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Abstract. In this paper and its sequel we shall prove the local and then the global
existence of solutions of the classical Yang—Mills—Higgs equations in the
temporal gauge. This paper proves local existence uniqueness and smoothness
properties and improves, by essentially one order of differentiability, previous
local existence results. Our results apply to any compact gauge group and to any
invariant Higgs self-coupling which is positive and of no higher than quartic
degree.

I. Introduction

This is the first paper in a series of two in which we shall prove the local and then
the global existence of solutions to the Yang—Mills-Higgs equations in 4-
dimensional Minkowski space. In this paper we establish local existence, uniqueness
and smoothness properties of Yang—Mills—Higgs fields in the temporal gauge. In
the sequel, we shall extend this result to global existence by showing that an
appropriate norm of the solutions cannot blow up in a finite time. Our results
apply to any compact gauge group and to any invariant, positive Higgs self-coupling
of no higher than quartic degree.

Our work on Yang—Mills theory was motivated by an interest in the cosmic
censorship conjecture in general relativity. This conjecture states (roughly) that
singularities which develop from regular initial data are always hidden inside black
holes. Some heuristic arguments given elsewhere by the authors [1,2] strongly
suggest that the cosmic censorship conjecture is equivalent to a certain global
existence conjecture about the Einstein equations. One hopes to prove the global
existence conjecture and thereby to establish the validity of cosmic censorship.
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Yang—Mills theories provide some simpler models on which to develop the needed
analytical techniques.

The local existence results of this paper are derived using Segal’s general
existence theory for semi-linear evolution equations [3]. Segal himself has already
given a local existence argument for (pure SU(2)) Yang—Mills fields in the temporal
gauge [4,5]. However, our approach (which is technically somewhat more
complicated) improves the local result by (roughly) one order of differentiability.
This in turn simplifies the global existence argument to follow.

Segal proved local existence for the evolution equations by taking [5]
(A,E,B)eH x H;x H, for s = 2. Here A is the vector potential, E is the electric
and B the magnetic field associated to 4, and H, represents the Sobolev space of
square integrable functions with square integrable derivatives up to order s.
However, the “constraint” equation which relates B to A4,

B=V x A+4[4x,4],

shows that V x AeH, and thus that the transverse part of A4 lies in H,,. In
addition the initial value equation,

V-E=[E,A],

o . . dA
shows that the longitudinal part of E lies in H,,, and thus, since E=E, that

the longitudinal part of A remains in H,,, provided its initial value lies in this
space. Thus the actual solutions (4, E, B) resulting from Segal’s approach lie in
H,,  xH,xH_ for s=2.

In our approach we take (4, E, B) to lie in H, , x H, X H_ ab initio and prove
local existence for all s = 1. To achieve this improvement, however, we must modify
the evolution equations in such a way that the modified equations (i) reduce to
the original equations when the constraints are satisfied, (ii) preserve the constraint
equations, and (iii) have the needed Lipshitz and smoothness properties for local
existence in the stated spaces.

The reason that the unmodified equations fail to give an immediate local
existence result in H,,, x H; x H is discussed more fully in Sect. II below. To
globally extend Segal’s result by the energy methods of paper II one would have
to show that the Hy x H, x H, norm does not blow up in a finite time. To globally
extend our result, however, we shall only need to show that the H, x H, x H,
norm does not blow up.

The choice of ordinary Sobolev spaces as function spaces for our analysis was
made primarily for simplicity. However, the functions in these spaces decay faster
at infinity than 1/r and thus cannot accommodate the description of a non-zero
magnetic charge. The treatment of spontaneously broken symmetry (even with
zero magnetic charge) is also excluded from consideration since in that case the
Higgs field would have to decay to a non-zero constant at infinity. For technical
reasons (involving the elliptic theory done in the appendix) it is not sufficient to
simply subtract a background field with the “bad” asymptotic behaviour and work
with equations for the subtracted fields. Nonetheless, we believe there to be no
fundamental difficulty in extending our results to the treatment of spontaneously
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broken theories and magnetic charges. The needed analytical tool would seem to
be the weighted Sobolev spaces of Nirenberg and Walker [6], Cantor [7] and
McOwen [8]. These have recently been applied to solve certain existence problems
in general relativity by Christodoulou [9] and Choquet—Bruhat [10].

Since writing this paper we received a preprint by Ginibre and Velo [11] which
significantly elaborates and extends Segal’s Yang—Mills work. In particular they
prove global existence for Yang—Mill-Higgs fields in 2 + 1 dimensions by extending
a technique developed by one of us (VM) [12] to prove global existence for the
Maxwell-Klein—-Gordon equations.

I1. Local Existence and Smoothness

In this section we shall establish local existence, uniqueness and smoothness
properties of solutions of the Yang—Mills—Higgs (YMH) equations in the temporal
gauge by applying Segal’s [3] general theory for semi-linear evolution equations.
We shall show that any initial data (4, 4, ¢,¢$) lying in the Sobolev space
(Hy,, xH,xH,,, x H)=(H,, x H)* for s> 1 generates a unique solution to
the integral equation associated to the YMH evolution equations on some region
R3 x (t,,t,) of (Minkowski) spacetime. We shall further show that if the initial data
is restricted to lie in (H, ., x H,,,)* for k = 2 then it generates a solution for which
the potentials (4, ¢) are C* functions on spacetime which satisfy the YMH equations
in the classical sense.

To simplify the presentation slightly, we shall specify initial data at t =0 and
consider only evolution into the future so that the local existence intervals will
always have the form [0, T) for some T > 0. Since the YMH equations are time
translational and time reversal invariant, it’s clear that this specialization entails
no loss of generality.

Our conclusions will apply to any compact gauge group and any quartic Higgs
self-coupling with positive energy.

A. Notation and Basic Equations
Let G be an arbitrary, compact Lie group and let {6,} be a real matrix representation
of the Lie algebra 4 of G so that

[6,,0,1=r%0, (2.1)
for some constants /***. We may regard the Yang—Mills potential 4 as a g-valued
one-form field over Minkowski space and write

W4 = A©0,dx" = A, dx" (2.2)
The curvature of W4 is a y-valued two-form field “F defined by
WF =(F90,)dx* ndx”=F, dx" ndx”, (2.3)
where
F,=0,A4,—-0,A4,+[A4,A4,] (2.4)

The fields induced by ‘¥4 and “’F on a flat, t = const spacelike surface in Minkowski
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space will be denoted by
A=A90,dx"= A;dx',
(2.5
F=F®0,dx' ndx)=F;dx' ndx/,
where i,j range over 1, 2, 3 and x° =t is the time coordinate.
The Higgs field ¢ is a vector valued function on Minkowski space with its
values in the real vector space associated to the representation {6,}. The covariant
derivative of ¢ has the components

D,p=0,0+A,0. (2.6)
If % is a smooth G-valued function over spacetime it generates gauge
transformations of (A4, ¢) according to

¢'=%¢,A;=%Aﬂ/‘1 +~%8ﬂ/‘1 2.7
from which follow the transformations
F,,=UF, U~ 1
2.8)

(D) = U(D,p)
The (gauge invariant) Lagrangian for the YMH equations is

& =Tr{—%F,F"} —3(D,$)(D"¢) — P(¢), (2.9)

where P(¢) is an invariant polynomial in ¢ (i.e., P(% ¢) = P(¢)V¢p and Y eG) of
no higher than quartic degree and where Tr represents a trace over the represen-
tation of ; and “.” represents an invariant contraction in the vector space associated
to the chosen representation. One can always choose the basis {6,} for 4 such that
the 0, are real antisymmetric matrices, the £ are completely antisymmetric and
the trace is’

Tr{0,0,} =0, (2.10)
In this case the contraction “.” is given by
¢ ¢ =0, (D,d)(D"$) =(D,¢).(D"P), (2.11)

etc., where x ranges over 1,...,d = the dimension of the representation.
The Hamiltonian associated to the Lagrangian (2.9) is given by

H= j d*x{Tr[3EE, + %FijFij] + 371 m +3(D;d) (D) + P(p) + Tr[A4,4]},
R
’ (2.12)
where
E = Ega)ga = atAi —0;A¢+ [Ao, Al=F
(2.13)
n=0,0+Agp =Dy
and
%=(6‘“’6a= —(3jEj+ [Ej, Aj] —(n-60,0)0,. (2.14)

1 For convenience we have defined the trace operation Tr to be the negative of the usual matrix trace
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The initial value constraint is ¥ =0 and E,; and = are the momenta conjugate
to A, and ¢ respectively.
The Hamilton equations, specialized to the temporal (4, =0) gauge become

—

0

E' —0 — . o — . .
p 80, {—0,[A4, A1 —[A; Fi;]1 = (D:9)-0.9)0,}
— = JN + O ,
ot T

4¢

{0,-(Ai¢)+A0q5+A b — ad’} |
(2.15)

where we have split the linear from the non-linear terms on the right-hand side.
For reasons that we shall explain below, it is desirable to replace these evolution
equations by a different set which reduces to the above when the constraint is
satisfied. The needed modification is obtained by first splitting E = E,dx’ into its
unique transverse (divergence free) and longitudinal (curl free) parts (see the
appendix for the definition of this splitting on H, vector fields and the proof of
its smoothness),

E,=ET+E' Q.ET=0, &*0,E-=0, (2.16)

and then by replacing EX with an expression which equals E* when the constraint
is satisfied. Thus we let

Eb - ES = a,{ ~ B, 40— (n-ema,)} (2.17)
4y

1 . : .
where —4—~*(p) represents convolution of p with the fundamental solution of
r

Poisson’s equation, i.e.
>l b

=L dx/< plx) > (2.18)

4nr 47 #s Jx — x|

In the appendix we prove for any (4, E, ¢, n)e(H,,, x H,)?, and with s> 1, that
E€ is a well-defined curl-free vector field lying in H, , and satisfying

O.E{ =[E, A;]—(n-6,4)0,. (2.19)
We also show that if in addition the constraint is satisfied, i.e., if
0,E;=0,Ef =[E, A]]— (n-0,0)0,, (2.20)

then E{ =EF. Note that E (and thus E" when the constraint is satisfied) is in
general smoother than ET (ie, ECeH, , whereas ETeH ). This will be quite
important in the following analysis.

With the above modification we may write the evolution equations as

%:&{u-&—](u), (2.21)
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where
A, ET
P R P e (2.22)
¢ n
T A
and

af[ = ([Ef’ A= (n'Gad’)G“ﬂ
4mr

J(u) = {_ aj[Ai’ Aj] - I:Aj’(fij] - ((Di¢)'0a¢)0a} ) (2.23)

{51'(-'4,‘(}5) + 4,00 + 4,40 — gg}

By splitting A and E into transverse and longitudinal parts we may express the
linearized equations

du
- 2.24
i Au ( )

in the form

‘Tt(ET):(A 0>(ET)’E<n>=<A 0><n>’d—t<EL>=0’ (2.25)

which shows at once that the pairs (47, ET) and (¢, n) each satisfy the linear wave
equation and that (4%, E%) is a constant of the (linearized) motion. It follows that
the linearized equations are globally defined on any of the Sobolev spaces

(A,E, ¢,m)e(H,,, x H)%, s=0. (2.26)

Had we attempted to work with the unmodified equations (2.15), the longi-
tudinal projection of the linearized equations would have been

d /AL 0 1\/Ak
()-8

which has the general solution

EX(t) = E*0), A%(t) = A40) + EX(O)t. (2.28)
Thus A%(¢) is no smoother than EX(t) = EX(0). This is the difficulty in attempting
to treat the linearized (unmodified) equations as defining a group on the space
H,,, x H,. In pure Maxwell theory this procedure causes no difficulty because
the Maxwell constraint is simply EX =0 which allows A%(¢) to persist in H_, ;. In
Yang—Mills theory one might hope to solve the constraint for E* as a functional
of (4, ET) and show that this solution forces E* to lie in H,,,. Unfortunately,
however, one cannot globally solve the constraint for E* since the functional
derivative of the constraint with respect to E* is not an everywhere surjective map
(this fact was first pointed out by Gribov [13]). Nonetheless, it is true that the
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constraint forces E* to liein H,_ ;. Our device of replacing E- by E€ takes advantage
of this “smoothing” property of the constraint without in fact attempting to solve
the constraint.

B. Local Existence and Uniqueness

As discussed above, the linear operator ./ generates a one-parameter group on
any of the Sobolev spaces (H,, , x H,)? for s 2 0. For s > 1 we may establish local
existence and uniqueness of solutions to the integral equation

t
u(t) = exp (A (t — t,))ult,) + j dsexp (oL (t — s))J(u(s)) (2.29)
to
associated to (2.21) by showing that J is a continuous map from # = (H,, , x H)?
to itself which satisfies the Lipshitz condition
@) = J@)I| = Clull, [lvl)) [lu — vl (2.30)
for all u,ve #. Here | || is the (H,,, x H)?* norm and C(,) is some monotonically
increasing, everywhere finite function of the norms indicated. It will follow from
Segal’s general theory [3] that any initial data u(z,) = uye # will determine a
unique solution u(t) to (2.29) on some interval (¢, t,) containing ¢, and that either
(t,ty) =(—00, +00) or |[u(t)| — oo as t —t, or t,.

The proof that J is a continuous, Lipshitz map from # to # is, except for
the non-local term E€, straightforward and was in fact given by Segal for the case
H# =H, x H, (with G = SU(2) and Higgs fields not included). A proofin the general
case (including s > 2) is facilitated by using the Sobolev estimate

IDS e K[ D2f [ 225 f 1257

(2.31)

SK'N S n,
and the Schauder ring property of H_ maps (i.e., the property that H_fields over R"
form a ring under pointwise multiplication of components if s > n/2 [14]). The
proof that E€, defined by Eq. (2.17), is a continuous map from # to H_, , is given in
the appendix where it is also shown that E has the Lipshitz property needed for

(2.30). Combining these results one finds that
1J@) = J@)I S (Cy + Cy(fJu] + lol) + C3(Ju] + [0)?) [u—v]|, (2.32)
where C,,C, and C; are positive constants and u and v are arbitrary elements of

H.

To show that solutions u(t) of the integral equation (2.29) actually satisfy the
original differential equation (2.21), we need to establish some smoothness of the
non-linear operator J and to restrict the initial data u,, to lie in the domain of .&/.

J isin fact a C* map from S to itself. One can prove this by directly computing
the Frechet derivatives of J (all derivatives higher than the third vanish identically).
For the local terms in J (i.e., those not involving E°) one needs only the Sobolev
estimate (2.31) and the Schauder ring property of H, maps to prove the indicated
smoothness. The proof that E€ is a smooth map from # to H_, , is given in the
appendix.
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Since J is a C* map (C! would be sufficient here) it follows from Segal’s general
theory that any initial data in the domain of .« = D, determines a solution of
(2.29) which remains in D, throughout its interval of existence and which thus

satisfies the differential equation

%(t) = u(t) + J(u(?)), (2.33)

with fi—u(t) a continuous curve in .
The domam of o/ consists of all (4, E, ¢, n) satisfying
A'eH,,,A*eH,, ,ETeH , ,E"eH,

$eH,,,,meH,

We shall now show that solutions u(t)eDS,, satisfy the constraint €(t) =
throughout their interval of existence provided they satisfy this constraint initially.

(2.34)

d
Computing d_(tg for any solution u(t)eD,, we get
=[4ELE]], (2.35)
where
AEF = EF — E€
(2.36)
1
=E; — ai{ ——=(LE;A;] - (n'eacb)@a)}-
4nr

Thus, using Holder’s inequality,

i I @IgD = ) j f“bc(g(c’(AEl‘)y”E;b’
dt gs e

(2.37)
S2 ) 1S | EP ) s I(AEMP o
ab,j
From the Sobolev estimate (valid for H, functions over R?)
I/l = K[Df ]2 (2.38)
we get that
1/2
I(AEY),|l,e < K( | Y (6u(4EY),) )
R3 k
1/2
=K{ | ) (6(4E), )2)
R3 k,j
(2.39)

lIA

f
(gl )
{

1/2
=K § g(b)cgtlﬂ) — K“%“LZ-
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where, in the intermediate steps, we have integrated by parts and used the fact
(see the appendix) that AEL is a gradient obeying

0 AE-= — 4. (2.40)
It follows from (2.37) and (2.39) that

d
E(H‘g(t)lﬁz) SKE@)g, (190)].2)° (2.41)
(since || E(t)] s £ C|lE()ly,) and thus, using Gronwall’s inequality, that
|16()I72 < |4(0)[|7. exp <gdSK/HE(S)”H1>' (2.42)

Thus |%(¢)||,. and hence €(r) vanishes throughout the interval of existence of u(t)
provided % vanishes initially. Furthermore since #() = 0 implies that EX(t) = E(t)
(see the appendix) it follows that solutions to the modified equations (2.21-2.23)
which satisfy %(t) =0 are in fact solutions of the original unmodified equations
(2.14 and 2.15).

We have thus proven:

Theorem 1. If u,= (A, E, ¢, ) is any initial data lying in # =(H,,, x H)* for
s =1 then there exists a unique solution u(t) to the integral equation(2.29), with
u(0) = u,, defined on some interval [0, T). u(t) is a continuous curve in # and either
T= + o0 or |1u(t)n,,,:7>qoo.

Furthermore if uy,eD, and satisfies the constraint €(u,) =0 then the solution
du
dt
satisfies the differential equation (2.15), and the constraint € (u(t)) = 0 throughout its
interval of existence [0, T). Again, either T = co or ||u(t)l|”:>_oo.

curve u(t) remains in D ,, has a first derivative —(t) which is continuous in #, and

C. Smoothness of Solutions

The solutions discussed above have u(t)eD, and %(t)eéfz(Hs+1 x H)?

throughout their intervals of existence. Because of the constraint however, they
are actually somewhat smoother than this. As shown in the appendix (see Lemmas
A5 and A6) the constraint equation

1
ElL = (3, _**([E ’A] _(n0a¢)0a) (243)
4nr P
forces E* to satisfy
() ELeH,Y(A,E, ¢, m)e(H, x H,)? (2.44)
and
(il E'eH,  ,Y(A,E, ¢, m)e(H, | x H,. ,)* (245)

for s > 1. From (i) and (ii) it follows that any ueD_, has E*eH _ , if the constraint
is satisfied. But this means that (A4, E, ¢, n)e(H,. , x H,,,)* (with ¢ and A" actually
in H,,,) and thus from (ii) that EXeH_, ,. The constraint thus forces E* to have
two more orders of differentiability than inclusion in D, requires.
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The longitudinal projection of the equations of motion gives

dA-
5 0= EMt)eH,. ,, (2.46)

which shows that if we further restrict the initial data so that A%(0)eH,. , then
AL(r) will persist in this space throughout the interval of existence. We thus find
that if the initial data is restricted to lie in the natural “subdomain” D, <D,
defined by

D,@iz{(A:E7d)an)e(Hs+2 XHs+1)2}’ (247)
then u(t) will persist in this space throughout its interval of existence and in fact
have E* lying in H_, , by virtue of the constraint.

We have thus proven:

Corollary 2. If u,=(A,E, ¢,n) is any initial data lying in D, =(H,,, x H, ,)?
for s=1 which satisfies the constraint €(u,) =0 then there is a unique, once
continuously differentiable solution u(t) of the differential equation (2.33) and the

- d
constraint €(u(t)) =0 having u(0) = u,. This solution has u(t)eD_, and d—?(t)e% =

(H,., x H)? throughout its interval of existence [0,T) and either T= +oo or
}LHT‘”“(I)H(HSHXHS)ZZOQ Here continuously differentiable means that u(t) and

du . )
E(t) are continuous curves in .

We can combine this result with Segal’s general smoothness theorem [3] to show
that if the initial data is restricted to lie in (H,, , ., x H,,,)* with k an integer > 1,
then the solutions obtained will in fact be k times continuously differentiable with

du
E(t)e(Hs*-k X Hs+k— 1)27
d*lu d*u
ST ——()e(H,,, X Hs+1)2»d—tk(t)€(Hs+1 x H)*  (2.48)
throughout their intervals of existence.
First note that for any integer j > 1 we have, for any ve(H,, . ; x H,, ;)?, that
Ave(Hy, ;x Hy o). (2.49)
Furthermore, since the non-linear term J(u) is a smooth map from (H,,, x H)?
to itself for all s = 1, we find, computing successive derivatives of the equation of
motion,

u(t)e(Hyy 4 X Hyl)?,

du

= AutIw), (2.50)
d*u du du
e %d +DJw) T

du d*u d*u du du
U piw Y D2y B,
i~ gz TP g D )<dt dz)
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etc.,
. o . o d
that if u(0) = u,, lies in (H,, , ,, X H,,,)* then the successive derivatives u; = d—?(O),
2
u
up = F(O), etc., computed formally from the above, satisfy

ug€(Hy o X Hy 1) uge(Hy -y X Hoy25)?,
cuf Ve, , x H, ) ule(H,, , x H)?. (2.51)
Thus, in particular the first (k— 1) derivatives (ug,...,u% ) lie in (H,,, X
H,.,)’)=D <D,
It follows from Segal’s general smoothness theorem that the solution u(t)

. . . . . . d
generated by u, will be k times continuously differentiable? with u(t),d—l;(t),...,

d“~ 1ty . d*u ,
Zl?"_l(t) all lying in D, and d—tk(t) lying in # throughout its interval of

existence. In fact, the solution will be somewhat smoother than this as the following
argument shows.

Since for any k=1 u, lies in (H,,, x H,,,)> =D, it follows from Segal’s
theorem that u(t)e D, throughout the interval of existence [0, T). But the argument
preceding Corollary (2) shows that in fact u(t)eD_, = (H,., x H,,,)* on [0, T). If
k = 2 then we have in addition that

up€(Hyy 3 x Hyyp)* <Dy,

(2.52)
uge(Hyyy x Hy )> =Dy,
and the general theory gives
d
u(t)eD,, E?(t)eDd 2.53)

on [0, T). But we already know that u(t)e(H,, , x H,, ;)*> on [0, T) and thus (since
J is a smooth map) that J(u(t))e(H, , x H,,,)? on[0, T). It follows that the linear
term, .o/ u(t), must separately lie in D, and thus that u(f) must liein D, on [0, T).
It follows that

ATeH,, y,E"eH,, ,,¢eH, 5, neH,, , A*eH , , ,E'eH_, , (2.54)

on [0, T). However the constraint forces E*(¢) to lie in H, ; and since A%(0)eH, ;,
L

. dA
the equation of motion 7=EL shows that AX(t)eH,,; on [0, T). Therefore

. . d
u(t)e(H,, 3 x H,,,)* and (from the equation of motion) d—?(t)e(Hs” x H_,,)?
on [0, T).
We can continue this argument if k = 3. The general theory gives

du d?u
u(t)eD,,, E(I)GD&%, Ez-(t)eDd (2.55)

2 C*as a map from [0, T) to #. See however Corollary (4) below
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on [0, 7). But the above argument has already shown that u(t)e(H,, ; X H,. ,)*

d d
and d—?(t)e(Hﬁz x H,, ) on [0,T). It follows that DJ(u(z)). d—l:(t)e(HHz x
5 _ du, . d*u )
H,,,)><D, and thus that the linear term &/"d—t(t) in the F(t) equation

must lie in D_,. However, since ./ J(u(t))e(H,,, x H,, ,)* =D, it follows that
</?u(t) must separately lie in D, or that u(f) must be in D_; on [0, T). These
conclusions imply that

ATEHS+47 ETeHs+ 35 ¢GHS+4’ 7'C€Hs+ 3 ALEHs+3s ELeHs+2' (256)

But the constraint forces EX(t) to lie in H,, , and since A%(0)eH,_ ,, the equation
of motion gives A%(t)eH,, , on [0, T). Therefore we get

@
dt
d*u d3u

W(t)e(Hsﬁ-Z X Hs+ 1)29W

w(t)e(Hysq x Hyy3),——(00€(Hy i 5 X Hyy ),

€(H,y, x H)? (2.57)

throughout the interval of existence.
Clearly one can continue this pattern of argument to successively larger values
of k, thereby deriving the smoothness theorem:

Theorem 3. If u,e(H,, ., X H,.,)* for integers s=1 and k=1 and €(u,) =0,
then the solution u(t) generated by u, is k times continuously differentiable as a curve
in # =(H,,, x H)* and has

du
u()e(Hy g4y % Hs+k)2’E(t)E(Hs+k X Hyopo1)?eons
a1y d*u
(el x Hy, 1)2 (He(H,,y % Hs)2

d* ! di*

throughout the interval of existence [0, T).

The continuity referred to in Theorem (3) is continuity in the topology of #.
However, we can easily show that u(t) and its derivatives are actually continuous
as curves in the spaces indicated in Theorem (3). To see this, note that a solution
having

ut)e(Hyyy 4 X Hyp ) = AW,
d
O et x Hooo 2 = #07),

(2.58)
dk
CHOS(H X HY = 0 = 8,

can be viewed as a C* solution in #*~ Y, a C? solution in #%*~%, ... or as a C*
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. . d’ . . . ;
solution in 4. Applying Theorem (3) we see that d—:(t) is continuous in H#*~J)

for 1 £j < k. As for u(z) itself, it satisfies the integral equation in #® and so, by
Segal’s basic existence theorem, is a continuous curve in . We thus have:

Corollary 4. If uye#'™ satisfies the constraint €(u,)=0, then the solution u(t)
du

generated by u, is a continuous curve in #'® with its derivative W(t) continuous

in #* D for 1 <j<k.

Finally we complete the local existence and smoothness argument by showing
that if k > 2 then solutions u(t)e(H,., , ,, x H,,,)* provide C* potentials (4, ¢) and
C*~! momenta (E, m) on spacetime which satisfy the Yang—Mills—Higgs equations
in the classical sense.

We first prove several lemmas.

Lemma 5. Let f() be a continuous curve in H,, (R*) for some integer j =20 and t
in some open interval 1. Then f together with its spatial derivatives up to order j
are continuous functions on R3 x 1.

Proof. That f is a C’ function in the spatial variables for each fixed ¢ follows from
the Sobolev embedding lemma for R3. We may therefore write f1(¢, x), 0,1(¢, x), etc.
for f and its derivatives up to order j. If g(¢, x) is any one of these functions, we get

lg(t + &, x + 0x) — g(t, x)| < |g(t + &, x + 6x) — g(t, x + 6x)| + |g(t, x + 5x) — g(t, x)|
= gt +€) — g(0) [ L + lg(t, x + 6x) — g(t, x)|
=Clig(t +¢) — g@®)lly, + lg(t, x + 6x) — g(t, x)|. (2.59)

The first term can be made less than any 6/2 > 0 by choosing ¢ sufficiently small
since g(¢) is a continuous curve in H,. The second term can be made less than §/2
by choosing éx sufficiently small since g(t, x) is continuous in x at fixed . W

Lemma 6. Suppose that f(t) is a continuous curve in H, . ; for tel and that the
(strong) derivatives
df

Z=yn
g

&

=V, P =y (2.60)

de

all exist as continuous curves in (respectively) H;, ,H,,...,H,. Then f is a c/
ol .

function on R® x I and, in particular, 6_t{ =Vu,

Proof. We first show that the partial time derivatives exist. Note that

f(t +&x) —f(5,X) ft+e—f)
€ €

- V“)(r,x)’ < ’ — V()

Lo

ft+e)—f(1)

<
&

—_ V“)(t)

= 0. (2.61)

H
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Thus g—J:= V1), In a similar way we get for i <j
i i),
VOt + g, x) — VO, x) _ptieag )
€
0 _pw .
_ oV gitif i
and thus that S ralabr e puth,

If follows from Lemma (5) that each V“’=% is a C/~' function in the spatial
variables on R? x I. A standard calculus argument shows that continuity of ,, 6,g
and 0,0,¢ implies 0,0,g = 0,0,g. Proceeding inductively one sees that the order of
differentiation is immaterial and thus that f is a C’ function on the spacetime
region R>xI1. W

Recalling Theorem (3) and Corollary (4) we see that any initial data u,e
(Hgy 14, x Hyp)? for s= 1,k > 1 generates a solution u(t) having

dA, . d
(A, B0elH, . (S0 %g)qum)z,

(d"A ¢

Frads W—(t))&(Hs+ D% (2.63)

d
(E(@), n(t)e(H,,)%, <%§ @, :E(t))e(HHk_l)z,

&1 & in
o (W’W €H,, ),

each as continuous curves in the indicated spaces. Since s = 1, Lemma (6) applies
and show that (4, ¢) are C* functions and that (E, n) are C*~! functions on their
domains of definition in spacetime. It follows that if k=2 the solutions thus
obtained satisfy the Yang—Mills—Higgs equations in the classical sense. We have
thus proven

Corollary 7. If upe(H, |, x Hy,,)* for s= 1,k =2 is initial data satisfying the
constraint 6(uy) =0, then the solution u(t) generated by u, has C* potentials (A, ¢)
and C*~' momenta (E,n) which satisfy the Yang—Mills—Higgs equations in the
classical sense throughout their domain of definition.

Appendix : Properties of E€
For any (4, E, $, m)e(H,, , x H )* with s = 1 we let

1
p =3 {[EsA] — (@000}, (A1)
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and attempt to define

E¢ =—6(—*p> —0, [ dx’ ) (A2)

R3 x—‘x'

1
Lemma Al. The convolution —xp is a well defined tempered distribution lying in
r

I for all s> 3.

1
Proof. Using the fact that — lies in the weak I? space L3(R?) it follows from the
r
1
generalized Young inequality (see ref. (15), Sect. (IX.4)) that o pe¥(R?) provided

1 1 2
pel”(R? and 1 <p,s < oo, where —=~+ 3 In that case
p S

=Clpl =CpllLe (A.3)

Ls

However, since (4, E, ¢, 7) all lie (at least) in H, they all lie in [* for 2 <p’' <6.

1
r

3w

1
It follows that pelL” for 1 < p <3. Hence - xpel’ for s> 3.

The continuity property required of distributions follows from the estimate

()l |

Zep
SIS L= 11

Ls

1
—%
rp

Ls

SCI = U@+ X2 f ) (A.4)

1
P L

. . . 1 .
where f is any C* function of rapid decrease and where §+S—,=1 with s> 3.

The last step follows from

Iflpe=§ dx((1 +x*)72((1 + x| f1)
R3

SCIA+x?(fllp» W (A.5)

) C . 1
We define E€ to be the (distributional) gradient of <—;* p). An alternative

representation of E€ is given by
F (x' — x")
E¢ = - =1{d ! .
() - g (=) “

To prove this let V; be any vector field in #(R%) = the Schwartz space of C*
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functions of rapid decrease. Then we have

(VLESY = < i .,1*P>
< «0.V,p > (A7)

where we have appealed to Fubini’s theorem to exchange the order. of integration.
Integrating by parts one can show that

1 (ot — X )
| dx[|x | ] j dx | Vi(x). (A.8)

Using the facts that eL3/2(R3) and that peL, for all 1 <p<3, we find

2

from the generalized Young inequality that

A

S |#lplels for all 3 <s<3. (A9)

This fact together with Fubini’s theorem allows us again to exchange the order
of integration in (A.7) to obtain

1 A
<Vi,ai<——*p>>=<v, - p> (A.10)
r r
which establishes
Lemma A2. Ef=<rL2*p) = -0 (—*p)

We may use this representation of E¢ to prove
Lemma A3. E‘eL’ for all 3 <s< co. In particular E€el?.

Proof. From the generalized Young inequality

A

7
_*p
V2

A

=clple| = =c'|plL (A.11)

Ls 3/2,w

. 1 1 1 .
provided 1 <p,s<oo and I—)=§+§. But we showed previously that pel” for

all 1 < p £ 3. Therefore the conclusion follows. W
Furthermore we have

Lemma A4. E€ has vanishing curl and satisfies 0,ES = 4np.

Proof. That E€ has vanishing (distributional) curl follows immediately from the
fact that E€ is a gradient. To evaluate 0,E¢, we let f be an arbitrary element of

i
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S(R?) and compute
(fOED) = — <O fED)

asfie))

187

== dx’{p(x’) [ dx<( X "”3 =X 5 f(x ))} (A.12)
R3 R3 ' l

where we have used Fubini’s theorem to justify the last step. Integrating by parts

one shows that

i dx lZa £ = —4n(x),

and thus that
CHOESY = Rf dx'(p(x")4m f(x"))

={f4np).
Thus, as a distribution E€ obeys 6,E¢ =4np.

If V is any vector field in 12 we can define its Fourier transform V=

and decompose
=0T+ 7k
where the transverse and longitudinal summands are given by

Kk,
=it

N kik; -
(VL)j =W i
It is straightforward to show that
IV S UV s 17202 £ 1V D o
and that
VTVL 0, kJVJT-—O ek, VE=
It follows that the inverse transforms V7 and V’“ satlsfy

WV S IV IV S 1V e

[ VIVE=0,V x VE=0,V-VT =0,
R3

(A.13)

(A.14)

F(V)el?,

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

In particular since E°eL? we can decompose EC in this way. However since EC

has vanishing curl it follows that k x E€ =0 which implies that (E)”
EC is purely longitudinal and we may write
oo kik;

B = B = (B9

=0. Thus

(A.20)
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Furthermore since d;E; = 4mp we get, taking the Fourier transform,

ik, E€ = 4np, (A.21)
and thus that
. k;
C
Ef = |k|2( idnp). (A.22)
We can decompose the electric field E as above to get
E=E" + E~, (A.23)
where
0,ET =0,V x EF=0 (A.24)
and R
k.E; = k,EF. (A.25)
Now suppose that (4, E, ¢, n) satisfies the constraint equation
0,E; = 0,EF = 4np. (A.26)
Taking the Fourier transform we get
ik,EX = 4np, (A.27)
and thus
A kk; o k;
EL=—1lfL = —i4np
S (4
= EJC . (A.28)

Thus any solution of the constraints has EX = E€. Conversely if EX = E€, then the
constraint is satisfied since (from Lemma (A4)) we have

0,E; = 0,EF = 0,ES = 4np. (A.29)
This gives:

Lemma AS5. The constraint equation 0,E; = 4np is equivalent to E¢ = E*.
We can now prove

Lemma A6. E€ liesin H,Y(A,E, ¢,n)e(H, x H,)? and E€ liesin H, . ,¥(A, E, ¢, n)e
(Hs+1 X Hs+l)2VS g L.

Proof. We already know that E€eL2. Using the expression (A.22) for E€ we get
jdx(a ES)? [dk|k 2= (4n)? [ dk|p]? =(@m)? [ dx(p)>.  (A.30)
R3 R3

Similarly

[ dx(8,6,ES)? = (4n)? [ dx(d,p)* (A31)
R3 R3

From Lemma (A3) we have, taking p =¥, that
IEI2 = C'llpliLoss (A.32)
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and, using Holders’ inequality, that

g} |p|6/5dx§K{<iL ]E|2>3/5< j} IA|3>2/5

3/5 2/5
+(§ lnlz> (I I¢l3> } (A.33)
R3 R3

IlpllLes < CUIEN L[| AllLLs + NIl L2 | @1l 5)

and thus that

SC(IEl Il Allg, + ImlL21@lla,)- (A.34)
In the last step we have used the Sobolev estimate
I flle <K'IDfIZ20 Iz (A.35)

1 1
for E=g+(1 —a)- (with 0 a < 1) to show that |A[,» < K[ A4,
q

Using the similar estimate | f| .« < K| f|, together with || ]« < K|/ f|l,, one
shows that

[ dx(9;0)* < C{lAl&, 1EIR, + o1, InlE, }- (A.36)
R3

Combining these results one gets
IE s, < K{IE) g, Al g, + 17l Il ) (A.37)

which proves the first part of the lemma.

Now suppose that (4, E, ¢, m)e(H,, ; x H, ,)*for s = 1. Then from the Schauder
ring property of H, maps we have peH,_ ,. The H_, , norm of E may be computed
via

IEC|Z .= | dk(l+k?P*2EC-E€ (A.38)
R3
< § dk{[(1 +Kk»? + Ck*(1 + k2 * 1 J(E-E9)}
R3
SNECE, + C § dk(1 + k2P p)?
R3

< |ECIE, + C'lplig,. -
But the Schauder ring property gives the estimate

lpllg,,, < K{IENn,, AL, + %y, J¢ln,., ) (A.39)
Thus for s > 1 we get
IE I, , K {IEllg,., % |4la,.,, +7lg,, <1 ¢la,,} (A.40)
which proves the second part of the lemma. B
The result of Lemma (A6) is particularly useful in verifying the Lipshitz

condition and the smoothness of E€. To simplify the formulas slightly we shall
consider only the terms in (4, E) in the expression for E€ since these are completely
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representative. We have
ESY(A',E')— EY(A,E) = ‘%;*{[(E’ —E),A1-[E,(4—-4)]}, (A41)
and thus, recalling the estimate in the proof of Lemma (A6), that
IES(A", E') — E{A, E) | y,,, SK{IE = Elg A llg,,, + |1El g |4 = A'llg,. }
SK(IASEN + (A B DA - A,E' - E)|, (A42)

where || || designates the H,, ; x H;norm for any s = 1. This is the needed Lipshitz
condition for E€. The continuity of E€ as a map from H,,, x H, to H,, , follows
from the Lipshitz property.

Using the estimate (A.40) again it is straightforward to show that

s
ES(A+ A, E+ E)— E°(4, E) - riz*([E'-,A] +[E, A7)

Hs+y

S KIE g, [ A"

Hs+

s+1

17 L
- “%—Z*QE L A)
< KOIASE) o) S 81 (A L, o, (A43)

for all (A", E")|lg,,  «n. SYZ—. Thus the first Fréchet derivative of EC exists and is

given by
s
DE(A,E) (4, E) = —~3+([E" Al + [E+, A']). (A44)

Similarly we get

IDE(A, E)-(4',E') — DE<(A°, E%)-(A", E') | , .,

"2

r—z*{[E",(A — A1+ [(E—E°),A]}

!
"~ |l4n
SK{|E |l A—A°| 4

Hs+1

+E=E%|g, [ Al g, .} (A.45)

s+ 1

which shows that DE® is continuous.
The second derivative is easily shows to be

17

D*E“(A,E)-((A,E"),(A",E")) = s*([E",A"]+[E",A"]), (A.46)

4nr

which is constant in (4, E) and thus obviously continuous. All higher derivatives
vanish identically. Thus we have proven

Lemma A7. E€ is a C®, Lipshitz map from H,,, x H, to H_, | for all s > 1.
To justify the steps in (2.39) we note that

8,AE- = 8,E — §,E€ = §,E, — 4np = — &, (A47)

which follows from Lemma (A4) and the properties of the decomposition (A.23).
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These also give
kik;

AEL=EF—ES = 1k|2 —I(EE — ES). (A.48)
It follows that
§ dxY QUAEN) = | kS0 - B = | duk(EE - EOF
N 3
= [ dx(6,4E"? = | ¢-%dx, (A.49)
R3 R3

which completes the argument.
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