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Abstract. The well-posed property for the finite time vortex sheet problem
with analytic initial data was first conjectured by Birkhoff in two dimensions
and is shown here to hold both in two and three dimensions. Incompressible,
inviscid and irrotational flow with a velocity jump across an interface is
assumed. In two dimensions, global existence of a weak solution to the Euler
equation with such initial conditions is established. In three dimensions, a
Lagrangian representation of the vortex sheet analogous to the Birkhoff
equation in two dimensions is presented.

1. Introduction

A velocity discontinuity (vortex sheet) in an ideal incompressible fluid is subject to
the Kelvin-Helmholtz instability [see Birkhoff (1962) and Saffman and Baker
(1979) for a general introduction]. A simple illustration is provided by a flow with
uniform velocity U in the x-direction above the (x,y) plane and with the same
velocity in the opposite direction below this plane. Such a motion constitutes a
stationary but unstable solution to the equations of fluid dynamics (see e.g.
Chandrashekar, 1961). When a slight disturbance preserving the irrotationality of
the flow outside the interface is considered, a linear analysis indicates that the
amplitude of the k-Fourier mode of the interface corrugation increases exponen-
tially in time at the rate |k - U|. The linear problem therefore requires analytic initial
data to be well posed and will generally be so only for a finite time. Birkhoff (1962)
conjectures that the nonlinear problem with analytic initial data is well posed at
least for a finite time. Richtmyer and Morton (1967) make a similar conjecture for
piecewise analytic data.

The present paper is devoted to the nonlinear problem with analytic initial
data. We shall not, as is mostly the case in studies of Kelvin-Helmholtz instability,
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restrict ourselves to two dimensional flow to take advantage of the vorticity
conservation. A system of equations for the interface and the vorticity density is
derived from the Euler equation written in the sense of distribution in Sect. 2. This
system involves first order differential operators and also zero order pseudo-
differential operators. Such operators arise when expressing the interface velocity
in terms of the vorticity density. A proof of finite time analyticity of the interface in
two and three dimensions is given in Sect. 4. It is based on an abstract Cauchy-
Kowalewski theorem in scale of Banach spaces (here spaces of analytic functions)
in the formulation of Nishida (1977); see also Baouendi and Goulaouic (1977)
which improves a result of Ovsjannikov (1971) and Nirenberg (1972). In two
dimensions, our finite time analyticity result is a special case of a result by
Babenko and Petrovich (1979) which deals with the Rayleigh-Taylor problem. The
Babenko and Petrovich proof (which in places is only sketched) uses also scales of
Banach spaces (a la Ovsyannikov, 1971); it puts more restriction on the initial
data. Note that all these results leave room for improvement because the theorems
are restricted to situations where a coordinate of the interface can be resolved in
terms of the other (others). In Sect. 5, we prove existence for all times of a weak
solution of the two dimensional Euler equation with vorticity concentrated on an
analytic line. The last section is devoted to a Lagrangian representation of the
vortex sheet which is an extension of the Birkhoff equation (1954, 1955, 1962) from
two to three dimensions.

2. Equation of Motion of a Vortex Sheet

We consider an ideal three-dimensional flow in a domain without boundary and
we assume that the vorticity is concentrated on a surface (vortex sheet). We derive
from the Euler equation

ou

_— Vu= -V,
6t+u u P

V=0 2.1)

a system which governs the time evolution of the vortex sheet and the vorticity
density on it.
The vortex sheet &(t) is represented by the equation

r=r(Lut)  (AhpeR?, (2.2)
or when cartesian coordinates are used
X =xLut) i=1,23. (2.3)

The vorticity density Q(4, u,t) is defined by:
o), ydr= [ or(4, p, )2, p, t)didu, (2.4)

where w = Curl u is the vorticity distribution and ¢ a test function. Both #(t) and
Q(-,t) are assumed to be smooth.
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In the absence of irrotational contribution, the velocity at a point exterior to
the vortex sheet is given by

1 j r—r(Aut)
4 fr—r(2, w0
and has limits u* (4, u, t) and u~ (4, 4, t) when the point r tends in an arbitrary way
from one or the other side of the vortex sheet to a point r(4, i, t)e #(¢). In addition,

_wmtu(hwt) 1 rAp)—r( K1) o A A
V(luu’ t)_ 2 - 475 |r(/1,,u, t)—r(/l',u', t)|3 /\Q(/l,ﬂ,t)di dﬂ ’

u(r, t)y= A QA p, t)dAdp (2.5)

2.6)

where § indicates that the integral is taken in the sense of Cauchy principal value.
When written in the sense of distributions, the Euler equation reads

Cu, Curlg) =<, ¢, (2.7a)
00p; _
<ui, ECT> =0 . (27b)
o 0
<u, Curl 3t_> + <uiu, a—x: Curl (p> =0, (2.7¢)

where ¢ is a test function in (2(R>® x R*))3. In each of the two domains separated
by the vortex sheet Curlu=0 and divu=0, and Egs. (2.7a) and (2.7b) readily imply
that the velocity jump across the vortex sheet

[ul=u*—u" (2.8)
satisfies

[u]-N=0, 2.9)

[UlAN=Q, (2.10)

where the normal vector N is defined by (subscripts ¢, 4, 4 denote partial derivatives)
N=r,Ar, (2.11)

and has components (, 7, 0).

We introduce the three-dimensional manifold .# = {t=t,r=r(4,u,t)} and a
normal vector v to this manifold with components (¢= —r,- N, f3,7, ). The volume
element on ./ is dv=||v| dtdAdu. Using the Green formula and Eq. (2.9), Eq. (2.7¢)
is rewritten

j{[u] A N)-(Z—qf +([uu] A N)gfz +N,[Vu, Aul-op
o ! (2.12)
+N- (E - V) ([Curl u] -(p)} didudi =0,
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where the last term vanishes because [Curl u]=0. In the first term of (2.12) we do
the substitution

d
% (0= 2 0 1,0,0 - Phleh 1 1. (213)

Vo, at a point of the vortex sheet is expressed as follows:

NSNS
~ N7 o nriuz e W%%%%("AN)‘W%%WM
and finally
0 T T o AV g @14
Thus
J(C - 2 dide= § {_ a %(nz\?uz “”“’N)) 2 (,,]3”2 Cors N ))}
-pdidpdt— [(r, N)(H ]‘3, i g(::)did dt, (2.15)

where (a, b, ¢) denotes the triple scalar product a-(bnc).

dp
— — {[u;u] A N} N,d dudt
n “N“ {{wu] AN} u

+fo- { 6/1(||N||2(r AN), [uu]/\N)

9
J(Cud A N): =~ pdAdudr= |

0 1
T HCLITIINY ST

. . .\ . 09 .
Replacing (2.15) in Eq. (2.12) and writing that the coefficients of ¢ and a—(p in the
n
resulting equation vanish, we obtain the system

or
(5? _ V) N =0, (2.17a)

B 0t 0/?v {”N”2 ( Fos Ty )} a'u {”NHZ (rt’ A’N)} +[Vu /\u]N
0

1 0 1
- a{W(r" A N),[uu] A N} + Fm {W(r‘ A N),[uu] /\N} =0. (2.17b)

Further simplifications result from the following transformations

Vu +Vu;,

[Vu; AulJN;=N,[Vu] A V+N; 5

Alu]. (2.18)
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Since (Curl u)* =0, we have 0; ut =0uf, and thus

i J?
_ IN| [ou* 6u
[Vu, AulN,=|N| [0 AV+ T( n ALu]. (2.19)
Using the equality
ou\* ou* ou*
“N“ (%) =rﬂ/\ W~rl/\ W (220)

which results from (divu)®*=0 and (Curlu)*=0 (see Appendix), Eq.(2.19)
becomes

[Vu, Au]N,= (c%(r“/\ [u])— ;%(rl/\ [u])) AV+ (ru/\ (j?—: —TyA Z—Z) Alu].
.21)
On the other hand
1
IINIIZ(r AN),[uu] AN= IINIIZ(V ,N)Q— ||N||2([u]’ ruN)INAT)
1
= Ve N2 -l ar) AV (2.22)

and a similar equation where A and u are exchanged. Substituting in Eq. (2.17b)
and using the equality

ov ov
;ﬁ.rﬂ___@_.rl-_-() (2.23)
which is a consequence of (Curlu)* =0 (see Appendix), we obtain
QR o Q o[ Q
Frie E{W(r"r“’N)} + %{W(r" VA,N)}

0 0 Q
* 51{( wh) uN||2} EE{W’”’N) nNnZ}

ov oV
—([u] "‘,,)ﬁ +([u] 'H)a =0. (2.24)
This leads to

Proposition 2.1. If during a period of time, the vorticity of an incompressible three-
dimensional flow remains concentrated on a smooth vortex sheet & (t)= {r=r(4, u,t),
(A, weR?} with a density Q(A, u,t), the following equations are satisfied :

(r,—V)-N=0, (2.25a)
0Q 0 Q 0 Q
3 az{nNuz(V ’N)}‘E{nNuz (V"””"N)}
1 1 ov
= r ’N Q —\F ,N,Q A 2.25b
R (2230
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where
N=r;Ar, (2.25¢)
and

R )
= — — Q ’ ’ ’ /‘ .
S T /T L (2.25d)

Remark 2.1. The two dimensional case often considered in the context of Kelvin-
Helmbholtz instability is recovered by taking r(4, u, t)={x,(4,t), u, x5(4,£)} and Q
parallel to the x,-direction and independent of u. The motion in the (x,, x;)-plane
is governed by

‘=

(‘nHZ (U_Qt)'gl) =0’

where the components of ¢ and # in the (x,, x;) plane read

(2.26)

0x,4

o0 D=y (A1) x5 1), s 1)= (— 200,200, r))

and
1. o4 t)—eld,1)
7 lo(4, ) — o4, t)|?

Remark 2.2. The above systems which are reversible in time, are equations of
contact discontinuity without loss of energy.

oA, )= — AQU, 1))

3. Linear Stability of a Flat Vortex Sheet with Uniform Vorticity Density
When the vortex sheet can be resolved in the form z=2z(x, y, t), Eq. (2.25) reads
=—zVi-zV,+V;
0 0 ov v
il = =Q — +Q, — 3.1
+ ax(QV1)+ ay(‘QV2) ‘Ql ax + 2 ay > ( )
where the subscripts 1, 2, 3 refer to the cartesian components of the vectors and

Vi@, 2} (6 p, )= — L f TP OrX YD)

an L 1r0o D=0,y O AQ(x, Y, t)dx'dy’ . (3.2)

When linearized near the solution corresponding to a flat vortex sheet in the (x, y)-
plane with a uniform vorticity density Q©=(Q{", @, 0), Egs. (3.1) and (3.2)
become

Zt=V36 ov ov (33)
N 1 (OO (0) 0" 0"
Q.+ aX(Q V1)+ (Q V) Qf o + Q5 0y
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(the subscript denotes infinitesimal perturbations) and

1 y ~ 0z 0z
2% Q,—0Q0 ) _ Q(O)
Tdn {Vp |Q|3*< 2T ay) Vpl K x}

1
L ZE{VP oF (Q‘O)g Q3> +Vp‘ E *Q0 0z } (3.4)

1 X o~ y o~
=— —dvp—sxQ,—vp—y O
3 4n{vplm3* 2= VPR * }

"

3

2

with ¢=(x,y). The two dimensional Fourier transform of VplQ% is
2in*—k| =2in(cosf, sinf), where 6 is the polar angle of the wave vector k. The
Fourier modes of the disturbances, denoted by a superscript , thus satisfy
P4 z
d [, Q,
— | =4l - 3.5
dt|Q, Q, 33
QS Q?a
with
0 —~sinf — Lcosh 0
2
] 1
- %kZIQ‘O’lzsinE) 0 0 5 (k- ) sing
A=| . . .
%kle(O’lzcosf) 0 0 — 5 (- 2®) cost
1 0 o 1 0
0 - E(k'Q( ))sinf E(k-Q( ))cos O 0
The eigenvalues of the matrix 4 read
2=0,A,=0,A3=—a, A, =a (3.7
with
o=}k A Q@)= 41k-[u]]. (3.8)

Perturbations transverse to the direction of streaming are thus unaffected
(Chandrasekhar, 1961, p. 484). The associated eigenvectors are given by

R, =(0,cos6,sinb,0)

R, =((Q©k),0,0, k2|Q)

R, =(i, —sinflk A QO cosblk A Q) —(k-Q))

R, =(i,sinBlk A QO], —cosblk A 2O, —(Q©-k)). (3.9)
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In two dimensions, the system (3.1) is replaced by

Ye= =Yl +05, (3.10a)
i
Q,+ 5 (Q0,)=0, (3.10b)

where x=Xx,, y=x,; the components of v in the (x,, x;) plane read

1 § y(x, 1) — y(x', )

v,(x, )= — o L (x=xX)F+ (W(x, ) — (X, 1))

Q' t)dx’

1 — 7
vy(50= - f XX Q' 1)dx .

R (06— X)2 +((x, 1) — y(x', 1))
Note that (3.10b) is a continuity equation for the vorticity density. The system
(3.10) also displays an instability at the rate |kQ®| when linearized near a flat
interface with a uniform vorticity density Q(©.

Because of this instability known as the Kelvin-Helmholtz instability, ana-
lyticity of the initial data is required for the linear problem to be locally well set.
Birkhoff (1962) conjectured that it is also the case for the nonlinear problem.

4. Short Time Analyticity of the Vortex Sheet

Local existence for the nonlinear problem both in two and three dimensions is
based on an abstract nonlinear Cauchy K owalewski theorem in the formulation of
Nishida (1977) (see also Baouendi and Goulaouic, 1977) which improves a result of
Ovsjannikov (1971) and Nirenberg (1972).

Theorem (Nishida and Baouendi and Goulaouic). Let & ={B},. o be a scale of
Banach spaces, and let all B, for s>0 be linear subspaces of B,. It is assumed by
B,CBg, |- |¢=1- |l for s'<s, where | -|; denotes the norm in B,

Consider in & the initial value problem of the form

du
o =F(u(t),t) |t]<d

u(0)=0. (E1)

Assume the following conditions on F :
(i) For some numbers R>0, n>0, so>0 and every pair of numbers s, s' such
that 0L s’ <s<sy, (u, t)— F(u, t) is a continuous mapping of

{ueB,; |lul|, <R} x{t;|t|<n} into B, . (H1)

(i) For any s'<s<sq, and all u, ve B, with |u|,<R, |v|;<R and for any t,
[t|<n, F satisfies

I1F(u,t)—F(, )|y = Cllu—v| /(s =5 (H2)

when C is a constant independent of t,u, v, s or s'.



Kelvin-Helmholtz Instability 493

(iii) F(0, t) is a continuous function of t, [t| <n, with values in B for every s<s,
and satisfies, with a fixed constant K,

IFO,0)|,<K/(s,—s) 0<s<s,. (H3)

Under the preceding hypothesis there is a positive constant o such that there
exists a unique function u(t) which, for every positive s<s, and |t| <a(s,—S), is a
continuously differentiable function of t with values in B,, ||lul,<R and satisfies
(E1).

If in addition to (H1) and (H2) with t complex, F satisfies the following as-
sumption: for 0<s'<s<1 and u holomorphic for teC, |t|<0 valued in B with
ﬁ;llilg lu@®)ll; <R, t—F(t, u(t)) is a holomorphic function for |t| <n valued in B, then

u is an holomorphic function of t with values in B,.

For the use of Nishida theorem, the main quantity to deal with is the nonlinear
integral operator (n=2,3)

f F(X g oo X 1) =T (X5 oo X 1)

AQX, ..., x,_)dx,...dx]_
(X gy wees Xy 1) = F(Xy s X I (X1, 00 X)X, n=1

which solves the equation

VAV=Qr®Jr—r(x,...x,_)).

In three dimensions, we shall study this operator following the general method for
singular integral operators in the Holder spaces C¥*. In two dimensions, it turns
out that, due to the fact that {r=r(x)} is a manifold of dimension 1, the study is
simplified by using auxiliary complex variables and the classical relation between
analytic functions of z=x+iy and harmonic functions of (x, y). Therefore, we shall
include different proofs in two and three dimensions.

A. Local Analyticity in Two Dimensions

As is generally the case in numerical calculations we assume that the interface is
periodic in the x-direction. We look for solutions (2, y)(x,t) which would be the
restriction of analytic functions (2, y) (x+i{, t) defined in strips of complex plane.
Since the problem is nonlinear, it is convenient to deal with Holder spaces (defined
below), which are stable by multiplication.

The scale of Banach spaces we use is therefore constituted by the spaces
B,(s>0) of n-periodic functions, analytic in the strip b= {(x,{), xeR/zZ, |{| <s}
with the Holder norm

, O<a<l,

Jul,=luly+ sup HEHEIZUE AT

(x,0)ebs [x—x'|"
(x",{)ebs

wherein

luly=sup |u(x+i{)|.

(x,0)ebs
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We use the same notation |-|; in the case of functions of two variables defined on b

lply;="sup |p(x+i{,x"+i{)l.
(x,0)ebs
(x",0)ebs

When n-periodicity is assumed, the components v, and v, are easily computed
using complex representation

z(x, t)=x+iy(x, t)
o(x, t)=v, —iv,,

4.1)
1 e QW)
o2y 0= - 2mi o 2(x, 1) —2(x', t)
_ 2; x}i QX' £) cot (2(x, 1) — 2, ) dx 42)
which gives
1 x+m/2 1 . , ,
vi{Q’ y}(X, t) = I x—£/2 mgi(xa X, t)Q(X > t)dx (43)
with
’oy 1 Shz(y(x9 t)_y(xla t))
gl(x,x,t)—E sin(x —x)
2 _ ’ -1
-(1 4 (:i(;; 86 _fc(’; ’ t))) : (4.42)
9205, 1) = — 5 cos () (1 + Shz(g(;‘;(ti:i(,’; : t)))_ 1 (4.4)

gdx,x,t) for i=1,2 are defined by continuity.
v, and v, are analytically continued in the strip b; by
x+m/2
{Q, i, t)= S— i, x +il, ‘il tdx' . (4
v{Q, y}(x+i(, 1) x—ji/z Py gi(x+il, x' +i, ) Q(x' + i, t)dx'.  (4.5)
If f is an analytic function in b, we have for any s’ <s
of
6x

and the main part of the proof consists in establishing the

C

s

Proposition 4.1. For [Imy,|,[Imy | strictly smaller than 1/2 and || y[|s, | ¥l | Vixll o
[9xlls 18216 [|Q|[ bounded, the analytic continuation of v to complex space variable
satisfies (i=1,2)

10,42, v} —0{Q 5}, S

SCUQ= QN+ 17— Tl 1V = Foall 3 - (4.6)
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Proof. We adapt the method of Ladyzenskaya and Uratlceva (1968) (Chap. 3,
Sect. 2) for elliptic operators. We define

5Q=Q-Q;6g=9g—7,
x+n/2 dq

U{Q,g}(x+il)= x_g‘m mﬂ(qHC)g(xHC,qHC)- (4.7)
We have
U{Q,g}— U{Q,g} =U{69Q,9} + U{R, g}, (4.8)

where (by symmetry)

x+n/2

U{62, g} (x+i{)= xiﬂ sin(x—q) {0Q(q+i0) g(x+il, g +il)

—0Q(x+il)g(x+il,x+i{)}dq.
It follows that

1U{62,9}|;= Cllmlls( sup [lg(x+if, -)ll;- (4.9)

x,)ebs

We now turn to the quantity UP{6Q, g} (x +i{)— UP{6Q, 9)} (x' +i{). We assume
x <x'. The case |x—x'| >n/4 is obvious; when |x — x| <7/4, we write

UM6Q, g} (x +i)— UNV{68, g} (x' +il)
¥=m2 o 5Q(q+io)g(x +il, g +il)—6Q(x +il)g(x +if, x' +il)

- x_j;/z dq sin(x’ —q)
—x’}n/zd 0(q+id)g(x'+il, q+il)— 6Q(x' +il)g(x' +il, x'+i{)
x+m/2 1 Sin(XI—q)
N x+jn/2d {59(q+i{)g(x+iC,q+iC)—5Q(x+iC)g(x+iC,x-l‘iC)
T sin(x—q)
| 8Qq+ g + il g+ if) — SQX +)glx’ +iL, x’+i¢)} 410)
sin(x’—q) ' .

The two first terms of (4.10) are both bounded from above by C|0€2|,|gl,|x—x'|. In
the last one, referred to as 6, we split the integration domain into the ball
2={q,|x—q|<2|x—x'|} and its complement. Let §, and J5 be the corresponding
contributions to

x_ o
B SCI3RI, sup. lgte-+iL, ), x4l

—dgq. (4.11)
x,{)ebs |x—q|<3}x—x| sin|x —g|

Since |x — x'| <m/4, there exists C, such that sin|x —g| > C,|x—g| and the integral is
bounded by |x — x'|*.

1 1 . . .
U O (sin(x—q) - sin(x'—q)) (0Qg+i)glx +iLq +i0)
500 +i0)glx + L, +i0)}
F M oGl gt i g i) — g+ i D). G.12)

n/2>|x—q|>2]x—x'| Sln(x—'q)
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The first term of J5 is bounded by

X —g[*|sin(x — )|
16&21ls sup [lg(x+iL, )l oy, Eoa"
(x,0)ebs lx—x'|<|x'—q|<3=n/4 ISID%(X - q)’ |s1n(x - Q)l

R

where the integral is smaller than Clx —x |"‘

The second term is bounded by IéQl |x x'|*. Thus

s

dg
I5fl§C{8up lgCe+iL, ), +[ }umu be—x 4.13)

(x,{)ebs

and
1U{Q, g} — U{Q, 3} I|,< C{116QIl (gl, +79)) + 121 (5gl,+ V3gl)} . (4.14)
The Proposition 4.1 follows from the Eq. (4.14) and the

Lemma 4.1. If |Imy |, and [Im,|, are smaller than 1/2 and |Rey,|, [ReF |, [V.is
|9.xls are bounded, |g,, and |Vg,|,(i=1,2) are uniformly bounded and

19:— Gl = Clys = Vil (4.15)
'ng_VgNzI é C('yx_j)xls-’-'yxx—j}xxls)'
Proof. The denominator of g; reads

D=1+A42,

and

where (|x —x'| <7/2)

_ sh(a+1ib)
sin(x —Xx")
and a and b denote the real and imaginary parts of y(x +i{)— y(x'+i{). 2 does not
vanish provided
sin?b sh?a

1+(ReAd)’—(ImA)>=1— 2
{ReA)"—(ImA) sinz(x—x’)+sin2(x—x’) cos2b

be strictly positive. This is insured if [Imy | <1/2. Lemma 4.1 results from
straightforward calculation. .

Since in the estimation of ||v{€, y} —v{€2, 3} ||, the first and second derivatives of
y enter, we also have to deal with the equations satisfied by y, and y,, and thus to

estimate @

ox’
Proposition 4.2. For [Imyx] ImJ. |, smaller than 1/2, and |y |, 17.:0e Vel
1Fexlls 19016 1916 12,15 12,1, bounded,

ov;
ox

s

ov;  ~ ~ ~ . .
Q.y} = 5 AQTH SCUQ= QI+ 112 = Lull 15 = Tall s+ 1V = Fuslly)-

(4.16)
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0 . . . . .
Proof. a—i {Q, y}(x+i, t) are easily obtained by computing the derivative of v in the

real domain and then, analytically continuing the expression in the strip b,. Using
the notations (4.1) and (4.2) we have:

] 0 0 [Q
%{Q,y}(xhé(xw{é—@) . @17)

X
o0x

The real and imaginary parts are then analytically continued by

Q
e B ]

+y.(x+il)v,

% {Q,y}(x+i)= -y (x+i)v, { ’

+y {i (ﬁy% ,y}(x+iC)‘ (4.18)
0x

We complete the proof by using Proposition 4.1.
Consequently, the system

oQ )

S = a9

0

L

0y, 0
T = A Ui (4.19)
02, 0 0v,

o 5;(9»6%95)

0, -0 1y P00
ot V=T T o \Ye T Yx 5 Ty
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satisfies the hypothesis of the above nonlinear Cauchy-Kowalewski theorem. This
leads to the

Theorem 4.1. For initial conditions such that the analytic continuations of

0? 0Q
%o 9o Q,, =2 belong to B

Yooy ox2 P 0 ox <172,

s0

S0’

with }Im o
ox

there exists a constant o such that for |t| <a(sy—S), the system (3.10) has a unique
solution (y, Q) which is an holomorphic function of t with value in (B,)*.

Remark. The “classical” proof which will be described in the next section
substitutes for the estimate (4.6) of Proposition 4.1 the refined one

0,42, y} —v{Q, 5}, < CUIQ— QU+ Iy, — )

This estimate, valid in two and three dimensions, is more complicated to prove but
makes it possible to use only the three first equations of (4.19).

B. Local Analyticity in Three Dimensions
To study the three dimensional problem, it will be convenient to assume that the
strength of the vortex sheet vanishes at infinity. Periodicity in x and y has some
minor additional technical difficulties but should produce essentially the same
results. For our purpose, it is suitable to use the scale of Banach spaces B (s >0) of
functions which are analytic in the strip

by={(¢,0), 0eR?, |o] <s}
and belong to L*(R*+ic), |o| <s. We equip B, with the norm ||| |||,

el = llull g+ lul .z
with
u(p+io)—u(o' +ic
Jul,=lul,+ sup MQHDZUCHi0)
(@t lo—¢'l

(e",0)ebs

lul,=sup fu(g+io)|

“(¢,0)ebs

lull = Sup«j IM(Q+i6)l2d9)”2)~
lof <s\| 2
Dropping out the t-dependence, we rewrite V in the form

L {/ V(Qa t) - }"(q, t)

with

_ z(0)—z(q) 2}‘3/2
Gle.q)= {1 + <—lg—ql ) . (4.21)



Kelvin-Helmholtz Instability 499

For |ImVz|;<1, V can be analytically continued in the strip b as

V{‘Qﬂ Z}(Q+i0')= R ’j‘, r(Q+lO‘)—r(q+lo.)

o—dF Glo+io,q+ic) A Qq+ioc)dq.
]RZ

4.22)

Proposition 4.3. If (Q,z) satisfies [ImVz| <1, ||Qlll, |Vz|, bounded, and similar
conditions for (Q,%), the analytic continuation of V to complex space variables
satisfies

1V{Q, 2} — V{Q, 2}, < C(IR - Qlll,+ |V (z—2)],). (4.23)
Proof. To simplify the writing, we define

1
s

R I

r(o +io)—r(q +io)

U{Q,G,z}(o+io)=— o—dF G(o+io,q+ioc) A Q(q+io)dq.

Then
V{Q,z} - V{Q,3} =U{6RQ,G,z} + U{Q,6G,z} + U{Q, G, 6z}, (4.24)

with 6Q=Q—Q, 6G=G—G, dz=z—% and G obtained by replacing z by % in
Eq. (4.21). We separate the contributions from origin and infinity in the above
integrals by introducing an even, smooth function 8, with compact support which
equals one in a neighborhood of the origin. We also define 8,=1—6,. Then

U{6Q, G, 2} = UD{5Q, G, 2} + UD{6Q, G, 2}, (4.25)
with
UR{60Q,G,z} (o +i0)= — B M (r{o+io)—r(q+i0))
4r R? , l
-Glo+io,q+i0)0Q,(q+ioc)dq. (4.26)

Proposition 4.3 follows from the estimates of |U“(6Q,G,2)],, | UYQ,66G,z|,
UG, G, 62)|, given in Lemmas 4.2-4.4.
Lemma 4.2. If z satisfies ImVz| ;<1 and ||Vz|, bounded, we have
[UD{6Q,G, 2} = C||6Q];, (4.27)
[UP{6R, G, 2} = C[68| 2 - (4.28)

0 0
Proof. By symmetry we have V'= ( % ox )

f M(Q q)-Vr e +io)glo+io,q+i0)oQ,(¢+io)dg=0,

lo—ql’

where

2)-3/2
g(0,9)= {1+ <(|g—q|) Vz(o )) } . (4.29)
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Thus
U169, G, z} (g +i0)
_ uk j‘ 0 (lQ ql)

v,.{69, G, g,z} (¢ +i0,q +i0)dq, (4.30)
with

v; 09, G, 9,2} (¢ +io,q+io)=(r,(o+io)—r{q+i0c) Gle+io,q+i0)0Q,(q +ic)
—(@—q)-Vrfo+io)g(e+io,q+i0)6Q,(0 +i0)
=(0Q,(q +i0)— 02,0 +i0))(e—q) - Vr ¢ +ic)g(e +io,q+io)
+{Gle+io,q+io)—gle+io,q+i0)} {(e—q)- Vr (o +i0)} 6Q,q+io)
+{rje+io)—rq+io)
—(e—q)-Vrfle+io)} Gl +io, q+i0)5Q,(q +i0). (4.31)

We then notice that
2@ +io)—z(q+io)—(0—q) - Vz(o +io)

=(0—q)- j) {Vz(Mo+io)+(1— 1) (g +io))—Vz(o+ig)}dA. (4.32)
Consequently
|z(0 +i0) —z(g +i0) — (0 — q) - V2o +io)| <lo —qI' **||Vz[ . (4.33)
Thus, if the hypotheses of Proposition 4.3 are satisfied
lv;{092,G,g,z} (¢ +i0,q+i0)| = Clo—gq|* "*||0Q] (4.34)
and
[UMLQ, G, z}| < C|6Q) . (4.35)

To estimate

0,=UM{6Q, G, z} (o +io)— UP{6Q, G, z} (0 +i0)

0,
- uk (HI Q(|Q qlgl) Palo+io,q+io)— M%k(g +ia,q+ia)) dq, (4.36)

we split the integration domain into the ball X{g/le—q|=2l¢—¢|} and its
complement ¥=R?\Y. Let §,; and J;5 be the corresponding contribution to J,.
Using (4.34) and the inequality

lo'—gql=le—d'|+le—ql=3le—¢'l,
we have
0,5/ = Clo—'|*| 0Ll (4.37)
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We rewrite d;5 in the form

T (91(|Q—¢1|) 91(|Q'—CI|)) A .
5= - — ;0" +i0,q+io)dg
: 4n‘|a—-ql>2le—o'| lo—4ql® lo'—ql? ’
N 0.(lo— ‘ o ‘
+ Oulle—g) (pifo+io,q+io)— (¢ +io,q+ic))dg. (4.38)

3
AT g g5 200- ¢ @4l

The first term of the right hand side of (4.38) is bounded by o —¢'[*||0€2| .. In the
second term,

pide+io,q+io)—y,lo' +io,q+io)=A;+B;,+Cy+Dj+E;,+F;,+H,
(4.39)

with
A;;=(0Q¢' +io)— Q0 +i0)){(e—q) Vrfe+io)}gle+io,q+io)
Bj,={(e—0) - Vrje+io)+(¢'—q) (Vr (o +io)—Vr (¢ +i0))}(62,(q +io)

— 02,0 +io))gle+i0,q+io)
C;;=(0Q,(q +i0o)—0R,(¢' +i0))(0' —q) - Vr {¢' +io)(gle +io,q+id)

—g(¢' +io,q +io))
D;,=6Q/q+io){(e—¢) Vrlo+io)+ (o —q) - (Vrjle+io)

— V@' +i0)}(G(o' +io,q+ic)—g(o' +io,q+i0))
E;,=0Q,(q+i0){Glo+ic,q+ic)—g(e+io,q+ic)— G(¢' +io,q+i0)

+9(¢' +io,q+io)} (@ —q)-Vre+io)
F;,=06Q/q+io){ro+io)—r o' +ic)—(0—¢) Vrf¢ +ic)—(e—q)- (Vo +io)

—Vr (o' +i0))} G(o + io, g +io)
H;,=0Q/q+io){rj¢ +io)—rfq+io)—(¢'—q) Vr ¢ +i0)}(Glg+io,q+io)

—G(o' +i0,q+1i0)).

A;, does not contribute to d;5,

B, =Clle—¢lle'—aql*+lo'—dI* e = '} 16€]
and its contribution to d;5 is bounded by Clo—¢'*|d2|,. In C,,» we notice that

(o +i0,q+i0)—glo' +i0,q+i0) < C[2—L . va(o+io)— 2 =L (g +ic)
le—4l lo'—al
0—q . L
SCl——= (Vz(g +io)—Vz(0' +i0))
le—adl
+ Vz(o' +io) (—Q_q - —Q,_q )‘
lo—ql lo'—dl
< C(i@—e/l‘“r lo—¢] ) (4.40)
|Q1 —q|
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with ¢, =40+ (1 —21)¢'0=A=1. Since
loy —al>le—al—le—oil=3le—al,

lg(@+ia,q+ia)—g(g’+i6,4+iG)I§C(IQ—Q’I“+ ) e

The contribution of Cj, to d;5 is thus bounded by Clg —¢'[*(|6€2] ;. From (4.33) the
contribution of D, is bounded by Clo —¢|*(|0€2| . To estimate the contribution of
E;, we define

z(o+io)—z(qg+io)

alp+io,q+io)= (4.42)
lo—dl
alo+ic,q+ic)= ?g - ZI) Vz(o+io), (4.43)
and write
G—g=(a—a)d{n,a}, (4.44)
with
{2+a?+a?)+(1+aH) 21 +a?) 2} (o +a)
= . 4.
o {o, a} A+ a1+ 022 {1+ a) P+ (1 + 2772} (4.45)
Thus
(G—9)(e+ig,q+io)—(G—g)(¢ +ig,q+io)
=(a(o’ +io,q+io)—a(Q’ +ig, q+io))
{A (o, a)(o +io,q+ioc)— (o, a)(o +io,q+io)}
+ (o, a)(o+i0, g +ic){a(o +io, g +io)
—a(p+io,q+ic)—a(o' +io)+alo' +ia, g +io)}, (4.46)
and

(o, a)(o +io, q+io)— AL (o, a)(o' +io,q+io)
=%(a(o +io,q+ic)—a(e’ +io,q+io))+ B (e +io, g+ io)—ale’ +io,q+io)@4.47)

with 4 and € bounded.
The first term of the right hand side of (4.46) is bounded by

lo—¢'l
lo'~ l“{———+| —o'*r;
T o—ql 77¢

when substituted in E;,, the resulting contribution to J;; is bounded by
lo—0'|*|6Q],. The second term gives

dq0,(lo— .
[%@ 0Q/q+io)(@—q)-Vrfo+io)s/{x,a}(o+ic,q+io)
2

Halo+io,q+io)—alo+io, q+io)—alo'+io,q+io)+a(e’ +ic, q+io)}, (4.48)
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with
a(p+io,q+ic)—alo+io, q+io)—al(p’ +io, q+ic)+ oo +io, g+ io)
=B, +B,+B, (4.49)
and
Bi= (= )@@+w)zm+m @'~ g)Vae' +io),  (450)
lo—al lo'—dl
1
B,= o—dl {z(0 +i0)—2(¢' +i0)— (0~ @) - V2(¢' +i0)} , (4.51)
By=— ﬁ (Valg +i0)— Valg' +io)). (4.52)
Clearly
) Wéﬂ,{q +io)((e —q) - Vr (o +i0) o {o,a} (o +ic,q+ic)(B, +B,)

=Cle—aT"llo€;. (4.53)

For the last term, we write

dq0,
;ql—gngl_q'")(g q)-Vr (0 +10)0Q,q + io)s/ {a, a} (o +ic, g +i0) B,
dq0,
=] qu ('qu3q')( —q)-Vr (0 +i0) B3 {6Q,(q + o)t {o, a} (o + i, g +i0)

—0Q(o+io)l{a, 0} (0 +io,q+i0)}. (4.54)
In (4.54),
|0Q,(q + io) {a, a} (0 +io, g +io) — 68 (o +io) {o,a} (0 +io, g +io)|
< Cl6Q(q +i0)— 6Q,(0 +i0)| + C|6Q,|a(o +ic, g +ic) — alo + ic, g +i0)|

=Clo—ql"[6€];. (4.55)
Consequently
7| 6 | -
K=Clo—gFioel, |  ‘ale=d)
‘le—q|>2]e=¢'| lo—4l
=Clo—I"IoL]l,. (4.56)

To estimate the contribution of Fj, to d,5, we make the separation
F,j=D,-D,, 4.57)
with
D, =0Q,q+io){ro+io)—rf' +io)—(0—¢)- Vri(@' +i0)} Gle+io,q+ic), (4.58)
D,=(0—q)-(Wrfe+io)— V¢ +i0))0Q,(q+i0)Glo+ic,q+ic).  (4.59)
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We have
ID,|=Cle—0'|" |62, (4.60)

and the contribution of D, to §;5 is bounded by Clo —¢'|*|09]|,. The contribution
of D, reads

0 — —
8allo—a ’:’j 974y (g +i0)— Vr (g’ +i0)

5 le—qP 77 slo—dal®

{6Q(q+i0)G(g+ig,q+ig)— Qg +io)g(e +io, q+io)}

9 _
<clo—orisal, | Al <o pisal,. e
le—4ql>2le—¢'| IQ—QI
Finally
\H, < 150 ¢ — gl +*12 =2 (4.62)
le—dl

and its contribution to J;5 is bounded by Clgo — ¢'|*||0€2]|,. This completes the proof
of estimate (4.27).

To estimate |UP{6Q,G,z}|, we use the Cauchy-Schwarz inequality, which
under the hypothesis of Lemma 4.3, leads to

|UP{6Q, G, 2}, C1oQ,, (4.63)
and
[PUP{6Q, G, 2}, Cl6€Q ;. (4.64)

Lemma 4.3. If z,Z satisfy the hypothesis of Lemma 4.2 with HIf)le bounded, we have
(0z=2z—32) B
[UD{R, 66, 2} ||, = C|Vdz|, (4.65)

1UD{Q,6G, z}||, < C|Vozll. (4.66)

Proof. Replacing G by dG and g by dg, the proof is similar to that of Lemma 4.2,
provided that estimates of a few quantities which enter in y;,{€,6G,dg,z} are
established. We have

|0g(e +io, g +io)| S C|Voz, (4.67)
[0G(g+ia, g +io)| = C|Voz|,, (4.68)
[6G(¢ +i0, q +i0)—bg(e +i0,q +io) =g —ql*|Voz] ;. (4.69)

Proving (4.67) and (4.68) is straightforward. To obtain (4.69), we use (4.42)+4.45)
and similar notations for the tilded quantities and write

1 1 1 1
(a7~ ((+a72  (+ad 2 " 1+
=(a—a).o/(a,a)— (o0.—&).2/(, &)
=(0a—do).of(a, &)+ Ot (a, &) — A (x, 0) , (4.70)

0G—dg=
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which readily leads to (4.69). As a consequence,

lp;,{Q, 3G, 89,2} < Clo—gq|* **|| V52|, (4.71)
and

|UD{Q,8G, 2| < C|| Wz . 4.72)

For |¢o—q|>2|o—¢'|, we have

|6g(o +ia, q+i0)— dg(o’ + io, g+ io)|
éC(IQ~@’I“ lo—¢ ') 175zl 4.73)
loe—dl
|0G(g +io, q+ic)—0G(0 +io, q+w)|<C||Q |l |Voz|,. 4.74)
|6G(o +io, g +i0)—dg(o +io, q+io) — 5G(o' + io, q +ic) + dg(0’ + io, g +io)|

< |76, qv('f E || +|Q—g'1“). @79)

To prove (4.73), we write
dg(o+io, q+io)—dg(0' +io, q+io)= {dale + io, g +io)
—dalg’ +io,q+io)} L (o, &) (0 +i0,q+i0)
+ o +io, q+io){HL (o, &) (0 +io, q+io)— (&) (0" +io,q+i0)} (4.76)

and use|da(o +io, g +io)—da(Q" +io,q+i0)| =C (IQ d +lo—eo |°‘> |Voz|ly; (4.77)

lo—4l
(0.3} g+, i0) - (02} (¢ + o, +i0)SClg—e+ =L, (@78)
and
|0a(o’ +1i0, g +io)| = |Viz,. (4.79)

The proof of (4.74) is analogous. For (4.75) we simplify the notations and
characterize by a prime the function taken at (¢’ +io, g +io)

5G—8g— 3G +3g =(0d — ') { ot {0, a} — A (o, &'})
+ (0, a) {da— S0 — 5 + 00} +(a— G — & + &) { A {0, a) — o (&, &)}
(@ — &) (A {0, a} — A {5, 3 — A (o, ay + A, ). (4.80)

From (4.47) the first term of the right hand side of (4.80) is bounded by

«[le—¢l )
Vé *
1752, le’ —l (I —2 4ol

and its contribution to |U{Q, G, 2o +i0)— U{RQ,5G, z}(¢' +ic)| is bounded by
Clo—'|*|Véz| . By (4.49)~(4.56), the contribution of the second term has the same
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upper bound. To estimate the contribution of the third term, we proceed as in
(4.49)—(4.53) and replace (4.54) by

0,(e—q) = QT s
; 4=, —p @9 Vrfe-tio); — o (VHe+io)=VAQ' +i)Q/(q+io)
A{A{a,a}(g+io,q+i0)— L{d,a} (o +io,q+ic)}
6,(le—ql) 0—¢q
— (dg22Ve—49) )
; lo—ql® lo—ql
. {Qf(q +io)(L{o,a} — A{&, a})(@+io,q+io)
— Qo +io)(L{a, 0} — L {& 8}) (0 +ic,q+i0)} . (4.81)

{e—9q)-Vrie+io)) (VZ(g+io)— V(o' +i0))

We then use

Ao, a) — o {0, 0} — oA {8, 5) + oA & &)
=&{0, a}(0a—dw)+ ({0, a} — &6, 4})([G—a), (4.82)

where & is defined by:
Ao, a)—A{a,a}=(a—a)&{x,a}. (4.83)

& is bounded and satisfies
Elo,ay -, a}=(—a)F +(a—a)¥, (4.84)
with & and ¢ bounded. Consequently
(L {o, a} — o {o, 0} — L {G, a} + L {4, 4}) (0 + io, g+ i0)| Slo—q* | Voz| ;. (4.85)

The integrals of (4.81) are thus bounded by Clg —¢'|*||Vdz||,. We finally turn to the
last term of the right hand side of (4.80)

o' =& =o' —ql*|Vozl,. (4.86)
Defining
A fo,a} =240 +a*+(1 +a?) (1 +a?)'/?
Ay{e,a}=0+a
As{o,a} =(1+a?) 3?1 +a?) 32
Aoy ay={(1+a®)2+(1+a?)?}7 1, (4.87)
We write

Ao, a} —A{o,a} — A& a}+L{E,a'}
= ZJZ BA— A= A+ A)+6, (A — A)(A;— A)+ DA~ A)(A; - A), (4.88)

i¥j
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where %, 4,;, and Z,; are bounded. We have
|4, — A < Cla—8) +]a—al) < C|V5,,
A4, A) < Cllo—at] + la—a’ngc('—fg—:—fﬂ' +Ia—@’l“), (4.89)
1 NI ~ ~7 -~ ~/ I - ,I Ul
A~ A < Cla—| +|a—a |)§C(Q 9 e—ar).
lo— 4l
Finally,

|4,— A,— A+ A £ C{|60— do!'| + |6a—da|,
le—¢'l
lo—4l
The contribution to |U{Q, G, z} (o +io)— U{R, 6G, z} (¢’ +ic)| of the last term of
the right hand side of (4.80) is thus bounded by Clo—¢'|*||Vdz| . This completes

the proof of estimate (4.65). Proceeding as in Lemma 4.2 and using (4.68), we
readily obtain the estimate (4.66).

(loe—o'| +1&—a'Dlder’| + (la—d'| +la—a)]da]} = C( +lo —Q’I“) IVozls. (4.90)

Lemma 4.4. If z and % satisfy the hypothesis of Lemma 4.2 with |||Q| ||y bounded, we
have :

IUMQ, G, 623 |, = C||Voz] (4.91)
1UP{Q, G, 62}, = C|Voz . (4.92)
The proof is identical to that of Lemma 4.2.

Proposition 4.4. If (Q, z) satisfy [Im Vz| <1, and |||Q|l,, [lIV2l||s |2|, are bounded, and
if similar conditions hold for (R, Z), the analytic continuation of V to complex space
variables satisfies

ViQ. 2}~ VIQ B, SCUIQ— QN+ V-2l +1z—2.  (4.93)
Proof. Using the decomposition (4.24), and defining

G=G-1,
we distinguish the contribution to V{Q,z}— V{Q,%} of

W,(o+io)= § 2150, (q+ic)dg, (4.94)
e lo—dl
. 00— .. . .
WP(o+io)= | M (¢;—4,)Gle+i0,q+i0)6Q,(q+i0)dq, (4.95)
R? -

WP +io)= § % (z(o +i0)—z(q +10)) G(e + i, g + i0) 0Q,(q + ic)dq,
R? -

(4.96)
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(0 +io)—r(q+io)
lo—ql®

W®(g+io)= § O,(lo— ql)-L 5G(o+io,q+i0) 3 q+ic)dg,
IRZ

(4.97)
0z(g +ig)—dz(q +io)

W +io)= § 0,(0—4)) P Glo+io, q+i0)2,(q+io)dq.
R? -
(4.98)
We readily have
Wil Lz =ClIoQll 5 (4.99)
Defining
g=g9—1
we rewrite W(g +io) on the form
0,(lo— .
W(g+io)= | TISQ—WQI)W{M’ G,§,z}(o+i0,q+io)dg
R? -
(=1,2;¢=1,23), (4.100)

with [see (4.31)]
¥,,402, G, §,2} =(6Q/q + io) — 6Q (0 + o)) (¢, — q,)d(0 + ic, g + ic)
+(Gle+io, g +i0)—§lo +io, g +i0))(e;—q;)0R2,q +ic).
(4.101)

If the hypotheses of Proposition 4.4 are satisfied, we have
lg(e +io, g +i0)| = CVz(e +io)]
|Glo +i0, g +i0)— §(o + i, g +i0)| < Clo— q|*. (4.102)

Consequently

— 2
Wi =cloel? | dQIVz(Q.HO-)'z( | 0,(le—4ql) dq)

wlo—ql*™®

0.(lo— 2

+ d@(f Mléﬂf(qwa)ldq) . (4.103)
R \relo—dl

In the last integral we use the Cauchy-Schwarz inequality in the form

0 _ 1/2 0 _ 1/2 2
(]i[ (l@lﬂgqlﬁg) KI;%IZ?Q) Im’(ﬁia),} dq)

0,(le—al) )( 0,00—=ab s, (. Zd)
é(n{;'Q_QIZHadq ézlg_qlz—al ,(q+w)| q

< 91(|Q‘¢1’)
T rlo—ql*"

|0Q,(q +i0)|*dq. (4.104)
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Substituting in (4.103) and using the Fubini theorem, we finally obtain
WPl = CllloQll;. (4.105)
To estimate | W$||,,, we notice that

|z(0 +io) — z(q + ic)|? < Clz|?
lo—al® “lo—ql*’

|G(o+io,q+i0) < C (4.106)

Thus

0.(lo— ) 2
IWRIL s | da(f qu"Q—Z“lag,,(qm)mq)
s R2 Rr? IQ _q'

0,(lo— 0,(o— ,
< [do (ugz lzélgiqlzl)dq) (&[2 Izgg—qg') [02,(q + la)qu) <%6Q| 7. (4.107)

Using (4.31), WYV is rewritten

W(l)(Q + lO') j‘ 1(|Q 'gl) W3f{5Qa G,g, Z}(Q+ io,q+ io')dq s (4108)
with
[w5,{09, G, g, z} (¢ +io, g +i0)| < Clo — q* **(IVz(0 + io)| | 0Q||,+162(q + i) .
(4.109)
Thus
. 0,(lo—al)\?
IWPIZ< | d@{lVZ(QHG)IZ ||69||3(§ M)
2 le—4l
0.(o— . 2
+ (1D 50 +ioyaa) } sclloanz. o
W], is readily bounded:
2
WIS | d (J g "2~ o0 g+ io)|dq) <ls@lz . (@111
R2
W(¢+ic) reads
. 0,(lo— - o
W +ic)= | —Ilgg—ql:ﬂw”{g’éa 09, z} (o +io,q+io)dq, (4.112)
R? -
with
lp;,{Q,8G, 3g,2} (0 +io, g +i0)| < Clo— q|* **{|V3z(0 + i0)| + | WOz |R(q +ic)]} .
(4.113)
Thus

WP Z CllIVSll,. 4.114)
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6 —
W% | de(qu-—zﬁg——‘f-'2
R |Q—CI|

<Cl522. (4.115)

2
wmmmwﬂ)

Finally, proceeding as in the estimation of || W§| ., we obtain
W& 2 < C(IIV2ll+102l,) (4.116)

This completes the proof of Proposition 4.4.
We thus have obtained that, if Q, Q, z, Z, Vz, VZ belong to B, with |[ImVz| <1
and [ImFZ|;<1, we have:

V(. 2} - V{Q 2l < CUllIQ—Qll, +llz= 2l + IV -2)l} . (4117)

So, we can apply Nishida’s theorem to the system

0
5? =—-z,Vi—-z,V,+V;
0
T Ve=—V(z,V, +2,V,—V3) (4.118)
0 0 0 o, ov,
=" é;(QVl)_ a—y(QVz)+Q1 x +Qza—x

and obtain the

Theorem 4.2. For initial conditions such that the analytic continuation of z, Vz,, Q,
belong to B, with [ImVzy| <C<1, there exists a constant o such that for
[t|<ols—so) the system (3.1) and (3.2) has a unique solution (z,£) which is a
holomorphic function of t with value in (By)*.

5. Existence in the Large for a Two-Dimensional Flow with Initial Discontinuous
Velocity

In two dimensions, it is possible to give a meaning in the weak sense (for all time)
to the Euler equation with initial condition u, which is irrotational in each of the
two domains of IR? separated by an analytic line {r=r(x)=(x,f(x))} and
discontinuous across this line. Using the notations of Sect. 2, we have

[ug]-n=0
[uglAn=2,. (5.1)

We assume u,, bounded in L*(R?)? and Q, bounded in L(R).
We consider the regularized problem with initial condition

u% = Q‘*uo s (52)

where the regularizing kernel ¢° is given by

0%(r)=Ce?exp ({(I—:l)z - 1}_ 1) (53)
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with C such that [ o%(r)dr=1. The initial vorticity reads
IRZ

=Curlg*u, = | Qy(x)0"(r —r(x))dx. (5.4)

This problem has a unique smooth solution (%, p°) (Wolibner, 1933 ; Kato, 1967)
such that u* and w*=Curl 4* remain in bounded sets of L®(0, T;: L*(R?)?) and
L*(0, T; L'(R?)), respectively. In addition

r !

—_:F A, 1) dr . (5.5)

1 r
u(r, t)= — . W*wg(r’ )= - on n{: [r—

Lemma 5. If «® is in a bounded set of L*([0, T[, L(IR?)), there exists a subsequence
u" of u* which converges in L}, ([0, T[ x R?) and thus almost everywhere in r and t,
when n—0.

Proof. ®* is in a bounded set of L*(0, T, L'(R?))C L*([0, T[, W~ *3/2(R2)). Thus a
subsequence w" exists which converges in L*([0, T[, W~ !:3/2(R?)) weak star.

Let 6,(r]) be a smooth function with support {r/|r| <1}, bounded by a, and let
K be a compact set of R?

drdt

T T
[ [, o) —uw"(r,e)ldrde < § |
0 K 0K
T
+1!
The first term of Eq. (5.6) is bounded by 4naT|Q|, 1, and is thus made arbitrarily

small by a convenient choice of a. In the second term w"(r, t) is a Cauchy sequence
in the L°°([O T[ W~ 13%(R?)) weak star topology. Since for fixed r,

(=0, —r)

0, (Ir) e Iz Ho'(r, t)— 0" (r, 1))

drdt. (5.6)

1-0,(r) W>x=(a)”(r H—o"(r,t)

P belongs to W1 3(IR?),

o"(r,t)=(1-86,) W&a)"(r, t) (5.7

is a Cauchy sequence for fixed r and . Thus ¢" converges almost everywhere in r
and t. In addition
["(r, D = ClQ0]1(g2) - (5.8)

It follows that ¢" converges in L!([0, T[ x K) and the second term of (5.6) can be
made arbitrarily small by taking # and »’ small enough.

Using the lemma, we can pass to the limit in the Euler equation written in the
sense of distribution and obtain the

Theorem 5. For initial velocity bounded in L*(IR?)? irrotationnal in each of the two
domains of IR? separated by a smooth line, and discontinuous along this line with
vorticity density bounded in L*(R), the two dimensional Euler equation has a weak
solution in L*(R™*, L*(R?*)?).

Remark. We do not know if this solution is unique: uniqueness of solutions to the
two-dimensional Euler equation is established only if the initial vorticity belongs
to L* (Yudovich, 1963 ; Bardos, 1972).
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6. Extension of Birkhoff Equation to Three Dimensional Kelvin Helmholtz
Instability

To describe the development of the instability and the possible occurrence of
singularities, it is of interest to get a representation of the vortex sheet which
permits rolling up of the interface. It follows from Eq. (2.25a) that there exist two
functions f(4, g, t) and g(4, u, t) such that

V—r,=fr,+gr, (6.1)
Let A(x, 8, t) and fi(x, B, t) be solutions of
h=f (41 1)
A=g( 1,1)
Mo, B,0)=a
fi(x, B,0)=f.
We consider the point M(a, 5, t) which satisfies:

(6.2)

O o )=k ,0)= Ve, 0, s 1,

M(a, ,0)=r(a, B, 0). (6.3)
It thus follows, from (6.1) and (6.2) that

(M0, .0~ (i B, )70, 0,0} =0. 64

So, the point M(x, f,t) remains on the vortex sheet
M(e, B,1)=r(Aes B, 1), i, B,0),0) (6.5)

and V identifies with the vortex sheet velocity. Using (6.3), (6.4), and (2.25¢), Eq.
(2.25b) is rewritten:

3 1 oV
Q+A2;+ i, + A +9,)= NIZ 32 (2@ 1) = (ry 1) (@1}
v
+ —||NH2 a{lr,xiz(Q.ru)-—(rl-ru)(Q.rl)}‘ (6.6)

To estimate (f; +g,) we write [from (6.2)]

o~ .04 _op
Bl S hiad 7
a(xlt fzaa +f#aOC’ (6 )
~ 0
and similar equalities for % i, ;3%}"’% i,
After linear combinations of these equalities, we obtain
dJ
J(fita9)=~ (6.8)

dt’
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where
ol op ok op
I== 39w (6.9)

is the Jacobian of the transformation («, 8)—(4, fi). Thus, the left hand side of (6.6)

identifies with 1 fl—(.] Q). In the right hand side, we express %:— and %E— in terms of
ov ov oM .
E and — p and r; and r, in terms of an d % Defining
E(a, B, 1) = J(, B, ) AXat, B, 1), ficx, B, £), 1) (6.10)
and noticing that
oM oM
WA—%:JN, (6.11)
we finally obtain
i L (o) (o om k)
dt 6M 6M” AL 0\ oo 0P
oM ov |oM|* 0v (0M oM
—N—=E == + === 12
(6/3 )( 3p | oa +0a(6a a;s)} (6.12)

Proposition 6. Using a Lagrangian parametrization of the interface with initially
M(a, B, 0)=M y(a, B), the equations which govern the motion of a vortex sheet in a
genuine three-dimensional ideal fluid read

MM ) =1t .

9 s py= — L {a"(aM aMAa_M)+§2<‘3_M g M oM
o P l= oM H du\op° " op " on) o\ o> T o " B

aoc

(6.13)
where
Mo, B, 1) — M(e', B, 1)
n” [M(o, B, ) — M(e/, B, )

is the velocity of the current point of the interface and E is the vorticity density
defined by (pe(2(R?))%)

{w,9) = [ E(e, B, 1) p(M(, B, 1) dodp .

In two dimensions, the Lagrangian description of the Kelvin-Helmholtz
instability simplifies considerably. We start from system (2.26) and proceed as
above; we obtain that v identifies with the velocity of the vortex line and that the

v, B, t)=— — AE(, B, t)da'df’
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vorticity density relative to the Langrangian coordinate o, JQ is conserved along
the trajectories (J =04/0a). It follows that the current point m(x, t) of the interface
satisfies

1 *® mle, £) —mfed, 1)

( W=—=f

7 3 Tl ) =, 7 " @)

Or using the complex representation (overbar denotes complex conjugate)
Z=m(, t)+im,(a, t)

1 + O(a/)
—————dd .14
" 2in _J‘io Z(o, t)—Z(, 1) x (6.14)
which is the equation proposed by Birkhoff (1955, 1962) for the two dimensional
Kelvin-Helmoltz instability.
An asymptotic study of the Birkhoff equation in the case of an initially
sinusoidal corrugation of the interface of small amplitude ¢ has been done by

(Ot n=

Moore (1979) who obtained a singularity at a time t*~ln%. As noted by the

author himself, this analysis is not rigorous because the asymptotic expansion does
not remain valid in the neighborhood of the singularity. Nevertheless, an
interesting property of Moore’s solution is that at the instant where the singularity
forms, the interface is still slightly distorted. There is no sign of rolling up as
suggested by numerical calculations based on a representation of the vortex line by
discrete point vortices, a method which is poorly adapted to study the occurrence
of singularities. Recently, the Birkhoff equation for a periodic vorticity density
concentrated on a straight line has been numerically investigated by computing
the Fourier components of the interface corrugation as the sum of the temporal
Taylor series (Meiron et al,, 1980; Morf et al., 1980). Occurrence of a singularity is
obtained after a finite time, in qualitative agreement with Moore’s asymptotic
result. Extension of the above asymptotic and numerical analysis to the three
dimensional problem is under investigation.

Appendix

In this appendix, we derive from the equalities (V-u)™ =0 and (curlu)* =0, the
relations

ou* ou*
61 .rﬂ_——aﬂ‘-rlzo’ (Al)
ou\* ou* ou*
”N” (5;) =ru/\ﬁ—rl/\ —6'[_1— (A2)

Using Eq. (2.14), we have,

0 out out
0= | N|2(7-1)* = | N|| N- (a") +(r,l,N,—gA~)—(u,N,“—#), (A3)
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ou\* ou* ou*
_ 2 +_ . .
0=|NJ|*(Curlu)*=|N| N A (6n) +(r, AN)A 7 (r, AN)A P
ou\* [ou* out ou* out
- el ISR et - . Z e Ad
ININ A (6n) (61 N>r”+<6u N)rA+N(a/1 Ty P rl>, (A4)

and Eq. (A1) follows by writing that the normal component in Eq. (A4) vanishes.
Substituting Eqs. (A3) and (A4) in the identity

ou\* ou\* ou\*
() =i (- () Jv-imina (Va3 ). )
we get
ou\* ou* ou* u* ou*
(G = {5 = o G (G ) (G )
(A6)

which we rewrite

.
||N||3(%) —(A-N)N—N AN A A), (A7)
with
ou* ou*
A=—67 /\rl W /\ru

We thus obtain Eq. (A2).
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