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Abstract. For a certain class of analytic potentials V(x), matrix elements of
the resolvent of H, = — d*/dx? + Fx + V(x) with entire vectors of the trans-
lation group have meromorphic continuations from Imz >0 to the whole
complex plane. The poles of these continuations are restricted to a discrete
set independent of the analytic vectors chosen. Certain random potentials
corresponding to an infinite number of particles distributed on the points
of a Poisson set lie in this class with probability one as do a large class of periodic
potentials.

1. Introduction

It is believed that when a uniform electric field F is applied to a one-dimensional
periodic solid described by

H= —d*/dx* + V(x)
with V(x) periodic of period 1, each band gives rise to an infinite sequence of
resonances of fixed imaginary part, located at
E,=E,+nF n=0,+1,+2,..
where Im E; < 0. Although the Hamiltonian
H,= —d*/dx*+ Fx + V(x)

may look rather simple, no rigorous proof of the existence of these resonances
has yet been given, to say nothing of the important problem of estimating the
lifetime. Attacking the problem from a different point of view, Bentosela [6]
has shown, in any number of dimensions, the existence of states y such that
e ™r 3y has a momentum distribution with the momentum nearly periodic
in time over many periods T = 2n/F.
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It is our purpose here to give a framework for the discussion of this problem
by means of the translation analyticity technique introduced in [4]. We show that
the operator

H.(—ia)= — d*/dx* + Fx + V(x —ia) — iaF, a>0

obtained by subjecting H,, to a complex translation ia has its essential spectrum
contained in R-iaF, provided that V(z) is analytic in a strip |Im z| < a,, with
a < a,, and satisfies a growth estimate.

This includes a large class of periodic and almost periodic potentials. Once
this is accomplished, one has standard machinery with which to discuss resonances
[1,4,5]. The difficulty is that V(x-ia) is not a relatively compact perturbation
of —d?/dx*+ Fx. We get around this by treating H,.(— a) — z as a perturbation
of a(z, a)-dependent operator B(z, a) whose inverse is known more or less explicitly
from a WKB approximation.

We have also considered the problem for a class of random potentials on R.
Such potentials have been studied widely in recent years as models of unordered
materials. For a large class of V, the operator — d?/dx? + V has almost surely
a pure point spectrum, dense in, say, [0, o), if V' is positive [9, 10] indicating zero
conductivity in the F — 0 and zero temperature limit. The phenomenon is known
as Anderson localization [2, 14]. It seems of interest to consider the case F # 0.
We study a model where identical atoms are placed randomly on the line at the
locations of a Poisson ensemble of points. This leads to the potential

+
Vix)= ) ulx—X)
j=—o0
where u(x) is the potential due to each atom, and X i is the (random) position of
the jth atom. If u(x) satisfies certain assumptions (including integrability and
analyticity in a strip), we are able to show that almost surely V(z) is analytic
there and

V(z) = 0(log|z|).

With this growth estimate, our result on the essential spectrum is shown to be
applicable to this case.

We remark that our results obviously still apply if a periodic potential is
added to our random potential. We then have a model of impurities in a crystal,
the density of which can be varied continuously by changing the parameter in
the Poisson distribution. It would be interesting to have an almost sure result
on the location of resonances as F — 0 but we have not studied this problem.
It would also be of interest to prove Anderson localization for our model with
F=0.

Section 2 of this paper is devoted to proving the essential spectrum result
for H,(a) discussed above and the results on resonances which follow from it.
Here we make assumptions about the potential ¥ which we verify in Section 3
for our random potential.

We use the notations R for the reals, C for the complexes, and Ran L, Ker
L and 2(L)for the range, kernel and domain of an operator L.
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2. Translation Analyticity for H

. . . . d*
In this section we will be concerned with the operator — d_7+ x4V, (x)+ 4
X

(we set F =1 without loss of generality) where V,(x) = V(x + 4) and 4 is complex.
Because V, will be unbounded at infinity even the definition of this operator is
not obvious. We will always assume that V' obeys the following conditions:

(a) Visanalyticin S, = {z:|Im z| <a,} where 0 < a, < 0.

(b) If0<a<ay,|V(z)|=Zc,(1+|z]"* %) forall ze S, and for some & > 0.

(c) V isreal valued on the real axis.

For 1 real, it follows from a result of Faris and Lavine [7] that
2

- gg+x +V, + 4 is essentially self-adjoint on C7(R). We denote the closure

of this operator by H(4) and set H = H(0).

Following Reed and Simon [11, p. 236], we shall define the essential spectrum
o, (L) of a closed operator L to consist of all points of the spectrum o (L), except
for isolated eigenvalues of finite algebraic multiplicity. Thus, the complement
of g, (L) is the set of z on which (L-z)~ ' is meromorphic, with finite rank principal
parts at each of its poles. The discrete spectrum is defined as o, (L)=
a(L)\o, (L)

For real a, let U(a) be the unitary translation operator:

Ula)f(x) =f(x + a).

The goal of this section is to prove the following result:

disc

2.1 Theorem Assume V satisfies a), b) and c) above. Then

2
(1) The operator ( — d—dx—z +x+ A+ V1> Cy(R), 2eS, is closable. Denote

its closure by H(A). For aeR we have U(a)HA)U( — a) = H(A + a).
(ii) ForAeS, , H(A)* = H(%)
(ili) For AeS, .o (H(A))S R+ 4
(iv) If0< Im i <a,,

Ogisc HA)) S {z:0=Imz <Im A}
and if 0 <Im pu < Im 4, then
G e HW) = 64, (HA) N {z:0 £Tm z < Im p}

where 6, (H(A) = o4, (H(A)) N {z :Im z # Im 1}. Because of (ii) there is a similar
statement for — a, <Im A <O0.

(v) (z—H())™" is analytic in A for LD, where D, ={A€S, :ImA>1Imz,
z¢a(H(A)} and for L€E, = {A€S, :Im A <Im z z¢a(H(1))}.

The following Corollary justifies the consideration of H(4) for complex A.
Let H(0) = H.

2.2 Corollary. Assume V satisfies a), b), c) above. Let 9 be the family of all fe L*(R)
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such that U(a) f has an L*-valued analytic continuation to |Im a| < a, Let

@ao = U Ogisc (H( - la) )
0<a<ap

Then if f€2, the function G(f, z) = (f,(z — H)™'f) has an analytic continuation
from Imz>0to {z:1lmz> —a,}\ #, which is meromorphic in {z:Imz > — a,}.
Ifz R, thenthereisanfe suchthat G(f, )hasapoleatz.

The proof of Corollary 2.2 parallels the dilation analyticity proof in [1, 5].
(See also [4]) Thus we do not give it here. Before proving Theorem 2.1, we make
a few remarks:

1) We follow precedent and call the points of 2, resonances. Note that if
we do not assume the electric field F = 1, or the electric charge e = 1, the Hamil-
tonian H(1) becomes

d2
H. ()= — ppe + V,(x) + eFx + elF

and 2, becomes 2., .
2) If V is periodic, with period f then

UBHAU(= p) = Hp(A+ B) = Hp(A) + epF

and thusif E  is a resonance so is E, + nef F for all integers n. This infinite sequence
of poles with constant imaginary part is called the Stark ladder. Thus, if there is
any resonance at all (which we have not shown), there must be a ladder. According
to the lore, there is supposed to be a ladder for each conduction band, of which
there are an infinite number. When a, = oo, then since resonances, in our sense,
cannot accumulate at a finite point, the imaginary parts of an infinite number of
ladders must tend to infinity. Thus, for high conduction bands, the ladder
resonances must be far removed from the axis.

3) It should be possible to use our techniques to prove analyticity of the
resonances in F in some region away from F = 0. We shall not attempt this here.

Proof of Theorem 2.1: Our technique of proof relies on a more or less explicit
computation of the inverse of an operator of the form
dz
—W-l-x-i- V,(x)+0Q(z,4x)—z

where for fixed (z, A), Q is a function of x which vanishes at co. The solutions of
the corresponding differential equation are WKB approximations to the original
equation.

We then perturb this operator by subtracting Q. This procedure has much
in common with Titchmarsh’s treatment of the one-dimensional Stark problem
[15] and the work of Rejto and Sinha [12] on Stark-like Hamiltonians.

The WKB approximation is based on the action integral, which in our case is

f/x+V,(x)— zdx.

However, to prove analyticity in the variables (z, 1), we find it easier to work with
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an asymptotic approximation to this, valid for large |x|. Accordingly, we define
instead

S(z, A5x) = 2332 — zx1/2 4 1 [ Vl(t)t_l/zdt x>0
2
== x)3% —iz( — x)1/? — jo O(=0""2dt, x<0. (2.1)
i
For |Im | < a, and Im z # 0, define
O (z, Ay x)= e 5@AED x>
and
O (z, A;x)=e"5@EN x < ]

if + Imz>0. To be definite, consider Im z > 0; similar arguments work for
Im z < 0. By direct computation, ¢* satisfy

(—%2—2+x+ Vl(x)—z+Q(/1,z;x)>¢i=0

where
2

00, 2:%) = (4x)" 1V, (x) — 2)* — %ﬁ-(z,z;x).

For small x we modify the potential by defining:
; . 1 2 aZS .
Qe Asx) =19 - (2=V,(0)* = 552 4 x) (L= g 4y (%))

- X[_ 1’1](x)(x + Vl(x) - Z) + yX[_l/z’l/z](x)

where y, is the indicator function of the set 4. The reason for the parameter y
will emerge later.

Note at this point that Q. (z, 4, x) is bounded in x for fixed z, 4 and y. For
Cauchy’s formula

V(@)= Qi)™ i,V + 0de

and our assumptions yield the estimate

[V'(2)| £ cla)(1 +|z])1/2* (2.2)
forzeS,,0 <a <a,,and this yields an estimate
10, (z, 23 x)| < ey, z, (1 + | x]) 7 (2.3)

where c(y,z,A) is bounded uniformly on compact subsets of C x I' with
={z:Imz>0} xS,
We now define (j) z, /1; X) respectively to be the solution of

2
(—Ed;ngx-l- V,l(x)—z+Qy(z,/l;x)>¢yi(z,/l;x)=0 (2.4)
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for all x which is equal to ¢ * (z, 4; x) for + x = 1. Let
G,(z, 5%, 9)= ¢ (z,A;x.)p, (2, 45x.) (2.5)

where x_ = max(x, y) and x_ = min(x, y). It is shown in the Appendix that the
operator

A, ) =126, (2 4;x,9) f(y)dy

is bounded for yeC, and (z, A)eI', with norm uniformly bounded on compact
subsets of I', for y fixed. From analyticity of ¢+ (z, 4; x) and the uniform bound,
itfollows that A (z, 4) is a bounded analyt1c famlly of operatorsin I

Let W, (z,4) be the Wronskian of ¢r (z, 4;x) and ¢, (z A;x). It is easy to see
that for any (z, A), y can be chosen so that W, (z, A)#0. Note also that W, is analytic
in the variables (z, 4) for (z, A)eI'. Fix (z, A)GF and choose y so that W, (z, 1) # 0.
Define the operators

Az, )= (W,(2,2) 1A,z )

and
2
Bv(z,/l) d2+x+V(x)+Q(z/1x)—z
with domain Z(B,(z, 4)) = C7 (R). Integration by parts gives
Az, B (z, ) f=f (2.6)
A,(z, A)*B,(z, )*f =f 2.7
for feCy (R).

By (2 7), Ran A* is dense so that Ker A = {0}. Equation (2.6) then implies
that B (z, 4) is closable forif feCy,f, =0, and B ,(z, A)f, = g, then A ,(z,)g =0,
and so g = 0. Hence (2.6) extends to

A (2, )B(z, A f=f feD(B(z2)) (2.8)

where B, (z, 1) is the closure of B, (z, 4). This implies that Ran B, (z, ) is closed.
Moreover, Ker B, (z, )* = {0}, for B, (z, 2)*f=0 implies (by elhptlc regularity!)
thatfisan L, solut1on of

2
[_dif”LXH/ (x)+Qy(z,i;x)]7=0

which is shown in the Appendix to imply that f vanishes identically. Hence, B, (z, 1)
is surjective, and has the bounded inverse
B,(z, 1) = 4,(z,2). 29)
It now follows that the restriction of
H(A)=B,(z,4) — Q. (z,A;x) + 4

to Cg’(R) s closable, since Q, is bounded. The fact that U@HAU(—a)=H(A+ a)
follows from the definition of H(A). This proves (i).
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Let
K, (z4) =0,z )4z 1) (2.10)

where Qy(z, A) is multiplication by 0,(z A; x). We claim that K ,(2 A) is compact.
By a limiting argument (and the bound (2.3)) we need only show that

9A4,(2.7)

is compact for ge C7 .
But this operator is Hilbert—Schmidt. In fact, if g is supported in [ —a,a],
the Hilbert—Schmidt norm of the y > x half of this operator is

I TlgGP6_ (F| 6, 0)Pdydx

—ax

g( i 1g(x>|2;¢_(x>12dx)(°f1¢+<y>|2dy)< o

and similarly for the other half.
We now prove (iii) of the theorem. Let

HA)=H()— A
and note that for b real
U(b)HA)U(—b)=H(A +b)+b. (2.11)
We claim that
o (HQA))=R (2.12)

forall €S, . Define 2 to be the set of all A€ S, such that (H(%) — z)~' is meromor-
phic in Im z > 0, with finite rank principal parts at every pole. We shall prove
that 2= S, . For choose y such that W, (i,0) # 0, so that By(i, 0) is invertible.
We then have

H—i=B(,0)- 0,00 =[1-K,(0)]B,(0). (2.13)

Since H is selfadjoint, (H — i) is invertible, and so 1 — K_(i, 0) is also invertible.
By the analytic Fredholm theorem ([ 11, Theorem IV. 14]y or [13])1 — K, (i, 4) is
invertible, and Wy(i, A) does not vanish, for every 4€S, \T where T is discrete.
For 4 in this set, [I — K (z,4)]7! is meromorphic on Im z > 0, with finite rank
principal parts at its poles; so the same is true for

AR~ 2" =W, 5, DA, (2, )T - K (2, D).

Hence, S, \T < Z. But by (2.11), X is closed under real translates, so the points
of T are in 2, too. This shows that aess(ﬁ (4)) does not intersect Imz > 0. By a
similar argument, it does not intersect Im z <0, so (2.12) holds. This proves
(iii) of the theorem.

We now concentrate on part (v) of the theorem. We show that given z, and
a point lerzo, (zo — H(4))™ " is analytic for 4 in a neighborhood of o~ This and
a similar argument for D_ will prove (v). Thus choose y so that W, (2o — 445 49) # 0.
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Because W (z,—4,4) is analytic in A in a neighborhood of 4,, we
have |W,(z,—4,4)|>0 for |A—7,[<d. Note that since H(L,)—z,=
H(4,) — (zy — 4,) is invertible and

H(iy) — (2o — 29) = (1 = K (2o — 49 44))B, (25 = 291 2¢)

we have 1 — Kv(z0 — Ao 4,) is invertible and thus by continuity 1 — K, (z, — A7)
is invertible in a neighborhood of 4,. Hence

(HA) = 20) ' =4, (zg = L (1 — K, (zg— 4 2) 7"

in a neighborhood |4 — 4,| < &' of A, where the right hand side is analytic in 4.
This proves (v).

To prove (iv), first note that o(H(4)) = o(H(A + p)) if p is real (see (i)) and since
the isolated eigenvalues of H(4) (away from R + i Im 4) are branches of functions
of 4 with at most algebraic singularities, they are independent of 4 (as long as the
line R+iIm A does not intersect these eigenvalues). Since H(0) is self-adjoint,
if a,>1ImA>0, H(A) has no eigenvalues in {z:Imz>1Im A or Imz <0}, since
if there were their constancy would imply they remained eigenvalues for H(0).
This proves (iv).

To prove (ii), suppose 4, €S, is given with Im 4, < 0 and suppose f, gare entire
vectors for the translation group. Denote by f, the analytic continuation of U(4) f
from AeRto C. ThenforImz >0

(fz—H)"'g)=(f3,(z—H@) 'g,) 1eR
and since the right hand side is analytic in 2 for 2€S, N {4:Im 2 <Im z} we have
(fe=H)""g)=(f,.(z— H(4)) " g;,). (2.14)
Similarly
(9, = H)'f) = (g, — H(Z)) ™ 'f3,) (2.15)
Taking the complex conjugate of (2.14) gives
(.G —H)"'f) =9, (2= H(4)*)" 'f3,).

Comparing this to (2.15), we have equality of the matrix element_s_. of (z — H(ZO))‘ 1
and (z — H(4,)*)~ " for a dense set of vectors. Hence H(A,)* = H(Z,).
This completes the proof of Theorem 2.1.

3. A Random Potential

Let the probability space (P, Q, %) correspond to a Poisson ensemble of points
in R, with mean density a. For each w, let X j(w), j=0,41, 42, ... be the points
of the Poisson set, numbered so that

<X <0<X <X, <.

This defines X ;(w) a.s. The number N[S] of points X in the Borel set S is then
Poisson, with mean «|S|, where |S| is the Lebesgue measure of S. The variables
N(S) for disjoint sets S are independent.
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Let u(x) be a real-valued function on R, representing the potential of a certain
type of particle, centered at the origin. If an infinite number of such particles are
stationed at the points of a Poisson set, their total potential is

+ o
Vix,0)= Y ulx— X (). (3.1
j=—

The goal of this section is to prove Theorem 3.6 which verifies that V(x, o)
satisfies the conditions of Theorem 2.1 almost surely for a wide class of u.

In preparation, we shall prove a number of properties of the process V(x, w),
from which the result follows easily. Unless we state the contrary, u(x) is assumed
below to be complex valued.

3.1. Proposition et u(x) be bounded and integrable on R. Then
(@) V(x)isa well defined, strictly stationary process, with mean

EVO) = | u()dy (32)
and variance
E|V(x)— EV(x)]* =« To lu(y)[*dy (3.3)
(b) Fora.e.w, V(x, w)is afinite-valued measurable function of x, and
7!1—»1‘1:0 %i V(x, w)dx = :rf: u(y)dy as. (3.4)

Proof: (a) By linearity, we may assume u(x) = 0. If u, (x) T u(x), then the correspond-
ing sequence V, TV for all x and w, so it suffices to prove the result for simple
functions, and hence for indicators. If u = 1¢ for some Borel set S, then V(x) =
N([ — S + x]), the number of points X ;in — § + x, which is Poisson with mean

EV(x)=a|S — x|=0|S]| =a+jmu(y)dy.

This shows that V(x, w) is a.s. finite for each x.
The formula for variance follows if we establish that for two such functions
uandu,,
+
cov(V(x), V,(n)=a | d(x—y+s)u,(s)ds.
It suffices again to consider indicators,and totakex = y = 0. Putu=1_g,u, =1_
and let SJ = S J. Writing

N[SIN[J] = (N[S\J]+ N[SJ])(N[J\S] + N(SJ))

J?

yields
cov(N[SIN[J]) = EN[SIN[J] - (EN[S](EN[J])
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=2 {|S\J||\S| + [ST|(J\S|+ [S\I )} + o?[ST[* + «| ST | — 22| S| ]|
+ o
=a|JS|=o | u(s)u,(s)ds.

(b) Stationarity of V(x)for u = 1is simply stationarity of the Poisson ensemble.
Again, if u has compact support with diameter d, then V(x) and V(y) are independ-
ent if | x — y| > 2d, since they depend on N(S) in disjoint regions. The process V(x)
is therefore ergodic (even mixing), and (3.4) follows from the Birkhoff ergodic

theorem. The general case follows by an L, approximation. For by (3.2), if u, = u
in L, (R), then

sup E|V (x) — V(x)| = 0.

xeR
The limiting process V(x) is again stationary, and both sides of (3.4) are stable under
this approximation.

Remarks. The formulas for the mean and variance of V(x) are essentially Camp-
bell's theorem for the shot effect in vacuum tubes [8]. The only difference is that
there one is dealing with a Poisson ensemble on [0, co) rather than on R as here

3.2 Lemma Let N,,N,,...be independent Poisson variables with mean o,

0
and c,,c,,...a sequence of non-negative numbers with 0< ) ¢, =C <c0. Let

k=1
Y =Y ¢, N,. Then there exist positive constants y and  dependent only on C, m =
sup{c, :k =1} and o such that for all A > 0

P{Y =1} A7l (3.5)
Proof. The moment generating function of Y is
Ee" =[] Ee*™ = [] expafe — 1} = exp{a Y (e — 1)}.
k=1 k=1 k=1
Using e* — 1 < xe* for x 20 we have
Ee" < exp{fx Y ¢, te”"‘} <exp{aCte™}
k=1
where m = max{c,,c,,... }. Hence, by Chebyshev’s inequality
P{Y 2 A} =P{eY ze*} e ™Ee"” <exp(fi(t, 4))
where
ft, 2)=aCte™ — At.
If A = «C, f(t, A) is minimized by choosing ¢ to satisfy aCe™ (1 + mt) = 4, in which

case f(t,A)= — /lt(l _Tim) We have aCe™ (1 + mt) <aCe*™ so that 2mt >
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1 1 1
< —|— < —-— A+ —2
log (A/aC). If we take A = eaC,f(t, 4) = (6m>l log(A/aC) < 6ml log A + om

log eaxC. Thus the lemma holds with y = (6m)~ ! and f = (6m)™* log exC.
This lemma yields an estimate for the tail of the distribution of V(x). For if
we write

0

Vix)= Y Y ux — X)) (3.6)

n=—onsX;j<n+1
then if xe[0, 1] we obtain the estimate

oo}

[Vx)|< Y ¢,N[nn+1) (3.7)

n=—oo

with ¢, = sup{|u(x)| :]x + n| £ 1}. Thus we have:

3.3. Proposition (a) If

e

Y, sup Ju(x)|< oo (3.8)

n=-—oo |[x+n|£1

then there are positive constants y and f such that for 2 >0

P{ sup |V(x)] gi}gi‘”e’” (3.9
0sx=s1
and the series (3.6) converges uniformly for 0 < x < 1 almost surely.
(b) IfV(x) = V(x, a) depends on a parameter a lying in a set S, and
Y. sup{lux)|:|x+n|<1,aeS} <0 (3.10)
then (3.9) holds for sup {|V(x)|:0 < x < 1,a€S} and there is uniform convergence
on[0,1] % S.

Proof. Part(a)is immediate from Lemma 3.2 and (3.7). Part (b) follows by applying
(a) to the function u, (x) = sup{|u(x, a)| :acS}.

Remark. From the uniform convergence, it follows that V(x) is a.s. bounded on
every finite interval whenever (3.8) holds. If u is continuous, then ¥ will be continu-
ous a.s., while if ue C", and all n derivatives satisfy (3.8), then the differentiated
series also converge uniformly, so that Visin C" a.s.

3.4. Proposition (a) Let (3.8) hold, and let ¢(x) be a positive even function, increas-
ing for x > 0, with lim ¢ (x)= co.If

Ie—(l/l)v¢(x)10g¢(x) dx < oo
0

where y is the constant of (3.9), then

lim supw&—@—| <las. (3.11)

x|~ oo Pd(x)
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(b) If (3.10) holds, V(x) can be replaced in (3.11) by sup {| V, (x, w)| :a€ S}.
Proof. Let a, = ¢ (n). By Proposition 3.3,

P{|V(x)| 2 ¢(x)for some x,n — 1 <|x| <n}

gP{ sup |V(x)|gan}§_a;y“"eﬁ“".

n—1<|xl<n

By Borel-Cantelli, if
Yoa; P < o0 (3.12)

then one has |V (x)| = ¢(x) on infinitely many intervals n — 1 <|x| < n with prob-
ability zero, which is simply (3.11) restated. However, if n is large enough that
a, = e**, then

a, el < exp{ - 22)‘4’(") 10845(")}

so that (3.12) holds by the integral test.
3.5. Corollary. If (3.8) holds, then,as |x| — oo,
V(x,»)=0(log|x|) as. (3.13)
If (3.10) holds, this is true uniformly for a€S.
Proof. Forlarge x, 1y loglog x = 6 > 1, so that

13

exp{ — 1y log x(loglog x)} < x~
which is integrable at infinity.

Remark. Although (3.13) looks like, and is, a growth estimate for V(x), it is worth
pointing out that by the ergodic theorem

+

lim — j V(x)dx =EV(x)=o | u(x)dx (3.4)

T—>oo —

a.s., so that V(x) by no means really grows at infinity. What happens is that V(x)
may have large bumps near points where many X s are clustered. Equation (3.4)
says that one must go a long way out to find a big bump.

3.6. Theorem. Let u(z) be analytic in the strip |Imz| < a,,0 < a, < oo, and real
for real z. Assume that

+ o0

| |utx +ia)|dx < o0 (3.14)

- 0

for —a, <a<a,.Then the potential

V(z, w) = Zu(z — X (@)

satisfies the conditions of Theorem 2.1 for a.e.w.
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Proof. Fix two arbitrary numbers a, and b satisfying 0 <a, <b <aq,. By the
three lines theorem,

+ o0
| ulx + ia)| dx

is bounded uniformly for — b < a < b. Hence

b +w +o 1

f j|u(x+la)|dxda— Y jdxfda{u(x+n+la)|

-b - n=-ow0
is finite, so there must exist an x,, with

+o b
Y luCxy +n+ia)|da < oo.

n=-—ow —b

By relabelling, we can take x, = 0, so that

Jio Iji |u(n + ia)|da < oo (3.15)

n=-o —b

Let I' be the boundary of the rectangle with vertices + 2 =+ ib. Then for |x| <2
and |a| < b, we have

ul(x + n+ia) = ni) " [({ — x — ia)~ tu(l + n)d{
r

where the integral is taken in the positive sense. If we restrict to | x| < 1and |a| < a,,
we obtain the estimate

lu(x +n+ia)| <c,
where

2
=c | (Julx +n+ib)|+ |u(x +n—ib)|)dx
-2

+c Ij(]u(2+n+ia)]+|u(—2+n+ia)|)da

and ¢ depends only on a, and b. By (3.14) and (3.15),
+o©
Y ¢, <
and so
+ a0
Y sup{lu(x+n+ia)|:—1<x<1,—a,2a<a,}<o0.
Mutatis mutandis, this is (3.10), with S = [ — a,, a, ]. We therefore obtain uniform
convergence on compact subsets of the strip by Proposition 3.3 and a bound

|V(x +ia)| < Clog(]x]| +2)

for —a, £a<a,, almost surely. Since V(x) is obviously real for real x, this
completes the proof.
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Remarks. (1) For F # 0,itis proved in [ 18] that
2

ax?

is almost surely spectrally absolutely continuous. This means physically that
particles will propagate.

(2) For some random potentials, it is known rigorously that for zero field
H () has pure point spectrum a.s. and the same result has been claimed for our
potential with u(x) replaced by a delta function [9, 10]. Although our V(x, w)
does not appear to satisfy the hypotheses of [9, 10], it is a reasonable conjecture
that H(w) also has pure point spectrum a.s. If this is true, then intuition might
lead one to expect for small field F a large number of resonances near any fixed
interval of the axis. A result in this direction would be quite interesting.

(3) For F =0 it should not be difficult to show that the spectrum of H(w)
is [0, c0)if u(x) = 0, and is( — o0, 00) if u(x) < 0 on a set of positive measure.

H,(w)= + Fx+ V(x, w)

Appendix
Proof of Boundedness of A, (z, 2) and Ker B¥(z, 1) = {0}

Proposition A.1. Suppose y is fixed and A<T ={z:Imz >0} x S, is compact.
Then
sup | A4,(z, 2| < 0.
(z,A)ed
The proof of this proposition rests on explicit estimates on the solutions
¢, (z,; x) of the differential equation

2
(—;—xi+x+Vl(x)—}—Qy(z,i;x))f:O. (A.1)

These estimates will also lead to

Proposition A.2. Suppose W (z, ) # 0. Then there are no L? solutions of the differ-
ential equation (A.1).

Since we know qﬁf explicitly only for + x > 1 respectively we introduce the
solutions ¥ defined by

X

1
d’;(z>iax)=¢;(2,/%,x)jmdl xgl

and

Vo di) =6 (@A) | e 1

T gdt X =
2o, @ 40]?

Note that the Wronskian of l//; and (ﬁ: is 1 as is the Wronskian of ¢~
and ¢ .

We are assuming throughout that assumptions a), b) and c) of Sect. 2 concerning
the potential V are in force.
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Lemma A.3. There exist constants c,, ¢, > 0 so that for all (z, A)e A and x = 1
. 2 | B dt
(i) [x//; (z,4;x)| S ¢ x™ M2 exp {§x3/2 — Rezx!/? 4 ERej" Vi(t)\-/.—}
0 t
S e, Y] (2,4 x)|
(i) Wz 45 —=x)| S e x™ Y2 exp{(Im 2)x'2} S ¢, |¥] (2, 4; — x)|.
Proof of Lemma A.3. We have

X X t
flee; z,ﬂ;z)|*2d[=jexp{gt3’2 —2Rezt'? 4+ Re [V, () ds}dt.
1 1 0

N

3/2

We introduce the variable y = t*/? and write this as

3/2

| M(ydy

where

2 4 »BY.(s)ds
M(y)=§y’”3exp{—jy—ZRezym+Rej i/; .
0

We integrate by parts (integrate exp (3 y), differentiate the rest) and find
x3/2 x3/2

§ M)y =Fx)+ | M(y)g(y)dy
1 1

4 x V. (t)dt
F(x) = %x‘”zexp{gxm—2Rezx”2+Rej A\/; }+const
0

and
gy)=%Rezy 23 4 1y~1 —L1Re V(y?3)y~23.

If y, is large enough so that |g(y)| < 3 if y = y, we have (for x*2 > y,)
x3/2 x3/2
J M(y)dy £ F(x)+ const + 1 | M(y)dy
1

Yo
x3/2

S F(x)+const+3 | M(y)dy
1

x3/2

so that | M(y)dy < 2F (x) + const.
1

Similarly
x3/2 x3/2
[ M(y)dy 2 F(x) - const —3 | M(y)dy
1

Yo
3/2

so that xf M(y)dy = 2 F(x) — const. This proves (i) when we note all constants can
1

be chosen independent of (z, 1) A.
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Now consider

= ([ as0] 2t xz 1.
-1

we have

t
)=~ foxp ] 4005 20 i -9 L
0

NG

x3/2

f (y)y~ 3 dy
1

where

4 y2/3 d
(y)-exp(—?y 2izy'3 +i f V(- s)%).
s
Integrating by parts we have

i x3/2

a(x)~G(x)+ fN(y Ya(y)y ™R dy (A.2)

where

i4 d
G(x)=(2i)"*x~1/? exp(—l—x — 2izx? + sz > )—I—const (A3)

3 \/g
and
2i 2i 1
hy) = *%y—z/s_'w V,(— 2/3)y_2/3—§y“1. (A4)
Integrating by parts again we have
x3/2 x3/2
| NOh(y)y™Pdy =G, (x)+ const. | N(y)y™"*(h(y)* + /' (»)dy (A.5)
1 1
where
G, (x) = const x "2 h(x*?)N(x*/?) + const. (A.6)
Note
()] = 00y~2R) +0(y™372) = 0(y~137%) 6> 0, (A7)

We now estimate Re <1j V,(=s) ~d-§->
o Js

Note that integrating by parts gives

0 0

1 t
§V( s) V(= s)ds + = [fV(—s)ds]t 324y (A.8)
f \/§j 2]
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and that by Cauchy’s integral theorem

X * A—x 2
[V (=s)ds= [V, (—s)ds— | V@dz+ [ V(z)dz
0 0 Rei—x Rel
and thus
* A—-x 2
'Im fV;L( —s)ds| = f V(z)dz| + § V(z)dz| < c(1 + |x|)1/2
0 Rei—x Rel

Thus by Eq. (A.8)

< const (A9)

Re(sz(—sjg)

Because of (A.9) and (A.7)
|G, (x)| < const x ™! exp(2 Im zx'/?)

while by Eq. (A.5), for some 6, >0
x3/2
5 Nh(y)y™ 2dy| <
x3/2

+const | exp(2Im zy!)(y~ 170 + |V, (— y*P)y~*3|)dy.
1

< const x~ ! exp (2Im zx'/?)

Using Eq. (2.8) we have | V;( — y?/3)y~#3| = 0(y~*~?2) for some &, > 0.
On the other hand an easy estimate gives
x3/2
[ exp(2Imzy'3)y~17°dy < const x~ /2 *39 exp {(2 Im z)x!/?}
1
so that

x3/2

| N(y)h(y)y~ *dy| < const x~*/27% exp (2 Im zx'/?)

1

for some 6, > 0. Going back to Eq. (A.2) we have
loo(x)| < d; x™ % exp (2 Im zx'1?) < d,, | (x)|

forsome d, ,d, > 0. This gives (ii) of the lemma.

Proof of Proposition A.2 We must show that neither ¢ nor ¢ is in L?. Since
they are linearly independent (we have W, (z, 1) # 0), ¢, (z, 4; x) = &, ¢ (2, 45 x) +
By, (z,4;x) if x < —1, where B, #0. Slmllarly g{) (z,A;x) =« ¢ (z, A;x)+
ﬁzgl/ (z, A;x)if x> 1, where B, # 0 The lower bounds of Lemma A 3 show that
neither is in I2.

Proof of Proposition A.1. We drop the subscripts 7, z, A and only mention the
dependence of constants on (z, 4) when uniform boundedness in A is not obvious.
We use the notation 6 (x) for the indicator function of [0, o).
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Let (see Eq. (2.4))
Glx, ) =¢" (x. )™ (x_).

Since G is symmetric, it is enough to prove that 6(x — y)G(x, y) is the kernel of
a bounded operator and since [|G|*6(x + 1)0(1 — y)dxdy < const., it is enough
to consider the kernels 6(y — 1)8(x — y)¢* (x)¢~ (y) and

0(— x — DO(x — y)¢™ (x)~ ().

For y=1, ¢~ (p)=ap™(y)+ By (y) and for x< —1, ¢*(x)=0'dp” (x) +
'Y~ (x). The constants a, f, o, f’ are uniformly bounded in A because the Wron-
skian of ¢* and ¢¥* (and of ¢~ and Y ~) is 1. Since ¢ el*([1, 00)) and
¢~ eLl*((— oo, — 1]) we need only prove boundedness of the integral operators
with kernels

a) 0(x — y)0(y — D" (x)¥ " (y) = K, (x, y)
and

b) 0(x — y)0(— x— 1~ (x)9~ () = K, (x, ).

We use the Holmgren—Schur estimate that shows the operator norms are
bounded by

1/2 1/2
<sup“K,~(x,Y)|dY) (SUP“KJ-(?C?J’)IdX)
u y
Consider a) first. We let

I(x)= [|K,(x, »)|dy, 1,(»)=[|K,(x,)|dx.
We have

L6 =6 | [[v Oy x=1
1
=0 x < 1.

Using the estimates of Lemma A.2 we have

* X 2 1.2 dt
[lv*(y)|dy < const [y~ 12 exp{§y3/2 — Re zy'/? +§ReIVl(t)~——}dy.
1 1 0

NG

Integrating by parts in the same way as in the proof of Lemma A.2 gives

x 2 1 X
[l¥*(y)|dy < const x™ ! exp {gxm —Re zx'? + 3 Re(V, ()
1 0]

dt }
NG
and thus I, (x) < const. x~ .

We have

L) = (16*@]dxlv* o) y21
=(§ y<l1.
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A similar integration by parts gives

I,(y) < const y~ L.

Thus the operator given by K is uniformly bounded in A.
In case b) let

J1 ) = [K, (e )l dy, T, = [ K, (x, y)|dx
and note that

T =" ®| [ lo-0ldy x=-1

=0 x> —1.
Thus
J,(—x)=Zconstx™"?exp {(Im z)x'?} | exp(—Imzy'*)dy x2=1
< const

while

-1

L,0=1¢"0)| J [y~ @]dx y=-1

y

and thus

y
J,(—y)<constexp(— Imzy"?)[x V2 exp{(Imz)x'?}dx y=1
1
< const.

Hence the operator given by K, is uniformly bounded in 4.
This completes the proof of Proposition A.1.
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