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Absence of Discrete Spectrum in Highly Negative Ions*

Mary Beth Ruskaif

The Rockefeller University, New York, NY 10021 USA

Abstract. Let Hy be the Hamiltonian for the Coulomb system consisting of N
particles of like charge in the field of a fixed point charge Z. We show that if the
particles are bosons, then Hy, has no discrete spectrum when N = N, = c¢Z? for
some constant c. If the particles are fermions, then H, is bounded below
uniformly in N. These results can be extended to molecules and to other power
law potentials.

1. Introduction

Let H) be the Hamiltonian
N N
HWZ2)=-=Y 4=y Zr;'+ Y Wrih (1a)
j=1 j=1 i<k

When W=1,H, is the Hamiltonian of N charged particles in the field of an
infinitely heavy nucleus of charge Z. If these particles are fermions and Z = N + 1,
so that H\(1, Z) is the Hamiltonian for a negative ion, it is known [1-3, 18] that
H,, has only finitely many bound states. However, very little is known about the
precise number of bound states. When N =2, Hill [4,5] has shown that H,(1,1)
which is the Hamiltonian for H ™, has precisely one bound state in the sector of
natural parity; Grosse and Pittner [6] have shown that H™ has precisely three
degenerate bound states in the sector of unnatural parity. Hill’s results can be
extended to show that H™~ has no bound states [7], but Hill’s techniques are
unlikely to be suitable for N much larger than 3 or 4. All other methods known
for estimating the number of bound states of multi-particle systems are either very
specialized or very weak [8—10].

In this paper we show that for a system of N charged bosons, H,(W, Z) has no
discrete spectrum when N is sufficiently large. Then the only possible bound states
are eigenvalues imbedded in the continuum. Because our method of proof uses
smoothing functions which need not leave a given symmetry subspace invariant,
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we do not prove absence of bound states in each symmetry subspace, nor do we
prove absence of discrete spectrum in the antisymmetric subspace corresponding
to fermions. However, we believe that fermions also have no discrete spectrum for
large N and discuss the extent to which our proof is valid for fermions in Sect. II1.
Furthermore, we can show that the Hamiltonian H,, is bounded below uniformly
in N for fermions. Thus, at worst, the fermion binding energy can be made arbitrarily
weak by making N sufficiently large.
For convenience we scale Hy(W,Z) and consider instead

N N
Hyw)= =Y 4;,— Y ri'+ Y orpt, (1b)

j=1 j=1 j<k
where w = WZ~'. Let 9(H,) be a core for Hy(w) with the following property:
Whenever F is a bounded C? function and ¥ is in 2(H,), then F¥ is also in
9(Hy). Note that Z(H ) is invariant under multiplication by smoothing functions,
but the functions F need not have any properties which guarantee that a particular
symmetry subspace of Z(H,) is also invariant. In particular, F¥ need not have
the same permutational symmetry as ¥. We now define

. |YHy(w)Pd
gy = inf [¥H )P dx N(w)z X
Ying R4l
one can similarly define ¢y and ¢y if the infimum is taken over ¥ in the symmetric

and antisymmetric subspaces 2 and 2~ respectively. We can now state our main
result as:

2)

Theorem 1. For every fixed w, there is an N, such that N 2 N, implies ey = ey _ .
We will prove Theorem 1 by showing that for sufficiently large N

[P H ()P ydx > ey |V]? (3)

for all ¥ in 2(H ). This implies that ¢y = ¢y _ . Since gy < ey _ , always, we conclude
that ¢y =¢y_,. Furthermore, it follows from the Hunziker-van Winter-Zhislin
(HVZ) theorem [11-14] that the essential spectrum of H,(w) begins at ¢y _ .
Therefore Hy(w) has discrete spectrum if and only if ¢, < &y _ ;, s0 that our theorem
implies that Hy(w) has no discrete spectrum for N > N,. Since (3) is a strict
inequality, we can also conclude that ¢ is not an eigenvalue of H (w) for sufficiently
large N. Our method of proof will also show that N, < cZ? for some constant c.

We emphasize again that our proof requires smoothing functions F which do
not leave the symmetric and antisymmetric domains 2 * invariant. Thus the above
statements are valid only if we impose no permutational symmetry restrictions on
¥. However, we can extend Theorem ! and the discussion in the preceding
paragraph to bosons as follows: Suppose ¢y = ¢y _; and g, _, is not an eigenvalue
of Hy_(w). Then the HVZ theorem implies that gy _; =gy _,. Therefore, there is
an N’ so that ¢y =¢y_; = ... =¢, and gy, is an eigenvalue of H(w). It is well
known [14] that the ground state of Hy.(w) is unique and positive, which implies
that the ground state is symmetric. Therefore &y =¢5.. Now ¢y <ey., and
ey = &y = &y =&y, so that ey =¢y for all N> N'. Thus we conclude, as above,
that for some constant ¢:
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a) ey =¢ey_, =&y, for N2 N,

b) Hp(w) has no discrete spectrum in the symmetric subspace 2% for N 2 N,,,
¢) &y is not an eigenvalue of Hy(w) for N = ¢Z?, and

d) Ny<cZ2

Theorem 1 implies that ey =¢y, for all N = N, so that ¢y = ¢y = ¢y, Thus
there is a constant A such that

ey 2 — 4, 4)

i.e. the fermion ground state energy is bounded uniformly in N. This means that
if Theorem 1 does not hold for fermions, then, at worst, ¢y_, — &y can be made
arbitrarily small.

Our results extend to more general Hamiltonians than (1). In particular,
Theorem 1 holds for molecules and for Hamiltonians in which potentials of the
form 1/r are replaced by 1/r* where 0 <y < 2. For simplicity we give a detailed
proof of Theorem 1 in Sect. II only for the Hamiltonian given by (1). Generalizations
are discussed in Sect. III.

We will use the following notation. Let X = {x =(x, ...xy)} where x; = (r; ;)
denotes the space and (if necessary) spin coordinates, o, of the j** particle. Integrals
of the form {dx include both integration over R*" and summation over spin; and
fd%, means integration over coordinates of all particles except the k™. As usual
re=1r]=|x]and r, =|r, - r,|. We now fix p > 2 and define

N 1/p
|V|p=(2”f> )
j=1 /

1/p
iy = < ) r;’) =(Irlp — )",

JFk
QuB) = {x |7, < B,
and
_ (B -
I'(B)=QB)—Q, 5 ={x:1<rkB|rk|p <2}

In what follows, p is fixed and the dependence of Q,(B) and I',(B) on p is suppressed.
The following properties of Q,(B) are extremely useful and easy to prove:

a) x in Q(B)=r; <(B+ 1),
b) x in QB)=r; ' <(BP + 1)7[r| !
¢) x¢QuB)=|f|, " <(B? + 1)/P(BIr|,)~".

We can now sketch the main idea of our proof. In the cone Q(B) one has by
property (a) above

N
—ryt 'Zz wrpt 2 =gt o(N =B+ 1)yt =gt (3)
=

where i =w(N —1)(B+1)"!' -1 can be made positive by choosing @ or N
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sufficiently large. It is then tempting to say

[ WHyWdxz [ WHy_ Wdx=ey | | |¥[4dx.

Q2n(B) QN(B) Qn(B)

However, the second inequality holds only when ¥ =0 on dQ,(B) which is not
true in general. Therefore, we will multiply ¥ by a smoothing function G so that
GY =0 on X-Q.(B). This will, of course, introduce an error in the kinetic energy,
but we will show that this can be bounded outside the region {|x|:|r|, <R} for
sufficiently large R. We will further show that for B~ N7 the regions Q,(B)
(k=1...N) cover X. Thus, for sufficiently large N and R, the question of whether
or not Hy has any discrete spectrum is determined entirely by | ¥H,¥dx. We

Irlp <R
will show that R ~ N*? and that this is sufficient to show that | WH,¥dx>0
|rlp <R

for sufficiently large N.
The absence of discrete spectrum is therefore a consequence of the fact that

the Coulomb repulsion ) wr;' dominates the attraction — Zr when N
j<k
is large. Screening occurs when particles are far from the nucleus The Coulomb

repulsion limits the number of particles which can be within a ball of fixed radius.
Therefore, when N is large, the Coulomb repulsion forces particles away from the
nucleus and into a region where screening gives an effective repulsive potential.
This intuitive argument is independent of permutational symmetry and we expect
our results to hold for both bosons and fermions. However we have only succeeded
in proving that ey Zey_,; = — A; we have not excluded the possibility that
ey_,>ey28&y_,. Further dlscussmn of the fermion problem is given in
Sect. 111.

Results similar to Lemmas 2—6 have been obtained by Uchiyama [1] for N =2
and w > 1, and by Zhislin [2] for N — 1 > Z = 1/w using p = 2. However, Zhislin’s
R grows exponentially with N and his proofs are considerably more complicated.

I1. Proof

All of the smoothing functions we need will be defined in terms of a fixed function
g:R* - R such that

i) g has a continuous second derivative,
i) gy=0ift <1,
i) gt)=1ift =2,
iv) 0<glt)<1lifl<t<?2, and

V) M =suplg’ OFP1—g(t )2) < 0.

In order that (v) be satisfied it is sufficient that g ~exp(— (2 —t)") near t = 2.
We now give two Lemmas which will allow us to estimate the error in the
kinetic energy which comes from our smoothing functions.

Lemma 2. Fix B and k and let F be any positive function in C*(X) for which
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VF=0o0on X ~T, forallj=1...N. Then
N N N
2PV Rdx =Y [IV(FP)Pdx+ Y [|P)°F4,Fdx. (6)
Jj=1 j=1 j=1

Proof. Let V, = @ V,. Then
et

zk [IVFPPdx = [|¥2 |V, FI*dx + [F2|V,P*dx + 2[FV,F
J¥F

(1P V, ] ¥])dx - (7)
By Green’s formula the last term on the right in (7) can be written as:

${dx f (VFY)-(V|PP)ds, = —% | |14, Fdx

riB/2 < |Fi|p <rxB I'(B)
= —3[|¥]P4,Fdx = — [|P* |V, F|*dx — [|¥|°F4,F.
Substituting this in (7) gives

SIV(FP)2dx = [F2V, P |*dx — [|¥|*F A, Fdx. (8)
Similarly, one can show
JIV(FW)|?dx = [F2|V,¥|*dx — [|¥|*F A, Fdx. ©)

Combining (8) and (9) gives (6).
We now introduce the smoothing functions G(x, ...x,) = g(rkB]fk|p“‘), where
g is defined above. ‘

Lemma 3. Fix k and B. Then for all ¥ in 2(H,)

N
- i [Papdx= i IVGW|Pdx+ Y J|V,(/1~GP)|dx
j=1 j=1 j=1

J

N
- Z; fIYPIV;GI* (1 = GP) ™ tax. (10)
i=
Proof. Both G, and /1 — G} satisfy the hypotheses of Lemma 2. Therefore

N N N
Y —[Pawdx=Y [GAV,PPdx+ Y [(1 -GV, ?|dx
j =1 j=1

j=1 Jj=

N N
=Y {IV{GW)Pdx+ ) [IV(/1—Gp¥)Pdx
j=1 j=1

N
+ Y [I¥P(Gd,G, + /1 — GE 4, /1 — GR)dx.
j=1

J

The theorem then follows from the fact that for all j

G 4G+ /1 -GE4,\/1 -Gt =~ [V,G 21— GH .. (11)

We are now ready to estimate E(¥) = [¥H,¥dx. We will let
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Hy== % 4= T+ ¥ o

jEk itk i<j
i,j¥k
=HN—(—A:<—V{1+ZW,§1> (12)
jFk
and note that
j?’H,’;_lE(’dxgeN_IH‘I/Hzfor all ¥ in 9(Hy). (13)

Lemma 4. Fix p=2 and B=2. Then for all ¥ in 9(H,)
Ex(P)Zey_1|GYP|* + Ex(y/1 — G}WP) — 2' 2P M B?
1P, 2dx 4+ A[1G P, dx, (14)
where A=w(N - 1)(B+1)"' —1. (15)

Proof. 1t follows from Lemma 3 that
E\(¥) = E\(G,¥) + Ey(+/1 — G}YP) — il [IPPIV;G 21— G}~ tdx.  (16)
i=
Now, using (12), one sees easily that
ENGY) 2 [(G,P)HY _,(G,P)dx + fIlezl'PP( -ty corﬁf)dx. (17)

ik

Since G,¥ =0 for x in X — Q,(B), the last term on the right in (17) becomes
| |le2|‘1’|2< -+ Y corﬁf)dx > [AG Y1y tdx 2 Af|G WP, tdx,
@1(B) jFk

where we proceed first as in (5) and then use the fact that r, <|r|,. If we combine
this with (13) applied to G, ¥, (17) becomes

ENG ) Z ey IGYI* + A[IG I Irl, dx. (18)

N
We now need to estimate ) (|¥|*|V,GJ*(1 —G7)~'dx. We first note that
j=1
VG, #0=1<nB||, ' <2. Then for j# k

2

IV;G,l? = =y 2reBIfd, 2 (rylfl, D72

0 -
= gnBIE, )

Jj

'lg’(VkBlfkl;l)lz
so that for all p =2

2 VG (L= G S AMIR, 2RI, P Y /1R S AMIR, 2.
j#k JFk
Similarly,
ViG> (1 =GR~ S MB2IF, 2.
Combining these estimates and applying property (c) of Q,(B/2), one finds that for
all B=2
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N
Y VG A1 = GH P S M(B* + 47, > < M(1+4B7%)(B? +20)*7)r| 2
j=1

<2UHAPMBr 2, (19)

Substituting (18) and (19) in (16) gives (14).
We will prove our main theorem by repeated application of Lemma 4. To
sketch the idea we consider N = 3. Applying Lemma 4 twice one gets

Ey(¥) 2 ey(IG, ¥I? + Gy /1 = GI¥[?) + E5({/1 = G1/1 - G3¥)
— 8MB?[|W|r|; 2dx + A[[1G, P> + Gy(1 — GH)®* 1], dx.
As we will see below, for suitable choices of B,
E(J/1-G1/1-GEW) 2, /1-GI/1-GIv|?
+2J(1L = G)(L =GP Irl, dx,
so that
Ej(Y)Z &, P2 + [1P1(Ar], — 8MB?)|r|, dx. (20)

We need to generalize this to arbitrary N and to find conditions under which the
last term can be made positive. Since AJr|, — 8MB? >0 only for large |r|, we will
also need to smooth around {x:|r|, £ R} for a suitable choice of R.

Lemma 5. Fix p=2 and let B=2"*Y?(N — 1)'/?. Then for all ¥ in 9,
Ex(P) Z ey [ P11 + [IP1P(Afr], — 2" **PM(N — 1)B)|r|, 2dx, (21)
where A=w(N — DB+ 1)"' - 1.

Proof. Let¥, =¥, ¥, ., =./1—G}¥,(k=1...N —1). Then by repeated applica-
tion of Lemma 4

N
Ey(W)Zey_y Z “Gk'PkHZ + En(Py) — 2! +2/pM(N - I)BZH‘PVI"';de
k=1

N—-1
+2 Y [IG W21, dx. 22)
k=1

Now ¥,,, #0=>G, #1=nBJf|, ' <2,and ¥, #0=¥, #0 for all k < N. Thus,
whenever ¥ 0 we have

BP<2? Y 2 (k=1...N—1). (23)
JFk
Adding these N — 1 inequalities gives
[FyIB(B/2)? < (N = 2)lfylh + (N = D),
so that
rk 2 [(B/2)F — (N = 2)J(N — 1) H[#yf2.
—1))¥?. Then N =2 implies B > 2 so that
(N = D)2, > [yl > B iyl

Now choose B = 2(2(N

ry 2 (N
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N-1
Thus (— ryt+ Z rjy >> Ary' whenever ¥, #0. Then, using (12) and
Jj=
(13) as in the proof of Lemma 4, one finds
Ex(Py) Zey 1| Pyl + Af1PAI12 00, tax. 24
Substituting (24) in (22) and using

N-1
Y G + PP =172,

j=1
one finds
E\(P)Z ey (| PII*+ AfIPP ||, tdx — 2" F2PM(N — 1)B* [|P)?|r|, 2dx.
Remark. Let R;=2'*?PM(N —1)B*A~*. If ¥ =0 whenever |r|,<R,, then
Lemma 5 implies that Ey(¥) = ey _,||¥||>. Since B< B+ 1 <3B/2
W2 ITUR(N — 1) m1P S ) > 37127 (N — )1 Up (25)

so that when N is large 1> (w/5)(N — 1)} 7'/7 and R, <402*?M(N — 1)>?e~ 1.
Lemma 6. For every fixed w there are constants N, and c, such that for every
N =N, and for every ¥ in Q(H,) there is a ¥, in D(Hy) such that

a) ¥, =0 whenever r 2 2R where (2/5)c (N — 1)*? < R < ¢, (N — 1)*"7, and

B) Ex(P) 2 6y (|P12 = Vo1 2) + [ ¥o Hy(@/2)¥, dx. (26)

N
Proof. Let Gy(x)=g(|r|,R™") and V=0 V,. Then proceeding as in the proofs
j=1

of Lemmas 2 and 3 one can show that

G2VP|2dx = [I[VG,P|*dx + [|¥)*G,AG,dx
0

and similarly for . /1 — G¢. Thus

N N N
— Y [P wdx= Y [IV(G,¥)Pdx+ Y [IV,\/1—GZ¥|dx
j=1 j=1 j=1
N
— Y IV,GP( -G Y. 27)

j=1R<|r|,<2R

Since [V;Go| = R™'r2 |, Vig'(r|,R 1),
N
Z IV,Gol’(1 = G*) ™' SR *Mr|; "Z rP=R72M.
Let ¥,=/1-G}¥ and ¥, =G,¥. Then ¥,#0=|r|,<2R and ¥, #0=
[r,> R. Using (27) and then applying Lemma 5 to ¥, one finds
Ey(P)ZEN(? ) +Ey(¥))—MR™?> |  |¥[Pdx

R<|r|p,<2R
Zeyo |11+ AJIW P, tdx = 20 PPM(N — DB [|P, *Jr],; 2dx
+ [P Hy()Podx—MR™2 [ |P|dx

R<|r|p<2R
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ey W12+ IR I, 200,42 = 21 2P M(N — 1)B*]dx
+ [ ¥ H(@/2)¥ ydx
+ [(Mznrl;‘l%lu%zwr,;‘lV’olz—MR‘zls”lz}dx- (28)

R<|r|, <2R i<k
Choose

R=2**"2PM(N — 1)B*/~! with B=2'*Yp(N — 1)'/7, (29)
Since ¥, =0 when ||, <R, (29) implies

(1 21, 2 (A2 = 28 2P M(N — 1)B?)dx > 0. (30)
Now use (25) to choose N, so that N = N, implies

A> <%>(N 1)l

Then wN(N —1)/4> ) for all N = N, so that the last term on the right in (28) is
bounded below by

| LA2)Q2R) 1Y, 1> +4 'oN(N — 1)(4R) " }|¥,|> — MR~ ?|¥|?]dx

R<|r[p <2R

z | [MARTNPL? +1P01") — MR7?|¥|P]dx

R<|r|p<2R

= | |?PR'(i/4— MR Y)dx

R<|r|p<2R

= [ PPAMTIRTI = (224N — 1)1 7)) dx > 0, (31)
R<|r|p<2R

Thus N = N, implies

Ex(¥) 2 ey ([|¥, > + [ ¥ oH(/2) ¥ dx.
Since |P|? =|¥,|* + |¥,|?, this gives (26). To complete the proof we note that (25),
and (29) imply that for N> N,

@ I25TSIPM(N —1)3P < R< ™ 124F4/P.5(N — 1)3/7, (32)
This gives (a) if ¢, = 80-2*”?Mw 1.
Proof of Theorem 1. By Lemma 6, if suffices to show that
[ YoHNw/2)Podx Z ey 1| P,

Irlp <2R

N
where  Hy(w/2)=HY{+%Y wrp',Hy=— Y (4,+r7'), and R is given

J<k j=1
by (29). It is well-known that H, > — N/4 and, as before, |r|, <2R=r; <4R.
Therefore,

[ YoH\0/2)¥dx 2 [ - % +wN(N = 1)(16R)~ ’J TAN

Irlp <2R

2 <%>[— 4+ wcy (N =D P ¥,)%  (33)



466 M. B. Ruskai

where the last inequality follows from (32) for N > N,. When p > 3, (33) can be
made arbitrarily large by choosing N sufficiently large. Let p =4 and choose
Ny = N, so that (N,/16)[wc, '(N — 1)!/* —4] > ¢, _,. Then by Lemma 6

Ey(P)> ey (P12 = 1Pl +ey_ PN =en_ 1 I Pl
II1. Remarks and Generalization

A. Dependence of N, on Z

We consider the case W= 1 so that @ = Z~*. By the remark following Lemma 5,
it follows that the N, of Lemma 6 grows no worse than Z??~*, In fact (25) implies
(N, —1)<[15/(5-27/p —3)p/r=1 ZrlP=1 Since p can be chosen arbitrarily large,
we find N, <8Z + 1. Thus, we conclude that for large Z the dependence of N,
on Z is determined by (33). Since ¢ _, is not known exactly, we will find N, large
enough to satisfy — 1 + w(4c,)”'(N — 1) 732 >0. Thus
(Nyg— )P~ =4¢ =1 =5202%P) 72,

when p = 4, this gives N, < 5*2?8M*Z8. However, since p can be made arbitrarily
large, we obtain the better estimate

N, — 1 <320MZ2. (34)

B. Molecules

Our results remain true if we replace — Zr, ' in Hy(W,Z) by — Z Z,r,—R,|7!

where R, are fixed. Choose R so that (B 4+ 1)”1/7R/2 = maX{R .R,}. Then if
rl, 2 R and x in QB), R, < (B” + 1)~ "7r],/2 < r/2, and

L
- Z Zr,—R,|” 1+Wzrjklg 22 Zy '+ WIN=-DB+1)" !

(=1 itk

=Zir;?

L
where Z=2) Z,and A=WZ *(N —1)(B+1)"! —1 as before. Since R~ B ~

=1
(N —1)"? and R~ B3>~ (N — 1)*? in Lemma 6, R > R for sufficiently large N. Let
¥, be as in Lemma 6. Then ¥, =0 for r < R <R and Lemmas 4 and 5 remain

-1
valid when applied to ¥,. Thus Lemma 6 holds with @ = W<2 Y ZK> and
£=1

a possibly larger N,,.
C. Other Power Law Potentials
Our methods can easily be generalized to show that the Hamiltonian

=-ZA—Z”+er3k

j<k

also satisfies Theorem 1, when 0 <y < 2.
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Since x in Q(B) implies that —r, "+ w Z re’ Z A7, where 4, =w(N —1)

(B+1)""—1, Lemmas 4 and 5 remain Vahd 1f ASIG W I?Ir|, tdx is replaced by
201G P)?Ir|; 7dx. Then in the proof of Lemma 6, (30) becomes L ARG
(|r|2 '2, 22+2/PM( —1)B?)dx >0 if R?77=2**2PM(N — 1)B*A) ' =
¢ (N = 1)‘“”“’ for some constant ¢;. The last integral in (28) can again be made
positive as in (31) since

(2,/HR™7 = MR™? = (A /4R™[1 — (2> /(N — 1)} *2I7) =17 > 0.

Thus Lemma 6 holds with R <c¢,(N —1)"® where s=p(2 —v)/(2 +y) for some
constant ¢,. We complete the proof as before using

[ WoHy(w/2)Wdx 2 ( - g +wN(N = 1)16" 1R*V> TAE

Irlp <2R
N
=4 (= 1+e(N — D)3, (35)

for some positive constant ¢,. For each fixed y <2, we can choose p so that s>y
and (35) can be made arbitrarily large.

D. Increasing the Interaction

If N is fixed, H(W, Z) has no bound states if the nuclear charge Z is sufficiently
small or the interaction parameter W is sufficiently large. To be precise, for each
fixed N thereis an w, such that = WZ ™' > w, implies that H y(w) has no discrete
spectrum.

When N =2 this result was first proven by Uchiyama [15]. Since the fermion
ground state is always a singlet when N =2,¢f =¢; =¢, so that both bosons
and fermions have the same critical w,. Using a perturbation expansion in w,
Stillinger [16] has estimated w, ~ 1.0975. Ruskai [17] has used Hill’s techniques
[4,5] to obtain the less accurate, but rigorous bound w, < 1.343.

We now sketch the proof that Hy(w) has no discrete spectrum for sufficiently
large w. As before, the proof for bosons follows from the proof for particles without
any permutational symmetry restrictions. Lemmas 2-5 do not depend cn the value
of w. Lemma 6 holds for arbitrary N if w, is chosen so that A > (w/5)(N — 1)* ~'/7
whenever @ > w, as in (25). To complete the proof, we write (33) as

y fz P Hy(w/2)Podx Z (N/A)[ - 1 + @’y ][ P,l? (36)
rlp<2R

for some constant cy. Since (36) can be made arbitrarily large by choosing w
sufficiently large, the argument following (33) can be used to show Ey(¥)=
ey, | P]? for w sufficiently large.

E. Fermions

We now indicate which portions of our proof in Sect. II remain valid for fermions,
ie. if we restrict ¥ to 2~ and replace ¢, by ¢y. Lemmas 2 and 3 obviously do
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not depend on permutational symmetry. Before discussing Lemmas 4-6, we note
that G, is symmetric with respect to the interchange i<»j provided i + k and j # k,
but not with respect to i< k. Therefore G, ¥ is antisymmetric in the coordinates
of the N — 1 particles (1,...,k—1,k+1,..., N), so that

j(lep)H:/— G PdxZ ey, |G Y%
This is sufficient to extend the proof of Lemma 4 to fermions.
The proof of Lemma 5 does not, unfortunately, hold for fermions. The problem

is that ¥, = H J1-G}¥ and G,¥, will not be antisymmetric in general
j=1

so that Lemma 4 cannot be applied to ¥,. The functions G, ¥, are antisymmetric
within the clusters (1,...,k—1) and (k + 1,..., N) but not with respect to inter-
changes between clusters. Therefore (13)becomes | G, ¥ HY, G, ¥, =& _ | G,
where e _, is defined by taking the infimum in (2) over the subspace 9 (H N 1)
consisting of functions antisymmetric within the clusters (1,...,k—1) and
(k+1,...,N). It would suffice to show &f_; =¢ey_,, but we know of no reason
to expect this to hold in general. We note, however, that &* is an invariant subspace
of Hy_, containing 2~. Choose N’ so that ¢k is an eigenvalue of Hy. and
k.. =ek. If N'>3 and this ground state happens to be unique, it must be
antisymmetric since there are no totally symmetric functions in @*. Then by the
same argument used to show that ey =gy, we could conclude ey_, =¢k_;.
Unlike the symmetric case, however, we know of no physical or mathematical
reason which would justify the assumption that H, has a unique ground state on
9%H,). Therefore, we cannot conclude that ¢ =gy, except by occasional
accident.

Lemma 6 and the proof of Theorem 1 are invalid for fermions only because
they depend on Lemma 5. In fact, our entire analysis extends to fermions except
for the application of (13) to G,¥,. If a suitable extention of Lemma 5 could be
found, Lemma 6 would also hold. The completion of Theorem 1 can even be
modified, if necessary, to accommodate a different dependence of R on N. Since
¢y is bounded uniformly in N, we can use (4) to replace (33) by

[P H(0/2)P 2 [P H (/AW odx +(w/4)Y, | Pori'WPodx

j<klrl,S2R
2 (— A+ oN(N = 1)/(32R)||P,?, (37)

which can be made arbitrarily large by making N large, provided that R grows
more slowly than N2, In the boson case (33) needed R growing more slowly than
N, which was satisfied by choosing p > 3 since Lemma 5 implied R ~ (N — 1)*/7.
Because the boson result implies uniform boundedness of ¢y, (37) can tolerate
R ~ N' for some t <2. Thus a weaker version of Lemma 5 would suffice in the
fermion case.

If the fermion proof could be completed with R ~ N¥? for some fixed k and
arbitrarily large p, then one could similarly improve the bound on N,. We first
use the well-known fact that the eigenfunctions of H are Slater determinants of
the hydrogenic eigenfunctions, ¢*(k=1,...,gqn?), of — 4 +r~! which have eigen-
values A* = — 1/4n?(k = 1,...,qn?) where g is the number of spin states. Then there




Absence of Discrete Spectrum 469

is an n, such that

and the ground state energy of H® is = — Y gn?/4n” = —(qc{/*/4)N'/. Then
n=1

(33) could be replaced by
[ Yo Hw/2)¥ dx = [ —aN'? + BZ72N(N — 1)) 71| ¥, |*

[rlp<2R

for some constants « and . Then we could conclude, as in Sect. A above, that
N, < BZ%" for some constant B.
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