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Abstract. Let (.4, 7, w) denote a W*-algebra .#, a semigroup t >0+, of linear
maps of ./ into ., and a faithful r-invariant normal state w over .#. We
assume that 7 is strongly positive in the sense that

(A% A) Z7{A4)*T(A)

for all A€ ./ and ¢>0. Therefore one can define a contraction semigroup T on
H = MQ by
TAQ=1(A4)Q, Ael,

where Q is the cyclic and separating vector associated with w. We prove

1. the fixed points .#(7) of T are given by A (t)= M T =4 NE', where E is
the orthogonal projection onto the subspace of T-invariant vectors,

2. the state w has a unique decomposition into t-ergodic states if, and only
if, #(t) or {4 UE} is abelian or, equivalently, if (.#, 7, w) is IR -abelian,

3. the state w is t-ergodic if, and only if, .#UE is irreducible or if

inf Jo"—owl|=0
w”eCow’ot
for all normal states o' where Cow’ ot denotes the convex hull of {w' 7 },. .
Subsequently we assume that t is 2-positive, T is normal, and
T* M, QC M, Q, and then prove
4. there exists a strongly positive semigroup |t| which commutes with ¢ and

is determined by
It (4)Q2=|T|AQ,

5. results similar to 1 and 2 apply to |z] but the z-invariant state w is |7|-
ergodic if, and only if,
lim @ et,—w| =0

1= 00

for all normal states w'.
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0. Preliminaries

The aims of this paper, and its notation are described in the abstract. Throughout
we adopt the assumptions outlined in the first paragraph of the abstract. Our
results are an extension of the well established theory of states invariant under a
group of *-automorphisms (see, for example [1, Chap. 4]) and also a generaliza-
tion of work by Frigerio [2] in the semigroup case. We begin with some
preliminary observations which are subsequently useful for characterizing the
fixed point set (7). .

First note that as 7 is positive it is automatically self-adjoint, i.e., 7,(4)* =1,(4%)
for all Ae /. Further as 7 is strongly positive, and  is t-invariant, the operators 7T,
are well-defined linear contractions, and since w is faithful 7(1)=1.

Second define the .#-valued sesquilinear forms S, by

S/(4, B)=1(A*B)—1(A)*t(B).
If Be #() it follows by t-invariance of w that
o(S,B, B))=0.

Since S/(B, B) is positive, and w is faithful one concludes that S,(B, B)=0. It then
follows from the Cauchy-Schwarz inequality applied to S, in an arbitrary state

over ./ that
S(A,B)=0=S,B, 4)

for all Ae /. (These observations are taken from [2, 37.)
Third let C,(T) denote convex combinations of 7,

Cl(t): Z A’iT;i
i=1

and C ;(r(A)) the corresponding combinations of 7(4), ie.,

C,((4)= .;1 At (A).

It follows from the Alaoglu-Birkhoff version of the mean ergodic theorem (see [1,
Proposition 4.3.4]) that the net C,(T) converges strongly to E. It then follows from
the cyclicity of @ for .4’ that the corresponding net C,(t(A4)) converges strongly to
an M (A)e 4, for each Ae.#. This mean value M (A) of A then satisfies
M(A)AQ=AEAQ (*)

for all A'e #'. Moreover M (A)e #(t). But conversely if Ae.#(t) then M (A)
= Ae /(7). Thus the fixed point set .#(7) is equal to the range R(M,) of the map
M . Finally it follows from the action (*) that Q is cyclic for #(t) in ES#.

1. Invariant Elements
The first result describes a variety of properties of the fixed point set.

Theorem 1. It follows that
TAE=1(A)E
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for all Ae M and hence
M (A)E=EAE.

Moreover MT)=MAE =MAT' .
Proof. If A¥*e # and Be #(7) then S (A* B)=0 by the discussion in the pre-
liminary section. Hence applying S,(4*, B) to Q one has

1(AB)Q=1,(A)BQ

, equivalentl
or, equivalently  TABQ=x(A)BQ.
But BQ=M (B)Q=EBQ and Q is cyclic for .#(t) in EX". Therefore the first
statement of the theorem is valid. The second statement follows by taking mean
values. '

Next one also has S(B*, 4)=0 and applying this to Q gives

1(BA)Q=B1(A)Q

ivalentl
or, equivalently TBAQ=DBTAQ.
Therefore Be T' and consequently #(t) S A4 NT'. But #4NT <M NE' by the mean
ergodic theorem. Finally if Be . #NE' then

BQ=EBQ=M(B)Q

and M (B)= B because Q2 is separating. Thus Be .#(t) and equality of the three sets
M), MNT', and 4 NE' follows immediately.

Remark. It is not a priori evident that .Z(7) is a W*-algebra. This was established
in the present context by Frigerio [2]. It is also not evident that .#NT’ is self-
adjoint, since T is not necessarily self-adjoint. This follows, however, from the
identification with .#NE'.

2. Decomposition Theory

Next we describe criteria for w to have a unique decomposition into t-ergodic
states, ie., states extremal in the convex subset E°, of t-invariant states. The
decomposition theory of states w (see, for example, [1, Chap. 4]) has been
developed in two parts. First one constructs measures u on the state space E ,
which are maximal with respect to the Choquet order and which have w as
barycentre. Second one derives conditions which ensure that u is supported by the
extremal points of the appropriate convex set. For this latter point separability of
# is usually sufficient [1, Sect. 4.4]. Hence we concentrate on criteria for a unique
maximal measure.

First recall that the general theory of measures on E , with barycentre w
establishes a one-to-one correspondence between orthogonal measures u, abelian
von Neumann subalgebras #C.#', and orthogonal projections P such that
PQ=Q and P#/PI{P#P}. This correspondence is then extended to states
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invariant under a group of *-automorphisms [1, Sect. 4.3] by incorporation of
invariance properties into each of the sets. A similar generalization can be made
for states w invariant under a strongly positive semigroup .

Proposition 1. There exists a one-to-one correspondence between the following;
1. Orthogonal measures p with barycentre w satisfying

(T (A7) A,) = (A, 4,)

for all A,, A,e M and t>0 where Ais given by A; w’eE/,,—n:l(co’)zw’(A),
2. Abelian von Neumann subalgebras B<{ M VE}',
3. Orthogonal projections P on # such that

PQ=Q, P<E, PM/PC{P.UP}.

Moreover the support of such u is contained in the weak™-compact subset E*, of
T-invariant states. Finally there exists a unique maximal measure u on E°, with
barycentre o if, and only if, { #/ VE} is abelian and in this case u is the orthogonal
measure corresponding to { M UE} .

Remark. For this result it is not necessary to assume that w is faithful.

Proof. The proof of correspondence is basically a rearrangement of the arguments
used in Sect. 4.3 of [1] for automorphism groups.

Let u, 4, P denote the orthogonal measure, abelian subalgebra of .#’, and the
projection P=[%#Q], which are associated with ® and which are in cor-
respondence through the correspondences described in Theorem 4.1.25 of [1].
Now consider the three conditions.

1=3. From Condition 1 it follows that
(@4, T*PA, D) =t (4;) (43))
— (A, A,)=(Q A,PA,Q).
Thus T*P=P and EP=P=PE.
3=>1. This follows from the above equation.

1=2. Since p is in correspondence with a P such that T,P=P it follows by
approximation that u is supported by E°,. Explicitly one chooses ./"C % to be any
finite-dimensional von Neumann algebra and denotes by u, and P, the
corresponding orthogonal measure and projection. Since 4" < 4 it follows that P .
< P and hence P, < E. Therefore it follows from the proof of Proposition 4.3.2 of
[1] that u . is supported by E°,. Furthermore since ./” is finite-dimensional u - has
finite support.
One now calculates

(Q, AT (f)BQ)= (2, 7(A)B 1(/)RQ)

= [dp () f() @' (z,(A)B)
= [dp (o) f()(Q, AT *BQ),
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where the invariance of o’ was used to introduce T’ and x(f) is defined for
fer(uy) by
(@, Ax(f)BQ) = | du () f(') ' (AB).

Now since u , has finite support one obtains

(Q, AEx (f)BQ)= [ dp (o) f(') (', AE'BQ)
by taking mean values of (*). Similarly

(@, Ax(N) T;BR)= | dp () () (2, AT, BR)
and by mean values

(Q, A (f)EBQ) = [ du (o) f(00') (2, AE'BQ)

=(Q, AEx(f)BQ).

Thus x(f)2 E" and as A = {x(f); fe L°(uy)} it follows that A2 {.# VE}'. Finally
it follows by limiting (see Lemma 4.1.26 of [1]) that Z>{.# UE}'.

2=-3. This is evident.

Since p, has finite support in E°, and since p,— p vaguely as one takes the
limit over the net of finite-dimensional matrix subalgebras of 4 (see Lemma 4.1.26
of [17) it follows that the support of u is contained in E7,.

The final statement concerning maximal measures and maximal abelian
algebras follows by the argument used to prove Proposition 4.3.3 of [1] modified
as in the above proof that 1=>2.

Although Proposition 1 is valid for any invariant o more elaborate criteria for
uniqueness are obtained if w is also faithful.

Theorem 2. The following conditions are equivalent ;

1. There exists a unique maximal measure u on E’, with barycentre w,

2. The commutant { M/ VEY} is abelian,

3. The fixed point algebra (%) is abelian,

4. The set EM/E is abelian,

5. inf |w'([4, B])|=0

A’ eCot(A4)

for all A, Be M/ and all T-invariant vector states o' of w, where Cot(A) denotes the
convex hull of {t,(A4);t>0}.

If these conditions are satisfied, u is the orthogonal measure corresponding to E
and {MUEY}'.

Proof. 1<2. This is the general criterion stated above.
2<3. Let J be the modular conjugation associated with the pair (Z, Q). It follows
from Lemma 2 of [4] that J and E commute. Thus JEJ=E and

J{MOEY T ={ M VE} = MNE = M(7)
and Conditions 2 and 3 are simultaneously valid.

2=-4. The general correspondence theorem for orthogonal measures places the
abelian algebra {# UE}' in correspondence with the projection P=[{.#UE} Q]
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and this projection then has the property that P.# P is abelian. But Q is cyclic for
MNE" in Ex# and J commutes with E. Thus Q is cyclic for #'NE' in E# and
hence P=E.

4=2. This follows from the general correspondence theorem for orthogonal
measures.

4<5. This follows by repetition of the argument used to prove the analogous
statement in Proposition 4.3.7 of [1]. This argument has two essential ingredients,
the mean ergodic theorem, and the relation

T,AE=1(A)E.
But the latter is valid by Theorem 1.

Remark. Condition 5 corresponds to IR -abelianness of (/#,1, ) in the termi-
nology used for automorphism groups. It is implied by the condition

lim o'([z(A), B])=0

of asymptotic abelianness. This latter condition should correspond to a form of
dispersion of the dynamical system (.Z, 1) in the state w.

The foregoing arguments also provide characterizations of faithful t-ergodic
states. If w is 7-ergodic then there is certainly a unique maximal measure ¢ with
barycentre w and u=4,. But the point measure J, is an orthogonal measure in
correspondence with the projection E, on Q and the abelian algebra C1. Thus
E=E, and {#UE} =C1 by the last statement of Theorem 2. Consequently
one has the following;

Theorem 3. The following conditions are equivalent ;
1. w is t-ergodic,
2. M UE is irreducible,
3. M(r)=C1,
4. E has rank one.

The equivalences 1<>3<>4 have previously been given by Frigerio [2] with
some extraneous continuity assumptions on 7. Frigerio also discusses other
criteria of irreducibility. A similar result with faithfulness of w replaced by a
condition of asymptotic abelianness has been given in [5].

3. Cluster Properties

It follows from the mean ergodic theorem and the definition of the mean values
A'eCot(A4)
for all normal states '. Moreover o' -M_ = w for all normal ' if, and only if, E has
rank one. Thus w is 7-ergodic if, and only if,
inf |w'(4")—w(4)|=0
A’eCot(4)

for all Ae . # and all normal . But these statements are also true in the uniform
topology.
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Theorem 4. For every normal state @' one has

inf Jo"—w°M]|=0.

w"”eCow’ot
Thus w is t-ergodic if, and only if,

inf |0 —w|=0
Sfor all normal o'. wrecoorer
Proof. Each normal «' can be uniformly approximated by a finite linear
combination of vector states (¢, A¢). But since w is faithful each ¢ can be strongly
approximated by a vector of the form A'Q with A’e .#'. It follows that each normal
' can be uniformly approximated by a state [ (4)=(y, AQ) with pe.Z' Q. But

1

: 20, A= L) = (| 3 4T~ ). a0)

and hence

(Z /liTt:k_E)U”
i=1

The first statement of the theorem now follows from the mean ergodic theorem
and the second statement follows from the first.

; Ayt —1,oM, H = ‘

Remark. Theorem 4 is also valid for a group of *-automorphisms and it has an
analogue for non-faithful states (see [6, Proposition 4]). Let @ be a general
T-invariant state and suppose o’ <Aw for some 1>0. Thus w'(4)=(B'Q, AQ) for
some B'e.#',. One can define the mean w' M _ of o’ by ' °M (A4)=(B'Q, EAQ) and
then
inf Jo"—w M./ =0
w”eCow’ot

by the argument used to prove Theorem 4. This result then extends to all states in
the norm closure S, of the set {®'; w' < Aw}. But S, is equal to the set of normal

states if and only if w is faithful.

Theorem 4 demonstrates that for the convergence of means of normal states
there is no distinction between strongly positive semigroups and groups of
*-automorphisms, or between weak*-convergence and uniform convergence.
Distinctions arise, however, if one considers pointwise limits as ¢t— co. For example
if T extends to a group of *-automorphisms then it is automatically isometric and

I1,et,—1,eM. = sup [l (t(A)—1,(M(A)|= sup [(A—E)wp, AQ).
l4ll=1 l14]]=1

Thus ||o'et,—w'<M,| is independent of ¢ for all normal states w’ and pointwise
convergence occurs only in trivial cases. Non-trivial results are possible, however,
for semigroups. The following gives a simple illustration which is subsequently
useful.

Proposition 2. Assume that the semigroup T associated with t is self-adjoint. It
follows that
lim ||’ oT,— ' oM ||=0

t— 00
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or all normal states o' and hence w is t-ergodic if, and only if,
g

lim [@'et,—w| =0

t— o0

for all o'.

Proof. If one approximates o’ by [, as in the proof of Theorem 4 one then obtains

the estimate 2 2
ot~ o M.1” < (G~ Eypl 2.

But for Ae.# and s<t
(AQ, T,,AQ) = w(t(A)*t(A))

=o(t,_ (t(A)*1,_(1,(4))

So(tA)*1(A)=(49Q, T,,AQ).
Thus by standard monotonicity and density arguments T, converges strongly to E
and the first statement of the proposition is valid. Again the second statement
follows from the first.

Proposition 2 is based upon Frigerio’s observation [2] that the condition

I(T*—E)p|—0, as t—oo, for all pes is sufficient to ensure that [’ o,
—w' oM ||-0 as t—oo for all normal «'. Next we derive a generalization of

Frigerio’s necessary conditions.
First define the sets

N(t)={A4;t(4*4)=1,(A)*1(A4),t >0},
N¥(0)={4;7(AA*) =1(A)r(A)*,t >0},
N (1)=N(t)nN"*(1).

Clearly #() is self-adjoint. Moreover if 4€ N(t) then

oo (A*A) =11 (A))*1(r(A4))
St (t(4)*1(4)
=1t (4*4))=1,, (A*A).

Hence 1 (A4)eN(r) for all s>0. Applying a similar argument to N(r) one
concludes that N(z), N *(t), and .#(z), are all t-invariant sets. Next by application
of the Cauchy-Schwarz inequality to the form S,(4, B)=1t,(A4*B)—1,(A4)*t(B),
evaluated in a state, one finds that

N(t)={A4;t(BA)=1,(B)t(A),t>0,Be A} .

Thus N(t) is a subspace of .#. Similarly N* () and 4(z) are subspaces. But if
A, A,e N(7) then

t(BA,A,)=1,(BA,)t(A,)
=1(B)1(A,)1(A4,)=7(B)7{(A4,4,)
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and hence 4,4,€ N(z). Similarly N *(r) and .#/(7) are algebras. Finally if 4,€ N(t)
is a sequence which converges strongly to A then

= lim w(S,(4,,A4,))=0,
and by faithfulness S,(4, 4)=0. Thus the sets N(z), N *(r), and A4(t) are strongly
closed. But in Sect. 1 we observed that .#(t) C.A"(t) and hence A (1) is a t-invariant
W*-subalgebra of . which contains the fixed point algebra M (7).
Next let o denote the restriction of t to A/(z). Clearly ¢ is a*-morphism but it is
faithful because if 6,(4)=0 then

w(A*A4)=w(o(A*A)) = w(o,(A)*c(4))=0,

and this is equivalent to 4=0. Hence by a standard argument, ¢ extends to a
group of *-automorphisms of .4#(t), which is automatically isometric. It follows
immediately that A/(z) is the largest t-invariant W*-subalgebra of M on which t is
equal to a group of *-automorphisms.

The following result gives both necessary and sufficient conditions for uniform
convergence. Note that [, denotes the normal linear functional [ (4) = (y, AQ) and
[, is positive if, and only if, we .4 Q.

Theorem 5. Consider the following conditions
L lim (p, (TT* — E)p)=0,

t— 0

2. lim ||l et,~1,°M | =0,
=00

3. (F—Ewy=0,
where F=[ A (7)Q2].

It follows that 1=>2=3.

Conversely if T is normal and M is abelian, or, more generally if T is normal
and T* M QDM Q for all t>0 then 3=1.

Proof. 1=-2. This follows from the straightforward estimate
Il,ot,—1l,e M >SS (T*— E)wll* = (w,(TT* — E)y).
2=>3. One has
e, — L, oM || =sup{|l,(t{A) — (M (t(A))]; Ae M, || All =1}
Zsup{ll,(0,(4) =1, (M (o (A))]; A N (1), | 4] =1}
=sup{|l(4)— [ (M (A)]; Ae /(x), | 4] =1}
=sup{|(p, (1 —E)AQ)|; Ae /(1) | Al =1},
where the third step uses the isometric property of . Thus Condition 2 implies that
F(1—E)p=0. But since #(t)C.A(t) and E=[.#(7)Q] one has FE=E. Hence
Condition 3 is valid.

Next note that it follows from [4, Lemmas 2 and 4], T*.#. QS .4, Q and
T* M, QM Q that T* M, QDM Q. If, however, A is abelian A =.4".



138 D. W. Robinson

Hence in both cases T*.#,QC /4, Q. Consequently there exists a semigroup of
positive, identity preserving, hence contractive, maps t* of . into .# such that

HA)Q=T*AQ.

t

The assumed normality of T then ensures that tt*=1%*1, ie., v is normal with
respect to w in the sense of Frigerio [2]. (The converse is also true; Frigerio’s
condition implies that T is normal and T*.# Q< .7, Q.)

Next consider the converse statement.

3=1. If s<t
(AQ, TT* AQ) = w(t,(A)*1,(A4))
< ot, _ (r (A1 (4) = (AQ, T,T*AQ),

where we have used the normality of 7. Hence t— 7,T,* is monotonically decreasing
and its strong limit G exists. Since T is normal, G is an orthogonal projection. But
for Ae /(1) and Be .# one has S/(B, 4)=0 and hence

(BQ, AQ)=(1(B)R2,7(A)Q),
or, equivalently
(B2, AQ)=(BQ, T*T,AQ)=(BQ, ,T*AQ).

It follows immediately that F=GF and hence G=ZF=E.
Next remark that T,T}./4,QC.H, Q. Hence GM#,QC.#,Q and then
GM QS M, Q by [4]. Thus there exists a positive map g of .# into ./ such that

g(A)Q=GAQ
for all Ae.#. But

(S,(g(A), g(4)) = (4Q, GAQ) — (AQ, GT,T*GARQ) =0,
and since o is faithful g(4)e N(r). But conversely if A€ N(t) then

(A — g(A) Q]2 = (AR, AQ)— (AQ, GAQ)
= lim o(S,(4, A)=0

t— o0
and hence A4 =g(A4). Thus g maps .# onto N(z). This implies N(t)=N " (7)=.A4"(x)
and GZF. Since we have already established that F<G, this gives F=G.
Consequently Condition 3 implies Condition 1.

Remarks. 1. The equivalence of Condition 2 and 3 is a local version of Frigerio’s
Theorem 4.2 in [2]. Note that Condition 3 is valid for all e #if, and only if, A4"(7)
=M(7).

2. In the foregoing proof we established that .#"(t)=N(t)=N " () whenever T
is normal and T*./4,QC. 7. Q, t>0.

3. It follows from [4] that T*.#, Q<. Q, t>0, if and only if, T commutes
with the modular conjugation J associated with the pair (.#, ), or, alternatively if,
and only if, T commutes with the modular automorphism group associated with
(M, Q).
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4. The Modulus Semigroup

Theorem 5 gives a characterization of pointwise uniformly clustering states when
N'(t)= (7). In this section we analyze the situation when A/(t) =+ #(7).

First note that if Ae A(r) and Be ./ then S,(A4, B)=0. Applying this relation to
Q2 and appealing to cyclicity one deduces that

TA=1(A)T,.

Therefore T*T A= Tt (A)T..
If A is self-adjoint it follows by conjugation that 4 and |T]* commute.
Consequently one concludes that A(t)S.#n|T|. Next we analyze conditions
under which equality occurs and, moreover, 4°(t) can be identified as the fixed
points of a semigroup, the modulus semigroup.

Throughout the remainder of this section we make the following assumptions,
for all £>0.

L T*M, QS M9,

2. T, is normal.

It follows, as in the previous section, that there exists a positive identity
preserving semigroup t* of maps of .# into .# such that

HAQ=T*AQ,
and 7* commutes with 7. We now define the modulus semigroup by
It =127z

and note that
[Tl (A)Q=T}T,,4Q

=|T,,?4Q=|T|AQ.

Again |z| is positive and identity preserving. Moreover it follows from the proof of
3=1 in Theorem 5 that the strong limit

G= lim |T]

t— 0

exists and G=F where F =[4(1)22]. But the mean M, (4) of A with respect to the
semigroup |1| is determined by the relation

M (A)R=GAQ=FAQ.
Thus R(M,,)=A"(7) and A'(7) is the fixed point set of |z, i.e., A(7)=.4(z). But if
A€ MNG then
AQ=GAQ=FAQ
and hence Ae 4'(t). Combining these conclusions one has
N (@)=MN\T| = MF".

Next it is tempting to apply the results of Sects. 2, 3, and 4, to the pair (4, |7|).
The only problem is that it is not evident that |t| satisfies the condition of strong
positivity. To circumvent this difficulty we assume that 7 is 2-positive. By this we
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mean that t(4¥4)), i, j=1,2, is a positive .#-valued 2 x 2 matrix for all £>0. We
recall that a 2-positive semigroup is automatically strongly positive [7] (but there
exist strongly positive operators which are not 2-positive [8]).

Proposition 3. If < is 2-positive then t* is 2-positive and |1| is strongly positive.

Proof. Since Q is cyclic for .#' the 2-positivity of 7 is equivalent to

e

2
j; (@, Bj*t(AFA)B2) 20

1
for all t>0, 4, A;e.#, and B, Bje ./'. This can be reexpressed as

2
Py
i=1j

2
(@B BT,AFA,0)20.

Now if Ae #, B'e ', and J is the modular conjugation, then A'=JAJe .4’
and B=JB'Je /. Moreover J commutes with T by [4]. Thus

(Q, BTAQ)=(Q,JBITJA'JQ)
—(Q,JBTA'Q)
=(BT,A'Q,Q)=(Q, A*T*B*Q).

The 2-positivity of t* follows immediately from combination of these obser-
vations. Consequently t* is strongly positive and |z| is strongly positive, because it
is the product of the two strongly positive maps ¢ and t*.

Thus if 7 is 2-positive one can apply the results of the previous sections to the
pair (A, |z]). Since the t-invariant state  is automatically |t|-invariant one
concludes that Theorems 1-3, are valid with the replacements t—|t|, E—F,
M ()= N (7).

It is of some interest to examine the condition of R, -abelianness of (%, ||, )
in more detail. This condition, which ensures the uniqueness of the barycentric
decomposition of w into |z]-ergodic states can be written

0=[FAF,FBF]=1im Y. 2*{FAT*T, BF — FBT*T, AF}

= 1lim ¥ 22T *F[,(A), 7, (B)]FT, ,

where the limit is over the net of finite convex combinations. [Here we have used
the identity TAF =1,(A)FT, which follows from noting that S(4, B)Q2=0 for all
Ae M and Be A(1).] In particular it is necessary that

lim )’ A¥E[ 7, (4), 7,(B)]E=0 *)

for all A, Be.#. This should be contrasted with the condition
lim ¥ A2E[z, (4), B]E=0, | (*%)

which is both necessary and sufficient to ensure that o has a unique barycentric
decomposition into t-ergodic states. Both these conditions reflect a form of
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asymptotic abelianness but (*) could be described as a “local dissipation”
condition whilst (¥*) is a property of escape to infinity.

Finally the t-invariant, |z]-ergodic states can be characterized by pointwise
uniform clustering with respect to 7.

Theorem 6. If 7 is 2-positive it follows that

lim |o'o|t|,— @ <M, | =0,
t— 00
for all normal states o' of the t-invariant state w. Hence the following conditions are
equivalent ;
1. w is |t]-ergodic,
2. lim o(t,(A)t(B))=w(4)w(B) for all A, Be M,
t—> 0

3. lim [|w'et,— || =0 for all normal states w'.

t— o0
Proof. Since |7] is determined by the self-adjoint contraction semigroup t—|T| the
first statement follows from Proposition 1 applied to |z|.
Next consider the equivalences between the three conditions 1<2. Since

w(t(A)7(B)=(2, AT*T,BQ),

Condition 2 is equivalent to F=E,. But this is equivalent to Condition 1 by
Theorem 3, applied to |t|.
1<>3. Condition 1 is equivalent to

lim || o|t|,— w] =0

t— o0
for all normal states by Proposition 2 applied to [t|. But this implies that w'oM |,
=ow for all o' and this is equivalent to F=E, This is in turn equivalent to
Condition 3 by Theorem 5.

Davies [9] has emphasized the significance of pointwise uniform clustering in

the context of “return to equilibrium” and given specific examples.

5. Concluding Remarks

The foregoing results do not require any assumption of continuity of 7 or T as
function of t. If, however, t is weak™ continuous then T is weakly, hence strongly,
continuous and the results based upon the mean ergodic theorem can be
strengthened. In the absence of continuity we defined mean values of T and
elements 7(4) as infinima over convex combinations, but in the continuous case
one can use any of the usual averaging processes, Abel means, Cesaro means, etc.

Next we remark that although Theorem 2 gives necessary and sufficient
conditions for the existence of a unique maximal measure on E’, with barycentre
w, these conditions do not ensure that the measure is subcentral, ie., that the
abelian subalgebra of .#’ which corresponds to u is contained in the centre
F=MnM of M. 1t is evident that u is subcentral if, and only if,

MT)CFNE
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and this inclusion is certainly assured by a suitable hypothesis of asymptotic
abelianness. If, however, 7 is replaced by a group of *-automorphism then the

equality MD)= FAE

can in fact be characterized by an asymptotic abelianness property, G-centrality,
(see [1, Chap. 4]). It is unclear whether a similar characterization is true in the
semigroup setting.

Finally we note that the assumption of normality of T is a weakness of the
results in Sect. 4. If one drops this hypothesis one can deduce, nevertheless, that
N ()=MNT| =M NG, where G is now the largest orthogonal projection such
that G<|T)| for all «. It is difficult, however, to identity 4(z) as the fixed point set of
a positive semigroup. The natural candidate would of course be given by 7%,
=lim(z},7,,)", if this limit exists.
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