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Abstract. Using the holomorphic geometry of the space of straight lines in
Euclidean 3-space, it is shown that every static monopole of charge k may be
constructed canonically from an algebraic curve by means of the Atiyah-Ward
Ansatz o,

1. Introduction

It has been known for some time that the Bogomolny equations, describing static
Yang-Mills-Higgs monopoles in the Prasad-Sommerfield limit, may be solved by
twistor methods. Indeed, they can be reinterpreted as the self-duality equations in
Euclidean four-space which are in addition time-translation invariant, and the
methods of Penrose, Ward and Atiyah may be applied directly. During the past
year significant progress has been made using this line of attack by Ward [15, 16],
Prasad and Rossi [12], and Corrigan and Goddard [7]. They all use a variant of
the Atiyah-Ward .o/;-Ansatz [3] to construct an SU(2) monopole of charge k. The
main purpose of this paper is to show that every solution of the Bogomolny
equations satisfying the appropriate boundary conditions can be constructed in a
canonical manner by this method.

Our approach is again twistorial, but instead of passing from a problem in
3-space to one in 4-space, we use complex methods intrinsically associated to the
Euclidean geometry of IR®. We replace the set of points of R* by the space of
oriented geodesics (straight lines). This has the structure of a complex surface (in
fact, the holomorphic tangent bundle T to the projective line) and a solution to the
Bogomolny equations gives rise in a natural manner to a holomorphic vector
bundle over this surface. Actually, this approach to problems in Euclidean space is
by no means new — it was used by Weierstrass in 1866 to solve the minimal surface
equations. .

Briefly, our method consists of defining a vector bundle E over the surface T of
geodesics by associating to each straight line the null space of the differential
operator

D=V,—id,
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where V, is the covariant derivative in the unit direction of the line and @ is the
Higgs field. The bundle is holomorphic if (V, @) satisfies the Bogomolny equations
Vo==F. The Atiyah-Ward Ansatz entails a description of the holomorphic
bundle E as an extension of line bundles. This means finding a distinguished
subbundle of E. We show that the bundle L* of solutions to Ds=0 which decay as
t— 4+ o0 is a holomorphic subbundle isomorphic to a certain standard bundle
L(—k) on T. It follows that E is an extension of L(— k) by its dual and hence that
the initial solution to the Bogomolny equations may be constructed by a canonical
application of the Ansatz .7,

The space of lines for which Ds=0 admits an .#? solution forms an algebraic
curve of genus (k—1)? in T. We call it the spectral curve, for it is a sort of non-
linear spectrum for the family of linear differential operators parametrized by T.
We use the global properties of this curve to give a geometrical description of the
approach of Corrigan and Goddard, realizing a 4k—1 parameter family of
solutions. Finally we show how, with sheaf cohomology, the spectral curve
determines the holomorphic bundle E and hence the solution to the Bogomolny
equations.

2. The Space of Geodesics

If M" is a Riemannian manifold, then the geodesics in a suitable open set (for
example, geodesically convex) are parametrized by a manifold of dimension
(2n—2). The tangent space to this manifold at the geodesic y may be described as
follows. Take a curve of geodesics (¢, s) with y(t,0)=y(t) and consider

_ o
B ﬁs s=0.

This is a vector field along the geodesic y — a Jacobi field — which satisfies the
equation

14

(%)*V+R(V,U)U=0, 2.1)

dy . .
where U = Zi% is the unit tangent vector of the curve and R(X, Y)Z the curvature

tensor of the metric.

The 2n-dimensional space of solutions to this equation contains the
2-dimensional subspace of Jacobi fields tangential to p. These are not tangent to a
deformation of the curve, but correspond to an affine reparametrization. The
(2n—2)-dimensional space of Jacobi fields orthogonal to U does consist of genuine
deformations of y and the map

Vi—>V—(V,U)U

defines an isomorphism from the tangent space at y of the space of geodesics to the
space of Jacobi fields orthogonal to the direction of y.

Suppose M is now 3-dimensional and we consider the space G of oriented
geodesics (fix a direction for U). Now if V is orthogonal to U, so is the vector cross
product U x V. Since U is constant along the geodesic,

(U xV=Ux(VZV),
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and so if
R{UxV,U)U=UxR(V,U)U, (2.2)
then we can define a linear map
JV)=UxV (2.3
which satisfies
JPV)=Ux(UxV)=(U, VY U-(U,U)V=—V

since V is orthogonal to U.

In other words, we have an almost complex structure on the 4-dimensional real
manifold G. Note that we needed the orientation to fix U and define J. The
curvature condition (2.2) is only satisfied for a Riemannian 3-manifold if it has
vanishing traceless Ricci tensor. In such a case the metric has constant curvature
and the almost complex structure is integrable. Then G is a complex surface.
Before we consider in detail the case M =IR? which is relevant here, let us note
some properties of G.

Firstly it possesses a map 7:G—G with no fixed points such that t?=id,
obtained by simply reversing the orientation on each geodesic. By the definition
(2.3), = takes the complex structure J to —J and is thus an antiholomorphic
involution, or real structure on G.

Secondly, consider a point xe M. The oriented geodesics through x are
parametrized by the unit 2-sphere in the tangent space T,, via the exponential
map. Since U is the unit normal to this sphere, it is clear from (2.3) that J preserves
its tangent space and moreover defines the standard complex structure on the
Riemann sphere. Thus a point x corresponds to a holomorphic projective line
P_CG. Two sufficiently close points x and y are joined by a unique geodesic, hence
(taking both directions) by two oriented geodesics. This means that P, and P,
intersect in two points and so the self-intersection number of P, (the degree of its
normal bundle) is 2. The line P, is also clearly preserved by t and hence is real.

We thus have a real complex surface G with a family of real lines of self-
intersection number 2. It can be shown that any such surface may be obtained by
the above geodesic construction, but using a Weyl structure rather than a
Riemannian structure. The integrability condition (2.2) is then the analogue of
Einstein’s equations (R; = Ag;;) for the Weyl structure (see [10]). This is the
general context of the description in this paper, but from now on we shall restrict
ourselves to the simplest case M =IR3,

3. Straight Lines in 3-Space

In IR3 the geodesics are straight lines. We may parametrize them by assigning first
the direction, a unit vector u and secondly by choosing an origin and taking the
position vector v of the point nearest the origin. Thus

G={u,v)eS?xR?u-v=0},

and this is just the tangent bundle TS? of S*. The line x= v+ tu corresponds to
(u,v).
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The complex structure constructed on G in Sect. 2 is, we claim, the natural
structure on the holomorphic tangent bundle of the projective line IP, ~S2.

To see this, we may consider the standard Riemannian connection on S* and
split the tangent space of T'S? into vertical and horizontal spaces, so that

T(TS*)=n*T®r*T,

where n:TS?—S? is the projection. The natural complex structure of TS? is
obtained by taking the standard almost complex structure on S in both factors.
On the other hand consider the geodesic

y={xeR3x=v+tu with u-v=0}.
A tangent vector to y is a pair of vectors (u,v) with
n-u=0,
uv+u-v=0.

This defines the Jacobi field
V=ta+v—(v-u)u

orthogonal to the geodesic, i.e. a pair of tangent vectors (i, v— (v-u)u). However
this splitting coincides with the one above, since the Riemannian connection on S?
is obtained by projecting onto the tangent space using the flat connection in IR3,

Now the complex structure at (u,v) is given by taking the cross product with
the normal direction u in each factor. This is clearly the standard complex
structure on S2, so we have established our claim. From now on we shall denote
the space of oriented lines in R? with this complex structure by T.

Since the straight lines through a fixed point xeIR* are determined by their
direction u, the line P, is a holomorphic section of = : T—IP,. Every such section is
a holomorphic vector field on P, which (since the tangent bundle is of degree 2)
may be written in terms of a quadratic polynomial:

4

s(C)=(aCZ+bC+c)dC. (3.1)

The real structure is defined by
T(U,V) =(—U,V),

and this is minus the natural action of the antipodal map o on the tangent bundle
TS2. In holomorphic coordinates a({)= — { ~ !, and it follows that the section s({) is
real iff

b=b;a=—¢C.
Thus a point x=(x,, x,, x;)€IR* may be represented by the real section
. . d
S(O)=((x; +ixy) = 2x30 = (x; — lxz)Cz)E’ (3.2)

and in these coordinates the natural conformal structure induced on IR? by the
discriminant b*—4ac is the standard Euclidean one given by the metric
dx}+dx3+dx3.
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We have just described IR? as the space of real holomorphic vector fields on IP,,
i.e. as the Lie algebra of SO(3). The surface T should of course be thought of as an
affine vector bundle over IP, with no distinguished zero section. Indeed a choice of
real section determines an origin in IR3.

The relationship between T and the twistor space IP;\IP, of R* (see [ 1]) may be
described in terms of the action of time translation. Translation is an isometry of
R* and induces a free holomorphic action of the additive group R on P;\IP,,
which is the real part of a holomorphic action of the complex numbers €. The
quotient space of IP;\IP, by this action is the surface T.

4. The Bogomolny Equations

We shall see now how solutions to the Bogomolny equations, with no boundary
conditions imposed, may be represented in terms of the complex geometry of T.

Consider a principal SU(2) bundle with connection ¥ on IR?, and a section of
the adjoint bundle @, the Higgs field. Let E be the associated rank2 complex
vector bundle on IR3, and F the curvature. Now define a rank 2 vector bundle E on
T by

E,={seI(y, E)|(V,— i®)s=0}. (4.1)

Here U is the unit tangent vector along the oriented geodesic y, corresponding to a
point zeT. Thus for each line y, we have a system of ordinary differential
equations along that line. The finite-dimensional null space is the fibre of the
vector bundle E over the point zeT.

Theorem (4.2). If (V,®) satisfy the SU(2) Bogomolny equations V® =xF, then E is
in a natural way a holomorphic vector bundle on the space of geodesics T such that
(i) E is trivial on every real section.
(i) E has a symplectic structure.
(i) E has a quaternionic structure, that is an anti-holomorphic linear map

such that 6*= —1.
Conversely, every such holomorphic vector bundle on T defines a solution of the
Bogowmolny equations.

Proof. We shall construct on E a d-operator, that is a linear differential operator

J:I(E)-»T(E®A%Y),

such that
(@) (fs)=f0s+s®0f, feC(T),
(b) 9%2=0,

where 07 is defined in terms of the natural extension of 0 to an operator
J:NE®RA>N)->T(ERA%PTY),

It is a corollary of the Newlander-Nirenberg theorem (see [ 1], for example) that E
then has a holomorphic structure for which this operator is the natural d-operator.
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First, we paraphrase the construction of the complex structure on the space of
geodesics, by considering the unit sphere bundle S(TIR?). The flat Riemannian
connection splits this into a product S? x R3. The geodesic flow X is a vector field
which is horizontal relative to this splitting and the space of geodesics T is the
quotient space of $2 x R?® by the flow:

p:S2xR3-T,
plu, X)=(u, x —(x-uu).

The orthogonal complement of X in the tangent space at (u,x)eS* x R® projects
isomorphically to the tangent space of p(u,x) in T. The almost complex structure
we defined consists of taking the standard complex structure of S? in the fibre
directions and the standard one (cross-product with X) in the horizontal direction
orthogonal to X. The integrability condition on the curvature is equivalent to the
invariance of this structure along the flow.

This interpretation makes it easier to describe a section of E over T. If we
denote by p, and p, the projections onto the two factors of $* x IR?, then a section
seI'(T,E) consists of a section §eI'(S*xR3 p¥E) which satisfies the equation
Vy§—i®§=0, using the connection pulled back from R? by p,.

We now define the J-operator by:

(@sy'=V°13. 4.3)

This means we consider the (0,1) component of V3 relative to the complex
structure in the orthogonal space to X in the tangent space of S x R*. We must
show that this is well-defined, i.e. that Js is a section over T rather than on S? x R,
Now since the holomorphic tangents to the real sections span the tangent space to
T at each point, it is enough to check this on each such section.

Thus, we pick an origin 0eR* and consider all the straight lines through it. The
exponential map at this point is

exp:S?x R->R?
(u,f)>tu,

and is the projection p, applied to the translation of S* x 0 by the geodesic flow.
We have a section $eI'(S* xR, p¥E) which satisfies

ot

(17@ ~ itb>§=0,
and from (4.3)
(s)' = (Vi+ivi)§dz,
ox oy

where z=x+iy is a holomorphic coordinate on S*. We need to show that

(Vi— iqs) (Vi+ iVi)§=0,

ot ox oy
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for then we shall have a genuine section over T. But

0 0 0
[Va —i®, Vo +iVe ]:F(ﬁ, ~) —Va d>+i<F(—, —) +Ve qs),
o > 3y ot 0x o ot’ dy ™
and this vanishes because of the Bogomolny equations V'@ =#F and the definition
of the complex structure. Hence since

(w-w)s:o, <V3—i¢)<Vi+iVi>§=0

ot ot 0x oy

and we have a well-defined operator 0 which clearly satisfies condition (a). As for
condition (b), note that

(3%5) =FO2

from the definition (4.3). But the fibre of p,:S*xRR®*->IR* is a holomorphic
direction, so any (0, 2) form on T must be a multiple of &, A i,, where u, is in the
fibre direction. On the other hand the connection ¥ on $? xR? is pulled back by
P, 5O the ii; A @i, component of F must be zero. Hence 62s=0, and the bundle E is
holomorphic.

We must now check properties (i)—(iii) of the theorem.

(i) A real section of T—1IP, consists of the geodesics that pass through a fixed
point 0eR>. Take a fixed vector e,eE,, then there is a unique solution to
<l7,_« — idi)§=0 with initial condition §(0)=e,. This defines a section s of E on the

ot
projective line P, and since e, is independent of the direction,

(Os)'=V"15=p"1e,=0.

Thus s is holomorphic, and letting e, vary in E, we have a trivialization of E on
P,, and similarly on every real section.

(ii) The connection ¥ preserves the SU(2) structure on E and in particular a
symplectic form. The Higgs field @ also preserves the SU(2) structure but i® being
self-adjoint does not. However since Trace(i®)=0, the symplectic form is pre-
served so the form on E is inherited by the solutions of (V,— i®)s =0. Thus E has a
symplectic form, which is clearly compatible with the J-operator and hence
holomorphic.

(iii) The bundle E on IR? has a quaternionic structure ¢ : E,~E_. So, if

(V,—i®)s=0,
then applying o,
(Vy+i®)os=0,
and so
(V.y —i®)os=0.
Thus, recalling that changing the direction U of the geodesic is the real structure ©
on T, we see that ¢ defines an antilinear map
0:E,—E,

with 2= —1, easily seen to be antiholomorphic.
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To prove the converse part of Theorem (4.2) we must consider the geometry of
the complexification €2 of R®. In our twistor representation a point (a4, b, c)e € is

represented by a holomorphic section (a{* + b{ + c)d% of T which is not necessarily

real. Take a local coordinate system (,{) on T defined by
d
(775 C)_”? d—z ’

where { is a local affine coordinate on P, and consider all sections which pass
through a fixed point (14, )€ T. This is the set

{(a,b,0)e@|no=al5+b(y+c},

and is thus a plane IT in C3. The conformal structure on € was defined in Sect. 3
by the discriminant, so the complexification of the Euclidean metric is

g=(db)>— 4(da) (dc).
Now if

c=1ny—bly—alj,
de=—{ydb—{3da,

and so
g=db? +4da((, db+ (2da)=(db+2{,da)*.

Thus the induced metric on the plane IT is degenerate: IT is a null plane. So from a
holomorphic point of view a point in T represents a null plane I1 in €3. The plane
IT and its conjugate IT intersect in a straight line (the geodesic of our original
construction) and the orientation is determined by the ordered pair (I1, I).

Now suppose E is a holomorphic vector bundle which is trivial on every real
section P, of T. It will be trivial on the complex sections sufficiently close to xe C*
and we can define a vector bundle E on a neighbourhood of x by

E,=H(P,,E). (4.4)

The fibre consists of the holomorphic sections of E along the projective line P,.
Furthermore, for all lines which pass through the point ze T, we have a canonical
trivialization of the bundle E defined by the restriction isomorphism

HP,E)ZE,. 4.5)

Thus on a neighbourhood in I of the geodesic y,, E has a natural flat connection
V. If E is endowed with a symplectic form, then clearly E inherits one and this is
preserved by the connection.

Since every null line lies in a unique null plane, we can use this connection to
define parallel translation along a segment of each complex null geodesic through
x. This defines, by differentiation at x, a matrix valued function 4 of null directions
which is homogeneous of degree 1 and holomorphic. However, the space of null
directions is a conic C in P(T,)=IP,, the projective space of the tangent space to €3
at x, and every homogeneous function of degree 1 defines a section of the bundle
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0(1) on P, restricted to C. It follows, using the Kiinneth theorem, the fact that
H'(C,0(1))=0 and that every holomorphic section of O(1) on C is the restriction of
a linear form on T, that A4 is in fact linear in the null direction. Thus the notion of
parallel translation is defined by a connection V in a neighbourhood of x. This is
analogous to Ward’s original construction [14].

Now restrict this connection to the null plane I1. It agrees by definition with
the natural flat connection F;; in the null direction, so

V—V,=i®dy (4.6)

for some endomorphism @ of E, where the null lines in IT are defined by y=const.
If we make y a linear coordinate and dy of unit length, then dy is uniquely
determined (up to a sign fixed by the orientation of IR?). If we now consider all the
null planes through x, then @(x, IT) is a holomorphic matrix valued function of the
null directions, homogeneous of degree 0. This means it must be constant as a
function of IT and so gives a well-defined endomorphism of the bundle E in a
neighbourhood of R®*C €3, Furthermore, since ¥ and V}, preserve the symplectic
form on E, so does ®.
Now since Vj; is flat, we obtain from (4.6) the equation:

F—iV® Andy=0. 4.7)

The real structure o on E defines a quaternionic structure on the bundle E over the
real points IR® C €2 and makes V and ® compatible with it. With this real structure
the Eq. (4.7) leads directly to the Bogomolny equations. Indeed let (¢, ¢,, ¢5) be an
orthonormal basis of tangent vectors in IR* such that e, +ie, is the null direction
of II. Then (4.7) implies that

F ,+iF,,=iV,®—V,D,
and hence that
Vie=F,,,
V,o=F,,,

which, for all null directions, yields the Bogomolny equations. Let ze T, and y, be
the corresponding geodesic, in the direction e,. Then

E,~{se (I, E)|V s =0}

from (4.4) and (4.5). But this is isomorphic to the sections of E along the line y, in IT
which satisfy V;s=0. This however, from (4.6) is the null space of V';—i®, and so
we have inverted the initial construction.

The theorem is now proved. Although it was phrased in terms of SU(2)
solutions, with minor modifications to the real structure, it is valid for any real
form of a complex Lie group.

5. The Line Bundle L

To illustrate the preceding construction, let us take the simplest case of a solution
to the Bogomolny equations. Here we take the group to be U(1), the bundle E to
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be a trivial line bundle with flat connection, and the Higgs field @ to be the
constant i. We shall obtain a holomorphic line bundle L on T, trivial on each real
section and where in this case the real structure gives an antiholomorphic
isomorphism

. ~ T %
o:L,=L%.

Following theorem (4.2), we define

ds

— +5=0;.

T +s }

Thus s=conste™". Now define the function [ on $? xR? by

lu,x)=e"ux, (5.1)

L,= {se C*(y,)

On each straight line this defines a multiple of e, so [ defines a global non-
vanishing section [ of the line bundle L over T. Note that / depends on the choice
of origin.

We shall compute 0/ next. Note firstly that if u-x =0, then [ is constant. Hence
791 s zero in the horizontal direction of S? x IR3. This means, in terms of T, that 0!
vanishes in the fibre directions of 7: T—1P,.

Now let { =x+iy be a standard local coordinate on the fibre S* of §* x R*. By
stereographic projection we may write

_( xn 2 1-(5)
S\ i i)

Now x=(x,, X,, X3), S0 putting a=x, +ix, and b=x; we get

al+al+b(1-¢0)
ST+
Hence
¢

T+ (5.2)

VO (u-x)=(a—2b{—al?)

. . d . .
But taking coordinates (7, C)—maz on T and comparing with (3.2) we see that the

projective line P, corresponding to x is n=a— 2b{ — a{>. Thus the section [ of L on
T satisfies

—Indl
1+20*
Note that [ is holomorphic in each fibre of T and also on the zero section =0,

corresponding to the chosen origin of IR, ~
If f1is a local holomorphic section of L, then d(f1)=0, so from (5.3)

a _
o

dl= (5.3)

0
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and
a_ _In_
o 1+
—n . .
It follows that f=g({,n)ex (———. ), where g({, ) is holomorphic.
f=g(l,n)exp 0+ g(ln p
. -n . . .
The function f,=ex (———_) is regular at {=o0 but has a singularity at
So=exp ) g g y
.. -9 n\ . .
=0. Similarl =ex < = ~) is regular at {=0 but singular at { = co.
¢ y fi Pleasean e g g

Thus f,/ defines a trivialization of L on the open set U, ={(,{)e T|{+0} and
filon U, ={(n,0)eT|{=*co}. On the intersection UynU, we have fyl=e "‘f I,
so the transition function ¢, is given by

$or=exp(—=n/0). (5.4)
Since the real structure in these coordinates is
w(n, ) =(=7/0% =71,
it is clear, noting that 7 interchanges U, and U, that
bort=exp(/0)= o1 ,
so we have an antiholomorphic isomorphism
o:L,5L%.

From its description as a solution of the Bogomolny equations, it is clear that L is
a canonical object on T. In algebraic geometric terms, we can describe it as
follows:

Recall that any compact complex manifold X" has a fundamental class
we H'(X, K), where K is the canonical bundle. Furthermore on the total space of
any vector bundle E there is a tautological section s of 7*E. Hence taking E= K*,
the anticanonical bundle, there is a natural element st*we H(K*,0).

In our case X =IP,, T=K* and the line bundle Le H'(T,0*) is defined by

L=exp(st*w).

6. Boundary Conditions

Suppose now that (I, @) satisfies the SU(2) Bogomolny equations, subject to the
following conditions:

(i) ncbn=1—?;+0(r*2),
0| ®
(i1) %QJ =0(r~ 2, (6.1)

(iii) [Vo|=0("2), as r—ow.



590 N.J. Hitchin

o||®
Here we define | @[?= — 3 Tr®? and (l?'QH

() el

These conditions are independent of the choice of origin. Note that condition
(ii) implies that m is a constant. Also, since @ is non-vanishing at sufficiently large
distances from (i), the bundle E splits as a direct sum E~M @ M* of eigenspaces of
®. Restricted to a large sphere the line bundle M has an integer Chern class +k.
By integration over the sphere (see [15]) one may show that the constant m is the
positive integer k. We shall call k the charge of the solution.

Ward’s approach to constructing solutions of charge k is to use the Ansatz .o/,
This means in holomorphic terms constructing the bundle E on T as an extension.
More precisely we take on T the holomorphic line bundle O(— k) (the pull-back
under 7 : T—1P, of the unique line bundle of degree — k), tensor it with the bundle
L we constructed in Sect. 5, and consider vector bundles E for which there is an
exact sequence

denotes the angular derivative of || @],

0—L(— k)5 EL L*(k)—0. (6.2)

This means that E has a distinguished holomorphic subbundle isomorphic to
the bundle L(— k). Since E has a symplectic form, the quotient line bundle must
be isomorphic to L*(k).

To express a bundle as an extension in this way means that one may find
transition functions which are upper triangular. In our case since O(k) has the
transition function (¥ and L has the function e ™", an application of the </, Ansatz
requires looking for a bundle E with transition functions

(C"‘e"“ S, C))

0 kel ’

The off-diagonal term (1, {) defines a Cech cocycle representing a class in the
sheaf cohomology group H*(T, L*(— 2k)). This group classifies all extensions of the
form (6.2).

We shall now prove the following:

Theorem (6.3). Let (V, ®) be a solution of the SU(2) Bogomolny equations of charge
k on R3, satisfying the boundary conditions (6.1). Let E be the corresponding
holomorphic bundle on T defined by (4.1) and let L™ denote the subbundle of E
consisting of solutions to (Vy—i®)s=0 which decay as t— + 0. Then LY is a
holomorphic subbundle isomorphic to L(—k) and thus E may be represented as an
extension

0— L(— k)= E— L¥*(k)—0.

Proof. In the neighbourhood of an oriented line in IR?, choose a trivialization
(eq €,) of the vector bundle E which consists of the orthogonal eigenvectors of @ at
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large distances in the positive direction. Then for large r,
Pe;=(—1Yi|Plte;, (j=0,1).
Hence taking the covariant derivative,
(@—(=Vi|®[)Ve,=V I~ (= 1)V D)e;.

Since ||V®|=0(r"?%) from (6.1) this implies that the connection matrix in this
gauge is of the form:
A B
( ), where ||B|=0("2).
—B* —4

Now consider the diagonal part of this matrix. It defines a connection which
preserves the eigenspaces of @. Choose a gauge which is covariant constant in the
radial directions for this connection. Then the form of the matrix is unchanged, but
in polar coordinates the 1-form A has no dr term.

The curvature F is given by:

F_(dA~B*B dB )

“\ —4B*  —(dA-B*B)

:(i*dHtDH 0 )+0(r-2)
0  —ixd|®|

by the Bogomolny equations V¢ ==F. Hence, if (u,,u,) are orthogonal coor-
dinates on the unit sphere and A=A, du, + A, du,, we have

o4, ol®l . _,
61’ —l—&l—2 +O(r ),

and from condition (ii) of (6.1)

04, . _,
ar _O(r ):

and similarly for 4,. Thus in the radial direction 4, tends to a limit 4; as r— co.

Instead of choosing a fixed set of polar coordinates we may consider the pulled
back connection p%V on S*xIR?® and choose an analogous gauge in a neigh-
bourhood of an orbit of the geodesic flow. Then, as t— oo along the flow, the
connection approaches a pulled back connection p*F which moreover preserves
the eigenspaces of @. .

Now consider the corresponding holomorphic vector bundle E on T. From
4.1)

E,={seI(y, E)|(Vy—i®)s=0}.
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In the present gauge we may write this as

ax _ ) x+C(t)x=0, (6.4)

1—2=
t

where ||C(t)|| =0(t~2). This follows from condition (i).

Since ||C(¢)| is integrable, we may apply a theorem of Levinson (see [5, 6]) on
the asymptotic behaviour of ordinary differential equations to deduce that there
are solutions x,, x, such that

—k,t
Xolt)t e e, as t—+o0.
x, ()t e —>ey,

In particular there is a uniquely determined 1-dimensional subspace L) CEZ of
solutions (namely multiples of x,) which decay as t— + c0.

The solution x, is obtained by using the fundamental solution of the
unperturbed equation:

£
eS—l_k_ 0
K(s,t)= s s>t,
0 0
0 0
= _ssk sS=t
0 e’ x

One then solves the equation
x(t)=(t"¢e ey + | K(s, 1) C(s)x(s)ds
ty

=(t*e¢ ey, +(Tx)(2).

Since C(¢) is integrable, T is a contraction mapping for large enough ¢,, so there is
a unique solution amongst functions bounded on [¢;, ). Using this method, and
the uniform bounds on C(t) provided by the boundary conditions one may show
that L™ varies continuously with ze T, and moreover is differentiable by condition
(ii). Furthermore, the derivative relative to some choice of initial value is given by:

0x,

7 oC 0xq
. = | K(s,t) {52—(3, 0) x,(s, 0)+ C(s, O)FZ—(S, 0)|ds,

z=0 1y

. . .. 0C _ . .
so since by condition (ii) % =0(s~?) as s— oo, uniformly as z varies over a
z
compact set, we have another contraction mapping and

%%

<const|[x,| -
sl Il
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. . 0x
Thus 1n particular —8#0 -0 as t— + 0.
z

We now wish to show that L* is a holomorphic subbundle of E. If s is a local
differentiable section of L* then we may use the symplectic form of E to express
the obstruction to holomorphicity as (s, s).

In terms of the sphere bundle S% x IR3,

(0s,sy=(V"5,8),

which because of the Bogomolny equations is constant along the geodesic flow.
But as we have seen s(z,t) and Vs(z, t) both tend to zero as t— + oo. Thus the
constant is zero and L* is holomorphic. Note that we may define L~ as the
subspace of solutions which decay as t— — co and the same argument shows that
L~ is holomorphic. We shall consider the relationship between the two in the next
section.

It remains to identify L™ with L(— k). The line bundle L corresponds to the
trivial U(1) solution of the Bogomolny equations. Consider the holomorphic
bundle EQL*. This corresponds to a U(2) solution where the Higgs field is
replaced by @ —i. Hence the subbundle L™ ®L* is isomorphic to the space of
solutions to the equation

d‘x
dt

o~

x+C(t)x=0

o
)
I
)

such that t~*x(t)— Le,,.

Now let s be a local section of L* @ L*. It defines §(z, {) on S? x R3. As t— + o0,
the eigenspace of the Higgs field corresponding to the limiting eigenvalue i tends to
a line bundle p¥M of degree +k (a bundle on the sphere of infinity) and the
connection, as we have seen, tends to a pulled back connection p*V.

Define o: L™ Q@ L*—>7*M by

als)= lim t™%(z,1).

t— -+

Note that o is independent of the choice of origin t=0 on the line. By using the
fundamental solution again we see that

o . 08
P a8z, t))=a e (z,0),
and hence
(@ + A% o(8) =V 13(z, ). (6.5)

However a line bundle on S$>=IP, with connection has a holomorphic
structure defined by the d operator 0% !+ 4% and the holomorphic structure on
EQ®L* is defined by V%', Thus (6.5) implies that « is a holomorphic isomorphism.
There is a unique complex structure on a line bundle over IP,, hence
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LT ®L*=7*0(+k). In fact, since the bundle Eis holomorphically trivial on each
real section of T, L™ must have negative degree, so

LY~L(—k),
and Theorem (6.3) is proved.

7. The Spectral Curve

We have established that the holomorphic vector bundle E corresponding to a
monopole is expressed as an extension

0-L*—>E—(L*)*—0, (7.1)

where L*~L(—k). We also saw in the proof of Theorem (6.3) that it is an
extension

0—>L™ —»E—(L7)*-0. (7.2)

In fact the real structure ¢:E—E takes Lt to L™, for since it changes
orientation on each straight line, the solutions that decay at + co go to those that
decay at — oo. Hence o defines an antiholomorphic isomorphism

o:L*—>L"

and in particular L™ = L*(—k). _
Now we may project L™ in E onto (L*)* in (7.1) and obtain a holomorphic
section,

peHYT,(L* ®L™)*)= H(T, O(2k)).

We shall call the zero set of this section the spectral curve S. This is because it

corresponds to those points ze T for which L =L . In other words, it describes

those straight lines for which there are solutions to (Vy—i®)s=0 which decay at

both ends of the line. Since they decay exponentially they are also in #2. Thus we

are considering a nonlinear family of linear differential operators on the line and

we are seeking the particular parameter values for which there exist #? solutions.
We shall prove the following properties of the curve S:

Proposition (7.3). Let S be the spectral curve corresponding to an SU(2) monopole
of change k. Then

(i) S is compact.

(i) S is defined by an equation

pn, O =n*+a,(On* "'+ ...a(0)=0,

where a/({) is a polynomial of degree 2i.
(iii) The line bundle L?* is holomorphically trivial on S.
(iv) S is preserved by the real structure 7.
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Proof. (i) Let s be a non-zero solution of (V;—i®)s=0 on some line, and consider
the function f=s||*> on the line. Since s is the solution of a linear first order
equation, f>0. Now,

af _
dr

since V preserves the inner product and i@ is self-adjoint. Differentiating again, we
obtain

= (W8, 5)+ (s, ¥;5) =2(iDs, s)

s
dt?

But from the boundary conditions (i) and (iii) of (6.1), there exists R >0 such that

=2{(iVD)s,s)+ 2|1 ®[> [}

I212>3 and |(%®)s,s) <3 Isll?

if r>R.
Hence if the whole line is a distance greater than R from the origin,

2
d 2
for all solutions s. Thus since f is convex and non-constant, it cannot be bounded
and there are no non-zero solutions which decay at both ends of the line.
Hence the spectral curve S lies in the disc bundle of radius R of T=TS? and is
therefore compact.
(i) The curve is defined by p =0, where y is a holomorphic section of O(2k) on

T. Let # be the ideal sheaf of a section P of T, then for any vector bundle E there is
an exact sequence of sheaves:

0— 7" ' ®0(E)~ £"®O(E)>O(EQN "0,

>f>0

where N is the normal bundle. Since in our case N = 0p(2), if we take E = O(2k), we
have

0 7" 1 ®02k)— #"® 0(2k)— 0 y(2k — 2n)—0. (7.4)

Now if n>k, H(IP,,0(2k—2n))=0, so from the exact cohomology sequence of
(7.4), if a section v of O(2k) vanishes to order (k+ 1) on P, it vanishes identically on
T. Thus a section is determined by its restriction to the k'™ order neighbourhood of
P. From the exact sequence of higher order neighbourhoods:

00,2k — 21)—0"(2k)— 0% 1(2k)~0,

we see that

dim H°(P, O%(2k)) = Z dim H°(P, 0(2k — 2n))

n=0

k
Z @n+1)=(k+1)2.
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Hence

dim H%(T, O02k)) < (k+ 1)*. (7.5)

On the other hand O(2) is the pull-back of the tangent bundle of IP, and thison T

. . d . . . .
has a canonical section # — in our standard coordinate system. Hence if p(#, {) is

d¢
d k

any polynomial as in (ii), p = p(y, {) (E) is a holomorphic section of O(2k). Since
the dimension of the space of such sections is (k+1)?, it follows from (7.5) that
every such section is of this form, in particular y. In order for S to be compact, it is
clear that the coefficient of #* must be non-zero, hence S is defined by an equation
" +a (O 1+ ... +a 0)=0.

(iii) Since L* =L~ on S, LY =L(—k) and L™ = L*(— k), it is clear that L~ [L*
and hence L? is trivial.

(iv) Since o(L*)=L" it is obvious that S is real.

The curve S is thus determined by (k +1)?— 1 real parameters, but because of
(ii) satisfies further constraints. Since L? has Chern class zero, its restriction to S
corresponds to a point in the g-dimensional complex torus

HY(S,0)/H'(S,Z),

where g is the genus of S. Since furthermore L? is real (L* =L~ on S) there are g
real constraints on the curve. If S is non-singular, we may compute the genus from
the adjunction formula:

K-S+8%=29-2.
Since S is the zero set of a section of O(2k), its self-intersection number is

¢,(0(2k)) [S]. But because p(n,{) is of degree k in #, S is a k-fold covering of the
base space IP,. Hence

§2=2k*,

and since the canonical bundle K= 0(—4),

K-S=—-4k.
Thus
2g—2=2k*—4k
and
g=(k—1)2.

Hence the conditions we have described (a geometric version of those in [7])
amount to the choice of

(k+1)?—1—(k—1)> =4k —1

real parameters.
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This suggests that the spectral curve determines the solution. This is in fact the
case, as we shall see now. .
We have described the bundle E as an extension

0— L(— k)= E—L*(k)—0,

in other words, defined by an element a in the sheaf cohomology group
HY(T, L*(— 2k)). We may take the section ye H(T, 0(2k)) and multiply to obtain
yw(a)e H(T, L?). This class is in fact trivial for general reasons.

We have the extension

0—L*SEL(LY)*—0
and a homomorphism vy : L™ —(L*)* The product defines an extension
0-L">F->L"—-0.
This bundle may be defined by
F={(x,y)e E®L"|px)=p(»)}.
But in our case y=ff|L", so the diagonal map
A:L”—>F
y=>.)

defines a splitting of the extension. Hence the class y(a)=0.
Now consider the exact cohomology sequence of the sequence of sheaves

0—O(L*(—2k))—>O0(L*)—04(L*)—0.
We obtain

0— HO(S, L35> HY(T, L¥(—2k))-> H\(T, L?).

Since y(a)=0, a=0d(«) for some ae HO(S,L?). But L* is trivial on the compact
connected curve S, so up to a factor (which does not change the bundle E), « is
unique. Thus

Theorem (7.6). If S is the spectral curve, the bundle E is obtained as the extension
8(x), where o is a trivialization of L* on S and

8: H(S, L»)—~HY(T, L*(—2k))

the coboundary map. R
In particular the curve S determines the bundle E.

Example (7.7). In the case k=1, the spectral curve S is defined by n+a,({)=0,
where a,({) is of degree 2. This is just a section of n:T—1IP, and since S is real it
corresponds to a real section P, for some distinguished point xeR3.
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If we take x to be the origin, then the BPS monopole gives a solution to the
charge 1 SU(2) Bogomolny equations [4, 13]. The Higgs field @ for this solution is
given by

1
@zf(cothr— ;)

Hence if we consider the lines through the origin and use a gauge which is
covariant constant in the radial directions, the differential equation on each line is,

cothr—1 0
X r
dr e
0 —cothr+ -
’

I
e

Clearly x= ( > is the unique solution which decays as r— + oo. Since it also

r/sinhr
decays as r— — o, the spectral curve has as a component all the lines through x,
Le. P,. Since it must be a section, then S=P,. Finally since by (7.6) the spectral
curve determines the solution, we see as a consequence that the BPS monopole is
the unique solution for charge k=1.

Example (7.8). Consider the axially symmetric situation treated by Prasad and
Rossi [12] and, using different methods, by Forgacs et al. [9]. In our twistorial
approach a rotation of 6 about the x;-axis corresponds to the action of U(1) on T
given by

(1, 0)—(en, e”0).

Hence the spectral curve S given by

+a,(On* 1+ ... +a(0)=0

is invariant iff a({)=c,{’ for some constants ¢, 1<i<k. But then the equation
factorizes as

k
l——[1 (n—240=0,

where the 4; are the roots of the equation & +c¢, & 1+ ... +¢,=0.

Geometrically this means that the curve S is reducible and is the sum of k
sections of T, each passing through the two points (1, {)=(0,0), (0, co).

On each individual section, the bundle L2 is trivial, since it is of degree zero. We
thus have a complex C* solution to the Bogomolny equations on €3, From Sect. 5
it corresponds to a line bundle with trivial connection and Higgs field 2i. We shall
describe the condition that L* be trivial on S in terms of this connection.

Take two component curves P, and P, of S corresponding to the points
u=(0,0,4,/2),v=(0,0,4,/2) in C3. By the holomorphic approach to the Bogomolny
equations in the proof of Theorem (4.2), trivializations of L? on P, and P, agree at
a point of intersection ze P,N P, if the corresponding vectors at u and v are related
by parallel translation in the plane IT corresponding to z, with respect to the flat
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connection V. Hence they are compatible at both points of intersection z,z’ if
parallel translation along the geodesic joining u to v is the same for both
connections V and V.

Now from (4.6), V —V,=i® dy and V' —V,;;,=i® dy'. On the line of intersection
dy' = —dy, so parallel translation is the same if

exp(— E2dy> =exp(i 2dy),

i.e. if the distance between u and v is a multiple of in/2.
Putting in the reality condition and choosing a suitable origin, the spectral
curve for an axially symmetric solution is of the form

1
n [ *+kin*(?)=0
i=1

for k=241, with k;€Z and
1
[T 0* +(ko/2+ k;)*n*()=0
i=1
for k=2I.
In particular, as noted by Prasad and Rossi, apart from the choice of origin
and axis of symmetry there are no continuous parameters.

8. Summary

We have shown that every SU(2) monopole satisfying the boundary condition
(6.1) defines an algebraic curve in the surface T=TP, and that the curve
determines the monopole. It is thus possible in principle to investigate properties
of the monopole by studying algebraic curves. There are a number of questions we
have not answered, however, by this construction:

(1) Which curves in T satisfy the necessary conditions of Proposition (7.3) in
order to be a spectral curve?

The answer involves the periods of the curve, and hence is transcendental in
nature. Any curve which does satisfy those conditions defines by the coboundary
construction of Theorem (7.6) a vector bundle E over T expressed as an extension
&(e) in HY(T, L*(— 2k)). Moreover, by reversing the proof of that theorem one may
show that the conjugate element od(er)e H'(T, L™ *(— 2k)) defines an isomorphic
bundle, so that E has a quaternionic structure. In view of Theorem (4.2) it defines a
solution of the Bogomolny equations on those points of IR* which correspond to
sections of T over which E is trivial. This provokes the next question:

(2) For which curves is E trivial on every real section?

Since E = O(m)@O(—m) for some m on every projective line, we can character-
ize the sections P, for which E is trivial by the condition H°(P_, E(—1))=0. From
the exact sequence

0-L(—k—1)>E(—1)-L¥k—1)-0,
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this holds iff the coboundary map
HO(P,, L¥(k—1)>H'(P,, L(—k—1)) 8.1)

is an isomorphism. This map is obtained by multiplying by the extension class
d(a)e H(P,, L*(—2k)). Now the trivialization o of L* on S is related to a fixed
trivialization f of L* on P, by

a=ip, 1<i<2k

at the points of intersection {;e P,NS. If the section P is defined by the equation
n=a({) and the spectral curve by y(#,{)=0 then we may define a quadratic form
on polynomials of degree (k—1) by
F©) g

Q0= LA RS a0,
which, identifying HY(P_, L(—k— 1))~ H°(P,, L*(k—1)) by Serre duality, is the
map (8.1). Thus the non-degeneracy of Q is the required condition. In practice this
is difficult to obtain, even in the axially symmetric case.

Having considered interior regularity, one may ask for the boundary
conditions.

(3) Does a solution to the Bogomolny equations obtained this way satisfy the
boundary conditions (6.1)?

This seems quite likely — indeed a partial answer is found in Corrigan and
Goddard [7].

In some ways, the difficulties encountered in proving non-singularity parallel
those in the algebraic curve approach to instantons [3]. The monad approach [2]
gave a happier method of constructing solutions, though with some loss of
explicitness. An analogous description for monopoles (cf. Nahm [11]) would get
around some of the difficulties of the method presented here.

9. Appendix: Minimal Surfaces

As a postscript let us consider how Weierstrass used the complex geometry of T to
solve the minimal surface equations in R?® (see [8,17]). Recall that a minimal
surface may be considered as a map h: U—IR? from some open set USIR? which
satisfies :

(i) h is harmonic,

(ii) h is conformal.

If we identify R? with €, then we may write

h(z)=x(z)+ x(z),

where x(z)=(x,(2), x,(z), x5(z)) is holomorphic, because of condition ().
Condition (ii) will be satisfied if the (2,0) component of the pulled back metric
vanishes, i.e.
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Thus x =x(z) describes a holomorphic null curve in €3. Through each point of the
curve there is a unique tangential null plane, so this describes a curve in the space
of null planes of €3, i.e. the twistor space T.

Conversely, let C be a holomorphic curve in T. To each point we associate the
osculating section P, that is the section which is tangent to second order to the
curve at that point. In local coordinates we may describe C by a holomorphic
function

n=[(©)

at points for which the curve is not tangential to the fibres. A section
n=a+bl+c(? then osculates C at the point { if

a+bl+cl?=f(0),
b+2cl= 10, 9.1)
2e=f"(0)-
This describes a holomorphic curve
(@b )=(f=Lf +2Cf" f=Lf"5 1)
in €3, and moreover
(b —4a'c' = (P =21 (38 ) =0,

so the curve is null. Thus, in standard coordinates in R® (cf. Sect. 3) we have the
minimal surface

x;=ReG(L=Cf"+Cf 1),
x2=Re(_7i(1+Cz)f”+in’—if),
x;=Re(( f"~f).

The interpretation of the minimal surface corresponding to the spectral curve S of
a monopole is left to the reader’s imagination.
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