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Remarks on the Global Markov Property

Sheldon Goldstein*
Department of Mathematics, Rutgers University, New Brunswick, NJ 08903, USA

Abstract. The global Markov property is established for the + state and the —
state of attractive lattice systems (e.g., the ferromagnetic Ising model and most
other systems for which the FKG inequalities are satisfied) and of the
(continuum) Widom Rowlinson model.

1. Introduction

Consider the Gibbs states for a nearest neighbor interaction @ on the lattice '=2Z"
with finite state space S. These are the probability measures u on Q=S" whose
conditional probabilities satisfy the DLR equations [1, 2]:

Py )
Mo =ylxr_ 3= y o hE07x) (L.1)

Y'eR,

Here A is a finite subset of I', Q , = S* is the set of configurations on A, yeQ,,, xe Q,
Xy _ 4 1s the configuration in Q,_ , obtained by restricting x to I'— A, o 4(x)=x,,
and h%(y, x) is the energy in A produced by the interaction (®) of the spins in A
(described by y) with themselves and with the spins outside of A (described by
xr_ ). In particular the state u satisfies the local Markov property: For any
bounded fe %,

E(f17r-p)=E(f|F5p) (1.2)

where F=A is a finite subset, 0F s the set of sites in I'— F which are nearest
neighbors to at least one site in F, &, is the sub-c-algebra generated by op,, DCT,
E(-],) denotes the conditional expectation given &, and fe %, means f is
bounded and %, measurable. We write & for .

Markov chains by definition satisfy (1.2) (d=1) for F={n,n+1,n+2, ...} and,
in fact, satisfy (1.2) for any F whatsoever. A state y satisfying (1.2) for any (not
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necessarily bounded) set FCI' is said to satisfy the global Markov property.
Albeverio and Hgegh-Krohn [3] have shown that if @ satisfies Dobrushin’s
uniqueness condition then the Gibbs state satisfies the global Markov property.
Dobrushin’s condition, which of course cannot be satisfied if there is a phase
transition, is very strong and may also fail to be satisfied even where there is a
unique Gibbs state. On the other hand, it appears reasonable to conjecture that
every extremal Gibbs state satisfies the global Markov property. In Sect. 2 we give
an example of a Gibbs state for the Ising model (with d = 3) which does not satisfy
the global Markov property. In Sect. 3 we indicate why we believe it likely that
every extremal Gibbs state satisfies the global Markov property. In Sect. 4 we
show that the + state and the — state for attractive systems satisfy the global
Markov property, and in Sect. 5 we extend the results to the Widom Rowlinson
Model — a continuum system which exhibits a phase transition.

The results of Sect. 4 are similar to those of Follmer [4], of which we became
aware after our results were obtained.

A bit more notation: We will denote by u ,(-|x) the measure on €, described
by the RHS of (1.1). 4, will always denote an increasing sequence of cubes centered
at the origin with () 4,=T.

2. An Example

Let d=3, S={+1}, & a n.n. ferromagnetic Ising interaction :

1
W3, x)= — k_T( 2 Yyt Y yixj).
i< ied
i, jed jeoA

Let the Gibbs state u* be the limit n—oo of the measures p 4,(+1%), where for
i=(i,,i,i3)€Z? X;=+1 for i;=20 and X;=—1 for i;<0. Dobrushin [5] has
shown that u* is not translation invariant, looking more and more like the +
state (which arises from the boundary condition x;= +1) as i;— oo and more and
more like the — state as i;— — co0. Let u7 be the Gibbs states obtained from u* by
the reflection (i,,1,,i3)—(i;, i,, —i3). Note that since this reflection is the identity
on {i;=0}, u* agrees with u on Fiy=oy Let u=3(ut +u7). Then uis a Gibbs
state failing to satisfy the global Markov property. In fact, (1.2) fails for
F={i,>0}, since u* and p7, which agree on %, are mutually singular on Z,_,
so that specifying x, _ » determines whether xe Q is a configuration of the u* phase
or of the u; phase. Note that u is not extremal.

3. A Sufficient Condition

Suppose u is a Gibbs state, x°eQ, FCI'. We denote by u n #(+1x°) the probability
measure on Q, which on %,_, agrees with p and for which the conditional
probability given %, _ is given by g, p(:1%4_ pXP_ 4 ), Where x, X2, is
the configuration which agrees with x on A— F and with x° elsewhere. In other
words, for feF, ., 9€F,_p.

NA,F(gf,xo) = jﬂ(dx)g(x)ﬂAnp(fle —-Fx?‘—(A -p)- (3.1
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We will say that the Gibbs state u satisfies condition (C) if there exists x°e Q
such that

(i) p= Jim g, (-1x%) (3.2)
and
(i) forevery FcI', Jlimpu, p(-|x%)=p. (3.3)

Proposition 3.1. Suppose the Gibbs state y satisfies condition (C). Then u satisfies
the global Markov property.

Proof. Fix FCI'. Showing that
E(f|Fr-p€ For (34)

for every function fe U Fra,p 1€, that for every function fe #,_ , , there exists a

n
function f, € %, such that

wgf)=ugf,) (3.5)

for every function ge ( ) #, _p, will suffice to establish (1.2).

Fix an x° such that condition (C) is satisfied. Let fe %, and let

Fi) =g, p(f1X 4= FXp— “-p)

for n=m. It follows from (3.1) and (3.3) that (3.5) will be satisfied by
Jo=Jim f,(x), (3.6)

and f, e, since f,€F 5.4, Provided this limit exists. In many models, e.g.,
those described in Sect. 4, the existence of the limit (3.6) may be easily established.
However, this is not necessary, since (3.1) and (3.3) imply in any case that

Jim p(gf,) = u(gf)=wgE(f|F_p) (3.7

for all ge | ) #,, _p ie., that f, converges weakly to E(f|#._g) in L*(u, Fp_p).

Since subspaces are weakly closed, (3.4) follows. [
Note that

:L‘A(gflxo) = jﬂA(dxA)g(x)ﬂAnF(f’xA— ijo" - —F)) (3.8)

for fe#,, rand ge #,_ . Comparing (3.8) with (3.1), we see that u, (- |x©) differs
from p,(-|x°) only in that part of the system, Q, _,, is distributed according to u
rather than u(-[x®). Thus u, 4(-|x°) should be closer to u than yu,(-|x°), so that if
(3.2) holds so should (3.3). We thus conjecture that every Gibbs state u of the form
(3.2) for some fixed boundary condition x°e €, and in particular every extremal
Gibbs state, satisfied the global Markov property.
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4. Attractive Interactions

Let S be partially ordered with minimal element — and maximal element +. The
partial order on S induces a partial order on 2 (or on Q):

xSyex; =y, alli.
A function f on Q (or on Q) is called increasing if

x2y=f(X)=f(y).
We denote by &} the increasing functions €%, Let u and v be probability
measures on Q (or on Q,). Then we define a relation “<” on probability measures
by

puSveu(f)sv(f) forall feF'(F)).
[“<” is a partial order on probability measures on (€2 ) since two measures on
Q(Q ) which agree on #1(Z}) coincide.]

An interaction @ is called attractive if

xZy=p4-1x) = pql-1y) (4.1)

for all bounded ACT.

For an attractive interaction p,(+|+)* <, (-|+) when A'C 4 and hence the +
state

= Jim (1) (42)

n— 00

and similarly the — state p~, is well defined. (We use + to denote the
configuration x;= +, all i.)

Theorem 4.1. The + state and the — state for a system with n.n. attractive
interaction satisfy the global Markov property.

Proof. We need only show that (3.3) is satisfied by u=u" and x°= +. But this
follows immediately by passing to the limit n— oo in

I“LA,[('I-I_);:“A",F('[_‘_)%/J' on QA,“ (4.3)

The first inequality follows, using (3.1), from the facts that p A"(‘|+)_.>__/fr on
and that for fe#] , the function

x—’IﬂAnnF(dJ’A,.nFIXAn—F +r-w,-n)f (VA FXa,- F)E ‘gﬁ : (44)
Since

B rC1X) S g, o p(- 'XA,,—F +r-u.-r)
and

wgf) = udx)g(x)uy, (S 1%)

for geFr_(4,.p and feZF,  p, comparison with (3.1) yields the second
inequality. [

*  Regarded as a measure on Q,
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Examples. The best known examples of attractive interactions are those for which
the FKG inequalities [6] are satisfied. These inequalities say that

{fg> =L 49> (4.5)

where {->=p,(-|x) and f and g are € Z,. Note that for g=0, (g +0, (4.5) says
that

=D,
where
NS
=255

It therefore follows from (1.1) that if the FK G inequalities are satisfied, and if x <x’
implies that h%(y, x) — h%(y, x') is increasing in y, then @ is attractive; this is because
if (- 1x) =< > then p(-|x)=< »,, where g =exp(h§(y, x) — h%(y, x')). Moreover if
the “FKG condition” [6], w(a v b)u(a A b) = u(a)u(b), is satisfied by all the y (- |x)’s,
then @ is attractive since we then have (I) x < x'=h%(y, x) — h%(y, x') is increasing in
y. In fact, the satisfaction of (I) for all A is equivalent to the “FKG condition” and
hence implies the attractiveness of @. In particular, if SCIR, and if
0

o, (—h3(y, %)
is increasing in y, @ is attractive. We are assuming here that h%(y, x) makes sense
(and is C?) for all values of the x;, not just those in S.

Suppose S CIR, and h%(y, x) is defined and is C* as a function of x,, y;eR, all i, j.
It follows from the above that @ is attractive if

20 1@
() P02 )
0y;0x;
(See also [7].)
Example 4.1. Suppose SC[0, c0), and let
By.x)=— Y Jaou
Acrl

C
And *0

=0.

where the sum is over finite subsets A4 of I,
o= T »
ieAnA jeAn(T —A)
and J, =0 for sets A containing two or more points. Since () is satisfied @ is
attractive.

Xjs

Example 4.2. Suppose S={—p, —p+2,...,p—2,p} for some positive integer p. It

is shown in [8] that the FKG inequalities are satisfied if
Wy, x)=—=% Y (JG )y +v@)yiy;

i*j

1, jed
— X h(y,— X u(@)y?
ied ied

ied
jel'—4
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where
J@, ) Z4(p— 1)1y, j) 4.7)
for all i, je A. Since
o* P . ..
m (=h3(y, x))=J(0,j) + 4y, )yx;

2 J(i.j)— 4y, j)lp?

we see that @ is attractive provided J(i, j) = 4|y(i, j)|p? for all i, je I". A more detailed
calculation shows that @ is attractive as long as (4.7) is satisfied for all i, jel:
Suppose x’ differs from x only in that x;=x;+ 2. Note that —p=<x,<p—2. Then
h%(y, x)—h%(y,x’) is a sum of terms of the form

2y, x)=2(J (0, )y; + 290, )y7 (x; + 1)

Since f(y),x;) is quadratic in y; with

T _ i)+ iy o+ 1)

0y,
2 J(i,j)— 4@ )ip—1)* 20,

J
for —p+1=<y,sp—1, it follows that f(y;x;) is an increasing function of y;eS.
(The vertex of the parabola occurs for |y,|=Zp—1.)
The above result also follows from the fact that the model (4.6, 7) satisfies the
“FKG condition”, as shown in [8]. The preceding calculation also provides a
simple proof of this fact.

5. The Widom Rowlinson Model

The proof in Sects. 3 and 4 of the global Markov property depended upon the
attractiveness of ¢ and the existence of a maximal measure u,(:|+), but not
essentially on the lattice structure I'=2Z". We here prove the global Markov
property for the +(A) state and the — (B) state of the Widom Rowlinson model, a
continuum model for a system of two kinds of particles, 4 and B, which (for d = 2)
has been shown [9] to have a phase transition at low temperatures.

Our setup is now the following: I'=IRY S={-2,0,2}, and Q=the set of
functions x :I'-S which are locally finite in this sense: For every set DCI let
N, p(x), =12, be the number of points re D such that x(r)=o. Let N,=N, ),
+N_, p xislocally finite if N ,(x) is finite for all bounded sets D CI'. We interpret
xeQ as a configuration of A and B particles: x(r)=2, —2, or 0 according to
whether there is an A particle, B particle, or no particle at r. We denote by @ the set
of all functions x:I'— 8.

Let D be a Borel subset of I'. We denote by x,, the restriction to D of xe @, and
by ), the smallest o-algebra (on Q) with respect to which the functions N, g,
o= =2, K a Borel subset of D, are all measurable. Let Q= {x,|xeQ}. If ACR%is a
bounded Borel set, (2, #,) may be identified with (] Q@™
0
0

VIV

le,m)E(An x A™ )¢’ "

symm symm
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equipped with the Borel sets, where the first factor inside the parentheses refers to
the A particles, the second factor to the B particles, Q"% contains the single
element @ ,, the vacuum in 4, and coincident configurations, in which two or more
particles are at the same position, are not allowed. When we refer to continuous
functions and to Lebesgue measure on 2, we have this identification in mind. We
define a measure dy, on Q, by

dy, dy, .. dy, d¥,, ...y,

nlm!
on %™, where y=(y,, ..., Yu ¥ ---» V)€ 4™ (and dy , gives unit mass to Q).
A will always refer to bounded Borel sets CIR%.
In the Widom Rowlinson model, the only interaction is a hard core exclusion
between A and B particles: an A4 particle cannot be closer than a distance R >0 to
a B particle. Thus, for F a Borel set CI', we let

OF = {reF-Fini;]r—r’IgR}.
A Gibbs state for this model may be defined as a probability measure on Q

whose conditional probability given &, is defined by the probability measure
ua(-1x) on Q, given by

e—hA(st)dyA
I 7' 5.1
Ie—hA(y ,x)dy/A ( )
h (v, x) =z"+”‘(2 Vy,— ¥+ 2 V(y,— X )+ ;; Wy, — X,I)), (5.2)
i,k i,j ,

where y=(y;, .., Yo ¥» ---» Y€ QW™, and x€ Q, x,,=(Xy, ..., X, Xy, ..., X,), and
V(t)= oo for t <R and =0 otherwise. In particular, (1.2) is satisfied for F= A4, and
as before we say that a Gibbs u satisfies the global Markov property if (1.2) is
satisfied for all Borel sets FCI.

Note that yu(-|]x) makes sense for all functions xe@, not just for xeQ. We
denote by + the function €Q which everywhere has the value +2 (A particles
everywhere) and similarly for —. The + state (or the A state), the limit of the
measure u, (-|+), will be denoted by u. Similarly for the — state, u~. Here, as
before, A, denotes an increasing sequence of cubes CI” centered at the origin, with
\J 4, =T. We show first that the limit defining 1" exists, in the sense of defining a

probability measure on Q. (It then follows from the argument in [9] that for
sufficiently large z the Gibbs states u* and u~ are distinct.) Then we establish the
global Markov property for u* (and u™). )
The natural order on S={—2,0,2} induces a partial order on the set Q of
S-valued functions, and in particular on Q. In this partial order x=x' if x' may be
obtained from x by first removing some B particles and then adding some A4
particles. Similarly we have a partial order on Q. Let #; (#") denote the set of
bounding increasing measurable functions on Q,(Q). Let ¥} C%, consist of
increasing functions on , which are either continuous or are of the form
JUN,, 43i=1), A;CI" a bounded set whose indicator function is Riemann inte-
grable, i=1,...,n. Let u and v be probability measures on Q,. Then we define

pSveu(f)Sv(f) forall feZ). (5.3)
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The key ingredient in our results is the following:
Theorem 5.1. The Widom Rowlinson interaction is attractive in the sense that
X Zx'= gy (- [X) S pg(- 1)
for all functions x, x'e Q.
Proof. 1t is shown in [10] by a direct computation that
MY oo Vi Yo - W) S 2578 (5.4)

where the LHS is the correlation function giving the probability density of finding
k A particlesaty,,...,y, and [ B particles at y,, ..., ¥, for the measure u,(:|x). It
follows that

PAN 4 Z1lx) < (Zlni,l) (5.5)

where |A| is the Lebesgue measure of A.
Let I'?=67", 6>0, and for ACT'®, let Q) be defined in the natural way. For
weQ, let b, be of the form (4.6) (on I'”) with p=2,

J@.j)=J—j)  hG)=h4lw)
Y )=9G—j)  u()=p""logz*6 +u (i)
i,jel'?, in the limit defined by
Jr)=y(r)=0 for [r]=R

(5.6)

J(X)+4y(r)=0 }
f R.
J(r)—49(r) = 0 or Jrj<
Here
—oo if reB
_ WR!— A
2u ,(r|w) + h ,(x|w) { 0 otherwise
and
if red,.

2 —h =
(X1w) = o(rlw) { 0  otherwise,
where A4,(B,) denotes the union of open spheres of radius R centered on the A4
particles (B particles) of xe Q.

Let 4, be the probability measure on QF with density

o AW, 0)
— (9
Y e M0, (5.7
Y eQ(S)

Here 0 denotes the configuration containing no particles. Let xe Q. As noted in
[8], if I, is Riemann integrable, u,(-|x) may be approximated by the lattice
measures (s, ,, where A9 =ANI"?, in the following sense: Points ye Q% may



Global Markov Properties 231

be regarded as points in Q, by extending the function y: A®)-S to A by setting it
=0 on A—A®. Thus a func’uon f on Q, defines a function f© on Q9
Moreover, for fe Z,,

) )~ hator, e (30)
yd;% [ Pe "
is essentially a Riemann sum for the numerator of u (f]x). Moreover, it is easy to
see, by either a direct computation or the FKG inequalities, that (5.5) also holds
for the lattice approximations, except A on the RHS of (5.5) may have to be
replaced by an appropriate bounded Borel set A'>A which may be chosen
independent of é. It follows that for fe% ],

af )= T i (1), (59)

Therefore the FKG inequalities are satisfied by the measures p ,(-|x) for f and
ge® . It is shown in the Appendix that the FKG inequalities are in fact satisfied,
in u,(-x), for all f,ge ], where A is any bounded Borel set.

Now suppose x <x". Then x<x"<x', where x"eQ differs from x(x) only in
that some B(A) particles have been removed. Let <->=u(-|x"). Then

ta1X) =< Dy s
where
9=In s i ~0 €74
(and x'—x" is the difference of the functions x and x’). Similarly
A 1x) =<0y,
where
9=, som, =0}

“NORI- A

and —ge Z ). It follows from the FKG inequalities that
A 1) S gy IX7) S (- 1x),

and the interaction is attractive. []
That the limit (4.2) exists in the continuum now follows easily : On functions in
Ué{[n the limit exists monotonically. Hence if the limiting values on such

n
functions come from a probability measure on Q at all, this measure is unique. To
see that the limit comes from a probability measure, note that it follows from (5.4)
that the density of u, (dy|+), regarded as a measure on 2, , m<n, w.r.t. dy, is
<z*'on Q%" Thus, ifd .V, is the measure on Q,, given by "Z*dy, on Q%Y we
see that these densities are all eL®(Q, ,d.y). Therefore, by the Banach Alaoglu
Theorem and a diagonalization, there exists a subsequence n, such that the
measures [, ( |+) converge to a probability measure on  on functions
€ U LYQ, , dzy 4,)» and in particular on functions e U Z] . (We use here the fact

that probability measures on Q are in 1—1 correspondence with consistent
families of measures on the @ ,’s. This follows, for example, by regarding Q as a
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countable product space in the natural way and applying Kolmogorov’s theorem.)
This proves the existence of the Gibbs state u*.

That u™* satisfies the global Markov property may be seen by repeating,
essentially verbatim, the argument in Sects. 3 and 4. Unlike the lattice case,
boundary conditions which do not correspond to configurations xe £ must be
considered, but this makes no differences.

Theorem 5.2. The + state and the — state for the Widom-Rowlinson model satisfy
the global Markov property.

Remark. The results and arguments of this section apply with minor modifications
to the more general A — B models described in [10]: V, ,(r)=Vyp(r)=0, V,5(r) 20
(where V,,, Vpp, and V,p are respectively the pair potential between two A
particles, two B particles, and an A particle and a B particle), with external fields
for the 4 and B particles which are bounded below [reflected in bounded activities
z,,(r) and zg(r)]. The main differences are the following:

(a) The RHS of (5.4) should be replaced by z,(y,) ... z,(y)z5(¥,) --- z5(¥)-

(b) The lattice approximation should be carried through for continuous
potentials and fields and the results extended to Borel potentials and fields by a
density argument.

(¢) py(-x) will now make sense for Borel measurable x:R?—S, but not
necessarily for all x : R?—S. Theorem 5.1 will hold for Borel measurable x and x'.

Appendix

The following result is proven in [11].

Theorem Al. Let T be a finite partially ordered set, and let u, and u, be probability
measures on T. Then the following are equivalent :

@) u ()= u,(f) for all increasing functions f: T—IR.

(i) There exists a probability measure v on T x T such that

@ v(-xD)=p,,
(b) WTx-)=p,,
and
© v{(x,»)eTxT|x=y}=1.

We wish to extend this result to infinite partially ordered sets. What we can
prove is the following:

Theorem A2. Let (B, %) be a partially ordered (standard) Borel space [12, 13]. Let
£, be a sequence of increasing, B-measurable {0, 1} valued functions on B which (1)
separates points and (2) determines the partial order [i.e., x < y<f(x) = f,(y) for all
nj]. Let " be the set of bounded, increasing B-measurable functions and let %" be
the set of increasing functions of the form y(f,, ..., f,) for some n. Let y1, and p, be
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probability measures on B. Then the following are equivalent :

(1) u (= p(f) for all feﬁT

(i) uy(N)Zp,(f) for all fe ',
(i) There exists a probability measure v on B x B such that

(a) v('XB)zlul,

(b) V(Bx)=p,,
and
(¢) v{(x,y)eBxBlx=y}=1.

Proof. ()—(ii) is trivial. To see that (ii)—(iii) consider the function f: B—{0,1}*,
f(x)=(f1(x), f5(x), ...), xe B. f is a measurable injection from the (standard) Borel
space (B, %) to the standard Borel space {0,1}* with the product g-algebra.
Therefore f takes Borel sets into Borel sets [13], and in particular f(B)=B is Borel.
f is thus an isomorphism (B, 4, <)—(B, <) and we may thus assume without loss
of generality, that B is a Borel subset of {0, 1}® and that the functions f, are the
coordinates. Let B,={0,1}", n=1,2,..., be the set of values of the first n
coordinates. Then by Theorem Al, there exists a probability v, on B, satisfying

(@ v(-xB,)=u, onB,,

(b) v,(B,x)=p, onB,,
and

() vi(x,y)eB,xB,|xsy}=1.

There exists a subsequence n; such that v, converges weakly to a probability
measure v on B x B. It is easy to see that v must satisfy (a)-(c) of the theorem.
(iii)—(i) because for fe '

()= vldx,dy) f(x) < [v(dx,dy) f(n) = p,(f). O

(@, %) and (Q,4, #,) are standard Borel spaces. This follows, for example, from
the product structure of these spaces and the stability properties of standard Borel
spaces [13], or from the fact that # (&) is the set of Borel sets for a Polish space
topology on () [14, 13]. Suppose (B, #)=(R2 4, #,), A a bounded Borel set. It is
easy to find a sequence of {0,1}-valued functions €% satisfying (1) and (2) of
Theorem A2. (For example, the collection of functions which are either of the form
Iy, p>oy Or of the form Ijy_,  _o, where D ranges over open spheres of rational
radius whose center has ratlonal coordinates, will do.) Let {->=u(-|x) for the
Widom-Rowlinson model, and let ge %}, =0, (g =+=0. Suppose first that 4, i.e.,
I,, is Riemann integrable. It was shown in Sect. 5 that the FKG inequalities are
satisfied for functions €%, and therefore (ii) of Theorem A2 is satisfied by

={-> and pu,=<-),. It follows by an application of the theorem that the FKG
inequalities are satisfied for all functions fe #), ge %}, and by another, similar,
application of the theorem, for all functions f,ge #,. Finally, any bounded Borel
set may be approximated by Riemann integrable sets A’. It follows, using (5.5) for
n=1, that u,(-|x) is approximated by u,(-|x) for appropriately chosen x'.
Therefore, the restriction that A4 be Riemann integrable can be removed.
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Theorem A3. In the Widom-Rowlinson model

J9> 249>,

where (->=u(-|x), xeQ, A a bounded Borel set, and f,ge F .
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