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Abstract. In this paper we complete the proof of global existence of Yang—
Mills—Higgs fields in 4-dimensional Minkowski space by showing that an
appropriate norm of the solutions cannot blow up in a finite time. A key step in
the proof is the demonstration that the L* norm of the curvature is bounded a
priori. Our results apply to any compact guage group and to any invariant Higgs
self-coupling which is positive and of no higher than quartic degree.

1. Introduction

In this paper we shall complete the proof of global existence of Yang—Mills—Higgs
(YMH) fields which we began in Ref. 1 (referred to hereinafter as paper 1). In
paper 1 we established local existence, uniqueness and smoothness properties of
YMH fields in the temporal gauge, improving earlier results [2, 3] for this system
by essentially one order of differentiability. To extend the argument to a global
existence proof we must show that the (H, x H, x H, x H,) norm of (4, 4,, ¢, $)
does not blow up in a finite time. To accomplish this we shall first derive an a
priori bound on the norms | “F(t)|| = and || D(r)| ,» where “F is the curvature
of the Yang—Mills potential 4 and D¢ is the covariant gradient of the Higgs
field ¢. Given this estimate we can easily complete the proof by showing that a
suitably defined higher order “energy” does not blow up.

To derive an estimate on the “curvatures” (‘'F, D¢) we adopt a method inspired
by Jorgens’ treatment of the non-linear wave equation [4]. We write an integral
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equation for the values (YF(p), D¢(p)) of the curvatures at an arbitrary point p
within the domain of local existence by using the retarded (or advanced)
fundamental solution of the linear wave equation, treating the non-linear terms
as “sources” for the solution. This expresses the curvatures at p in terms of integrals
over the past (or future) light cone from p to the initial surface and in terms of
data on the initial surface itself. We then show that the most troublesome terms
in the light cone integrals can be bounded by expressions of the form

<E05 ds(|“DFs)| = + [ DS(s)]| Lw)>,

to

where E is the energy of the solution. This result yields an integral inequality from
which the bound on |F(t)]| = and | D()| = readily follows.

One can define the norms so that |“YF||,«» and | D¢||,» are gauge invariant.
In deriving the integral inequality described above, we make use of this invariance
to transform the potentials (Y4, ¢) to a convenient gauge for making the estimates.
A gauge which is especially suited to this purpose is Cronstrom’s gauge [5] which
is defined so that (x* — x}) 4,(x) = 0. A remarkable feature of this gauge condition
is that it allows one to express the potential 4 explicitly in terms of the curvature
@F, By introducing Cronstrom’s gauge (relative to the light cone vertex p) we can
eliminate the potentials from the light cone integrals and thereby derive the
inequality described above. In the appendix we show that Cronstrom’s gauge
condition can always be imposed throughout the domain of local existence. This
method works because the fundamental solution to the ordinary wave equation
is, in Cronstrom’s gauge, a parametrix for the covariant wave equations satisfied
by the curvatures F and D¢ [6].

Other recent work on the global existence of Yang—Mills fields has been carried
out by Christodoulou and Choquet-Bruhat [7]. They make special use of the
conformal invariance of the Yang—Mills equations to prove global existence for
solutions with sufficiently small initial data. Though their method seems limited
to this class of solutions it has the advantage of being able to treat Dirac fields
coupled to YMH fields. Our approach on the other hand leans heavily on the
positivity of energy for YMH fields and does not seem readily extendible to the
Dirac case. In addition Glassey and Strauss [8], using a particular ansatz for the
form of the potentials considered, have proven the global existence of a special
class of solutions of the Yang—Mills equations.

We have not attempted here to characterize the general solution of the initial
value constraint equations. In Ref. (9) however, one of us solved this problem
within the context of certain weighted Sobolev spaces. A more extensive treatment
would be needed to solve the corresponding problem in ordinary Sobolev spaces.
Nevertheless it’s clear that the constraints possess infinite dimensional families of
non-trivial solutions in these spaces. As an example one can take (in the notation
used herein) E; = = 0 and choose 4; and ¢ arbitrarily. This corresponds to “time
symmetric” initial data. The constraints are of course preserved by the evolution
equations.
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II. Global Bounds on Growth of Norms

A. Preliminaries

We shall adopt here the same notation used in paper 1, writing for example
WA =A0,dx" = A,dx* (2.1)
WF = F@0,dx" Adx®=F,dx* A dx’

for the Yang—Mills potential and its curvature. Here {6,} is a basis for a real

matrix representation of the Lie algebra ¢ of an arbitrary compact Lie group G.
Thus

[0, 0,1 = /"0, (2.2)

for some constants f“*. We choose the basis so that the 0, are real d x d
antisymmetric matrices obeying!
Tr{0,,0,} =0, (2.3)
and so that the f** are completely antisymmetric.
The Higgs field ¢ ={¢,},kx=1,...,d, takes values in the real d-dimensional

vector space associated to the given representation of 4. The covariant derivative
of ¢ is defined by

D,p=0,6+A,0, 2.9
and we define a gauge invariant contraction “.” by
¢ =090 (D,0)(D,¢)=(D,0).(D,}),, 2.5)

etc.
The Lagrangian for the Yang—Mills—Higgs (YMH) equations, with spacetime
metric #,,, of signature (— + + +), is
& =Tr{—4F, F*} —3D,$)(D"$) — P(¢), (2.6)
where P(¢) is a gauge invariant, positive polynomial in ¢ of no higher than quartic

degree. For any sufficiently smooth G-valued function % over spacetime the gauge
transformations are defined by

A=UAU "+ U0, ",
o' =U, 2.7
Fiy=aF,u"", (D,)=uD,p),

and the invariance condition on P means P(% ¢)= P(¢)V¢ and V#eG.
From % one derives, in the usual way, a gauge invariant energy-momentum
tensor T** given by

T =Tr {FF*F’, — zn**F ,F**} + (D*$)(D"$)
— 31" (D,9)(D*$) — n*"P(¢p), (2.8)

1 For convenience we have defined the trace operation Tr to be the negative of the usual matrix trace
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which satisfies

0,T" =0, (2.9)
as a consequence of the equations of motion
V,F¥* = —((D*¢) 0,4)0, (2.10)
and
(D,D*@) _oP (2.11)
© 00,
where
V,Fy=0,F+[A,F,l (2.12)
The curvature also obeys the Bianchi identity
V,Fy+V,Fy, +V,F,,=0. (2.13)

Taking the covariant divergence of (2.13) and making use of the field equation
(2.10), one derives
VIV, F,; = ((Fy) 0.0)0, + [(Dy) 0.(D,$) — (D) 0,(Dy$)16, + 2LF",, F ],
(2.14)
where, written out explicitly,

VIV, F,y = 170,0,F; + 20,([A, F,;]) — [0,A7, F,;] + [A7,[4,, F,,11. (2.15)

uvt af
In a similar way one derives

oP
D,D*(D,$)=((D,9) 6,4)0,¢ — 2F *(D,$)+ D, (—@), (2.16)
opP opP . . .
where % =6¢ . Equations (2.14) and (2.16) will play a key role in the

analysis below.

If we contract T* with the timelike killing field X =§[— we get a vector field

J*=X"Ty=Ts, (217)
which satisfies the continuity equation
0,J*=0. (2.18)

If we integrate this equation over the interior of the past light cone K, from a
point p to the (¢ = t, = constant) initial data surface and use Gauss’ theorem, we
may express the result as the vanishing of a surface integral over the boundary of
this region. To write this explicitly, let us translate the coordinate system until p
lies at the origin and introduce spherical spatial coordinates (r, 0, ¢) centered at p
and a system of basis vector fields

s o 4 0 0

“Tatw " tate
(2.19)
., 1o , 1 0
=00 " rsinfog
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Relative to the spacetime metric these vector fields have the inner products
ll=mm=0, 7-m=2,
(2.20)
Lo =mre =0, &65=03,p
where {é,} = {é,,é,} and /il =¢*m,, etc. The null field 7 is tangent to the light
cone K.
In this notation the conservation law described above yields the equation?
[ r2drdQ{3Te[3(Z-WF -m)? + (£-WF - ,)* + (6, VF-éy)*]

KP
+3[(D$) (D) + (D¢, &) (De, )] + P(D)} ;= -, (2.21)
= [ r*drdQ{3Tr[E'E, + B'B] + 3n-m + 3(D;¢)"(D'd) + P($)}|: 1o
B

where dQ =sin08dfd¢ and we have defined
gk . R
E,=F,,B' = TFﬂ" n=Dyp,/ WF-1m=/,"F, m' etc. (2.22)

and
D;p =1¢"D,¢,etc. (2.23)
Here B, represents the solid sphere in the initial surface t = t, which is bounded
by the intersection of K, with this surface. Thus B, is a solid sphere of radius ry = [t,].
The right hand side of Eq. (2.21) represents the energy contained within the
region B, at t =t,. Since P(¢) is positive by assumption, this energy is bounded
by the total (conserved) energy E,,

Eo= | @x{3Tr[E'E;+ B'B] +im'n+3(D;¢):(D'd) + P(d)},  (224)
R3

of the solution considered.

The left hand side of Eq. (2.21) represents the flux of energy through the cone
K ,. Note especially that the integrand in this flux integral consists (except for P(¢))
of a sum of squares of projections of the curvature ’F and the gradient D,¢ of
¢. Not all of the projections occur in this integral. In particular, m-*F-é, and
D, ¢ are absent. Roughly speaking, this means that the flux integral measures
energy flowing “across the cone” K, but not energy flowing “along the cone.”
That such flux integrals are always bounded by the total energy of the solution
will play a crucial role in the argument below.

If K, is, as above, a light cone from p to the initial data surface which lies
within the domain of local existence of some solution (4, ¢) then we can define,
on an open set §, containing the set bounded by K, B, the Cronstrom transform
(4, §) of the given solution. The Cronstrém [5] transform is simply the gauge
transform of (Y4, ¢) defined so that

(x* — x84, (x) =0, A,x,)=0 (2.25)
Jd

2 This and other conservation laws for the Yang—Mills equations have been studied extensively by
R. Glassey and W. Strauss in Commun. Math. Phys. 67, 51-67 (1979)
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onS . Intheappendix we prove thataunique gauge transformation U (with U (x )=
id) always exists which transforms (4 " ¢) to Cronstrom’s gauge on suitably shaped
regions of spacetime. We shall make use of Cronstrom’s gauge in the next section
to derive an a priori estimate on the (gauge invariant) L* norms of F and D, ¢.

A remarkable feature of Cronstrém’s gauge is that it allows one to express the
potential 21” explicitly in terms of the curvature F . Iranslating the origin of
coordinates to p as before, we can express this relationship as [5]

1
A(x)= [ dAIx"F ,(2x). (2.26)
0
Differentiating this formula and using the field equations one can also derive
1
0,AMx) = | dA{2*x*[F,,(Ax), A*(Ax)] — 22x*(D,P(Ax))-0,0(Ax))0,}. (2.27)
0

These formulas were given in Cronstrom [5]. For completeness we sketch their
derivation in the appendix.

In paper 1 we showed that if the temporal gauge (A,=0) initial data
uy=(A4,E;, ¢,7m)|,~, lies in the Sobolev space # =(H,,  xH,xH,, { xH)=
(H,,, x Hy)? for s > 1 then there is a unique solution u(t) of the integral equation
associated to the YMH system on some interval (¢,, ¢,) containing the initial surface
t =0 and having u(0) = u,. Furthermore, either |u(t)||,— o as t—t, or t—t, (or
both) or else (¢, t,) = (— 00, o0) and the “abstract” solution u(¢) is global. Within
this context we also showed that if the initial data is restricted to lie (H,, ; ., X
H,,,)? for s= 1,k =2 and to satisfy the initial value constraint equation (i.e., the
pu=0 component of Eq. (2.10) above), then the abstract solution u(t) defines C*
potentials (4;, ¢) and C*~ ! momenta (E, ) on (t,, t,) x R® which satisfy the temporal
gauge YMH equations (including constraint) in the classical sense. If k=3 then
(F,, and D,¢) will in turn satisfy Egs. (2.14) and (2.16) above in the classical sense.
Paper 1 actually treated a wider class of (distributional) solutions of the YMH
equations but for simplicity we shall in this paper restrict our attention to the
classical solutions.

As we shall show in the appendix, the gauge transformation to Cronstrom’s
gauge is a G-valued C* function U which takes (4, F,,, ¢, D,¢)e(C* x C*71 x
Ckx C*"Y) to (4, F,,.$,D,p)e(C**,C*~1,C¥ C*~ ') throughout the domain of
U. Thus for k=3 (e.g., for upe(H,,, x H,,,)? k= 3) the transformed fields will
also satisfy their respective second order field equations in the classical sense. The
global existence of such solutions may be established by showing that their
(H, x H,)* norms do not blow up in a finite time (and thus that they are globally
defined abstract solutions). The smoothness results of paper 1 will then ensure
that the solutions retain the full differentiability of their initial data (hence remain
classical solutions) throughout their (global) existence on Minkowski space.

B. An L® Estimate for the Curvature

Suppose p is a point within the domain of local existence of some solution (4, 9).
Then we can define (as shown in the appendix) the Cronstrom transform (4, ¢)
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of this solution on an open set containing the light cone K, from p to the initial
surface. Since U(p) =id in this construction it follows that F (D) =F (D), o(p) =

¢(p) and D,$(p) = D,$(p).

We can write an integral equation for F .(p) by using the retarded fundamental
solution for the linear wave operator and the covariant wave equation for F,,
given by (2.14). Translating the origin of coordinates to p we get, by a standard
argument,

F,40) = F,,(0)
- Fj‘,;‘(O) - ﬁ | rdrdQ{—20.( [47, FaB])

Kp
+ [ay/'i}" Faﬂ] - [;ﬂ’ [1:173 Faﬁ:]]
+ 2[Fya’ Fy[}] + ((Faﬁqg).ea(i)ga

+ ((Dﬁd;) Qa(DadB) - (Daqg) Ha(Dﬂqg))ga} It =—p
(2.28)

where F 45(x) is that solution of the linear wave equation, n“vaué‘vF x) =
which has the same Cauchy data as F,; on the initial surface, ie.,

i
F mlt zo a/i[t:to’

(2.29)
ath;in|t=zo = atFaﬂlt=t0‘
In an analogous way we can write an integral equation for
D,$(0) = D,(0) as
D,$(0)=D,(0)
=D,$""(0) — — j rdrdQ{ 20 (A%D,$)) + (0,4"\D,$ — A,A"D,p
P\ . _
+((D,$)-0,0)0.¢ + D <6¢> - 2Fa“(D,‘¢)} ; (2.30)

where D,¢?"(x) satisfies the linear wave equation and has the same Cauchy data
as D,é.

The solutions F4" and D,$’™ of the linear wave equation can be expressed
explicitly in terms of their Cauchy data on the surface ¢ =, by the method of
spherical means [10].

In particular, we get

. 1 oF aF
£in - ap Tl ap F
Fop 0) 4nsfzd(2{ro o +r 05 + }

s
t=to,¥=¥ro

(2.31)

1 - ~
= stz dQ{rom"0,F,;+F 4}

where the integral is over the sphere of radius » =r, = |t,| which is defined by the
intersection of K, with the initial surface.

s
t=to,*¥=¥o
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We express the Cauchy data for Faﬂ in terms of that for F,, by means of the
gauge transformation formula. Thus,

F,,=UF,U"! (2.32)
and

oF,, o - OF, _

#:[FWA 1+U = —2yU-'-U[F,,A4]U"" (2.33)

The terms in the integral expression for F 27(0) involving U may be estimated
at t =t, even though U is not explicitly known. This follows from noting that

IF9? < X FOF9 =Tr(F,,F,)

(2.34)
:Tr(FaﬁFaﬂ)7

and similarly that

|(U(m*0,F5)U~"1> < Tr(m"0,F ) (2.35)
and
(ULFpm* 4,10~ 1O S Tr([F,pm*4,1)%. (2.36)
The first integral on the right hand side of Eq. (2.28), namely
1 Py

;/f = 2—K§ rdrdQ{0,(LA", F,; D}, = -, (2.37)

may be evaluated explicitly in terms of the initial data. To see this one need only
write out the divergence explicitly and make use of the gauge condition x*4, =0
to simplify a step in the integration by parts. The result is®

1 A
Ioltﬂ=Esj;dg{r0[mu‘4u>Faﬂ]”t:tg,r:ro’ (2.38)

which precisely cancels a term in the expression for F ¢7(0). Thus we have shown
that

i 1
Fir@Q) + 1, =— [ dQ{UF,,U™!
47'5 S2

+1o(Um*8,F,))U™" — U[F,5m"4,1U " Y}, (2.39)

and that each term on the right hand side may be estimated in terms of the
(temporal gauge) initial data.
Next consider the integrals

1 S
2= —— [ rdrdQ{[0,A",F,1}|,- -, (2.40)
dn g, Y

3 In evaluating this and similar integrals it is important to note that Fa/, stands for the projection

.0
P BE 6_‘7 and thus transforms as a scalar
X X
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and
1 s
1= +1—7ng rdrdQ{[ A", [A,, F 11} - _,» (2.41)
which occur on the right hand side of Eq. (2.28).

Making use of Egs. (2.26) and (2.27) to substitute for the potential and its
divergence and reexpressing the integrals somewhat we find that

1
I,,+I _ZE rdrdQ

af —
Kp
1 A
{2 A dulpxF, (), 7T F ), B 0]
0 0

- [F 25(%); } da izxv((DvaASMX))'9a<f>(iX))9a]}' (2.42)

Let us write If; for the integral involving the cubic term in F and I} for the
integral involving the Higgs field and its gradient. By reexpressing the integral
over y and A in I%;, making use of the fact that x°F, (Ax) = r¢°F . (Ax) for xe K,
etc., one can show that

5l = % [ ar|®F(=7)|l» | dQ | dFi*
0 52 0

,Z{%(g.m)pw).r;,(_r-, 7,0,0)+ Y (79 F9-¢,(—F70, ¢))2}

a

SCE, [ dr|DF(=1)| ., (2.43)
0
where
R . R 1/2
IE@) | = | ) FQFD)

apa L

(2.44)
= |PF(@)] =,

and where we have used the conservation of energy equation (2.21) in the last step.
Notice that since z F{(x)F')(x) is gauge invariant, the L” norm of “F, as defined

above, is also gauge invariant. This justifies the last equality in Eq. (2.44).
Making use of Holder’s inequality with exponents (6, 2, 3) applied to the integral
of

(1(20)[1£°D,d(2x)] 1), (2.45)
we can estimate 7 via

1% |<C§drn(“F(—r)nL {(5dﬂffzdflé(—f,f,o,@lﬁ)w
S2 0
R 1/2
( [ dQ'] e 30D~ 6, d>))2> }
S2 0

ro r 1/6
< CEY? [ dr|F(— 1) |er< [ dQ [ 7 drid(~ 7,76, ¢)16> . (2.46)
0 S2 0
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where we have again used the conservation of energy. The L° norm of ¢ which
occurs in the final expression above is defined over the subcone K () of K, having
F<r =r, We can bound this norm by using the gauge invariant Sobolev estimate
of Jaffe and Taubes [11]. Regard the integral as defined over a solid sphere of
radius r with Riemannian metric d#? = di* + #*(d6* + sin? 8d$?) and orthonormal

basis fields {: } and note that

LB RR.0.0)= 00D, (247)

The gauge invariant Sobolev estimate gives
[llLe < Kol DGl + K, [ b]l, (2.48)

where (®'D$)=(/'D,p,D,,») and where the norms are defined through
integration over the solid sphere. The last term on the right (which could be
replaced by |||, for any g > 0) is necessary because of the compactness of the
region of integration [12].

We shall show in the appendix that the term ||¢|,. can always be bounded
by an expression involving the energy. However, this result is immediate if the
Higgs potential P(¢) has a suitable form. The requirements of positivity of P and
finiteness of energy for ¢eH, imply that P(¢) cannot have a non-zero constant
term or a term linear in ¢. Let us assume that P has the form

P(QS) = %mxld)lcd)). + P(4)(¢), (2-49)
where m,, is a positive definite (mass) matrix and where P® is a positive quartic
term. Then from Eq. (2.21) it is clear that we can bound the L? norm of ¢ on the
light cone by the square root of the energy. Since |*'D| ;.= (D, Dy, P) - is
already so bounded we get from Eq. (2.48) that

110 KEG?, (2.50)
and thus from Egs. (2.43) and (2.46) that

2+ Iyl S CEq [ dr |OF (=)l . (2.51)
0
Returning to Eq. (2.28) we now define
1 —
I:ﬂ = _Z’;{kfp rdrdQ(:‘aﬁ)lt= —p (252)
where
Ep =200, F )] + (D) 0,(D,$) — (D,h)0,(Ds$))0,. (2.53)

A remarkable feature of Z,; is that it can be expressed as a sum of products of
projections of “F and D, such that each term in the sum has (at least) one factor
whose square integral over K, is boundable by the total energy E,,.

To see this let us introduce the spatial orthonormal basis {¢;} where

. . . 0
{e)=1{é e}, &, =5 (2.54)
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This basis is related to the Cartesian orthonormal basis {aa } by an orthogonal
X/

transformation
5% =06, ¢é= Ojf%, (2.55)
where O;; = 0,,(x) satisfies the orthogonality relations
0,;0,;,=0;, 0,;0;:=10z. (2.56)
We also define ¢, =% and note that (recalling Eq. (2.19))
bo =401 —7), é =4m+7) (2.57)

It is straightforward to show that
2OkB[Ftk9(OjAéB WE-é, + 0,1 WE-7)] - Oy [ WEF-7, Fk,]

+30;1[(D;,0)-0,(D;0) — (Ds$)-0,(D;, $)]0,
;Ojl On[ ld)) ga(Did)) (Df(b) Ba i¢)]ga
+0,4[(D,,3)6,(D, $) — (D, $)0,(D,,H]16,. (2.58)
The analogous expression for Z;; and for the corresponding terms in the Higgs
field equation are given in the appendlx It follows from inspection of these formulas
that Z,, has the special property mentioned above*. Since |0;(x)| <1 the factors
involving 0;; may be bounded by constants in making the estimates below.
From these considerations it follows that

H‘J

ro R R 1/2
5] = CEé/2< Jdr(|F(=1)| = + IDG(— V)Hiw)) ,
0

(2.59)
where
R 1/2
DY)l o= || 3 (D (t)
’ (2.60)
=[Dp(t) | =
Finally the integral
1
Iy=—— | rdrdQ((F al,(l)) 0,00, (2.61)
4n K,
is boundable via
1/2 R 1/2
113, = C( [ dr|WE(—7)|| % > ( [} rzdrdquf)]“) (2.62)
‘KP
and the gauge invariant Sobolev estimate (for norms defined over K )
IdliLe < KolIDPIFE 1 B114 + Ky (1] (2.63)

4 ie., the algebraic property mentioned following Eq. (2.53)
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This estimate follows from the usual Sobolev estimate on smoothly bounded
regions in R® and the Jaffe~Taubes invariance argument [12, 11].
It follows that

Il < KEG? (2.64)
and thus, from Eq. (2.62) that

ro 1/2
IIf,,I =< C’EO( | dr [@E(=7) Hfoo> . (2.65)
0

Recalling Eq. (2.39) and Eqgs. (2.34)—(2.36) we also have that

F40(0) + 12| S C{IDF(to) | ot 1o [m*8, “F (20) [
+ 70 [[WF,m* A,](t0) |~ }, (2.66)

where the norms on the right hand side involve only temporal gauge initial data.
We may now combine Egs. (2.51), (2.59), (2.65) and (2.66) to obtain

IFy(0)] = [Fy(0)] < C, Eq [ dr [“F (1) =
0
ro 1/2
+ CzE5/2< [ dr(|9F(= )] 2 + ID$(— )] é))
0

Fo 1/2
+ C3Eo< I dr ||(4)F( il Zm> + (K (to) + 10K ,(20)), (2.67)
0

where we have used the gauge invariance of |“YF|/,» and |D¢|» to reexpress
the result and where K, (t,) and K,(t,) are finite constants which depend on the
temporal gauge initial data only.

Reversing the steps which shifted the origin of coordinates to the point p we
can reexpress the above result as

|F (%) = (CLEt** + C,E}* + C4E,)
t 1/2
'(de(H“”F(S)wa + [[Dg(s) NL%Q))
0

+ K,(0) +tK,(0), (2.68)

where (x}) = (¢, x) and t‘=0 is the initial data surface. Since the right hand side
of Eq. (2.68) is independent of the spatial coordinates of p it follows that

IF (@)l Lo < (CYEGt + CLEq + CLE7)
[ ds(|DF(s)| o+ 1 D(s) | =)
0

+ C{(K,(0) + tK,(0))% (2.69)

where the C; are positive constants.
We can treat the integral equation (2.30) for D,¢(0) in a completely analogous
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way. Following steps essentially identical to those above one finds that
ID,$(0)| = ID,$(0)]
< ;:;H dQ{roU(m"3,(D,$) +m"4,(D,$)) + U(D,$) }(— 7o, o, 0, $)|

+ T2+ 12+ 12+ I3+ |18
< Col 1D, 9(to) [+ rollm*a,(D, @) (ko) [l 12+ 1ol m* A, (D, ) (to) | L=}
+(C, Eoro/2 +C, E”2 + C,E,)

< (5) dr(|F(=r)ll =+ |Dp(— r)ltiw)>l/2 +I5], (2.70)
where
P+I2+14+10 = ——n Kj rdrdQ{(0,4")(D,$) — A,AD,})
—2F4(D,$) + ((D,)-0.0)0.$} (2.71)
and
18 = —%ij rdrdQ(Da<g§>>. (2.72)

The terms in the first bracket on the right hand side of Eq. (2.70) involve only
the temporal gauge initial data.

Only the integral I¢ has no direct analogue in the curvature integral equation.
However, we can easily estimate it by first noting that

oP 0P
(D “(%»K = 0, DV @7)

This formula follows from the gauge invariance of P which implies that

=0 2.74
¢ (9 })x (2.74)

From Eq.(2.72) and the foregoing estimates on the norms |dll.. and
@]+ (defined over K, as before) one can easily show that

12
S| <(Cy + C13 + C,EY 2 (fdrHDqS =13 > . (2.75)

Thus, reverting to the original notation, we get the estimate

D)l 7 < (CLEJt + CLEq + CLEF + Cl + Cit?)
t
[ ds(1F(s) | 2= + [ D(s)|l7)
0

+ Cy(K1(0) + tK5(0))? (2.76)
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in which K{(0) and K(0) depend only on the temporal gauge initial data and
are always finite for the class of solutions considered.
Defining

N = [DF(@) 3= + 1DP0) 7=, (2.77)
we see, from Egs. (2.69) and (2.76), that

N@) =f(t) +9@) j dsN(s), (2.78)

0
where f(t) and g(t) are positive polynomials in ¢t with coefficients which depend
only on the energy E, and the temporal gauge initial data for “F and D,¢. To
apply Gronwall’s lemma to get a bound on N(t) we need only show that N(¢) is
continuous. However, continuity of | “F(¢) || ;» follows from the triangle inequality
and the Sobolev estimate

£l = K1 f s (2.79)
since these give
[I9F(E+e) > — [F@) 2| < |9F( + &) — DF() | =
S9FE+e) = CF@) |y, 720, (2.80)

-0

where the last step follows from continuity of “F(¢) as a curve in H,. The same
argument obviously applies to | D(t) | .

We have thus proven that the norms || ‘Y F(t)|;» and | D,¢(t)| = cannot blow
up in a finite time. Another estimate which we shall need below follows from the
(temporal gauge) calculation

d
E,L b= 2;153 T ¢, st n'(b’ < (QE)"?[ ¢l (2.81)

A straightforward argument shows that, for ¢t > 0,
IO 2 = 102 + (2E()" 1. (2.82)
We now have the key ingredients to complete the global existence proof.

C. Energy Estimates and the Global Existence Theorem

To complete the global existence proof we need only show that the (H, x H,)?
norm of (4, E;, ¢, ) cannot blow up in a finite time. From conservation of energy
(see expression (2.24)) we know that ||F,(t)| .. and |D,¢(t)| .. are bounded by a
constant. From the results of the previous section we know that [|“F(t)| =,
Do) ||~ and ||¢(t) ]|, cannot blow up in a finite time.

Writing the equation of motion 0,4; = E, in integral form,

Aft,x) = A(0,x) + [ dsE (s, x) (2.83)
0
we see that

14O > < [140) || = + | ds[ E(s) | = (2.84)
0
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and, in a similar way, that

l¢@)l> = 16(0) =+ j ds||n(s)|[= . (2.85)
0

Thus the bounds on || “F ()| .~ and [ D¢p(t)| = imply that || A,(t)[ . and [|p(t) |
cannot blow up in a finite time.
Let us define the “energies” &, and &, by

So=} | (B +(0,A1)0,4) + m* A0 A

+ 7 m +(0,¢)(6,;0) + mPp- ), (2.86)
and

61=71 | {(0;E)0;EL) +(0,0,41)(2;0,A4")

R3

+(0m)(0,m) + (0,0;0)(0:0,) }, (2.87)

where m > 0 is an arbitrary positive constant and where (0;¢)(0;¢) = (6,¢,)(0;¢.)s
etc. Clearly (&, + &,)"/* is equivalent to the (H, x H,)?> norm of the solution
considered so that it suffices to prove that &, and &, cannot blow up.

Computing the time derivative of &, and using the (conserved) constraint,
0,E,=[E,A] — (n-0,4)0,, to reexpress a term in 0, E; we get, after a straightforward
application of Holder’s inequality,

i,

L S[Co+ CUYFO I + €, DY) 216,

opP
,5(3 (n%>‘, (2.88)

. . oP .. .
where the C, are positive constants. Making use of the form of % discussed in

+

Sect. (II B) and using the Sobolev estimate

ol £ Kl0pl L2 1115 < K'&5/* oL, (2.89)
we find that
oP
st <TC£>' SC360 + Culnll o6y + Cslmllp= |@ | 126 o (2.90)
and thus that
aé, <[ ) 1) ,
e [Co+ CLII™F@) 1= + C3 D) [ 10

+ Cn@) || = 1 p@) ]| L2166 (2.91)

Using the a priori bounds derived above for the quantities in brackets and applying
Gronwall’s lemma we see that &,(¢) cannot blow up in a finite time.
01

7 and proceeding as above with the use of the constraint

Finally, computing
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and the Sobolev estimate (valid for functions feL*(R3))
[flls S KJOfIL2 (292
we get

S [Coll AW =+ Cilld@) = + Co | DF@) I

it §

dt

+ Csn(@) = + C4& ()16
+[Cs + Cllp(t) | = + Cllp(0) 7=
+ Cg|YF() ]| 1= + Colln(t) | = 16 . (2.93)

Making use of the foregoing estimates for || ¢(¢)| =, etc. and applying Gronwall’s
lemma we thus find that &,(¢) cannot blow up in a finite time.
We have thus proven the global existence

Theorem: If u, = (A, E,, ¢, n) is initial data lying in (H, ., x H, . ,)* for k=3 and
satisfying the initial value constraint,

OE;=[E,A]—(n0,9)0,,

then there is a unique solution u(t)e(H, ., x H,,,)* of the temporal gauge YMH
equations defined for all te(— oo, 00) and having u(0) = u,. The corresponding fields
(A4,(x), F,(x), §(x), D,§(x)) are globally defined on Minkowski space, lie in
(C* x C*¥=1 x C* x C*~ V) and satisfy Eq. (2.10),(2.11),(2.14) and (2.16) in the classical
sense.

Appendix

A. Cronstrom’s Gauge Condition

Suppose that A,(x) is a C" potential (for r = 1) on some open set S, containing
the point p. Assume further that S, is “star-shaped” relative to p in the sense that
it may be completely covered by connected geodesics through p. We want to show
that there exists a unique C" gauge transformation U(x) defined on S, (with
U(x,) =1d) vxihicAh transforms 4, to Cronstrém’s gauge. Recall that the Cronstrom
transforms A4, F,, are required to satisfy

(x* — x‘;)/i Ax) =0, A (x,) =0,
Fo(x,) =F,(x,) (A.1)
on S,. For convenience we may translate the origin of coordinates to p.

Consider the linear system of ordinary differential equations (depending upon
a parameter x*) given by

aw

—+ x*A (AXx)W=0, (A.2)
da #

where W is a real d x d matrix and take, as initial condition for W(J, x),

W(0, x) = id. (A.3)
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From the antisymmetry of A, it follows that % (trace (WTW)) =0 and thus that

the Euclidean “length” of W is a constant of the motion. The standard existence
theory for linear systems assures us that there exists a unique solution W(4, x),
defined throughout the region # =[0,1] x S, which is a C" function of both /
and x*.

. . 1, .
Furthermore, a simple scaling argument (letting x*—ux*,A—->—1 with pu a
U

positive constant) applied to the differential equation shows that W(4,x) is a
function of Ax* alone. Therefore, with a slight abuse of notation, we can write

W(4,x) = W(ix), W(0) =id. (A4)

We shall now show that W(/J, x) lies in the group G for all (4, x)eZ.

First note that since the matrix group G preserves the inner product ¢-¢ = ¢, ¢,,
G must either be the orthogonal group O(d) or a subgroup thereof. It follows at
once from the differential equation and its transpose (again using the antisymmetry

of 4)) that

‘%(WTW)=0, (A.5)
where W7 is the transpose of W. Thus W(1x) remains in O(d) for all (1, x)e[0,1] x S >
We need only show that W cannot leave the subgroup G.

Fix xe§, and suppose that W(4,x)eG for some 4,€[0, 1]. By introducing local
charts for G on a neighbourhood of W(4,x), and recalling that A4, takes values in
the Lie algebra 4 of G, we can reexpress the differential equation (A.2) as a non-linear
system (of class C") for curves in G. The standard existence theory for non-linear
systems assures us that a solution exists on same neighborhood of 1,. However,
the solution curve (viewed as a curve in the linear space of d x d matrices) also
satisfies the original differential equation (A.2) and thus coincides (on the common
interval of existence) with the solution W(Ax). It follows that W(ix) cannot leave
G for any xeS, and any Ae[0, 1].

Now, since W(4, x) = W(ix) we have

Z—;V - = x“%/l:(x) (A.6)
and thus, from Eq. (A.2), putting A =1 and writing U~ *(x) for W(x), we get
0=x*0,U " (x) + x*4,(x)U ~'(x) (A7)
for xe§,. Thus, recalling the gauge transformation formula, we find that
A,=U4,U'+UsU! (A.8)
is a C"~' potential on S, satisfying
xtA (x)=0. (A9)

The corresponding transform of “F,F,, = UF,,U" !, is a C"~! curvature on S,
since F,; is (in general) C'~! and U is C". The initial condition U(0)=id shows
that F,,(0) = F,,4(0). . A

If we recall the defining equation for F,; in terms of 4, we can easily show,
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using x"/f#(x) =0, that

XMF (%) = x40,4,(x)) + A,(x). (A.10)
It follows that
%(i/iv(ix) ) = Ax*F , (2) (A.11)
and thus that
Afx) = } diax"F . (Ax), (A.12)
0

which is Cronstrom’s formula for the potential in terms of the curvature. Note
that it follows immediately from Eq. (A.12) that

A,0)=0. (A.13)

Using Eq. (A.12) and the field Eq. (2.10) one can easily derive Eq. (2.27) for 8,4"(x).
The Cronstrom transforms of ¢ and D,¢ are of course defined by ¢ = U¢ and
D,$ = UD,$ (see Eq. (2.7)) and are respectively C" and C"~ ! maps on S, if ¢ and
D, ¢ are C" and C" ™. From the gauge covariance of the field equations it follows
that if (4, $) are C” potentials on S, with r > 3 which satisfy the field equations
(2.10) and (2.11) then (F,D¢) are C"~! curvatures which satisfy the field
equations (2.14) and (2.16) and that (4, ¢) are C"~* potentials and (‘'F, D) are
C"~ ! curvatures which satisfy the corresponding equations in the Cronstrom gauge.
Thus we can always transform the fields to Cronstrém’s gauge on any
star-shaped region within the domain of local existence of a given solution.

B. A Bound for ||| .. on the Light Cone

In Sect. II B we made a special assumption about the quadratic term in the
potential P(¢) in order to be able to bound the L? norm of ¢ on the light cone
K, We here remove that assumption by deriving an a priori bound. Since
b = ¢+ ¢ it suffices to bound the L? norm in temporal gauge.

Define a vector field

Vi=—X¢ ¢ =—0{¢¢, (A.14)
where X =§ and integrate the divergence 0,V* over the region bounded by the

light cone K, and the solid sphere B, in the initial surface (see Sect. I A for
definitions). The result is

| Pdrd¢-¢)= | r*drdQ(¢-¢)+ | d*x(2¢-7), (A.15)
KP BP IP

where I, is the interior of the region bounded by K, UB,. This last integral may

be estimated via

[ d*x(2m)| < 2A2E)"2 [ ds | §(s)]] (A16)
Ip 0
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Using the bound on ||¢(r)|| .. derived at the end of Sect. II B, we can easily show
that

I$ll2lk, < P02 +(2Ey) 1, (A.17)
where the right hand side depends only on the initial data and the energy. Using

this bound in place of the previous one makes only a slight difference in the form
of the subsequent estimates.

C. Algebraic Terms in the Curvature Equations

For completeness we include here the remaining components of Z,; (defined in
Sect. IT B) and the corresponding terms for the D, ¢ equation given by
A,=FXD,p) (A.18)
The components are
E= 2{0iiojz§0ki(Dk<l3)'Oa(DéB(JS) + OjiOiBOki(Dé,ﬂ;)'Ba(Dk(lg)
+ OiAOjBOkA(Dk¢)'9a(DéB¢)}0a>
=30 WF-2)0,3(DP) + 0,4F 4(D; ),
0 Fij(De‘AQT’) +%0ii(’f’"(4)ﬁ'2)(l)éoff;)
+ OiZOj/Tth(D?(ﬁ) +%0i20j§0kfﬁjk(DZ$)

I

4
4;

jA
1
2
+30,4(6,-VF-7) (Dsyd + 0,,(D; ). (A.19)

Each term in these expressions contains one projection of D,¢ or F,, whose
square integral over K, is boundable by the energy.
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