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Abstract. A modification of XY —model is introduced for which Migdal
recursion equation are exact. High- and low-temperature fixed points of these
equations are investigated. As a result the existence of long-range order at low
temperature and its absence at high temperature are proved rigorously for the
model under consideration in the case when dimension d>2.

1. Introduction

The renormalization group method is widely used in physical works on phase
transitions (see for instance [1-6]). At the same time a rigorous application of the
method has been possible only for a narrow class of models (see [7-11]). But the
simplicity and generality of the main ideas underlying the renormalization group
provide a strong motivation for using it as a tool for rigorous investigations.

In this paper we shall use the renormalization group method to prove the
existence of long-range order at low temperatures in a modified d-dimensional
XY-model, when d >2. This model was first discussed in the papers by Migdal ([5,
6]) and was defined for all real values of the dimension d in the following way.

Let at first d=2 and v=2 be integers. We shall consider the hierarchical
sequence of cubes V,n=0,1,... in d-dimensional Euclidean space R

V,={x=(x,,...,x)eR%, 0<x,Sv"; i=1,...,d} .

For every n the whole space R? is covered by cubes ¥, , which appear as shifts of
the V, by integer vectors a, =mv", meZ* proportional to v". Clearly, two cubes
Vi ane Vaane» MM either do not intersect or have a whole face in common.

Let us denote by S the set of closed (d — 1)-dimensional elementary faces on the
lattice Z%. Each face se S is defined by an integer vector meZ* (the point on the face
with least coordinates assuming that the lexicographical ordering is introduced)
and by the number i of the axis to which the face s in orthogonal. Thus each face

can be written as s, ; where we denote the configuration space of the functions
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18 P.M. Bleher and E. Zalys

defined on S and taking values on the circle S*, as
P={p={—n<o(s)=7,5€8S}.

We call two faces s,5'e S equivalent and write s~ ', if there exist n=0 and cube
V, 0, MEZ?, a, =my" such that s and s’ belong to the same face of this cube.

The configuration space of Migdal model @, is a subspace of @ consisting of
the configurations ¢ for which ¢(s)= ¢(s’) when s~s'".

The Hamiltonian of Migdal model is defined by the equation
H(p)=— Z o8 (¢(8,,, ;) — @S+ ER J)) >

Sm, jiSm+ 61,165

where ¢, is a vector with coordinates (5;, i=1,...,dand 53. is the Kronecker symbol.

It can be seen that for this model the interaction of opposite faces is the same as
for the XY-model, while equivalent faces interact in the not-random way.

If ¥, is a finite volume we define the Hamiltonian as

Hy (p)=— Z Z €os (‘P(Sm,j)—€0(5m+a,,j)) )

M=Nn Sm,j;Sm+ 8,,ieS(V )

where S(V,) is the set of the faces of S which lie in the volume V. The configuration
spaces in the cube V, are

o(V)={p={—n<@(s)=m,seV,nS}}
and
D(V,)={pe®(V,); p(s)=0(s), if s~s'}.

We define the Gibbsian measure on @(V,) corresponding to the Hamilton Hy, (¢)
in the usual way

dco(S)) ,

b (0o =3 B exp (-~ By, (oD |

where the multiplication goes over classes of equivalent elements with respect to
~, B is the inverse temperature and the grand partition function in the volume V,
is equal to

20 P)= [ exp (=it (o) [T 5.

We denote the boundary faces of cube V, by s(V,,j, ), where o =1, 2 corresponds to
upper and lower faces and j=1,...,d is the number of the axis orthogonal to s. By
definition all the faces se S which lie on the same face s(V,,j,«) are equivalent, so
that for each configuration e @, (V,) all the values of ¢(s), ses(V,, j, «) are equal, i.e.
@(s)=¢; ,. We shall denote by G,(x, ,X; 3,..., X4 1,%, 25 B) the multidimensional
probability distribution of the quantities ¢; ,; a=1,2; j=1,...,d:

G Xy 1505 Xg 55 0)= j (@1, —X1,1)--0(@g 2= X4 )y, (A3 B) .

The most important property of Migdal model is the existence of recurrence
equations which relate G, and G, , ;. To obtain these relations we fix the values of
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configurations pe @(V, , ,) on the faces of cubes V, , CV, . (i.e. on the faces of the
n-th level)and consider their joint distribution

Gy 1((X5€0V, 4 3V, 0, Vas 113 B =] [T 00— x )y, (do: ),

where 0V, , is the boundary of the cube V, , ; the multiplication goes over all the
faces seéV a Vo CVus 1) Of n-th level, which lie in the volume V... As only
opposite faces mteract it's easy to see that the following equation holds:

One can obtain the function G,,, from the G,,, directly by integrating the
variables x; where seV,, , but sS€JV,  :

Gy 1({xp5€0V,1 133 B)
G dx
:j G,,+1({XS,S€0Vnam VnamCV+1} B H (5;5) .

SEOVn+1

Hence we have the desired relation:
G, ({x,5€0V,,1}:p)
dx
[ T Gixeseonbip T1(52). (L)

Va,a CV,,+1 sedVy+1

Presumably this equation can be obtained as a particular case of some general
renormalization group transformation which is applicable also to translation
invariant models (for this see [3]) but the exact definition of such a transformation
is not yet known.

The initial condition for the recurrence relation (1.1) has the following form

Gl se0Vabi =55 Prexp( B ¥ cost,, —x,.)

=(Q2m)~¢ l:_[ Py(x;1—%;2:8) (1.2)

where

4

Po(x;f)=Lg exp(Bcosx); Ly= | exp(Bcosx)dx .

It is evident that the function G, is written as a product of the functions P,
which correspond to each of the d coordinates. We shall show that all the functions
G, can be represented as products of the corresponding functions P,,:

d
G, (x; B)=2m) " [] Py(x; =5 P) (1.3)
j=1
§ P(xo;Pdx, =1,
where x=(x; ,...,X, ,) and P,(x,+2n)=P,(x,) is a periodic function of xo,eRY.
This relation shows that spin variables corresponding to the faces of different

directions are independent. We shall assume that this property is valid for the
function G, and substitute (1.3) into the Eq. (1.1):

: d
Gyabsp=1 T o [T Pxp—xiip) T1 (21)

Vi, amCVn+1 ji=1 SEV n+1
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where we denote by x{p” (resp. x{*3”) the spin variable on the lower (resp. upper)
j-th face of the cube V, . so that xj"'"”ﬁ is identified with x{%z.

Itis easy to represent 'the last integral as the product of 1ntegrals corresponding
to each direction. Moreover, it can be seen, that each such “directional integral”
can be rewritten as the product of v*~?! identical convolution type integrals

T T v—2
_j _s kljl Pn(yk_Yk+1;.B)dYk=(Pn*-'-*Pn)(xj,1_xj,z;ﬁ) .

As a result we obtain that

G, 1(x;p)=2m)"* l__ll Pyii(x;—x;,38),

where
P,y (x;B) =Lyt (B)(Pux..x B)" ' (x3 ), (1.4)
L,.,(B)= _j (P %...%P )" (x; B)dx . (1.5)

Let’s now expand each of the functions P,(x; ) in Fourier series with respect to x
in the interval [ —r, 7]

P,(x;B)=(2n)" Z P,(j; B exp (ijx) -

j=—o

Then according to (1.4), (1.5) we have
PosGis =L (B Py xP) 5 )

Ly 1(B)=(Pyx..xP)(0; ) .

Given F(j; 8)=(P,(j; ))’ and m=v*"1 these relations can be written as

Z,1G; B)=(FEx---*F)(G; B), (1.6)
FoisG3B)=Z,.1G:PZ, 1105 B) . (L.7)

One can choose the initial conditions for these recursion equations as
4 1 1
.. _ —1 - .o =7./1=
Z_,(:B)=(2n) _jﬂexp(mﬂcosx+l]x)dx I’(mﬂ) ,
where I (z) is the modified Bessel function (see [12]). In such a case in fact
F\(3B=Z_,(sPZZ105B); Zo=(F_px..xF_ """
or .
Py(x;B)=const - (Z_,)"=const -exp (Bcosx); [ Po(x;p)dx=1

in agreement with (1.2). For convenience in the sequel we shall write Z,, |, F, .4
instead of Z,, F,, n=0,1,... and rewrite the initial conditions as

ZyGi; p=02mn)~* :jz exp (%ﬁcosx+ijx) dx=1j<%ﬂ) . (1.8)



Long-Range Order 21

It is noteworthy that the Egs. (1.6)—(1.8) make sense for all the integers m=2 and
for any real value of the dimension d. Initially they were introduced in paper [6] as
approximate equations for the usual XY-model. As far as our model concerned
they are exact when d and v are integers. In the sequel we shall regard these
equations as the definition of the model discussed in this paper. The same
equations occur also in the gauge lattice models (see e.g. [5] and [18]).

The main purpose of this paper is the investigation of long-range order in the
Egs. (1.6)—(1.8). More precisely, we prove that these iterations behave differently
when n— oo at high and low temperatures.

In the sequel we shall assume that m=2, d>2 are integer and real fixed
numbers respectively, otherwise arbitrary. It is possible to show that the functions
F,(j; B) are positive definite in the argument j, so that F,(j; §)<F,(0; f)=1 for all j.

As usual we denote with || - ||, the norm in the space I,

0

g, = > gkl -

k=—-o
Let 6(j) be the function concentrated at the origin:
. 1, j=0
o0)= {o, j=*0.

The following two theorems are the main results of this paper.

2
Theorem 1. Let d>2, 0<f= %exp(— (;1—1> ) Then the functions F (j; p) sat-

isfy the estimate
IF.G5 B)—0(),, S Ay exp(— A, exp(4;n) ,
where

v il (4 it
A, =exp -1 ; A,=v" {In aﬁ ; Ayg=Inv;v=m?" 1

Theorem 2. There exists f,>0 such that for all B> f, there exists a sequence of
positive numbers y,(B), 7,(P),... tending to zero such that

F (/3 B)— exp (—x?)| < exp(=0,3(In f+n)) .

Besides, when n— o0

—n/2
Y (%) —c(p),

where c(f) m—»l when ff— c0.

Thus by Theorem 1 the functions F,(j; ) tend “double exponentially” to a
o-function when f is small enough, while by Theorem 2 for large f§ the functions
F,(j;B) tend to 1 on every compact with exponential rate. The limit functions —
o-function and 1 — are high and low temperature fixed points of the trans-
formations (1.6), (1.7). We need to note that these transformations are not defined
for F,=1 but it will be shown during the proof of Theorem 2 that if the function F,
is close to 1 in an appropriate sence then the function F, , , is closer to 1 then F,, is.
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At low temperatures it is natural to introduce the renormalized functions
f.(x; B)=F,(x/y,; B) which tend to exp (—x?) when n— oo according to Theorem 2.

The Hamiltonian of the model under consideration is ferromagnetic for integer
values of d and v (v=m'“"') so the Griffiths inequalites hold for it (see [14]).
From these inequalities it follows the monotonicity of Fourier coefficients F,(j, )
in f8 for fixed j+0 and n. Apparently this property is also valid for all real values of
d and v (e.g. this was discussed for m=2 and some values d>2 in the paper [15]).
Using Griffiths inequalities it is possible to show the existence of weak limit of
Gibbsian measures }g& U,=U,, to prove the following estimate of binary

correlation function
') v—1
(08 (p8)— 5>, = ( IRt ;ﬁ))

for all s,s’eS and to obtain some useful corollaries of Theorems 1 and 2. In
particular it follows from Theorem 2, that for sufficiently low temperatures the
quantity 1— F,(1; ) is exponentially small in n, so

il Fn(l;ﬁ))v—1=m>0

i.e. the values of binary correlation function are strictly positive, which means the
existence of long-range order in this model. The other general result which is valid
for the model under consideration is the Lee- Yang theorem (see [16]). Using it one
can prove the absence of phase transitions for non-zero external field & and, by
Theorem 2, show the existence of a jump in the magnetization for k=0 and low
temperatures. This means that the phase transition is of first order in A.

However it is necessary to point out that both the Lee-Yang theorem and the
Griffiths inequalities are applicable in our model only when d and v are integers.

The critical point of the model: T= T, h=0 was considered in the paper [6]
using perturbation theory and numerically in [15]. The main conclusion of the last
paper was that the critical temperature tends presumably to zero when d—2 (the
calculations were performed for m=2).

The idea of the proof of the Theorems 1 and 2 consists in a detailed
investigation of the non-linear transformations (1.6), (1.7) in a neighborhood of the
high- and low-temperature fixed points.

The reader can easily find that the proof of Theorem 2 involves some technical
ideas of the papers [7-11]. During the proof we discuss the case m=2 only. More
general case can be treated by obvious modifications.

We shall prove Theorem 1 in Sect. 2. The proof of Theorem 2 is more
complicated and it will be discussed in Sects. 3-5.

2. High Temperatures
Proof of Theorem 1. At first we rewrite the function F,(j; f) in the following form

F.G;:B)=06()+h;p), @2.1)

where h,(j; f) is an even function of j, and h,(0; f)=0 because it follows from the
definition that F,(0;f)=1. Then the substitution of (2.1) into the formula (1.6)
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(recall that m=2) gives:
Z,. =FxF)=0+2h,+h,=h,) .

Now we formulate two inequalities from which we shall derive Theorem 1:
[hshll, ZIhIE, (2.2)
(AN, S A, - (2.3)

The first one is widely-known, the second one is obtained in a simple way:

Suph(l)“ ' Z G NI RIL, -

] o0

J——CD

Let us denote
211G B)=Zy 510 POG) + o 1(G3 B); 103 8)=0 .
It is evident that
[ oy S 120, hy by 1 S @ + B2
Moreover in view of h,*h,(0; ) =0 the following estimate is true
Z,10; )= +h,xh0:5) 21 .
Hence for the function h,, ,(j; ) which is defined by the relations
Foi1GiB)=2,41G: B)Z, 105 B)=0() + hy 1 1G5 B) 5
B G B) =Ry 1G5 B)Z, 1105 )
we have the estimate
s sl S Wi, S QIR+ 12

which gives the possibility of proving our theorem by induction. According to
(1.8), when m=2, Z(j; )=1,}p). Using the properties of the modified Bessel
functions (see e.g. [12]) we easily obtain that

Zoj; B)= i ,E‘}fﬁ;;, >0,

Zoi:D=Zo B Zg0: P> L, Y Zoiip)=eh
Hence m

!lhollll=Zgl(0;ﬁ)j*zozo(;;/z)<eﬂ/2—1<2ﬁ.

The last inequality is valid for all the values of § which satisfy the condition of
Theorem 1, which guarantes the initial step of the induction proof. Assume now,
that

Il = exp(=C,), C,>1.

Then
Mhye o, =@+ DRl Sexp(=C,yy) s
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where C,, ; =vC,—v. The solution of this recurrent equation is
v v
C,= Co———|v, .
" v—1+( 0 v—1)"

As we have seen above it is possible to take C,=|Iln(2p)|. It follows from the
condition of Theorem 1 that

In 2B ——= >v"*In2p)|

so due to the last inequality

C,>v""In (28)+ —

v—1
what completes the proof of Theorem 1.

3. Low Temperatures

We shall prove Theorem 2 also by induction. First we formulate some inductive
assumptions for the functions F,(j;f) and show that if they are valid for n=n,,
then they are valid also for n=ny+m where m=m(n,)=[w(n f+n,)], ©=1073.
After that we verify these assumptions for the initial function F(j; f). As a result
they hold for the sequence of numbers n,=0,n,,n,,...;n,, , =n;+m(n,). Finally we
consider the behaviour of the functions F,(j; f) for the intermediate values n; n,<n
<n; .. In this section we give the exact formulations of the inductive assumptions
and main lemmas and derive Theorem 2 from the lemmas.

Let us start with some notations. Let n be fixed and y,, 0<y,<1 be a real
number. It is useful to represent the function F,(j; f) in the following renormalized
form (in the sequel for brevity the dependence of f is not indicated):

Fn(])aneXp(_(ynl)Z)(l+rn(yn])7 jezl > (3‘1)

where r,(y,j) is an even function. We consider below also the function f,(x)
=F,(x/y,) and the corresponding representation for it:

Jdx)=L,exp(=x*)(1+7,x), (3.2)

where the variable x belongs to lattice # = {x =k4,, ke Z'} CIR?, the lattice step 4,
of which is equal to y,. Let us denote

X0= ¥ F0FG-H. 63)
Then ‘ o
Zue DX 20 O=X200: Fp = (50 34

Since F,(j)= f,(v,)), given t=ky,, we obtain, that

X)=Lyexp(— 30,7 Y exp(—2p,i— 1)

t=—o00

C(+r, @) A+, —0)4, .
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So according to (3.4)

TRy

( 5 exp(—ﬂ%%f—t)z)(l+Vn(t))(1+rn(yni—t))4n)v’

=— 00

where L), =L, Z"},(0). Denoting 7, , = 1/2;536:7’” s Jas1()=F,p((x/y,) we

come to the relation

o)=Ly 3 J’,,(X‘/%—t)ﬁ,(t)é‘n)v (35)

or
f,,ﬂ(x)=Ln+1exp(—xz)(1+rn+l(x)) > (3'6)‘
where
147, ()= (tziwexp(—2<% —t>2)(1 +r,,(z))(1 +r, (x\/% —t)) A,,)v .
(3.7)

The set {x:|x|<D,=D |/In f+n} will be considered as the one of typical values of
the variable x (here D is an absolute constant; for example, all the subsequent
considerations are valid for D=10). Equation (3.7) will be fundamental for the
estimate of the error r,(x) on the set of typical values.

Now let us formulate the inductive assumptions on the function F,(j). Denote

=T (1 . ﬁ (g)°’9'")‘1>1_ w?t

and introduce the auxiliary function (x,>0)

Fx,x,) =

n

1/2exp (—0.994,x2), |x| <x,
exp (—1/2x2 —(|x|In x| — x, In x,)), |x| = x,, .

1 0.9n
Condition V™. There exist constants L,>0and y,,0<7,< 7 (;) such that the
Sunction f,(x)="F,(x/y,) can be written in the form (3.2) with the estimates:
1
) I S0,= @) 0, =10 (3.8)

when x belongs to the set of typical values, i.e. |x|<D,

Vo) LX) =Z,(x,10D,), for |x|zD,. (3.9)
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For the functions which satisfy the condition V® we shall formulate three
lemmas, from which Theorem 2 follows directly. We note that all our assertions in
these lemmas should begin with the phrase: “There exists an inverse temperature

Bo>0 such that for all B> p,....”
It means that all lemmas of this section are valid only for sufficiently large S.

Lemma 3.1. Condition V™ implies V®"*™™, for m=m(n)=[w(ln f+n)], o=1073.
Besides,

v m/2
'))n+m/'yn(§) '_1‘ <6r(1)9

For any integer p,0<p<m=m(n) we shall consider the function f,  (x)

p/2
=F, 4 y(X/V,4,) Where y, . = (%) y,» Now we represent it in the following form

Fue s =L XD (= X3 (147, ,(3)) (3.10)

Lemma 3.2. If the condition V™ holds then the functions f, . X), 0=p<m=m(n)
can be represented in the form (3.10) so that

P1) Ire N S@)AT RS, for |x|<D,,,;

p,) for |x|=D, . , the inequality (3.9) is valid where n is replaced by n+p.

Lemma 3.3. The initial function F(j;p) satisfies the condition V© where
Yo=02p) 2

We shall prove these lemmas in §§4 and 5. Now we obtain Theorem 2 as a
consequence of Lemmas 3.1-3.3.

Proof of Theorem 2. From these lemmas it follows that the condition V™ holds
for the sequence of numbers n,=0, n,n,,..., which are defined by the recurrent
relation n;, ; =n;+ [w(ln f+n,)]. It means that there exists a sequence of numbers
Vn, >0, i=1,2,... such that

F,(x/7,)= fo(x)=L, exp (= x?) (1 +7,(x)) ,

where L, >0 are some constants and all the functions r,(x) and f, (x) satisfy the
estimates (3.8), (3.9) for n=n;,, Now define the quantltles Yn and o, for the
intermediate values n; n,Sn<n,;,, as

2

Then combining both Lemmas 3.1 and 3.2 for all n=0,1,2,... we have the
following representation

F,(x/y,)=£,(x) =L, exp (= x?) (1 +7,(x)) (3.11)

in which L, >0 are some constants and r,(x), f,(x) satisfy the estimates (3.8), (3.9)
respectively. Since n—n; <w(ln f+n) it’s easy to obtain for é, that

(2v)—(1—w)n o (2v)—0,9n
R P21 Fu Pt
VB

yn B y”i (X) | ’ 5" = 571((2‘))(1 ta)n-m) .

5,=6, Q)0+ (3.12)
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In conclusion for any n=0, 1,... the representation (3.11) holds with the estimates
(3.12) and (3.9).
By definition F,(0)=1, so L,=(1+r,0))"* and hence

IO —n ) (29) 0%
1470 <> B

Therefore, for x| <D, we have

IL,(1+r,(x)—1]= ,IXI<D,.

(2\1)—0'9”
—FO-:”— .

From (3.9) the same estimate is easily obtained for |x|=D,. Therefore the main
part of Theorem 2 is proved. In conclusion we discuss the estimation of y,. By

|£ux) —exp (—x?)| =exp (= x?)|L,(1 +7,(x)) - 1| <

-1
definition for all n; n,Sn<n,,, we have that y, (yn_l‘/g) =1. According to

Lemma 3.1 for n=n;

-1
Y (yn_ 1 Vg) — 1‘ <5r?{9 <52.3

-1
ie foralln=1,2,...,7, (y,,_l 1/;) =1+g¢,; |5,| <28 Hence

%@>

It is evident that cy(f)—»1 when f—oco. From Lemma 3.3 it follows that
7o =(2B)~ /2. Therefore

Hu+m ﬁu+m=mm.

e 0(B)colb)=c(h)
3

and ¢(f) }/2B —1 when B—oco. Theorem 2 is proved.

4. Proof of Lemmas 3.1 and 3.2

The proof of these lemmas is carried out in the following way. First we estimate the
function r,, ,, p=1,2,...,m on the set of typical values {|x|]<D,, ,} under the
assumption that the external estimate p,) holds. The crucial point here is the proof
of the inequality v,) while the rough estimate p,) of Lemma 3.2 is obtained rather
easily. Next we prove the validity of the external estimate v,) [and also p,)] for the
function f,, ,, | <p <m under the assumption that the function f,, ,_,(x) satisfies
the conditions of Lemma 3.2. One can see that combination of these results gives
the proof of Lemmas 3.1 and 3.2. Indeed, first we prove Lemma 3.2 by induction
and after that, using the external estimate obtained for p=1,...,m—1 verify the
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inequality v,) for the error r
proved.

It is noteworthy that almost all the considerations below are valid only for
sufficiently large f3, but as a rule we dont indicate the exact values of f§ for which
the estimates are satisfied. We would like to note also that when v tends to 2 the
estimate for f becomes non-uniform in v. The last fact is completely natural
because critical temperature tends presumably to 0 when v—2.

Rewrite the recurrence relation (3.5):

fos®=Lows( 3 fn(XV%—t)ﬁ,(t)AﬁRﬁi’l(X))v

teTh, x

—L,. exp (_ _’fv_z) (te;mxexp<—2<% ——t)2>

. (1 L2 ()40 (x V% _ z>) 4,+R®) 1<x>)v , (4.1)
2
x‘/;—t[ <D,=D lnﬂ+n},

RO~ X f,,(x‘/% ~ )04, RE 0 =exp (%) RS0

tETn, x

. +m*). In conclusion the external estimate v,) is

where

T, - {t:m,

Using the external estimate (3.9) and inequality | f,(x)| < 1, we obtain that (here and
further the symbols c,,c,,... denote some positive constants)

IR® ()| £ IRA ()| +IRA (%) <53

Y ﬂ(x\ﬁ ~) 04,
Dn<|t[<10D, v

§%exP(f_) L_v_,\i (1+L_)e><p<—1.97<1/"2.v— )2)41”

because for |x|<D,,,

~ x2
32,1 =exp )

and

= x2
R l=exp %

2
J¢] gil:oz)nfn (x ]/; - t) @04,

2

<2exp(x—) Y £,

V/lt|z10D,

1
<c,exp (;D,?Jr = SOD,?) <3’ .



Long-Range Order 29

. . 2
Both the inequalities are evidently valid for D =10. The variables ¢, x \/; —teT,
belong to the set of typical values, therefore we can use inequality v,) for an

L 2 . .
estimation of the errors r,(t) and r,, (x V; - t). In what follows will be essential the

X

]/2v
2 X X 1
Sl |+ = giD+ —

x% t"’]/zv t’ I]/2v = "+]/2v

Taking this into account we have for |x|<D,, , that

Z el )

=1 L_t“{wn exp(—Z(l/xg

V2v

property: if |x|<D,,;=D]/Inf+n+1 and

- t. <3D, then teT, . Indeed

ltl, D,.,<D,.

2
- t) )An-l_Rg:a-g 1(x) s

where

R3) (x)= | exp(—2(l/xﬂ—t>2) An=o<exp<—§Df>).

sz

It is sufficient to take D =10 to bound R{),(x) with &;. Putting u= —xT —t we
have, that V2
1D

Y exp(—2u?)4,= j

[u] < %D -

exp (—2u?)du+ R | (x) .
DYI
We shall show below [see (4.21)] that the error arising from the substitution of the
sum by the integral can be bounded by 2. Moreover, it is evident that
4+Dn

exp (—2u?)du= ‘/g +R$),
-ip,

with an analogous estimate of the remainder term R(),.
Similarly one can obtain that

O |ZD "of)exp <_ 2(__[/36_2_; - t>2) 4,+R2,(x)

where |[RE) ,(x)|<d2. For the last term of the Eq. (4.1) r.h.s., inequality v,) gives
that

te%’xrn(t)rn (x \/% - t) exp (—2 ( 1/)% - t)z) 4,<6? (‘/g +5;:’> .
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Taking into account all the relations obtained above we have for |x|<D, ., that

Sor1(X)=L, 4, CXP<_ x?)

2
: (\/g +2|I|;D"V,.(t)eXp<—2(l/xz—v -t) )An+R£7£1(x)) ; 42)

where |R),(x)| <52 (‘/g + 55,,). Furthermore using the formula (1+a)’=1+va
+0(x?) we can write the following representation
f"+1(x)=zn+1exp(—xz)(1+rn+1(x)), (4.3)
where
2 X 2 _
FoiX)=2v|/= > r(t)exp|—2 —t] |4,+R, (%) 4.4
n |t| <Dy ]/5\7
and
IR, 41 ()| <582 . (4.5)

Introducing the linear operator

A (x)=2v \/% ItI<ZDn r (t)exp (— 2 (ﬁ - t>2) A, (4.6)

we rewrite (4.4) as

rn+ l(x) = Anrn(x) + Rn+ l(x) . (47)
Since
() 20 W sup Irf0) T exp(~2(= —t)z) 4,
" T |t| <Dy t| <Dy ]/5
<2v8,(1+3,)

for |x|<D,, , it follows from (4.5) that
I 1 (01 <208, (1+8,) + 567 <(2) <6, .

Repeating these considerations p times we shall obtain the estimate p,) of Lemma

3.2.
In connection with this estimate we indicate a useful inequality which is valid

forall p;0<p<m
(zv)(l +w)p<5m<‘80.002(2v)0.003n<6n—0.1 . (48)

Let’s go to the proof of the estimate v,) for the error r,. (x). By (4.6) the function
q,+1(x)=A,r,(x) can be defined for all the real values x. Besides

0z 2{75 1)
=2v|/— rft)=—exp| —2|—=—t| |4,
V;mgm O X /2y

k
®
<c§%9,

d
an+ l(x)
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SO

19+ 1(x)||ck(1kl) < Cﬁf’@. s Cﬁf) = c(ef) 4.9)
0<I<k
for any k=0, 1,.... It’s evident that the constants ¢{ do not depend on both § and
n.
For p=1,...,m we use a recurrence relation which is analogous to (4.7):

rn+p+1(x)=An+prn+p(x)+R_n+p+1(x) ’ (410)
where according to (4.5), (4.8), and p,)
|R'n+p+1(x)| <5(Qv)rters )2 <1518 (4.11)

In the sequel it will be more convenient for us to introduce an integral operator
instead of a difference operator. Namely we denote r, . (x) =4, ,(x)+ R, ,(x) and
rewrite (4.10) as

Fosp+ l(x):qn+p+ 1(x)+Rn+p+ (x), 4.12)
where
_ 22 x 2
qn+p+ 1(x) =Aﬂqn+p(x)=zv ; _.[OO qn+p(t) €Xp -2 l/—2vv —t dt 5 (413)
Rn+p+1(x)=Rn+p+1(x)+An+p n+ P(x)+( n+p—d)4n+p(x)‘ (4'14)

The linear integral operator 7 is compact and selfadjoint in the Hilbert space (see
e.g [13])
H () =L, (R sexp (—yx?)

{f(x) LFI2= Ilf(x 2 exp (—yx2)dx < 00

f(x)=f(—><),xelR1}, y=2-1.
Its spectrum consists of the infinite sequence of numbers 2v,1,(2v)"%,.... The
corresponding eigenfunctions are the even normed Hermite polynomials G,,(x;7);
1Gx; V=1, k=0,1,....
Now we expand the functions g,,,(x), p=1,2,... in terms of Hermite
polynominals G,,(x;7) up to some large order N:

qn+p(x z bﬁuk-{—pGZk(x;y)+Qn+p(x) > (415)
where Q, , (x)= Z b{) ,G2,(x;7). The integer N is an absolute constant which
k=N+1
will be chosen below [see (4.37)]. It follows from (4.13) that
bflk-{-p-l-l——(zv)_(k—l)bilklp > (4.16)

[ Qn+p+ 1(x)|[x’(y) = ”MQHp(x)”x(y) =@M Qn+p(x)“!t’(y) . (4.17)
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To obtain the analogous recurrence estimate for R, ,.,(x) we note that for
le<Dn+p+1

|An+p n+p(x)l

X 2
L e e

[x| <Dpn+p |t|<Dn I/ 2v
<4 sup IR, (0. 4.18)
x <D, n+p

Besides

(An +p ﬂ)qn + p(X)

2 D,+p X 2
=2v —( a4,— dt) wt p(1) €X (—2(———t))
|t|<ZD:n+p —DJ,V.”, 1 +p() P I/E

T
— [ g0 exp(—Z(——x— —t)z) dt} : 4.19)
U )/ 2v

For the estimation of the error arising from the substitution of the sum with the
integral we use the following formula (see, e.g. [17])

ff(x)dx= i fla+jA)A+Rf,NA=b—a

j=0

in which

|Rf|<c(5k)”f”ck([a,b])Ak+ sup |f(x)|+ sup |f(x) .
b<x<b+kd

a<x<a+tkd
Hence we have that

( Y, 4, dt>qn+p(t)em(—2(—x——t)2)
[t|<Dp+p [t] <Dy p m

JI:

2
L P ] .
i |/ CK(RY)
+c7||qn+p||C(R1)eXp( ( ) )
So for |x| <D, 41
I <Pl s pllcxmyydi+ p+¢7exp (—D*(In f+n+p)) . (4.20)

Because 4, ,=7, ., it follows from the condition V® that

v>0.45(n+ D)

An+17<ﬁ_1/2 (§
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As we can choose the constant k sufficiently large (k depends only on v) taking
D =10 we obtain that

T<c@ N+ pll cxgny0n + 405 (4.21)

Since for each p':1=p'<p

r

‘dq n+p’(x)

”qn+p’+ 1 “Ck([RI) é Sup Sup d §4”qn+p’ (x)”Ck(]Rl)
r<k x

xr

then taking into account (4.8) it follows from the inequality (4.9) that

19+ )y S47€00, <0 . (4.22)
In an analogous way it is proved that
X 2 3
wt o) EX —2(—-———t> )dt‘ <9 . (4.23)
|t|g£n+1’q +p() p( l/—2—‘)

Now from the inequalities (4.11) and (4.21)—(4.23) we directly obtain the recurrence
estimation

R,y ()[<4 sup [R,, ()] +65°. (4.24)

|x| <Dn+p
From here and the inequalities (4.5) and (4.8) it is easy to deduce that
IR, . (x)| <4P(56% +6}-8) <ol . (4.25)

n+p

Next using the (4.9) we obtain estimates of the quantities b%) , and Q,, ,(x)

lbqu-ll s ”Qn+ 1(x)”9f’(y)§ |an+ l(x)“C(R‘)l/ j exp(——yxz)dx <0105n .

Hence
[bf,"}rp] <c¢;,6,(2v)"®"VEFD -k =0,...,N, (4.26)
Q0+ () sy S€120,(2v) NPT D 4.27)

The estimates (4.25)—(4.27) were obtained for an arbitrary p=1,..., m. Now we use
them for p=m. Namely

Josm®) =Ly exp (= x?) (147, ,,(x) , (4.28)
L7, ()= ki} b G 2i(X37) + Dy (X) + R,y (%) (4.29)

with the estimates listed below
b¥ I<c,2v)" ¢k Dm*hs - k=0,...,N, (4.30)
120+ ey <€1a(2¥) "N V5, (4.31)
sup |R,, . (x)|<dL7<6te (4.32)

|%| <Dy 4 m
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It is easily seen, that
N
sup | ) by, Glx;7)
|| <Dn+m k=2

<c¢;50,NQ2v)~™*D sup sup |G, (x; )l

2<kEN |x|<Dnsm
<C160p4m(2V)T"TUDY,
where 5n+m:ﬁ_”2(2v)_(1_‘*’)("+'"). Let g=1Inf+n. Then
(20) "+ D < (2y)etnBEn <900

N
Dn+m

=D¥(InB+n+m™?<c, ,g"?
where ¢, , does not depend on § and n. Hence it follows that
0165 (ZV) (m+1)DN+m<cl65 2 wggN/2<%5n+m

n+m n+m

when f (and consequently g) is sufficiently large.
Similarly one can show that

d
dx( Z bn+m 2k(x 'y))l <3 5n+m .

Now we obtain an estimate of Q,,, (%)

sup

|%] <Dp+m

Dytm

||Qn+m(x)”iZ([—DMm,DMm])<eXp(3’D5+m) j Qn+m(x)exp("?x2)dx

—Dn+m

=cXp ('}’Dn+m)||Qn+m(x)||my) .
It follows from (4.31) that
exp 37D2, Qs w0 iy <exp (— K) ,
where
K =(In B +n)(wN In(2v)—D?y) .
Now we choose the integer N from the condition
®NIn(2v)—D?*y>10 .
Then

||Qn+m(x)”L2([ Dn+m Dn+m]) <CXp ( 10(11’1 ﬁ +l’l)) <5n+m .
Further from (4.25) and (4.34)

sup

|| <Dy +m

d
d qn +m(x) +

Lo.iofs o

|%| <Dp+m X| <Dnp+m

+ sup —(b‘” G,(x;7))

n+m
%] <Dy e |AX

<2009 445, <30% .

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

( Y. b .G 2k(x;v))‘

(4.39)
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From the Gagliardo-Nirenberg inequality (see [19])

”Qn+m(x)”C([*Dna,m,D,H.m]) Scig ”Qn+m(x)”I%é?[—D"+m,D"+m])
p 13 (4.40)
: EQn+m(x) <63+m'

C([—Dyn+msDn+ml

Applying the estimate (4.32), (4.33), (4.40) to the relation (4.29) we have that
1
rn+m(x) = Z bfiklmGZk(x 5 y) +R§11+) m(x) s
k=0

where |R{!)

n+m

(x)| <8l . Let us denote

n+m*

n+m

1
% B8 Gaul )=+ a2 @)
k=0

where

0
a2

|9 la(l) [<019(|b£104{m+b£ll-izml)<5r(l)fm .

n+m
(I x? in (4.41) we introduce the renormalization of
the variable x putting x=% |/ 1+«

foom&E )V 1+0)=L,, exp(—X*—aX?) (147, (X ]/1+a)
=L, exp (= %°) (1 —aX +0(jeX*?) +a},,
(1+ax*>+RY (X )/ 1+w) .

The quantity « is determined by the equation

In order to cancel the term a'

+al)

n+m

—o+al),=0

n+m

in such way that
JoemEV1+0)=L,, exp (=) (1 +al, +RY (X)),

where [R (%) <d}2,. Changing now L, , we eliminate the coefficient a'%,.
Then

SramE Y/ TH0) =L, exp (= %2 (1 +F,, (%) ,
where I, =L, (1+a%
|7n+m(>~c)':|Rf1242m(g)(1 +a(0) )¥1| <5n+m .

n+m
Denoting f,, (%)= f,+.(X |/ 1+a) we prove the estimate.
The estimates of Lemmas 3.1 and 3.2 for non-typical values of the variable x
are an evident consequence of the following statement.

) and for |X| <D,

Lemma 4.1. Let for n=0,1,...

. _x . '
Jor 1) =Ly ¢y <t=kA§kezlﬂl(l/m )frz(m +I)An) )
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where
1 v 0.45n
Lyvs =[S AOA(-04)10<0,<03°,0<4,< - 5]
n /B \2
and

£00=L:"exp(—x2) (L+7(x), |r(0| <8, = ﬁ(zv)—u o

when |x| <D, and 0< f,(x) < %,(x;10D,) when |x| = D,. Then there exists ,>0 not
depending on n and v such that for any >, and |x|>D,, ,:

0<fos1<Fps1(x;10D,, ).

Proof. Let y(x) be a characteristic function of the segment [ —10D,,10D,] and

% def x _ .x___._
(f+g) t=k4"z,kezxf<]/2v(1+a,,) t)“’( 2v(1+an)+t)A"'

Then
Jus1 :L;ll(-f;t*fn)
=L, (s + 2021, (L= 0+ £ = 0f,(1=20),

where f,x(x)= f,(X)x(x), £,(1—x) (x)=f,(x) (1 — x(x)). The function f,(x) satisfies the
estimates (4, is defined in Sect. 3):

(1+26,)exp(—x?), |x|<D,
£(x)<) Lexp(—0.994,x2), D, <|x| <10D,
exp (—1(10D,)? — |x|In |x| + 10D, In (10D,)), |x| = 10D, .
Besides,
Ly sy >(fx s fV)0) 2 ( 2. (1=26,)exp(— 2t2)An)v>1 ,

|lt| <D,

where y")(x) is a [—D,, D,] characteristic function. Now on the basis of the upper
bounds on f,(x) we subsequently prove that for |x|=D, .,

S fi(x)<3T =37 (x;10D, , ),
2fxxf(1=0)(x)<0,1I",  f,(1—p*f(1—0)(x)<0,1I".

The proof of these estimates is not very difficult but rather long and technical and
so we omit it (for the details see [20]). Summing these estimates we prove Lemma
4.1. Thus the proof Lemmas 3.1 and 3.2 is over.

5. Inmitial Conditions

We now prove Lemma 3.3 for the initial function F(j;f). For brevity in this
section we shall write f instead of f/m so that according to (1.8) we have

Fo(j;B)=K, f exp (f cos o+ ijo)do (5.1)

-n
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where K,=[[ exp(Bcosa)da]~*. It is obvious that such a change is unessential
because the Lemma 3.3 is formulated only for sufficiently large values of . Given
a=tB"1? we easily deduce the following expression for the initial function

ruin=Fuoe(-5) Tool-( -7

exp (ﬁ (cosﬁ 1+ %)) dt | (5.2)

where K,=K,f~'/?exp f. Assume that
orgug=§ ool (L)
B V28 )2
! 1 a dt
- exp ([3 (cosﬁ -1+ %»

where y,=(28)" /2. Then from (5.2) we obtain that
Fo(j; ) =Ko exp (= (0)?) (L +Fo (0] ) -

From the definition of the function f(x) putting x=y,j we have that

fo(x;ﬁ)=koexp(_XZ)ltlé};WeXp< (’C—ﬁ)z)

exp (/z (cos 1/t/? —14 ;;)) (53)

Now we represent the function 1+ 7,(x; ) as a sum of two integrals

4

L4Fy(x; f) = ltléjﬁusexp(— (ix— ﬁ)z (1 + 2t4—ﬂ +R1(t;[3')) dt)
* b= 73]
- exp (ﬁ (cos ﬁ -1+ %)) dt

Here R,(t;f) is the remainder term in the expansion of the function
t t? o t° . ..
exp <[3 <cos ﬁ -1+ 5 5)) and it’s evident that |R (t; f)| = CF where c is a positive

constant. Hence it is not difficult to obtain that

L4Fo(x; /)= /214,063 B) +S,(x5 )+ S5(x3 B) + S4(x3 8) (5.4
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where

1

) t\?\ t*
S5 P= .,,Jme"p(‘ e ﬁ) )it

1

2
R Gl DL

1 t\?
S.x;p)= —|ix——=
4(x ﬁ) ]/% pl/k]{[gm//‘;exp( (lx ]/i) )
~exp(ﬂ(cosﬁ —1+%))dt .
Now from (5.3) it follows that
Jolx; B)= Lo exp (= x?) (1 +74(x; )

where Ly=1/21nK, and ro(x; ) =S, (x; B)+S,(x; )+ S3(x; )+ S,(x; f). We shall
investigate each integral S,(x;p),...,S,(x;p) separately for |x|<D, verify the
validity of the estimate of the condition V®,

In view of

[exp(—uddu~t"texp(—t?), when t—o0
t

we can directly estimate S,(x; ) for sufficiently large f5:

lsl(x;ﬂ)lél/; exp(Dinf) | exp(~ 5 )de<ip . (55

T |t > p1/8

Further let us note that

© t 2 d4.
4 exp(—(ix——) )t4dt=expxzwexp(—x2)=H4(x)

%

so for the second term we have

t* t\?
—exp(— (ix— —) )dt’ +const

| H,(x)
|t]>p1/8 24ﬁ l/i

p

18,00 Pl < ﬁ

and next due to the relations

|H,(x)| Sconst In?B; [u*exp(—u?)du~t>exp(—1t?), when t—oco
t
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for sufficiently large  we obtain the desired estimate
1S, B < 4B~ 12 (5.6)
. .. . t
Now using the analyticity of R,(t; ) and the change of variables u= ﬁ —ix we

estimate S,(x;f). By Cauchy theorem it follows that

IS5(x; B)l = +

Wl( Lo pnld
—pi/8 ~ﬁ1/8+txl/2 BL/8+ixy2
~exp (—u”)R( [/_(u +ix); f)dul .

1/8+txl/2 BL/8+ix)/2 pL/s )

It is evident that the following inequality is valid in the domain of integration
e _ (2P
ﬂZ é ﬁZ =O(ﬁ ) )

where ¢, ¢, are some positive constants. Therefore

IR, (t; Bl =c o7

S50 1< OB T exp (= uP)du+ ofexp 2x— B4 <1112 (5.7)

Jul <p7s

Set t=u |/f and rewrite S,(x;f) in the following form

S, (x;B)= exp x? { exp(—iox |/2f + B(cosa— 1))da .

1
/21 np-38<|u|<n

Then from the inequality cosnf ™8 <1—3nf~>* we have for the last integral
that

1S4 (x; Pl =

T np38<|a|<m

V}exp(Dﬂnﬁ)exp(ﬁ(—M:ﬁ)) | do<ip=12.

(5.8)

From (5.4) and estimates (5.5)—(5.8) it follows the inequality v,) of the condition
VO,

To prove the inequality v,) of the condition V© we consider separately the
cases when D, =|x| <10D, and |{x|=10D,,. In the first case we use the fact that for
|x|<10D,

Jolx) < +o(B~1?)exp (—x?)

which is a consequence of the above considerations. In view of the fact that
exp (—x?)<exp (—0.99x%) exp (—0.01D?)

for [x|=D, and ’311_{'1010 exp (—0.01D%)=0 we have

Jfo(x)<3exp(—0.99x%)

if B is large enough, which is what we wanted to prove.
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To consider the second case we use Captain’s inequality for modified Bessel
functions (see, e.g. [12]):

(el )
o)

Since I,(B)> B~ *exp B we can obtain for the initial function of our model, that
el
-] ex I+ (=

1/[7(] p|j ;

expﬁ(l +|/1+ (JE)Z)J
B

Let us put x=j(2B8)~!/? and denote z= ]é =§‘/—; In the sequel we shall

1B =

Folj; )= (5.10)

1
consider only the case x=10D, (corr. z<zy= Wl/g)’ D,=DIn . The proof
0
when x < — 10D, is analogous. Using (5.10) for the function f, (x; ) we obtain the
inequality
folx: Y= VB exp(—(@,()+ 9,(@)x?) | (5.11)

where

{qol(z)=222—22 1+2°

z

1+ )/1+2? .

The following properties of the functions just introduced can be easily verified :
1) ¢,(2), ¢,(z) are bounded smooth functions for z>0;

2) ¢,(0)=0, ¢,(c0)=—1;
3) @,(00)=2, @,(z)~—2zInz, when z— 0.

@,(z2)=—2zIn

Let us denote

@(2)=1(2)+@,(2), (p(0) =1, p(z) ~ 2z|Inz|, when z— +0),

(5.12)
D(x)=p(z)x?, Y(x)=(10Dy)*>+ xIn x— 10D, In (10D,) .

Now it remains to prove that

&(x)>¥P(x), when x=10D, . (5.13)
It follows directly from
Lemma 5.1. For x=10D, the following assertions are valid

1. ®(10Dy)>P(10D,). 2. &'(x)>V(x).
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Proof. 1. From (5.12) we have
Y(10D,)=(10Dy)*;  ®(10D,)=¢(z,)(10D,)* .

Moreover from the definition of the function ¢(z) it follows that ¢(zy)>1if z,> 1.
2. In view of

D (2)= §(2@ —<P'(Z)) == mlnﬁ ;

Yi(z)= (ln\/g + 1) —Inz

we need to prove that for z<z,
F(z)=?(2)— V' (2)>0.

The last inequality follows directly from the validity of the next assertions:
A. F(zy)>0. B. —F'(z)>0, when z<z,.

The first assertion A is evident (f can be choosed a sufficiently large) and the
second one can be obtained in the following way. From the relation

1 z 1
—F(z)= ]/2,3(—— )__
z 1+ Y1+2) )/ 1+22 z
on can see that Bis valid if 1 —(28) "2 >1—(1+2%) Y2 Asz<z,= 10D %,

the last inequality is obviously true for sufficiently large f.
Using Lemma 5.1 and according to (5.12), (5.13) we obtain from (5.11) the
following inequality:

folx;B)S /B exp (—1(10Dg)?) exp (—1(10D,)2 — x In x + 10D In (10D,)) .

Now due to the evident estimate |/f exp(—50D2)<1 for sufficiently large § we
obtain the assertion v,) of the condition V@,
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