10) with
g=The LA(G)nL>*(G) yields (A12).

Proof of Theorem Al. We now endow the subgroup % of the unitary group of
Z(G) with the topoclogy inherited from the weak-*-topology of the latter. % is then
locally compact since it was defined as Z\{0}, 4 the closed subset of the weak-x-
compact unit ball of #(#) singled out by requiring (A2). ¢ is furthermore a
topological group under this locally compact topology as readily follows from the
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following facts: on the unit ball of %(G), the weak-x-topology of the latter
coincides with the weak-operator topology, which coincides in turn on unitaries
with the strong-operator topology due to the fact that
(U=Ug*(U=Ug)=(Us—U*)Uy+ Us(U—U,) (A21)
for U and U, unitary. Now the strong operator topology makes ¢4 a topological
group, since, for U, V, U,, V,€¥% and ée #
UV =Uo Vo)l = I(V=Vo)ell + I(U = Ug) Vel

v (A22)
(U~ = Uy HEl=1(Uy— U)UEE .

We thus reached a situation where ¢ is a locally compact group, with 1:G—% a
continuous group monomorphism: we now want to show that A(G)=%. For this
we use as a technical device the following construction of the Haar measure of 4 in
terms of A(G). Since ¥ C Z(G) we can embed A(G) as follows into € (%) if we set

a(U)=<a, Uy, acA(G), Ue%, (A23)

a appears as the restriction to % of a continuous function on % vanishing at
infinity. Now fix & ne# so that £-ne LY(G): by the Riesz theorem there is a
Radon measure p,, on 4 such that

a, A1) = ; a(U)dpy{U)=(nIm(a)¢), (A24)

where the last equality follows from the fact that, if a=|g)(f| with f,ge # the
above expression equals

(f1A@- &)g) = (nIm(f*g)8), (A25)
as easily checked using (A11). Now we have the property
Al gy -ty = P Wiy =118 L1, 1,8, 0, €A NA(G), (A26)
indeed, in that case, for ac A(G)
(@-nim@)p-&) =(@|m(@-w-a)d)=(n|m(@-y-a)). (A27)

Using (A26) in the form |¢|*du,,=7¢du,,, we see that, since the support of Koo 18
included in that of ¢, we can define

dpu= l(p%d'u""‘” pe X NAG), (A28)
thus obtaining a Radom measure on ¥ fulfilling
ditye=Ti-Edp,  n.Ee HNAG), (A29)
ie.
(f; fi(s)&(s)als)ds = i 1(U)U)a(U)du(U) = (n|m(a)l),

ac A(G), 1n,Ee A nA(G). (A30)
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We now show that p is a left Haar measure of 4. We have indeed, for U € ¥, using
the allowable limiting case a=1 in (A30) and taking account of Lemma A4, (v),

(vi):
(U 1 0)EUq ' U)du(U) = [ G- & UEU» dp(U)
= [<Uo(7- &), Uy du(U)
= [{(Uf1) (Uo&), Uy dp(U)
= [(Un) (U)-(U &) (U)du(U)
=(UonlUs&)=(,9).
Since p is a left Haar measure of ¢, thus has support the whole of ¢, (A30) implies
that the sup norms on G and ¥ coincide on all ge #NA(G). Each Ue¥ is
therefore, according to (A12), a multiplicative functional on # N A(G) continuous

for the sup norm on G: by density this functional extends to a continuous
character of €, (G): we thus have a group isomorphism s:%— G such that

U=As(U), Ue9. (A32)

Theorem (A1) can be extended as follows to the case of closed densely defined
operators T.

Theorem AS. If T is a densely defined closed operator on # = L*(G) such that
WHTRWW=TQRT, (A33)
where T®1 and TQ® T mean the closure of the algebraic tensor products, then, with
T=U|T| (A34)

the polar decomposition of T, there exists an element s€ G and a one parameter
subgroup {g(t)} of G such that

U=,
a (A35)
{ITI "=y, teR.
Proof. Since one has
(TRT)*=T*®T*, (A36)

we get as follows the polar decomposition of T® T
TRT=(URU)(TIQ®|T). (A37)

The uniqueness of the polar decomposition yields

{W*(U@ﬂ)W= U®U; (A38)

WHITI®@D)W=ITI®IT].

By Theorem Al, U must be of the form: U=/, for some s G. Hence |T| is non-
singular, so that |T|" yields a one parameter unitary group on . Since W
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intertwines the functional calculus of |T|®1 and |T|®|T], we get
WH(|T*"Q)W=|T|"®|T|*, teR. (A39)

Hence our assertion follows from Theorem Al.

An element feL*(G) is called left bounded if the left convolution:
e LA(G)—f*EL*(G) is bounded, and the corresponding operator on L*(G) is
denoted by A(f). It is easy to see that A(f) belongs to Z(G).

Lemma A6. If ¢e A(G) and fe L*(G) is left bounded, then m,f is left bounded and

(m,f)=@-A(f), (A40)
where @- A(f) is defined by (20) and based on the duality between A(G) and %(G).
Proof. Let ¢ =1n)(£|. By (20), we have ¢(s)=Ex1'(s). Now we simply compute:

(&1L ANny) =<WHUNRD W, 9 ®1n,) (1>
={WHAMNRD W, In) (¢I®In,) (&>
= R& [WHUNSDW(n®n,))
= [ S~ Ls)n,(r~ 1st) &) E, (sD)drdsdt
= [T £ @@= )n, (™ ) &) (O drdsdt
= [J ) 0) S~ 0, (D) drde
=<E1>(<Pf)*’71>- (A41)

Therefore, ¢ f is left bounded and (A40) follows.
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