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Bloch Electrons in Constant Electric Field

F. Bentosela*

Department of Physics, Princeton University, Princeton, NJ 08540, USA

Abstract. The motion of a conduction electron of a crystal in a constant electric
field is studied. It is shown that the modulus of the wave function in p-
representation is well approximated by a periodic function for times smaller
than several hundred periods.

The aim of this paper is to study the evolution of a wave packet describing a Bloch
electron under the influence of a constant electric field, as a first step to understand
from first principles, the electrical conductivity of crystals.

Contrarily, to the free case, in which the momentum average of the particle
grows linearly in time as we can easily see from the expression: e i(P**eéxvr
= iePENYI pieduit plebP? p—itn? e find that in the presence of a periodic potential,
V(x), the particle moves to a certain extent, periodically in the crystal.

More precisely, the probability the particle has a momentum in the in-
finitesimal volume [p, p+dp] is at times ¢, t + T, t + 27T, almost the same, as y,(p)
can be divided in three parts p,(p)=v"(p)+v?(p)+y>(p) and it exists

2 1
T= " h— such that:
a,| e¢
pR@I= I, neZ, M
lp) S, o
[p2] <o 3)

o and v are such that oo+ vT is much smaller than 1. This result confirms the
heuristic approach of the problem, given by the solid state physicists [1-3] when

. d dk
they suggest to replace the classical Newton law d_lt) =e& by i =eé where k, the

crystal momentum, is an element of a torus.
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A4
2M
+V one can find in [4-7, 9]. In the “p-representation” the action of the
hamiltonian on a function ype I*(R3, d*p) is given by:

Let us recall some general properties of the Bloch Hamiltonian Hy= —

2
(Hap)0)= 337 v0)+ S hevlp=K) .

where Vj are the Fourier coefficients of V(x)-{V(x+R)=V(x) if RellL (direct
lattice). Callmg I'={KeR*|K-R=2mn, VRelL} the reciprocal lattice we have:

V(x)= > Vie™ L*R? d?p) is isomorphic to j/2d3k where /2 denotes the
Kel*
usual Hilbert space of sequences, and BB the Brxl]oum zone (B= {peR?|p is nearer

to 0 than to any other point of I'}); a general point of B is called k, a crystal

5 (k +K)?
momentum. Let H(k) be the operator of 7°: (H(k)u)(K)= M u(K)

®
+ z Ve (K —K"). Then, Hy, is unitarily equivalent to the direct integral | H(k)d>k.
B

(k) has a pure point spectrum: E, (k), E,(k)...E,(K),.... Calling {w&(K)},
(WE(K)}, ... {w&(K)} the corresponding eigenvectors, we can construct, by varying k
in IB, wneLz(]R3, d3p) defined by:

w,(p)=wh(K) if p=k+K.
Writing E,(p)=E, (k) if p=k+K, we get:

P’

(HIB Wn) (P) 2M

W(p+ZVW p—K)=E,(p)w,(p).

It can be easily seen [6] that w, are the Fourier transforms of the so-called
Wannier functions.

This “Wannier function” permits us to construct an unitary transformation
between I2(R3) and I?(N x B) given by:

Us: w(p)—a,p)=Y w,p+Kypp+K),
K

Up': a,)—-y(p)= ) a,p)w,p).

To study the evolution of a particle under the semi-group generated by H= H
+eé&'x, (where e€x, is the potential associated to the electrical field &) we will use
the Trotter formula:

ei(A+B)t =s- lim [eiBt/'m . eiAt/m]m.

m— oo

1 To simplify the text we will use the same characters to denote the operators in the “x” and in the
“p-representation”
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There are several possible choices for 4 and B. The most natural one is to take:
A=Hp and B=edx, but it leads to a constant v in formula (2) which is such that
vT is of the order of 1; then we cannot conclude that the particle motion is quite
periodic. :

We will split x, into two parts: x, =x| +x| and take 4=Hy +eéx| and B
=e&x7, x| will be the multiplication by the periodic function which is equal to x,
in the first unit cell.

Lemma 1. The operator H'=Hy +e&x'| has analogous properties as Hy. Calling
H'(k)=H(k)+eé&x'(K), H' is unitarily equivalent to

@
| H'(k)dk .

Each of the H'(k) has a discrete spectrum.

Proof. As we know that (H(k)—{)™!' is a compact operator [4]. (H'(k)—{)"!
=HEK) - "= (H'(k)— ) 'eéx (k) (H(k)—{) ! is also compact, then H'(k) has a
pure discrete spectrum.

Let us call w;, the “Wannier functions” associated with H’; any function

feI2(R?) can be decomposed on w,:f(p)= Y a,(p)w,(p) with, a/p)= Y WP+ K)
n K
fp+K).

We want to study the evolution of a wave packet which belongs to P I*(IR?), at
time t =0. (“¢” refers to a special band called the conduction band, which is the first

®
not entirely filled band, see [1]); P.= [ P (k)d*k. Call P, the analogous operator

B
corresponding to the modified conduction band, i.e., to the eigenvalues of H'(k),
E!(k), which are derived from E (k) when we apply the perturbing term e&'x’, (k) to
Hy (k). Then ye P I*(IR?) can be written in the form

p=Py+(1-P)y.

We consider first the evolution of P,y in Theorems 1 and 2 and give an estimate
of [y =lle” ™ (1—P)w| =|(1—P)w| in Theorem 3.

Theorem 1. Suppose the eigenvalues, E.(Kk), of H'(k) are non-degenerate?® then

w: 1)(p) — ,,I,LH}O [P;e - ieéx’,’t,‘me —i(Hg+e&xy)t/m P;]m i
is such that for almost every p:

RO =@ with T="n Ll nez*
la,|  e&

2 This assumption guarantees that w, is an analytic function of the variable p. If one starts with a
conduction band separated by gaps from the others, as it occurs practically often ; for sufficiently small
&, considering e&'x, as perturbation, we get the same property for the modified conduction band, E(p).
(In [10] one can find some sufficient conditions on the periodical potential to have a non-degenerate
lowest band; see also [8]).
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Proof. The way of proving the result is simply do to an explicit calculation of
1 —ieEx'{tim ,~ i(Hp+e&x) , e T : e
[PLe~ieéxitime=ilHptebxitimprim and of its limit, when applied to Piy:
e~ WHpg+ebx))t/m e ,
ple” EPIMy(p).

(Py)(p)=ap)wp) ————— a)(

As x| and x; commute

e~ ie&x{t/m =~ ieé‘xlz/meie(fxit/m

- reéx]t/m Ty e

a;(p)e—ch(p)»t/mW;(p) e a;(p)e tEc(p)I/m(ezeéxlt,mw/C) (p)

M__, a’(p +e& t/m)e“ iEc(p+ eé”l/rn>~t/m(e~ ie6x{t/m W') (P)
c (4

—(c_) a;(P+eé»t/m)e—iEé-(p+e&z/m)'t/m[Z W_L(P +—K) (e—ieé“x’{r/mwé) (p+K) W,c(p)'
K
Let us call ) w(p+K’ (e™**"w) (p+K)=U(p). As
K

Smw _;_.P;e~ie&x’{t/me—~i(113+eé‘xi) ‘t/m Plc‘l)
-_— 'E' / . ,/ /
=a2(p+eé"t/m)e iE¢(pte&tim)-t/m U(p) Wc(p)’

we get:
S2yp=d/(p+2e8t/m)e Eept2ebuim) thn o iEp T edtimy im. ((p + o8 t/m)- U(p)wi(p)

and
—iEq(pt+eét/m)-t/m

. J
g o . —iE{p+=eét)-1/m
Smp=al(p+e&i)e Etesnm o (P 5uect) ..e

1 i1
'” eco“’t) ...U(p+J—~ e§t> ..U(p)-wi(p).
m m

U (p+
As da(p+eé&T)=d(p), to end the proof we have to show that:

—iE; le “t/m —*1
tim ] e U(P“Teé“)l:l'

mo oo il

The limit of

7 \
m —iEg(p+iegr “t/m
fle el
=1

as m— oo 1is

N i p*je(fl Ernnddp'
e o ] c(p’) P
Consider now:

Log [ U p+7eé"t .

j=1
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Writing
ot/ N2
e—ieé’x’it/mzl_ieé’x’l't/m— (eé_znl) 62( //2
e&t/m)?
i 3/') )N 10, 1051 <1

j—1
U —eb't

1 i1
—1—ieSt/mY W, <p+ %eé"t +K) [x"w] <p+ JTeé"H-K),
K

{ 1 i1
— ~(et/mPY W, (p+J——e£z+K) [02x "2w']( +J—e<5’t+K)
2 K m m

) — 1
+ L(eé"t/m)3 Yow, p+]———eéat+K) [63x7*w.] p+J—e£t+K)
3! K m m

=1+7Y,.
Then

Y2 1
LogH U(p+——eé’t) Z Log(1+Y))= Z Y———,2,0<9’<1.
i = 2 (1+0'Y)

- eft\*. . . . . o
The coefficient of (———) in this expression is bounded above, in fact w/ is analyticso it
m

belongs to the domains of x7, x{2=x} —2x,x} +x7 and x> =x? —3x2x" 4+ 3x,x}?

&1\
— x'2; by the same reason the coefficients of (e ) s=3,4,5, 6 are also bounded
above, then: "

p+eé°t

lim ) Log(1+Y)= lim '21 j zw P +K) [x{w]p+Kdp.
P

j=1

We get finally:

hm P/ —1e&x1t/me—t(H+eé°xl) nmP/ m
lim [Pe J"wie)
pteét
c(m)d3p’ e—i } Ew;(p'+K)[x’1’W’c](p’+K)d3p’
. P

=a;(p+eéﬂt)e‘e_é* .! E -w.(p). Q.E.D.

Let us now introduce the following notations

S EP’ e—ie&x’{t/me—i(HB+egx’l)t,’mP; ,

T,=(1=P) oo, (1-P),
I=(=P) oo, P,
L=P. (1-P)
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Then we have by the Trotter formula:

p,— P =e H Py =s- lim [S,,+T, + 1 +1]" Py
Recall that p!!=s- hm S™p, now we want to prove that yp!® =y, —ypt) -y
grows slowly in tlme.
Theorem 2 Suppose the conduction band is separated from the others by a gap, AE,,
and é"< | | then [, — !V —pP| S ve, Vi< %, where v depends essentially on &
and on AEC1

Proof. Expanding (S,,+ T,,+ I}, 11y" P, we get terms which can be represented by
diagrams, for instance,

SiIE T[T ST (j, +j, +j5 =m—2) will be represented by:

J, intervals
(_‘—M—“ﬁ

0 t/m 2tm ‘ Jit/m t
ASISRLLTRL S S G-I to getan upper bound for [I(S,,+ T, + 15, + )" — S|
it suffices to count the number of diagrams.

29

with 1 “up +_/_,_ Cm

with 1 *“up” and 1 “down” , : (I;)

with 2“up” and 1 “down” : @

with ¢ “up” and /-1 “down” o
21
m

'th / (3 " d / b‘d ” :

wi up” an own <2 /)

Then

1S+ Tt L+ LY Pe= Sl =m| I, H+( )HIT L0+ -

4 2 4 m/2 Lym/2
(2/ )III 17N+ +( )lIITH (FAA IR RS o P A A T
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Let .2 =max(||I} |, |I.]). We see that
IS, + T, + 1, +1:)"P. =S| <(1+.7,)"—1.

. . vt
Now the idea is to prove that ., < T then for all # such that vt <1 we conclude
m

that:
lwe—wi —wil= 11m NS+ T+ 1, +I1,)"Pap—Sy lpil<e2 —1<vt.

Subclaim. 1!, and I} are bounded operators, the norm of which is less than a
constant, called v, times 5t/m.

Proof. |1} = [(1 = Pp)e™tetxiting=itin eyt py
<|[(1—PeTiexiompy).
Let (P.y)(p)=d.(p)w.(p). Introducing the Fourier inverse operator # ' and a.,

the Fourier coefficients of a.:(# ~'Ply) Za “'w)(x—R). Then:

“(1 _Pé)e—ieéx’{t/mpéw“ — H(l _P;)J —le[xlt/mza W )(X R)H

As e exiim= | _jet/mxy-0,(x,)— eEt/m)*x;?0,(x,) (0, and 0, are, like x7,
constant in the intervals Jna,, (n+ 1)a,[ and everywhere smaller than one).

[(1—P)e "eg“‘/mP’w|[<eét/m” (1—=P)Fx;|-0 Zack(f’ W) (x— R)H
+4edt/m?|(1 = P)Fx{20,(x,) Y dia(F W) (X_R)N
R

<eét/m
R

(X7 0, () =R, 0, (Ry)) (F 1w (x — R)”

+ 5(e8t/m)? ||y alg(x120,(x7)
R

—RI0(R))(F ~'w) (x— R)H :

We can consider the right-hand side terms as generalised convolutions (see
Dunford-Schwartz, Part I, Exercise 3, p. 527), then, for instance:

“Za;R~(x’191(x1>—R191(R1)).(9f-lw;)(x—mu §%~<Zlagnl2)”2 <,
R R
where
M =max(sup [1x70,(x,) =R, 0,(R ) |7 ~'wi(x—R)|d>x,
R

sup ) [x70,(x,)—R,0 (R N7~ twix— R)I)
X R

3 Here we designate by x| the x}-operator in the x-representation, i.e., simply, the multiplication
operator by x, —x)
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Asw/(p)is analyticin the strip |Imp| < 4 (see Appendix), (Z ~'w,) (x)e* ¥le I2VA'< A4,
then ./ exists, furthermore it is small because x70,(x,)—R,0,(R,) is equal to 0
in the first unit cell, i.e., in the region # ~'w, is large.

A crude estimation of .# will give us:

M<2a,] | p(F T w) Wy

[y1l>1

Using Cauchy theorem and the fact |[w(- +if)0)n 2=1, Vlf)ol <A it is possible to
choose A< A4 in such a way

I 7 tw)(y)P e AN a3y <1
lylz1
Then:
ME2ay] [yl MHPIE ) () el 4 dy

lyl>1

. 1 ,
<2a |< p2e 24 Iy'd3y)1’2#2|a |l oAl
' )Y\j;l ! 1 2A,|31|

2n n< 21/ 2n

=29 = —

la,| T /Ay

Numerical Estimation of vT

e~ Allaal

AE, 4#4eV=6-10"19] (gap between the modified conduction band
and the others)

lall#5A=5‘10”’°m (a,: direct lattice vector)
A (Ko) #5107 7=A4"410'°

=vT#2n l/i !

|/ Ala,]

Another estimation can be obtained if we consider the L.C.A.O. approxima-
tion [11]. This approximation, valid for a lot of materials, lead us to Wannier
functions |vlery near to the atomic ones. For instance, S-bands will give us

, 4
e~ Alal g %e“5=4- 1072,

w/(x)#e o where r, is the Bohr radius, then

M<2a]- [ |yle " dPy42a e o
y1>1
las]

=vT=4dre " #4m-e 1°46-107%.

lal 1y las]

We now give a crude estimate of |yp!®|| =|le (1 —P.)y|| in:
1 1

Th 3. BN <24(IN)— — .

eorem 3. [ly,”| = (”)AECAECeéaIaII
Proof. |e” ™1~ Pyl =[(1—P)ypll.
As

1 1 1 1
Plz R = — g d
¢ ,I,CH/—de I‘!;HB—-Z F{HB—Z%@XIH’—Z :
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and P.y=y we get

1 1
{—P)y=(1—P)Pyp=1-P &,
(I=P)y=(1-P)Py ( C+rj;HB—Ze le,_Zdz>Pctp
then
=Py < | ebx,——dd| <ur) -~ L _cop,
SN T, = N = =N g, aE, ™

Remark. Taking the same numerical values as above we find that

lp?=5-1071%¢.

Discussion

In the presence of a periodic potential and an electrical field, we get a resonance
phenomena. In fact the preceding calculus show that v, is well approximated by
the “periodic” function y!! as long as ¢ is smaller than, say, 10? T and & is smaller
than 107 V/m.

To discuss conductivity in crystals it is also necessary to consider the scattering
of the electrons by the impurities, the defects and the phonons. In general what has
been done is to consider a Boltzmann equation in which the effect of the periodical
potential is taken into account by introducing the effective mass of the electron,
Le., to consider it as if was free, but with a different mass. We think it would be
interesting to introduce, in the case in which the period, 7, is larger than the time
collision (i.e., in very pure monocrystals at low temperatures and high electric
fields), the dynamics that are described in the paper, in the Boltzmann equation.

We expect that the Ohm law, electric current versus electric field, would present
a saturation for high fields in these experimental conditions.

Appendix

As the conduction band is separated from the others by gaps larger than AE, it is
easy to prove that w/ is analytic in the region [Imp| < A ; where A can be calculated
in the following manner. H'(k) is an analytic family of operators acting on 2, in fact
we have: H'(k)= H'(k,)+ 2(k—k,) K + k? —k{. Using the second resolvent equation
we obtain

-1

(0 =2 =0 ko) ~2) |1+ 31 60 2k kK (g 2

from which it is easy to see that as long as

1
5y 06—+ 2k K )2

<1 ®

the spectral projector P.(k) and consequently the eigenfunction {w*(K)} are
analytic in k.
Condition (A) is satisfied if

1 1
530D kol KO kg) —2) 7 <1
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The second term in the left-hand side can be estimated using again the resolvent

e

IK(H (k) “1||<H( (k+K)? é)"
lz—¢] K
' (1 " dist(z, o(H(ko»)) =Sup iy

m(k+K)2_g
20172 1 121
. 1._ V/
@ Kl) ;(—L(k +K)2-€)2
M0
=\ _

As ¢ is, in a large extent, arbitrary, the only condition it has to satisfy is to be

12 1 1/2
sufficiently negative so that (Z IV,’(12> Y
K K

<1; we choose

2
(QM( KP -]

it in such a way to minimize .«/(¢, k) and call .«/(k,) = irélf&f(f, ko). So(B) is satisfied
if k is such that )

r o, ., 1
— —lk =k (ky) <1
k*—kgl E' Mlk kol (ky) <

ie, if ke, belongs to a certain ball %, , centered in k,. Then the region of
analyticity of {w(K)} is U P\, or in other words A is the minimum over ko€ B
koe

of the radius of the balls j
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