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Integrable Nonlinear Equations and Liouville’s Theorem, I
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Leningradsky av. 28 fl. 59 125040 Moscow, USSR

Abstract. A symplectic structure for stationary Lax equations of the type
[L, P]=0is constructed, where L is a matrix differential operator of the first
order. It is shown that the equation has a sufficient for the complete integrabi-
lity amount of first integrals in involution. The well-known linearization of the
equation by the Abelian mapping is obtained in a natural manner in consequent
exercising of Liouville’s procedure.

This paper continues a series of works by Gelfand and the author ([2-4] and
others) which deal with the equations of the Lax type L, = [P, L]. Here P, L are
differential operators such that the order of [P, L] is less than that of L. Novikov
noticed that the stationary variants of these Lax equations are equally interesting.
These stationary variants are obtained by assuming that P, L are independent of
i, i.e. equations of the form [P, L] = 0 (sometimes called the Novikov equations).
They are ordinary differential equations, totally integrable in a pure classical
sense, i.e. solvable by quadratures. Since then the theory has branched into two
parts: nonstationary and stationary. They often come into contact. For example,
if there are two commuting Lax equations (e.g. two higher KdV equations) then
the set of all solutions of the stationary problem for one of them is an invariant
(and finite dimensional) manifold for the other. In such a way solitons and periodic
finite-zonal solutions can be obtained. Nevertheless the nonstationary theory and
the stationary one are quite different, with different problems and methods.
Gelfand and the author in their joint work were guided by an idea that it is
the Hamiltonian structure of the equations under consideration which plays the
leading role. The fact that the KdV equation is one of the Hamiltonian types was
first established by Gardner, Zakharov and Faddeev; Gelfand and the author have
given the general construction of Lax equations for an arbitrary order of the
operator L, scalar as well as matrix (another construction was given by Kritchever)
and proved that these equations are Hamiltonian. Moreover, they have constructed
explicitly the Hamiltonian structure of the equations. Since then this structure has
been studied by many authors. The greatest progress was achieved by Adler,
Manin and Lebedev who have given a transparent group explanation of this
Hamiltonian structure. Let us also mention works by Kuperschmidt and Wilson,
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Semenov-Tjan-Shanskii and Reyman, Drienfeld and Sokolov. We emphasize that
we are speaking here about the nonstationary equations.

The Hamiltonian structure of the stationary equations has been studied much
less. As stated earlier these equations can be solved by quadrature. This has been
done using algebraic geometry methods by Novikov and Dubrovin, McKean and
Moerbeke, Matveev and Its for the stationary KdV equations, and by Dubrovin
and Kritchever for the general case. On the other hand these equations were ob-
tained from the very beginning in a variational, Lagrangian form. Therefore it was
clear that they were Hamiltonian systems and it was only natural to connect the
fact of their integrability with the existence of a large number of first integrals in
involution, i.e. with the Liouville theorem. The construction of first integrals and
the proof of their involutiveness was given in [2-4]. However, a gap remained
between the proof of the existence of first integrals in involution and effectively
carrying out the Liouville integration procedure and obtaining the solution for-
mulas. To that end an explicit construction of the Hamiltonian structure was
needed. This was done for the KdV equation in [ 1] and we turn now to the general
case.

Thus, in the present paper the following is done. An explicit expression for the
Hamiltonian structure (the symplectic form and the Hamiltonian)for the stationary
equations is given and the Liouville integration is carried out (i.e. the “action-
angle” variables are obtained). The Abel mapping of a Riemann surface onto its
Jacobi variety comes into existence by itself instead of being brought in from the
outside. The same regular integration process explains the sense of special variables
(proposed by Dubrovin); those are the variables in which the symplectic form
splits up. Thus, this paper contains not new results (except for explicit formulas for
the Hamiltonian structure), but rather a new interpretation of the integration
process, on a basis of the Hamiltonian structure.

The first part of this article deals with equations created by a first order matrix
differential operator L. This part is closely connected with works by Dubrovin
[5, 6]. It was highly stimulating for us to think over his works. In the second part
an n'® order differential operator L (scalar, for simplicity) will be considered. This
part is formally connected with works by Kritchever, however, it is considerably
less dependent on them than the first part is on Dubrovin’s works, as we use other
variables. We apply a method of reducing n™ order differential equations to sets of
first order equations; in other words, we imbed the variety of n'® order operators L
as a submanifold into the variety of matrix first order operators. Nowadays this
method is widely used, e.g. by Kuperschmidt and Wilson [ 7], Drienfeld and Sokolov
[8], but only in connection with nonstationary problems.

The main tool in our search for a symplectic structure for Lagrangian equations
will be the following general fact pointed out in [2]. If there is a Lagrangian &
which polynomially depends on variables u; and their derivatives u}, u, ..., then
the symplectic form corresponding to the Lagrangian set of equations 6 £ /éu, = 0

0
can be found in such a way. The variation 6.% = ) 5—%5 u® should be transformed
i,k Ol

by parts:
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where w is a differential 1-form, i.e. a linear combmatlon of 5u§"’. Then Q = dw

o0&
will be just the symplectic form corresponding to the set of equations Su 0.

The Hamiltonian H can be found from an equation dH/dx = — ) u;0.% /éu,.

This article immediately follows the paper under the same title by two authors
[1] (though formally is independent of it). Both authors of [1] realized that such a
study was necessary.

1. We start with the equation

R +[U+(4,R]=0.

Here R, U and A4 are n x n matrices; A is a diagonal matrix with elements a, =
const #0,a,# a;(i #j), and U is a matrix with arbitrary elements U, uy =0.
Further we con51der the differential algebra «/ of polynominals in u;;, and ugj,
ul., ... with complex coefficients. The assertion that an identity holds in o 18
equivalent to the assertion that it holds when the letters u,;, u;;, ... are replaced by
arbitrary functions u,;(x) and their derivatives. The equation expresses the fact
that the differential operator of the first order L = 0 + U + { A(0 = d/dx) commutes
with R. The matrix R is a solution of (1) we are looking for. We seek the solutions

as a formal series

R= ) R(* R, €. (2)
(Note that eq.(1) is satisfied by R = (¢,¥ ), where ¢ = {,} and ¥ are solutions of
L = 0 and of the adjoint equation respectively.)

Solutions (2) form a ring (if two matrix functions R, and R, commute with L,
so does their product R, R,).

2. We shall say that an element of o/ does not contain a constant if the free
term of the corresponding differential polynomial is equal to zero.

Proposition. If all R, ;; in solution (2)do not contain a constant, this solution is a
trivial zero.

Proof. Suppose that the assertion does not hold. Without loss of generality we may
assume that R, # 0. Equation (1) is equivalent to a recurrent formula

R +[UR]=—[A4R,, Jk=—1012, ... (3)

For k= —1 we have [4, R;] = 0. Hence R, is a diagonal matrix. For k=0 the
diagonal terms of the equality yield R, = 0, R, = const, and under our assumption
all the constants must be equal to zero. |

Corollary. The solutions are uniquely determined by their constants.
3. In the sequel we shall construct special solutions R*, o =1, ..., n for which
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with unity in the o'" place and no other constants.

Proposition. The equations

R*R?=6,,R* Y R =1 )

a=1

hold.
This means that R* are projection operators forming a spectral decomposition
of unity.

Proof. The proposition is a direct consequence of Sect. 2 since R*R” is a solution
without constants if « # f and with the same constants as in R*if o = f8 |

4, From (3) we can find

Ra(;,jk = 5aj5ak’
o — 60:1'_ 5aku
1,jk _ jk>
J aj ak J
0= 51,;“,% _ ¥ Ul (5”.— Oup  Oup— 6ak> itk
— J — _ — >
(a;—a) pikd T G\ 4~ dg dp— a4
R, . =
2,jk
0,5—0,; .
Y ., j=k )
g7l —a)

5. Proposition. The general form of the solution is
R=} w(0OR% (6)
a=1

0
where w (() are the formal series Z w”(: “";w, = const; w(() are the roots of
the characteristic equation r=ro

det(R — wI)=0.

Proof. From (3) it really follows that in R, constants may occur only in diagonal
terms. By properly choosing the series w,({) we can construct a solution with an
arbitrary combination of constants in diagonal terms, i.e. an arbitrary solution l

6. Now we consider the equation
@ +(U+{A)p =ip (7)
where ¢ is a column vector.

Proposition. There exists a solution of (7) of the form

0

=Y ol A=Y AL o, =(p,,), k=1,...n

r=0 r=-1

(O AEA,
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normalized by the condition ¢, , =, ,,« being an arbitrary integer, « = 1,...,n;
A_.=a.
1 (3

Proof. Let us put ¢, , =0 for r > 0. Equation (7) is equivalent to

(Pr/',k + (U(pr)k = ak<pr+ 1.k + Z A‘sq)r—s,k’ k = 1’ cees B (8)
s=-1
For k = «, (8) degenerates into
Uep)=4,, (z0) )
For r= — 1,k = a, relation (8) means that A_, =a,. For any r 20, we obtain
4, from (9) and then ¢, , , , (k # ) from (8) n

We denote this solution as ¢% A*. Let @ be the matrix (¢}) where o is the number
of a column and k is that of a row. Then

<1>’+(U+CA)€D=<DA,A=<Al‘--.ln>. (10)

The matrix @ = Z @ [~" has the inverse ¥ = @&~ !, in the class of a formal series,
=0
because @, = I. It can easily be verified that
— V' +P(U+(A4)=AYP. (11

IfyY= (l//i) where j is the number of a column and « is that of a row, then the row
vector Y/, satisfies the equation

=¥+ YU +(A) =, (12)

the adjoint equation of (7).

Remark. The introduction of 4 in (7) and (11) made it possible to obtain a solution
such that ¢, €5/ otherwise it would be necessary to extent the algebra by adding
the operation of integration.

7. Proposition. The matrix
R*= o™y, = (¢r) (13)
is the projection operator from 3.

Proof. The matrix R* satisfies (1). This follows from (7) and (12). Moreover, it
can be easily seen that Rj is of the required form (see Sect. 3) and that there are
no other constants in R |

8. Proposition. tr R* = 1.

Proof. Taking the traces of both sides of (1) we see that tr R = const for all solu-
tions. As for R? it contains constants only in the term R{, and tr R} = 1 ]

9. Now the variations of the variables uﬁ’k) will be introduced. Let us denote
them as du{y). We consider the differential forms )’ adu() A oul) A ... The operator
6, the covariant derivative acts in the usual way, e.g. of =Y df /ouly)- ouly).
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Proposition. The relation
otr AR* = tr(R{6U) + 0tr (69, . — @70Y,), (0 = d/dx) (14)
holds.
(The subscript { denotes the derivative with respect to {.)
Proof. We start with Egs. (7) and (12) and apply 6 to them.

0@  + (U + (A)0p +06Up = A0 + oA ¢ (15a)
— 0 + YU + LA) + YoU = Aoy + o4y (15b)
Next we differentiate (7) and (12) with respect to {:
@+ (U + Ao, + Ap = Jp, + 4.0, (16a)
— Y+ YU+ LA+ YA =4+ AY. (16b)

Now we multiply (15a) by ¥, on the right and (15b) by ¢, on the left, add them
together and take the trace. We transform some terms:

trépy, — tro 00" = 0(trdp-y,) — tr (9 ) — dtrp, Oy

+tro, 0y = 0tr(6p Y, — @, 0%) — tr {dp[Y (U + {A) + YA

— W = 2]+ [(U + L), + Ap — A, — 4, 0]6%}
(from (16)). Altogether we have

otr (09 Y, — ¢, 09) — tr (69 Y + @oY)A + trdU(py, + @)
+ A tr (0@ + @) — St ey, + ) =0.
We have tr (5@ Y + @dy) = tr6(py) = tr 6R* = 0 since trR* = 1. The term contain-

ing 6/ vanishes for the same reason. The remaining terms imply the required
statement |

10. Further we deal with equations of Lagrangian type

5L

—=0,i=1,...,N, 17
5y =0 (17)

where ¢ is a differential polynomial in some variables v,, i=1,..., N;6/0v, are
variational derivatives
0 X 0
Y k=0 0v;
We shall consider the case when the Egs. (17) are the same order, say p, with respect
to each variable v, More precisely, the highest derivatives v will enter linearly
with constant coefficients:

k

0L

W=a11”(1p)+ a4
1

0L

$=amv({’)+...+aNNv}\§’)+.... (18)
N
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Moreover, for the case under consideration the condition det(aij) #+ 0 will hold,
which will enable us to express the highest derivatives in terms of lower ones. The
phase space is Np-dimensional, with independent variables v\, j < p. The vector
field ¢ connected with equation (17) acts on functions defined in the phase space as
the operator ¢ with subsequent elimination of v{"’ appearing in differentiation,
with the help of (17).

11. It is known that for every # €./ the variation 6.% can be decomposed
uniquely into a sum

5% =Y Abv, + dw, (19)

where w is a 1-form; ¢ acts on forms in the following way: it differentiates both
the coefficients and the variations sv®, dou® = dul** V. The coefficients A4, turn
out to be equal to 0.2/dv, (see [2]).

Another well-known fact we use here (see[2]) is as follows: there exists a
differential polynomial H(v{), k < p such that

0¥
OH = — ) v\—.
H= =23, (20)
Proposition (2). If we put w® = dw then the relation
)
5H = — O™ 3.0 b, 1)

holds. C
Here i(d) symbolizes the usual substitution of a vector field in a 2-form.

Proof. The formula can be checked by applying ¢ to both sides of the equation
and using (19), (20) (6 and ¢ commute) ||

From this proposition it follows that 6H = — i(&)w'® where & is a vector field
connected with Eq. (17) (see Sect. 10). This means that the equation has the Hamil-
tonian form with respect to the symplectic form »® and the Hamiltonian H. This
method of obtaining the Hamiltonian structure was suggested in [2] and used in
[1] for the KdV equation.

Further the elements u;; of the matrix U will play the role of v;. Let 6.%/6U be
the matrix with elements 5:? /5uij. The diagonal elements of this matrix remain
indefinite.

12. Proposition 1.
ottAR* ' OR* . Otr AR |
— == e AT L = R 22
50 ( ot >,that is —=5 X (22)

where the left superscript t denotes the transposition of the matrix; the equality
makes sense only for the nondiagonal terms.

Proof. The assertion immediately follows from (14) |

Remark. “Variational theorem” (22) plays the main role in all works by Gelfand
and the author. This theorem uses only the first term in (14). Reference [1] allows
us also to make use of the second term.
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Let us take the Lagrangian
$=ZbatrAan+2, b, = const # 0, b, # by(o # B). (23)

From (22) we find that Eq. (17) has the form Z b R = 0 (for the nondiagonal

a m+1

terms), that is

[4,R,,,]=0,R=3bR" (24)
From (3) it is easily seen that the highest derivatives contained in (ZbaR‘,’n ‘1 > are
a ij
( )m +1 b bg (m)

( a)m-f-luu °

This means that the matrix g, i of (18) is a diagonal one and det(a, j) # 0. The set
of Egs. (24) has the order mn(n — 1).

Proposition 2. The form o for the Hamiltonian system represented by the set
of equations (24) is

=(m+1) i b, tr(*y,)|, ;- (25)

a=1

The subscript m + 1 indicates that the coefficient in {~™ ! should be taken.

Proof. Accordingto (14)and Sect. 10 we haveco—Zb tr(5(p“x// “5:,0 )|m+2 =
Zba{é tr((pal//a,g)_tr((paal//ayg+(p2{5¢,a)}lm+2 5Zb tr (p lpa( |m+2 ZbaaC

tr(@*y,)|,.+ - The first term may be omitted since it is an exact differential and
cannot play any role because the form w® = dw does not depend on it. Thus

w=— Zb tr(o*oy,)| ., = m+1)Zb tr(@0y, ), - n

13. We transform (25) in such a way that w is expressed in terms of R* instead of
¢* Y . If we add the exact differential (which can always be done) Zbaétpj / »;
where j is an arbitrary integer < n we obtain

w=trm+1) 3 b, 5((p ol =tem+1) S b, :‘; Vo

B a1 PV
3(@i,)],, , thatis
(OR*R?)
R,

m+1)Zb

a=1

jl , (26)

m+1

where j, [ are chosen arbitrarily.

14. Proposition. The Hamiltonian of the system under consideration is

=m+1)tr(4R, ., + UR, ., )=(m+ 1) tr((A+ U)R|,,,- (27)
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Proof. 1t is sufficient to show (Sect. 11) that
oY
0H=—tu U <5U)=(m+ DtrU'R, .

We check this by using (3) directly:
OH=(m+ 1)tr U'R,,., +(m+ 1)tr((4+ U)R|
=m+ U

m+ 1

R, ., —m+)tr[CA+U*R]|,., =m+1trUR

Note that H contains the phase variables only u{?, k < m only; the higher deriva-
tives can be cancelled out from both terms.

We shall omit the factor (m + 1) both in H and w.

15. Now we denote

m+1

R=7Y Rr* (28)
Using (3) it can be shown that

R +[U+(4,R]=—-[4R, ] (29)

Prop0s1t10n If in R, we substitute the derivatives of some functionu; (x) for the letters
uly then R satisfies (1 )if and only if U(x) satisfies (24).

Proof. Obvious from (29) n
16. Proposition. The coefficients of the polynomials in {:

trR*, k=1,...,n (30)
are first integrals of (24). In this way we obtain mn(n — 1)/2 nontrivial first integrals.

Proof. If R satisfies (1) so does R¥. The trace of any solution is a constant, and
hence tr R* = const, dtr R* = 0.

Let us calculate how many nontrivial (i.e. nonconstant in the whole phase
space) first integrals we have. Note that tr R gives only trivial first integrals since
all its coefficients coincide with those of tr R which are identically constants.
Among the mk + 1 coefficients of ¢+ R* the highest m + 1 coefficients coincide with

tl(lose gf tr R* and are therefore trivial. So we have m+2m+ ... +(n— )m =
nn—1

m nontrivial first integrals which can be shown to be generically indipend-

ent. The independence of the constructed first integrals has not been proved here
(nor did Dubrovin, who introduced those integrals first). It is almost obvious that
every next first integral contains a new variable which proves the independency.

Remark. Instead of (30) we can take as the first integrals the coefficients of the
characteristic polynomial

n n (n—1)m

f(w, ) =det(R —wl) = Z Ow'=>Y > J,lwW. (31)
=0 k=0

17. For any point U, U, ..., U™~V of the phase space the equation f(w, {) = 0
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specifies an algebraic function. The main properties of this function were studied
by Dubrovin. For the presentation to be self-contained we repeat here all the facts
we need further.

The asymptotics of w(() for { = oo can be obtained by comparing R with R.
The m + 1 highest terms of R coincide with those of {"R. Hence m + 1 terms of the
asymptotics of w({) for { — oo coincide with those of the asymptotics of an eigen-
value of {"R. The eigenvalues of {"R are {"b,, hence we have

Proposition 1.

w()={"b, + 0. (32)

The number o depends on the sheet of the Riemann surface. We denote by {o} the
point { = co on the sheet where the asymptotics is {"b, .

Proposition 2. The number of branch points (generally, they are of second order)
is mn(n — 1).

Proof. The calculation may be carried out with the help of the discriminant
A= [](w, = w)). It is symmetrical with respect to {w,} and hence it can be expressed

i#]
in terms of {. Its asymptotics is (™"~ Y for { — co. Hence it has mn(n — 1) roots.
These roots are the branch points of the Riemann surface n
mn(n — 1)

Proposition 3. The genus of the Riemann surface is p = s + 1.

Proof. This follows from the usual formula for the genus: 2p =3 (j, — 1) — 2n +2
where j, is the degree of the branch point |

In what follows P will denote the point of the Riemann surface.

18. The spectral projection operator of R corresponding to an eigenvalue w
is given by the formula

n -1

gP)=(f,)" Z () Y wRTTR, (33)

1= k=0

Thus g(P) is a polynomial in R. Therefore if R satisfies (1) then so does g(P).
0. . .
When P — {a} we have g(P) =< B O> +0(™1) (where unity stands in

the o' place). Moreover, the first m + 1 terms of the asymptotics of g(P) coincide
with those of R*{) (which is a projection operator of R),

g(P)=RHO)+ 0" ") (34)

We can even show that the remainder in (34) is 0( ~ ©), that is the whole asymptotics
coincide; this however should be understood in the sense that the higher derivatives
in R* must be expressed in terms of the phase variables U,U’,..., U™ D with
the help of (24). This is true since both g(P) and R*satisfy (1) and g* = g, (R)* = R
and these conditions uniquely define a formal series in (.

Note that the elements of g(P) are rational in w, i.e. they are rational functions
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on an algebraic curve. They have poles where f, =0, i.e. at the branch points.

19. Proposition 1. The divisor of zeros of the function g;; in the finite part of the
Riemann surface consists of two parts d; + d" depending on the numbers j and |
respectively.

Proof. The matrix g is a one-dimensional projection operator and in a neighbour-
hood of a point different from branch points it can be written as {@ (P) j(P)} where
;. are regular. The rest is obvious ||

From (5) we can see that at the point { = {i} the function g0 % [) has a double
zero if i j, | and simple zeros if i =j, L Thus we have 2(n —2)+2=2n—2
zeros at infinity. If j = [ then g ; in {i} does not vanish when i = j and has a double
zero when i # j, altogether 2(n — 1) zeros. We have shown that g, has always
2(n — 1) zeros at infinity.

Proposition 2. g, has mn(n — 1) — 2(n — 1) zeros in the finite part of the Riemann
surface.

Proof. The numbers of poles and of zeros of an algebraic function are equal. The
function g, has mn(n — 1) poles and 2(n — 1) zeros at infinity |

Proposition 3. If |d ] is the degree of the divisor |d,| then

Izmn(n— 1)

]djl = Idl 2

—(n—=1).

Proof. First of all |d,| does not depend on j. Indeed, g,,/g,, has d; — d, as its divisor
of zeros and poles in the finite part of the Riemann surface. At infinity it has equal
numbers of zeros and poles. Hence |d | =|d,|:[d'| does not depend on I either.
Now let us take into account that the Riemann surface and all the functions g,
depend on the point U, U’, ..., U™ of the phase space, and the dependence is
analytical. This implies that |d;| must be constant throughout the whole phase
space except, possibly, a submanifold of a complex codimension 1 (or a real codi-
mension 2) where |d j| may be less. On the other hand, R, at a point ‘U, —'U,'U,
—'U, ... coincides with 'R, at the point ‘U, —'U,'U, —'U,...(since if R(U(x))
is a solution of (1) then so is ‘R(‘U( — x))). Hence g at a point U, U’, U”, ... is equal
to'gat'U, —'U’,'U", ... The divisor d ;of the former is d’ of the latter. Thus |d jl =
|| as was stated

20. Besides the involution U, U’, U”",...—~'U, —'U’,'U", ... the phase space
admits an n — 1 parameter transformation group preserving Eq. (24), the first
integrals and the Hamiltonian structure. These are the transformations pUp™*
where u is an arbitrary constant diagonal matrix. Let us factorize the phase space
with respect to this transformation group. The dimension of the factorized space
is mn(n — 1) — (n — 1). We shall diminish the dimension still more by restricting
our space to invariant submanifolds J,, = const, /=1, ... ,n— 1; k is the greatest
number of a nontrivial first integral with given lk=m—-Im—(m+1)=
(n—1—1m—1. The whole space is now stratified into these mmn(n —1)—
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2(n — 1) =2p dimensional invariant phase subspaces. We shall integrate the

mn(n — 1)
2

Note that the number of integrals is equal to half the dimension.

equation in each of them. Now there remain ————— — (n — 1) = p first integrals.

21. Now we rewrite expression (26) for the 1-form using asymptotics (32), (34).
We see that

(5g (P) g(P)), .
_Z —————gﬂ(P) o P — {a}).

The subscript 1 denotes the coefficient in {~'. We have obtained the sum of the
residues of the differential

(09(P)-g(P)),
(P)le

at infinity. It may be replaced by the sum of the residues in the finite part of the
Riemann surface:

oo T Reswp) OISOy 55)
(poles) ]l(P)

Theorem. 1-form connected with Hamiltonian equation (24) may be written as

0=~ Y wP)L,, (36)
Pedj
where (, is the (-projection of P.
Proof. The only poles of the differential in (35) are the points of the divisor d;
since the points of d' can be cancelled out from the numerator and the denommator
and the poles of g (branch points are not the poles of the differential like the pole

1 1 . .
of 7 is not a pole of 7612). Let P* be a point of d;. We calculate the residue at
z z
this point. In the neighbourhood of this point it is convenient to write g, as @,
where Y @, =1 and ¢, has zeros in d,, , in d*. Then

CoPYoPDye e Res

P
MP) 9;(P) P lp=px
oL — oo,
- w(P*)ReSW = — WP, =

22. Now we remind the reader of Liouville’s procedure for integrating Hamil-
tonian systems (for greater detail see [1]). Let us consider the submanifolds M
where J,; = const. J,, are in involution if and only if M are Lagrangian submani-
folds; this means that 1-form w is an exact differential 8V of a function defined on
M and depending on the parameter J,,. On taking J,, and some quantities u, as
coordinates in the phase space we obtain an expression for w in the form

W =Y.V ou)ou, + Y.a,0J,, =5V + Y (a, — OV /8] ,)5J,,-
i k,l k,l
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Now we put 0,, = a,, — 3V /dJ,,. Then w = 6V + ) 0,,dJ,, and 0® = Y60, A 6J,,.
Thus 0, are coordinates canonically conjugate to J,,. The Hamiltonian system
can now be written as 0,, = 0H/dJ,,;J,, = — 0H/00,, whence it follows that the
solutions are
0H

O = 27 7, x+ 09,
where 0}, J;, are arbitrary constants. The quadratures appear in this procedure
when we find V.

Now we turn our attention to our case. The manifold M where all J,, are
constant is characterized by the property that for all its points, f(w, {) is the same
and hence so is the function w({) as well as its Riemann surface. In expression (36)
for 1-form there are differentials 6(,, but not the differentials 6J,, (i.e. in the above
procedure all a,, vanish). The quantities (. (Where P*ed;) will be chosen as the
additional coordinates p; mentioned above. These coordinates were introduced
by Dubrovin. They appear here when we write 1-form w.

It is obvious that o is integrable on the manifold M because it proves to be a
form with separable variables. The function V'is

Ju=J2, (37)

P*
V=- 3 [wP)d, (38)
P*ed,
(here the lower limit of integration is arbitrary). From the integrability of the 1-form
it follows that the first integrals J,, are in involution. Let us find the “angle” vari-
ables 0, :

P*(k l

Og=— 2 [ dc=Y 22 d (39)

P*edj kl Ped, f w

Pryw(P)

Here we have Abel integrals of the first kind, i.e. the integrals of differentials
holomorphic on the whole Riemann surface. The regularity at infinity must be
checked. The behaviour of the integrand at infinity is

fw Wn—l Cm(n—l)

Since k < (n — 1 + 1)m — 2, the exponent is not greater than — 2. On the right-
hand side of (38) we have the Abel mapping of the divisor d; into the Jacobi variety
of the Riemann surface, i.e. the torus obtained by factorization of C? with respect
to the 2p-dimensional lattice of periods of the Abel integrals of the first kind. Thus
we have

Theorem. The angle variables 0,, corresponding to the action variables J,, can be
obtained by the Abel mapping of the divisor d; (with arbitrary j).

Later we shall derive the expression of H in terms of J,, and thus solution (37)
of our set of equations. Note that the number j was chosen arbitrarily. We could
choose another number and find another solution. In (37) 0H/dJ,, does not depend
on this choice but the constants corresponding to the different j must be connected,
otherwise there will be too many constants. The connection between the Abel
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mappings of two divisors d, with different j (and of divisors d') was obtained by
Dubrovin with the help of the Abel theorem: the Abel mapping of the divisor of a
meromorphic function on the algebraic surface is zero. Let (d) be the Abel map-
ping of a divisor d. Let d  be the divisor of the branch points. The application of the
Abel theorem to the function g ; gives

Ad) + A(d) — A,) + A2Y {o} — {j} — {i})=0

which yields the necessary connection. From this formula we also find
A(d) — A({j}) = AWd,) — A({k}).

If the lower limit of integration in (37) is chosen as {j} then A({j}) =0 and 69, J),
are independent of j.

It remains to return to the old variables. The functions g,; must be recon-
structed from the Abel mapping of the divisors d, and d’. Then u; will be deter-
mined from the asymptotics (5). Thus, the Jacobi problem of inversion of the Abel
mapping should be solved. Corresponding formulas were obtained by Dubrovin;
we refer the reader to [6].

24. To find 0H/dJ, it remains to express H in terms of J,,. Something more
will be done. Another set of first integrals, including H, will be written and the
connection between both sets of first integrals will be found. The new set of integrals
is particularly interesting because of its connection with the theory of the nonsta-
tionary equation

U=[4R,, ] (40)

It is easy to see that tr ijdx are first integrals of this equation. Taking into account
(22) it means that

tr [R[A, R, Jdx =

thatis tr R{[ A4, R, ,] = OF}, where Fj € o/ are some functions which are obviously
first integrals of (24). From the general theory [2—4] it follows that the first integrals
tr | R,dx are in involution with respect to the Hamiltonian structure for the non-
stationary equation and that this implies the involutiveness of the first integrals
in the stationary theory. (At present this is not of great importance to us: we shall
express these first integrals in terms of J,, which are known to be in involution.
In another context this might serve as a proof of involutiveness of J,, without an
explicit calculation of the symplectic structure.)

Let us show that the two sets of the first integrals are linearly connected with
each other. Let us put L} ., =trRi[4,R, ] Then

m+1

Lywei=ttR{—R, —[U,R,])= —0trR*R, — tr(— R“R,, — [U,R*]R,)
= — OtrR‘R, — tr[4, R“H]R = —0trRIR, + trR?, | [4, Rm]
= —0tr(RiR,,+ R?, R, . +R*, R = —tr(R°R)|,.

The subscript k denotes, as usual, the coefficient in (™% We have Fi=



Integrable Systems 1 359

—tr (R“R)[k. We can replace R by Zwﬁ(C)R’Z in this expression (since they have one
B
and the same asymptotics). Thus we have

Proposition 1. The first integrals F; are equal to the nontrivial coefficients of the
asymptotics of w,, that is of the roots of the characteristic equation with coefficients
J:

Fi=—w,,. 41)
The coefficients of the equation, J,; and the coefficients w, , of the expansion of the
roots into formal series are connected linearly.

Proposition 2.

H=Y aw,,. 42)

Proof. We know that 0H = —trU'R,, , . Let us put R* = ) a_R* This is another
solution of (1) for which R} = 4, R¥ = Uand U’ + [A4, R¥] = 0. We have

dH=—trUR,, , =tr[A,R¥IR, ., = Ytra,[A4, R5]R

m+ 1 m+ 1
=—Ya,trR;[AR,, ]=— 62%1‘%252%%,2 [ ]
It remains to give the expression of H in terms of J,,. Put
w,=b " +p " g7+ 43)
The equation f(w,{)=0 can be written as f,+ f,., +f,.,+ ... =0 where

1 1 1 (m+1 1
Z']lmn lcm '1 fm+1 Z‘Ilm (m+1),n— lCm " )Wn s

=0
n

Im—(m+2), n— 1
fm+2 ZJlm (m+1),n— ZC w
=0

f, is none other than the characteristic polynomial of R, i.e. ) (w— b,C™). Let

B=1
us substitute (43) into f(w, {) = 0. The coefficient in {™ ™% gives

~fmi2lbys D) N .
qaz a =2 = _IZ J(l—l)m—-z,n—lba : H(ba—b/})

- 1 =2 B#a

awfo(ba? )
and

=-Ya J(Z—-l)m—2,n~lb:_l / [1@, —by)
a=1 1=2 BFa

For each [, the Hamiltonian depends on J,, with only one value of k:
k=(m—1— 1)m— 2. Thus the following holds:

Theorem. 0, depend on x thus: if k =(n —1— 1)m — 2 then

abl

—_—E x4+ 00,
a=1l—[b —bﬁ) K
B#a

M:
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fk<m—1—1m—2then
0, =0°

kl kl>

6° are constant.
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