Communications in
Commun. math. Phys. 64, 95-130 (1979) Mathema_hcal
Physics

© by Springer-Verlag 1979

Time-Ordered Products and Schwinger Functions

J.-P. Eckmann* and H. Epstein

Institut des Hautes Etudes Scientifiques, F-91440 Bures-sur-Yvette, France

Abstract. It is shown that every system of time-ordered products for a local
field theory determines a related system of Schwinger functions possessing an
extended form of Osterwalder-Schrader positivity and that the converse is true
provided certain growth conditions are satisfied. This is applied to the ¢%
theory and it is shown that the time-ordered functions and S-matrix elements
admit the standard perturbation series as asymptotic expansions.

I. Introduction

The present paper is a sequel to [EEF], in which some of the existing models of
field theories in 2 space-time dimensions were considered. In order to study the
dependence of the S-matrix on the coupling constant, time-ordered functions were
constructed in a natural way, by taking essential advantage of the local in-
tegrability of the Schwinger functions. (This very property served to define the
Schwinger functions as distributions defined everywhere, including coinciding
points.) In other models, more singular Schwinger functions occur, and the
method of [EEF] cannot be applied. In this paper, a general discussion of the
connection between Schwinger functions and time-ordered products is given and
applied to the ¢ theory. We show that any Wightman theory equipped with time-
ordered products possesses Schwinger functions (considered as distributions over
the whole Euclidean world, including coinciding points) which exhibit “extended
Osterwalder-Schrader positivity”. Conversely, given a set of Schwinger functions
possessing this extended positivity together with growth properties similar to
those of [OS2], it is possible to supplement the constructions of [OS1, OS2, G1]
with a construction of time-ordered products, in a canonical manner. Finally we
consider the model @3 and, starting from results accumulated in the literature
[G2, GJ, Fe, FO, MS1, MS2, B, FR, C], we extend to this model the analysis of
[EEF], showing in particular that the time-ordered functions and the S-matrix
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elements are ¥ in the coupling constant near 0 and that their Taylor series at 0
are given by standard perturbation theory.

In the remainder of this introduction we shall state the “axioms” which
respectively characterize time-ordered products and Schwinger functions and the
theorems relating these two notions. Sections II and III give the proofs of these
theorems and in Section IV we discuss the application to @3.

I.1. Axioms for Time-Ordered Products

(These “axioms” simply restate the standard postulates but, for reasons of
convenience we take the anti-time-ordered products as the basic objects.) Here, IR
denotes the v-dimensional Minkowski space.

T1) Hilbert Space. # is a Hilbert space in which a continuous unitary repre-
sentation a®—U(a® 0) of the time translation group R operates. There is a
normalized vector Q (vacuum) such that U(a®,0)Q=2Q for all a®°cR.

T2) Spectrum. U(a®,0)=expia®P°, P®=H =0.

T3) (Anti)-Time Ordered Products. There is a dense subspace D, of s containing
@ and invariant under U(a®,0). For every n>0 and every fe #((R")") a linear
operator T(f) is defined on D, and T(f)D,CD,. [We also write

T(N)=[Tlxp, ... x,) fxy, .0 x,)d X . dx,,.]
Furthermore, for every fe %(R"),
TGy, oo X, )T, g X, ) T, g s X,,)
Sxqs o x, )dxy.dx, p (1)

is defined for each peD,, belongs to D,, and depends continuously on f in the
topology of . It is assumed that D, is the subspace generated by the vectors of
the form (1) with p=Q.

T4) Symmetry. For each n>1, T(x,, ..., x,) is symmetric, i.e. for each permutation
of (1,...,n),

Ty oo X)) = T (X s X) -

[This will allow us to denote T(X) the distribution T(x
X={j,....j,}- We denote T(@)=1.]

TS) (Anti-)Causal Factorization. Let X ={1,...,n}, X = PUQ, PNnQ =0. Then (on
D,) the two distributions T(X) and T(P)T(Q) coincide in the open set of R"™ given
by

{(.xl,...,xn)IVjEP,VkEQ,x?<x,?} . (2)

i X;,) where

[We define T(X) (the “time-ordered operators”) through the polynomial
expression

TX)= Y (—=yM*ey*T7(1,)..T1,), (3)

1sp=|X| I3
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\;/%1@6)1@ 12]* runs over the set {I,,....,1,#0, [,u...0l, =X, I,nl, =0 for j&k}, and

T6) Hermiticity. On D, T(X)* = T(X).

T7) Time Translation Covariance. For every fe Z(R™), every a’elR, every weD,,
U@, 0)T(/)U(a° 0)~* =T(f)p where f,(x,,...,x)=f(x;—a,...,x,—a), a=(a’,0).

Remark. Most of the ensueing construction is independent of the underlying
Hilbert space structure and could be done for any system of distributions having
only the linear properties of (2, T(X,)...T(X ,)€2).

In relativistically invariant theories additional conditions are imposed :

T8) U extends to a continuous unitary representation of the Poincaré group,
leaving the vacuum invariant, mapping D, into itself and T7) is extended in the
usual way.

1.2. Axioms for Schwinger Functions

A system of Schwinger functions is defined to be a sequence {S,}
distributions such that:

of tempered

HEN

S1) S,eC. For nz1, S,e ' (R"™). Here R™ is regarded as (&")", " being the v-
dimensional Euclidean space in which a special orthogonal basis (ey, e, ...,e,_;)
has been chosen. A point y in & will be specified by its coordinates in this basis
(%', ...,»*7 1), usually denoted (y°y). The scalar product is given by
v—1

> yiyi=y0y 0 tyy.

j=0

S2) S, is symmetric, i.e. for every permutation = of {1, ...,n} and every fe #(IR™),
SAN=S,f)

where f.(yis .o v) =St - Ven):

§3) S, is invariant under Euclidean time-translations, i.e. for all a=(a°,0), and for
all fe #(IR*™), one has

S()=S,(1)-
With the functional notation this reéads
S.viseomy)=Sa+y,....a+y,), (a=(a"0).

S4) Extended Osterwalder-Schrader Positivity. Let {f,},_, ,  be any finite
sequence of functions such that

a) f,eC; for nx1, f,e F(IR™).

b) For each n=1, the support of f, is contained in

{(.)/13 ayn)|y;)§0>v]=1> ~'~,n}'
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Then

D I A (TR NN E R0 ) I A (70 4 N (o )

OSm,n=<N
Ay AV Y VS Vs oo Yoy Vs o5 V) 20

In other words if for any ge #(R") we denote

(OG5 V) =9(= ¥, - (= 0¥ 1)), (4)
the above condition reads
Y S (0f,)®1,)20. (5)

Remark. The only difference between these hypotheses and the O.S. axioms is that
O.S. positivity is replaced by extended O.S. positivity. As a consequence many
steps in the construction of Section III.1 are repetitions of those appearing in
[OS1,0S2, G1]. They are included for the sake of logical continuity. For related,
partly overlapping assumptions and developments see also [H, F, DF, GJ2, Y]. In
particular Condition S4) appears in [H, DF, Y].

SS) Full Euclidean Invariance.
The following property will play a crucial role in the reconstruction of time
ordered products.

S6) Growth Condition. There are constants K, L, s such that for all n and all
fieSR), j=1,...,n,

IS,(/1®...®@f) =K"nt* l—[1 £l
=
|-|; denotes the Schwartz norm

If1s= 0P IX” Df (X)I-]

slaf, |8

1.3. Results

Two systems respectively satisfying the “7” and “S” axioms are naturally related if
they satisfy the following condition:

R) If feP(R™), fi(xy,....x,)=f(Ax%,x,,...,Ax0,x,) for real >0, and if the
map A—f, can be extended to a continuous map of the angle {ieC,|i|>0,
Rel=0, ImA=0} into & (IR™), analytic in the interior of this angle, then

FiMix s oo X) S(X s ooy X)X VX,
=[f0cps xR T(xy, .. x,)d’x ... dx,,. (6)
Remark. The conventions of this paper differ from those of [EEF] in that
SOy oo X)) =S ppp(—x%, %, o, —x2,X,).

We are now in a position to state
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Theorem 1. Given a system of (anti-)time ordered products satisfying T1}»T7) one
can construct a unique system of Schwinger functions satisfying S1)-S4) such that R)
holds.

Conversely, one has
Theorem 2. Given a system of Schwinger functions satisfying S1)-S4) and the growth

condition S6) one can construct a unique system of (anti-)time ordered products
satisfying T1)-T7) such that R) holds.

Corollary 3. The inclusion of T8) in the assumptions of Theorem 1 implies that S5)
holds in its conclusion, and conversely for Theorem 2.

Comment. Our assumptions are formulated for the case of one neutral scalar field
A(x)=T(x)= T(x), but it is straightforward to extend all our considerations to the
case of any number of fields with arbitrary charge, spin, and statistics. [In fact, in
the application to ¢35 we shall need the fields ¢, ¢?, @3, ¢* as basic objects.] The
symmetry conditions T4) and S2) can be recovered by considering all fields to be
the components of a single object.

In Section IV we show that the Schwinger functions of the ¢ theory satisfy the
conditions S1)-S6).

I1. Proof of Theorem 1
I1.1. Euclidean Time-Ordered Operators

We assume that a system satisfying T'1)-T7) is given. It will be useful to construct,
as intermediate objects, operator valued distributions @(x,...,x,) which can
formally be thought of as T(ix?%,x,,...,ix%,x,). Let D, be the intersection of the
domains of the closures of all finite products T(f,)...T(fy), (initially defined on D),
where f;e #(IR"). The operators ¢ shall satisfy:

01) If yeD,, and if fe #(R™*?) has its support in
{5 0 X, )ERMHOZ XY <v,j=1,...,n} 7
then
[Oxy,...ox) e Hpf(xy, ... x,, v)dx, ...dx,dv
is well defined, belongs to D, and depends continuously on f.
02) For any fe Z(R™) and w=u+iveC with v>0, such that
supp. f C {(xy, ..., x,)eR™|Vj,0<x? <v},

and for every we D,, O(f)e™"y is defined, belongs to D,, depends continuously on
f and holomorphically on w.

03) Symmetry. O(x,, ...,x,)=0(x,,, ..., x,,) for every permutation =.

[We again introduce the notation ¢(X) as for the T, and we define O(@)=1].
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04) Time Translation. For ngj.’év, (1=j=n)and t=0, and all yeD,,
e HO(x,, ..., x)e  Hyp=0(x, ..., x,)e” "y '
with x}° =x} +1, X;=x,, 1<j<n, with obvious notations.
05) Factorization. In the open set {(yy, ..., y,)€ ]R”"[y? <yy forevery j=1,...,p and
every k=p+1,...,n},
O s V) =001, Y ) O i1 -5 1)

as distributions, on D,.

06) Let X, ..., X, be any partition of {1,...,N} and let Z,, ..., Z, be any partition
of {N+1,...,N+p}. Then, for every fe #(R"¥*P) having support in
{(Xgs s Xy Zy g 1o s Zy g Pl EX  KEX [ t <5 =0 X0 S x) <D},
the vector
= [ HOX,)...e™ HOX )™ IT(Z,)... T(Z)Q
S X 2y 1 ...,ZN+p)d Xy d'zyy,

is well-defined, is in D,, depends holomorphically on wy, ..., w, for Imw;>0, and
for every B there is a constant Cj such that (for Imw;=0),

D] < Cyl+ WIS i
where L depends only on N +p, and where |w[=lejl.

The operators @ are naturally related to the operators T by the following
condition:

R’) Let ge (R ') have support in (7) and denote, for 1>0, g,(x,,...,X,, V)

=f g(Ax8,x,, ..., Ax2, x,, Av). Assume that the map A— g, extends to a continuous map
0

{AeC]||A|>0,ReA=0,ImA =0} (8)
into #(IR™* 1), holomorphic in the interior of (8). Then for all peD,,
[Ox,, ... x)e " pgx, ..y X, V)" dx . .d¥x,dv
= [T(x,....x,)e" pg(x,, ..., X, v)d"x,..d"x,dv . )

Remark. The r.h.s. of (9) makes -sense.

Proof. With our choice of D, it is clear that "y exists for every we D, and every
w=u+iveC with v=0 and is in D,. It is ¥* in w and holomorphic when v>0.
Moreover there exists, for each N an L and a C such that for any partition
X,,...X, of {1,...,N}, and any fe Z(R"Y),

I fCeps s xy)e™ BT (X )e™ i, e~ HT(X )Q
dxy...dxyl SCA+ W) 1y,
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with w;=u;+iv;, v;,20, (0=j<r). This clearly implies
DB [ f(x1, ..o xp)e™HTX,)...e™ HT(X,)Qdx, ...dx ]|
SCpt+ D 1y aed. (10)
The construction of ¢(X) is obtained by an induction on |[X|. Note that O(X) has
been defined for X =@ as 0(f)=1. We assume that O(X) has been defined for all X
with [X]<n—1, with all the properties ¢1)-06), R’) and we construct O(X) for
X={1,...,n}. More precisely, let Z={n+1,...n+p} and z=(z,,1,.-,2,4,)

Z=27,0...0Z,, (with Z;,nZ,+0 for j+k). We shall define, for all fey(lR“"“*“’)
with support

supp fC{(xy, ..., X, 0,2), 0= x) v, jeX} (11)
the vector
[O)e ™M T(Z,).. TZ)Qf (X, ..o X, 0,2)
d'xy..d'x,dod"z, .. Az, . (12)

(We shall concentrate on the case n>1, the case n=1 being a simpler version, left
to the reader. We also assume Z =0 ; the case Z=# is a trivial variant.)

There is in fact no freedom left in defining @: for a radially analytic test-
function ¢, 0(g) is determined by R’); for a test function vanishing at coinciding
points, it is determined by the factorization property (5) and by already
constructed operators. We shall see that any test function can be written as a sum
of functions of the two preceding types.

We first indicate how to decompose an arbitrary function. For this we use two
auxiliary functions which we now define. Denote y=n"'(x{ +... +x), ;=x7 -,

1<j<n, (so that 2}@:0) and let £=(&,...,&,_y)
je
The function «;. L is a positive integer and, for all teR,
. L! .
o (£) = 0(t)t e~ V= %fe""‘(l —i—ip)~ L ldp. (13)
More generally, for every complex A with [1|>0 and 0<argi<3,
., Lt .
o, (O)=0(0)A et~ DM = ﬂj e P(1—i—il 1p) L7 dp, (14)
and, in particular
. . L! )
a; () =0(t)i" e (" = —2—7;j e P(1—i—p) L7 Y(—idp). (15)

Note that

l(1~i+ﬂ“é)“1a (t)=L'5(t) (16)
T A (O=L15(1).
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The Function w:w(¢,y) is a real function over R" such that
1) w is homogeneous and of degree 0, i.e. for all 9 >0, w(o¢, 0y)=w(&, y).
2) wis €* in R"\{0}.
3) The support of w is contained in the cone

{EN0=y0=sy+ng; forall j=1,..,nj},

(we recall that &, =—¢&, —...—¢,_,). Expressed in the variables xj’——-y—l—f  this
reads
{(x(l’,‘..,x?l)l\fj, o_n-ls x’ggo}.
n"op=1
— 2 (i 1 2
Note that this implies x} > P—n—i y hence x] < % y<2y.
4y 0wl

5) D/gw(O,y)=0 for all |B|>1 and all y=0: w(0, y)=1 for all y>0.
It is easy to construct such functions: take w(&, 1) to be any ¢ function of
E=(&y, .. &, ;) such that 0= w(¢, 1)1, w(0, 1)=1, D{w(0,1)=0 for all || = 1, and

suppw(¢, 1)C{¢:0=n¢;+1 forall j=1,..,n—1,0=1-né —...—n{,_}.
Note that 0 is an interior point of this set. Then define
w(& y)=w(¢/y,1) for y>0, and w(y)=0 for y=0.

The Decomposition of f Fix L (to be determined later). Consider any
feL(R"F1P) with support in {(x,, ..., X,,v,2)|0=<x? <v,VjeX}.
Define ¢ by

- D A B AAS!
@&, X, y,0,2z)=—(LY) (1—1—15;—21%) <1—l-—lé—5)
SE +nx), (€0, X,),0,2), (17)

where ¢,y have been defined previously.
By Equation (16) it follows that f can be written as

fxp . nx,0,2)= jlkgiadb (&, x,a,b,z)
o [(y—a (v—2y—b+2a). (18)
@ is in Z(R*™*P*1) a5 a function of all its arguments, and has support in
{(&,x,a,b,2)|¢;+a20,(1=j=n),0=a<b}.
Furthermore,
lplg = Const|flgsap+2-

(the constant depending only on R and L).
We decompose f into two parts, f=f,+ f; by defining
fi(x,v,2)= [ dadba; ;(y—a)x; (v—2y—b+2a)

M1 gp

Iﬂlzongq)(O’ X,a,b,2)| w(&,y—a). (19)

M =0 will be chosen later.
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Definition of O(f,). Denote again y=n"'(x{+...+x7), &=x—y, (1=j=n),
E=(¢,,..,¢,_,) Let & be the subspace of V(IR“"“”") con51st1ng of functions
having thelr support in the set (11), and let &, C& be the set of functions in & which
vanish in a neighborhood of

x5 0%, 0,2)[ £ =05 .
Lemma 4. A function geé, can be written as g= Z Jap AVB=X, AnB=4,

A, B+0, with suppg, sC{(xy, ..., X,,,2)|x} <xk,VjeA ke B}.

The proof is deferred to the end of the subsection.
We now define for geé,
[oX)e " MT(Z,)...T(Z,)Q29(x,v, z)dx dvdz
=Y [0A)OB)e " T(Z,)...T(Z,)Q9,, 5(x,v,z)dxdvdz. (20)
A,B

This definition is forced by the requirement @5) (Factorization). The r.h.s. of this
equation is well defined according to the induction hypothesis and is bounded in
norm by Const|g, gl (the constant and R depend only on n+p). It is easy to see
by standard methods, (see e.g. [EG 1,2]), that there is a K =0 such that (for all
geé,) the expression (20) is bounded in norm by Const. |g|.

The function f, defined by (19) is not ¥~ but it belongs to the completion of
LR 1*7P) in the norm ||, and

[filp S Const. @]y, 4y SConst. | f,p1 20435
provided we have chosen L=M + 1. Its support is contained in

{(XI"' X U’Zn+1"' n+p)leEX0<x0<v}
Hence f, has the same properties and, furthermore, vanishes together with its
derivatives of order <M +1 when ¢=0. As a consequence if we replace f by f, in
(12), the corresponding vector is well defined by our previous discussion, (formula

(20) with g=f,) and bounded in norm by Const.|f,|,,=Const.|fl s 121+ 3
provided we choose M =K.

Definition of O(f,). The function f, can be re-written as
fl(x9 v, Z):jdadbﬁoo(é,J’*a’ U—“b, X, da, b,Z),

where ¢, =¢, i,

M1 jistgs

(po,,l(é,y,v,x,a,b,z)z mlz TDg(p(O’X’a’b’Z) W(é>y)ai,L()“y)
=0 :

o (Av—24y).

This function is radially analytic (with respect to the variables &, y, v) and has
support in (11). Hence the requirements ¢4) and R’) force the definition:

[0X)e ™ MT(Z,)... T(Z,)Q0(, y—a,v—b,X,a,b, 2)dxdvdz
=[e HTX)e P+ T(7,).. T(Z,)Q
ne, (& y,v,x,a,b,2)i"" " tdédydvdxdz . (21
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The r.h.s. of (21) is a well-defined vector: considered as a test function in the
variables &, y,v,X, z, depending on the parameters a and b, ¢, _; belongs to the
completion of ¥ in the norm |, (with the condition L=M +1), and is an
admissible test-function if M is sufficiently large. Moreover,

Sul? (L+a+b)R|@y(...,a,b)l,, SConst. (@54 1+ &

<Const. |flprs ge2r+3- (22)
Thus we can integrate (21) over a and b and define
fOX)e " TZ)).. T(Z)Qf,(x,0,z)dxdvdz
=[e I TX)e 91T (7 ).. T(Z,)Q (23)
ne, A& y,v,x,a,b,z)i"" " 'dédydvdxdzdadb .

This completes the definition of the vector (12), which is bounded in norm by

Const. |flyp 45

Verification of the Properties 01)-06). The vector constructed above is independent
of L= M + 1 because it is easy to check (by using the induction hypothesis) that if f
happens to be radially analytic in the variables &, y and v, then so are f, and f; and
the above definition yields exactly

[TX)e" T(Z ). T(Z)Qf(—ix3,X,), ..., (—ix0, X,), —iv, 2)
(=it dx, .. d'x,dvdz, , ;...dz, .,

(We omit the details of this verification. An analogous verification is sketched in
Section II1.) Thus @¢'1) and R’) are satisfied.
Having defined vectors of the type (12), we now wish to define

FOX)e ™ ™T(Z,).. . T(Z)QY(X 1y s Xy Zyy 15 - 0s Zy g JAX 12,

where v>0 and ge.#(R""*?) has its support in
{(xg5 0 %,,2):¥jEX, 02X S0}
This can be rewritten, formally, as

JOX)e " MT(Z,). T Z)RG(X ), s Xy Z i 1o oo Zt )
Q+1
(o] !)”1(1-—1'—!- %) ay(t)dtdxdz

=[0X)e M T(Z,).. T(Z)RG(X 1, s Xy Zyi 1 - os Za i )

M Rae it >“n+p

g\e+1
on-! <1 —i+ T) ao(t)dtdxdz
ot
where zj =(z) — t,2,), (n+ 1 £k <n+ p). By integrating by parts over ¢ this becomes
foX)e "+ T(Z ). T(Z,)Q
Kog(X 15 s X Zy 15 oo 0s Zyy p) () dtdxdz,
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where

KoG(X (s oo Xy Zys g5 o5 Zngep)

6 o+1
=(Q!)—1(1—i— —a—t—) GX g5 Xy Zng g5 ooos Zni =0
By analytic continuation in t, this becomes
JOX)e™“TORT(Z,)... T(Z,)RQK yg(x, 2)a; o(1)idt dxdz,
and, for Q sufficiently large, this has been defined previously.
The same formulae evidently lead to a consistent definition of
[T(Y)... T(Y)e " oX) "B T(Z,)...T(Z,)Q
h({y},lu_“uys, x,0, z)ydxdxdvdz .

This shows that all such vectors do belong to D,.

This proves (02). The properties 03), 04), 05), 06) follow from the construction,
from the corresponding properties for the 7, and by analytic continuation. We
omit the details of the verification, which are entirely straightforward.

Proof of Lemma 4. We consider, in the space of the variables £, the “sphere” &
consisting of all ¢ verifying

Y (g=g)r=1
1=5j<k=n
(Note that ) (§=&)P?=n ) {f)
1=j<ksn 15jsn

For any eZ, there is at least one pair of distinct j and k, such that &;—¢&,
2(3n(n—1))""2>2"2n~ 1 Thus if o =min {¢;:1 <j<n} and f=max {¢;:1 <j<n},
we have

212p 1 <B<asgl.

The real numbers ¢, 1 <j<n, subdivide the interval [«, f] into at most n— 1 open
intervals. At least one of these subintervals say (y, ) has a length

S=yZ(n—1)712"n" 12122
Let
A={15j=n <y}, B={k:1<k=<n ¢, 26},
Then & belongs to the open set of the sphere defined by
Q, p={&:Vje A, Vke B, §,—¢;>2"n "%
itself contained in
Q, p={l:VjeA,VkeB,§~ & >n" 2.
Let {x4,8}, ,_, be a family of ¢ functions on & with
AnB=9¢

A,B*9

supp. 14.3C2, p and AZ Aap=1.
B
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[Example: denote F, (&)= []0(5,—&,—n ) exp—(&,—&;—n"?)"" and y, 4
jeAd
keB

=F, 5(&)| Y. Fep(&)] ™. This is well defined since, on Q. p, F 5(é)
C,D

>exp(—n*(2V2—1)" 1).}

M=

1]

-1/2
Then, for general &40, denote q)A,B(é)zxA,B<é <n f}z) > If geé,,

ji=1

g= ) g4 with ga.3=Wa4 p(&)geé . This completes the proof.
A,B

I1.2. The Construction of Schwinger Functions

The previous construction has led, in particular, to a definition of (2, (X)) as a
continuous linear functional over the subspace of & (R"™) consisting of functions
with support in {(x,, ..., x,,)lxj.’ 20,j=1,...,n}. However this functional is invariant
under the translations of the form (x,, ..., x,)—(x, +a,...,x, +a) where a°>0, a
=0, and can be uniquely extended to a continuous linear functional over the
whole of #(R™), by using the translation invariance and a partition of the unit.
The tempered distribution S, so defined (also denoted S if n is unambiguous) is
symmetric, invariant under time translations, and coincides with (2, O(X), ) when
integrated with test-functions with support in {(x, ..., x,)eR"™|Vj, xj? =0}. Thus it
satisfies the properties S1), S2), $3) and R).

In order to study further properties of S, we use some well-known re-
gularization procedures.

The preceding construction of the distributions (2, 0(X,)...0X,)Q) does not
really depend on the Hilbert space structure but only on the linear properties of
the distributions (2, T(X,)... T(X ,)Q). Thus it can be straight-forwardly adapted to
the case of a “linear system of n-point functions”, i.e. a set of tempered distributions
«TX,)...TX )Y over R™ (here X, u...uX =X ={1,...,n}, X;,nX,=0 if j*k,
1 =s<n), having all the linear properties of the (Q, T(X,)... T(X,)Q). (These “linear
systems” are discussed in [EGS]). Among the “axioms” which are imposed on
such a linear system is the spectrum condition: let

<<T(X1)-..T(X,)>>~(pp---,pn)é( 2 pj)

15720
=(2n)“""j<expi ¥ pjxj><<T(X1)...T(X,)>>(x1,.‘.,xn)d"xl...d“xn. (24)
1=jsn
[Here px;=p9x? —px;]

Denote, for every proper subset Yof X, py= Y p. LetI,=X,,....I,= X;
keY 15J)Ss
Then the support of the distribution (24) is contained in

1A

{(pl’ ""pn)

Y p;=0, and, for every s=1,...,r—l,p,seVJr(M,s)}.
j=1
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Here V(M) denotes {peR*|p®=0,p-p=M?}. (See Remark 1 at the end of this
section.) For every proper subset J of X, M, is a fixed real number >0, called the
threshold in the channel J; M, =M, ,. If <TX,).. TX,)»=(Q, TX))...TX,)Q),
the thresholds are, in general, 0 because of the vacuum contribution. If
«TX,)... TX,)) is taken to be (2, T(X,)...T(X,)Q)7, and if the theory has a
unique vacuum and a mass gap, then for all J, M ; = u, where p is a fixed minimum
mass >0.

Given a linear system of n-point functions, it is possible to define, by suitable
linear combinations, the corresponding “generalized retarded functions” { R, ».
Their Fourier transforms R, ), defined by

LRy Yy - Pn)5(z p,-) =(2m) " [P KRY (x4 -y x,)dX™

are the boundary values from certain tubes of a single function H holomorphicin a
certain domain in the “complex momentum space”, J(ky, ..., k,)e C*™ Z k i 20}. The
j

domain of analyticity of H contains the following set:
{(kl, c k)e@"|Y k;=0; forallj, Imk,=0; and,
j
VI CX, (k9)¢M? +1R+} .

Thus, if the thresholds are all strictly positive, the domain of holomorphy of H
contains the set E, of all “Euclidean momenta”,

Ef{(kp...,k,l)e@n@kj:o and for all j, 1mki=0’Rek§>=0}_
i

In this case, (all M,=u>0), the distributions ¢ T(X,)...T(X,)) can be
unambiguously recovered from the function H by a well-defined linear procedure.
This allows the following regularization method.

Let

n

[T(=k2+L2)k

j=1

H8(k) = l H(k)

where R=0 is an integer and L>max M, This function has all the linear
J

properties of an n-point momentum-space analytic function and the above
mentioned linear procedure, applied to H™®, yields a new linear system of n-point
functions, denoted { T(X,)... T(X,)»"8. They verify

l 1j1 (O, + LR KTX ). TX )y =« TX ). TX,)» (25)

For sufficiently large R, all T...)™ become continuous and even finitely
differentiable, polynomially bounded functions. Furthermore if w(z,,...,z,) de-
notes the value at (z,, ..., z,)eC" of the analytic Wightman function which has as
its boundary values the various

wo=«T({n})... T({z, )Y,
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and if w*g, wi*® denotes the corresponding regularized objects, it is easy to see that
w'e is continuous and has finitely many continuous derivatives at the boundaries
of the permuted forward tubes. In particular w™# defines a piecewise continuous
function on the Euclidean world. Applying the characteristic property (R), it is
then clear that

Sreg(yl’ AR yn)zwreg((iy?" YI)’ ey (lyr(l)a yn)) > (26)
and that
SWis oy = [T (=4, + LSy, .0 3, 27
j=1

The last equation holds in the sense of tempered distributions, and, of course S and
S8 are given by € 0(X)» and € O(X)»*¢, respectively. It is well-known [Sy], (and
re-proved in [EGS] and [EEFT]), that

Sreg(yl’ T yn)= Iexp<_lzq1y1) Hreg((_ iq(1)>q1)5 a(_ lqr?! qn))
J

,, (28)
i"~15< D qj)dql...dqn
ji=1
so that, applying (27), we obtain
S(yla >yn):jeXp<“qujy1) H((“lq(f,‘h), >(_lqr(1)9qn))
J
in—la(; qj)dql..-dqn, (29)

(only valid for strictly posmve thresholds) Here g o’ =q° ; yJ -q;y;
Now assume that 0<x?, <...<x?,, and 0<x/f <...<x/%, where r+s=n and

n and o are respectively permutatlons of (1,...,7) and (1 .»8). Then

reg((:u'xass *o (,uxgla 01) (Axnla 7!1)’ e (lxgra an)) B

initially defined for A >0, x>0, can be continued as an analytic function of 2 and u
in{A]|A] %0, 0<arg A <3} x {ullu| +0, 0 < —arg u <3}, continuous on the boundary
of this domain, (with values in the piecewise continuous functions over R™). For
A=i, p= —i this continuation yields

Sreg(( xs’ as) ( x ol o'l) (X 1 nl) (xnr’ ))

Let fe#(R") and ge¥(R™) have their supports in {(x,...,x)|V], x?g()}
and  {(x;,...,x)|Vj, x?=0}, respectively. Defining, for 1>0, f,(x,...,x,)
=f((Ax%, %), ..., (Ax0,x,)), and similarly g,, we suppose that A—f,, A—g, can be
extended to holomorphic maps of {1eC\{0}|0<argd <%}, continuous on {1eC\
{0}|0<argA<3}, into F(R™) and F(R™), respectively. Then

j’wreg( ,uxas, (Mxo-la 51) (},X 1 7:1) ( nr’ n:r))
9(x;2 :7(25 1)) G(XJZ - X, ) g(an - xnl) B(X n(r—— 1)) (30
Galxts o x) filx g, o x )AT X L dXdx. L dx,
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defines a holomorphic function over {leC\{0}|0<argl<%}x {ueC\{0}|0
< —argu <%}, (with continuity at the boundaries except A=0 or u=0). But, for
A>0and p>0, this integral is independent of 4 and p. Hence it remains constant
for complex A and p and, by continuity, we get, for A=pu=1i,

ereg(( o‘S’ ) . ( xal’ )3 (x21>xn1) (xnr) ))
Q(X;OS /a-?s 1)) 0(x<72 - xol) G(ng 11:1) Q(X xg(,_ 1))
fix g, x) g, L X)X LA X dYx LAY

_j‘wreg o’s"" glyxnp'“nxnr)g(x _Xo(s 1)) g(x:fol)

0(x7t2 — xnl). . .0(xm — xg(r, 1)) fxy, e x)g(xy, . xdx . dx
Using the symmetry of $*% and summing on both sides over ¢ and =, we obtain

f8res((= X2 X)), .o (=X, X)Xy, o X)X, - XY)
Silxq, ox)dxy L dx
= [T x) T (g, o X,) DRG0, - X)) f (g, X,
dx,...dx,. (31)

By using (27) and (25) we obtain the

Lemma 5.

[S((=x0,X0), oy (= X0 X)), X4y oo X,)GAX o XD filX 4, oy X, )dX o dX,
= [T}, ....x S)T(xl,..., DG, e x) f(xy, o x,)dxX L dX (32)

Proof. We have already shown that this formula holds for all linear systems with
strictly positive thresholds. We extend it to all linear systems of n-point functions.
Note that both sides of Equation (32) have a well defined meaning even in the case
of zero thresholds, since the construction of S as a tempered distribution remains
valid. Starting from a linear system of n-point functions with possibly zero
thresholds, we approximate it by a new system, with strictly positive thresholds, by
the following method. For every zeC* with (z-z)¢ A2 +R™*, we define

F(z; A)=exp(id—'[(z-2)— A2]V2 4 1). (33)
Here A is strictly positive ; the function {—({ — 4?)*/? is defined in C\(4%2+R ") by
the condition Im({ — 42)'/2>0. We also denote

F*(x:A)= lim F(xFiy;4),

v;_lfo
Fé(x; A)=0(x")F*(x; A)+ 0(—x°)F ~(x; A),

(34)
Fo(x; A)=0(—x°)F " (x; A)+0(x°)F~(x; 4).

Note that |F(z; A)| <e for all z such that (z-z)¢ A2 +IR* and F(z; A) has continuous
boundary values at the boundaries of this domain. For any pair (j, k) with j<k,j
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and ke {1, ..., n}, we can define a linear system of n-point functions, as explained in
[EGS, §6.3], by

KT T )Y =F* (x;=x) K TX ... TKX,)»
if jeX, keX,, a<b,
=F~(x;=x)K T ). TK,)»
if jeX, keX,,b<a,
=F(x;—x) KT ... TC,) )
if j and k belong to the same X ,.

The reasons for which this is possible and leads to a linear system are given in
[EGS, §6]. By repeating this procedure, we obtain a new linear system of n-point
functions given by

<<T(X1)-~T(Xr)>>ﬁew=(l—[IcF(+’~'ac)(xj—xk)) (TX,).. TX,). (35)
In particular
WMz, o 2) = (Z exp(id™ ' [(z;—z,)> —A7]'* + 1)) W(Zys o0 Z,). (36)

This decreases exponentially at infinity in any direction strictly contained in a
permuted tube. In fact the Fourier transform

FE(p; A)=[ e F*(x; A)d’x

has its support in ¥*(4™ 1), and hence the thresholds of the new system are all
above A7 1.

When A4 tends to oo, {T(X 1)...’T X, )»%Y tends, in the sense of tempered
distributions, to { T(X,)...T(X,)) and, (since the construction of the €O(X,)...»
depends continuously on the { T(X,)...T(X,))), S%"—S in the sense of tempered
distributions. This limiting process yields (32) in the general case. Moreover since
(29) holds for %™ and H¢™, and since S5 — S in%'as A — oo, the Fourier transform
of $%*" also tends (in the sense of &#’) to that of S. On the other hand H%*(k) tends to
H(k)uniformly in every compact of the tubes associated with the { R, ) ; the union of
these tubes always contains

{k=(k1,...,kn)

q? and q; real, and for every proper subset J of {1,...,n},

(= zqg?ﬁo}.

jeJ

Y k;=0:V),k) =iq}.k;=q;,

j=1

At all such ¢, the Fourier transform of S thus coincides with H(—iq°,¢)d(}_q;).

Remarks. 1. In discussing “linear systems of n-point functions” we have used
notations adapted to the relativistic case. However the regularization procedures
described above also hold in the non relativistic case and, in particular, Equation
(32) remains valid.
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2. As noted before, in a field theory with unique vacuum and a mass gap, the
time ordered functions have zero thresholds but the truncated time ordered
functions have strictly positive thresholds. In this case, Equation (29) is satisfied
not by S but its truncated version, ST.

We return to the study of a field theory equipped with (anti-) time ordered
products in a Hilbert space &, i.e. we assume all the hypotheses T1)-T7). Then the
distributions S verify the positivity condition S4).

Proof. In the Lh.s. of Equation (5), we first replace each f, by a corresponding g, ;,
given by

(oo} . B d
9o iV1s - V)= é")@(a; — il 1)#A((uy?,y1), e (YR, ¥)) -

o(a;{)isdefined in the Appendix. Here |4} > 0,0 Sarg A <3. According to (32), the left-
hand side of (5) is then equal to

ngn’l(xl, X)) T(xy, 0 x,)Qdx...dx, |2

and is positive. If we let a tend to + o0, g, ; tends to f, in (IR") and the inequality
(5) is obtained in the limit a— oo (see Appendix).

III. Proof of Theorem 2

In this section, we start from a set of “Schwinger functions” satisfying S1), ..., S4)
and construct first the operators &(y,,...,y,). Then the growth condition S6) is
used to define the distribution (Q,0(X,)e™ ...e™~*HO(X,)Q) from which the
anti-time-ordered distributions can be obtained by a purely linear operation
(although the vector formalism will be used for notational simplicity).

HI. 1. Construction of the Operators ((Y)

Let {S,} be a sequence of tempered distributions satisfying S1) to S4). Let & denote
the vector space of finite sequences {f,} (with arbitrary length) with f,eZ(IR*"),
equipped with the natural (direct topological sum) topology. &, will denote the
subspace of . consisting of the finite sequences {f,} such that, for each n=1

supp. f, C{(yy, .. ¥,) 1¥720,...,y0 20}

For each real ¢, we denote L, the operator defined on & by

(sz)n(yp cees yn) =fn((y(1)—t7 y1)s ...,(y,(,)—t, yn))

When tis =0, L, maps &, into itself, and t = L,, (t =0) is a continuous semi-group
of continuous operators on &, .
If f={f,} is an element of & we denote S(f)= ) S,(f,). If g is also an element
n=0

of &, we denote

Og=1{09,}(0g,) V- 1) == V0, ¥, .- (=1, ¥1))-
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We also write

GRN1s v =2 G1s s V) [ Tps1s s Yyt o)

pta=n

and note the following algebraic rules:
L{g®f)=Lg®L,f forall seR, f and g in &,
LOf=0OL_f for all seR, f in &.

The map from &, x &, into C defined by

(¢./)~>S(Og®/)

is continuous, sesquilinear, and by S4), positive in the sense that
SOf®f)=0 forall fes,.

Let A" be the subspace of all fe.&, such that for all ge &,
S(0f®g)=0.

Because of the Schwarz inequality
IS(Of@9)I? <S(Of/®f)S(Og®g).

so that

N ={feS, :5(0f®[)=0}.

For all seR, f and g in & we have
S(OgRL,f)=S(L_(Og®L,[)=S(L_O0g®[)=S(OLY®S). (37)

Hence for s=0, LA CA.

The space &, /A is a separated pre-Hilbert space and can be completed into a
Hilbert space #. We denote ¥ the canonical map of &, into #, and, in
particular, Y({f,=1, ..., f,=0,...})=Q. By definition ¥Y(%,)is dense in # and for
figin &, .

(P(9). ¥(/)=S5(0g9®f).

The map ¥ is continuous from & to . Since LA C.A" for any t=0, we can
define, for each t =0, an operator P, on ¥(¥,) with the properties

PY¥Y(@g)=Y(Lyg) forall ge%&,,
P, . ,=P/P, forall 5=0,t=0,
(Y(g), PP()=(P W), Y(f) (all t20,f and g in &,),
PPN =A+0"DC(f)  (all 120,fe,).
Moreover t—P,¥(f) is a continuous map of [0, c0) into A for every fixed fe.&,.

Following Osterwalder and Schrader we conclude that, for all t=0 and all
Jesy,

(W) PPN PP P, )
S SIS W), Py PR
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and, passing to the limit:

(PPN

It follows that P, can be extended by continuity to all of # and defines a
continuous contraction semi-group. In particular

_—p,—tH
P =e

where H is a positive self adjoint operator whose domain contains P(&,). (In fact
V(&) contains all vectors of the form

e MY(g)=¥(Lg), t>0.
These are a dense set of analytic vectors for H, and thus a core for H.) In particular
PQ=Q, HQ=0.
If @, and @, are vectors in #, we can define
(@,, it i) H D)

provided v=0; this is a holomorphic function of u+iv for v>0, continuous for
v=0;if ¢, (or @,) is in P(&,) this function is even C® in the closed upper half
plane. We also note that for t=0, e""# is invertible, its inverse e having as its
domain precisely e ",

Let ge&. The projected support of g, denoted Proj. supp. g is the closed subset
of R defined as the closure of

{teR:3m>0,3(y,, ..., y,)E8UPp. g,, I Sj=m with y)=¢}
For any teR, the condition ge L&, is equivalent to

t ZinfProj. supp. g
and the condition O®ge L_, %, is equivalent to

sup Proj.supp. g <t.

Letf, g, and h belong to &, with

0 <supp. Proj.supp.g=T< 0.

Forany s=T,

S(Oh®gR L, f)=S(L_(Oh®gRL,[))
=S(L_Oh®L_g®f)=S(OLIQL_g®f)
=5(0(OL_ygQLNQ[)=S(O(L,OJSLNR).

This shows that, for fixed g and s, the map from &, to &,

f=9®Lf

maps A" into itself. We therefore define an operator ¥(&,)— Y (¥, ) by:
009 ¥()=YYRL,f). (38)
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Note that the right hand side is a continuous function of (s, g, f); it is even ¥* in s
for s= T. Furthermore the adjoint of this operator also maps ¥(<, ) into itself. It is
given, on ¥(&,), by

09y P(h)=¥Y(L,OgRLH)=0(LOg)¥(h).
Clearly, for t=0,
OJg)e =0, [(9) on W(Z£,).

It is possible to write O (g)=0(g)e *H, where 0(g) is defined on e *H¥(¥,).
Indeed e *#Y(F, )=PY(L L, ).

Any ue L &, can be written uniquely as Lo, ve.&, and ue A< ¥(u)=0<Vy,
(P(g), e *H¥(v))=0=>¥(v)=0. Thus ue A <ve.# and we can define

O(g)¥(u)=0,g)¥(v)=¥(gQu). (39)

We shall verify that these operators satisfy the properties 01)-06), with D,
replaced by a new domain D, to be defined later.
It will be convenient to use the notation

[0, 9 ) [0y, p)dy, . dy,
for O(g) when g={0, ..., £,0,...}, and similarly

@s(y;[; LR yn)z(p(yla "‘7yn)e—SH

The construction of these operators does not depend on the symmetry property
§2). If §2) holds, for every permutation n of (1, ..., n),

OY1s s V) =001, s Vi) (this is O3)).

This will allow us to use the abbreviated notation (O(Y) as before.
It is also clearly possible to define,

G (g, ..y iv,_ )= [e7 R O(Y))e " HO(Y,)...e - HO(Y,)Q
SO nyNdy, - dyy.
Here wvy,...,v,_,, are all 20; Y, ={l,...,n}, Y,={n+1..,n,}..7Y,

r

={n,_,+1,...,n,=N}, are disjoint non empty subsets of {1,..., N} with union
{1,...,N}. feZ(R"™) has its support in

{1, myp)eRNYI<y) if jeY, and keY, with r<u}. (41)

(40)

The precise definition of (40) is ¥(g) where g,=0,ygy and
gN(y17 ] yN):f((y(l) —007 Y1)> tery (,V,?l _U()n Yn1)7

(yr(z)1+1“vo”‘v1yym+1)v-o~>(yg_vo—~--_vr—iaYN))

(42)

It will prove convenient to use an adaptation of the method of [OS2] for
regularizing the behavior of S,(x, ..., x,) at large distances, based on the following
remark.

If {S’} and {S/} are two systems of distributions satisfying S1), $3), S4), and if it
is possible to define the pointwise product S)(x,,...,X,) =S,(xX (5. . X )8 (X1, .., X,),
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(e.g. as alimit of S}, -(S/*p) as p—9), then {S/'} also satisfies S1), $3), S4). Indeed, for
every finite sequence {f,} such that f,e#(IR") and supp. f, C {(x,, ....x,)J0=x}, 1<
=n},

Y. Su O, f)= [([O(x,...x ) R0 (xy,....x,) ]2 RL",

LOW - )RO (Y, s y)IQL RQ) fX g5 s X0) fulV s -+ V)
dx,...dx,dy,...dy,.

An example {Z,} of a sequence of distributions satisfying S1), $3), and almost
S4) is given by

Ey(xps e xy)=Fy(x9=x%), N2,
where, for every real t,
Fy(0)= |3 e " h(p)*a(p)dp,

and where h and ¢ are real functions, 6 20, so chosen that the above integral is
absolutely convergent and continuous in t on [0, o).
Indeed one finds, for all finite sequences {f,} as above, with f, =0,

Y B @4,85)= 2. [ dpa(p)c,(p)e,p)= [3 dpa(p) |2 c,(p)

2
s

where
cp)= [ e PRh(p) f(xy, ... x,) dx,...dx, .
More specifically, we choose a(p)=e*, h(p)=p~®, R=0, so that
Fy(t)=RN)!(lt] + 1) FV~ 1

With this choice, we denote #,, ¥,(f), Oy(xy, ..., X,) = 0o(xY, ..., x2), H, the objects

obtained from {Z,} by the preceding construction.
We return to the original sequence {S,} satisfying S1),...,S4) and the
growth condition §6). For every N>1 and feZ(R™)), n;=1, Proj. supp.f;

<Proj.supp.f;;,, j=1,....,r—1), and (v, ...,v,_,)€[0, o) "1, we denote:

Sy(f1s oS3 ivy, el ) =SMARL, 8. QL 4y f)
and

§N(f1, e fyiivg, v, )= [ Syxy, o Xy Fa(y, —y,)
(f1®Lv1f2®...®Ll,l+m+vr~1f,)(xl, caXp)dxdxy,

— 10 0 .
where y;=n; (X, 4 a1t t X0 e, LSiST.

If, in particular 0 <Proj.supp.f; =T}, the expression (43) is equal to
(P(Ly, O ) e T OL_y, fy).e™H WLy 1),

with H=H®1+1®H,, and

0(f)= [0, ...,xn)®coo(% % 5 s,

Jj=1

(43)

and similarly, for Y'(f).
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We shall restrict our attention to the case when all n; are bounded by a fixed
integer Q. In that case it follows from the growth condition S6) and from a
repeated use of the theorem in [OS2, appendix], that there exist constants C, K, S,
independent of N, such that, forall N>1,r>1,(N=Qr), f,, ..., f,, (with supports as
above),

. [19/,
St 21,50, 01 SN TT 17k '
MU 1<l;[<rlfjis |(1+IY1_yr|)NR+1|s
Since the Lh.s. is invariant under simultaneous translations of all arguments, we
can evaluate it by first performing a time translation such that
Proj. supp. f; £0<Proj. supp. f,. In that situation, the r.h.s. can be rewritten as

(1 ®£) (%)

x* xarDﬂx Dﬂr .
(1 _,_yr __yl)NR+ 1

CYMNYE  sup [ 11 lx“fD”ffj(x)q
. .x<s 1<j<r
AER
(j restricted)
Since [DP*DFr(14y,—y,) MR <(NR+2S)*5(1 +y,—y,) V* ! and since
leéx?éera i'e' |x]0|§Q(1+yr_y1)a
if we choose R=S, there are new constants independent of N, such that

r

ISy(f1s -5 £330, ., O S CM(N DX [T sup [x*DFf(x)].
j=1 X
al=S
FEY
Since these new norms are invariant under time translations, this inequality

remains valid when the f; are (time-) translated back to their original position, and,
for all v;20, (1<j=r—1),

SN 15 +wesfy 3015 s, - )l S CHNDF [1 /3.

§f%s= sup [x*D’ fi(x)|.
s
Bl=sS
This bound and the positivity which {S,} inherits from {S} allow us to follow the
method of [G1,0S2] and to obtain an analytic function

Wi oo W ) Syf1s - o fus Wi s Wi y)

continuing S( fis - f3i0g, .., 00, _ ) in the topological product of » — 1 upper half
planes.

To do this in a systematic way we consider a sequence fj,...,f, such that
0=T,_, =Proj. supp.fjg T, Then

(P(g),e T O (f)e " O(fy)...e W (f,_))
=(O(Ly, Of e ™" H O(Ly Of e w0 T P(g), (44)
e O(L g fir )t WL £)).
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The r.hs. continues to make sense if e™**" is replaced by ™" with Imw;>0.
Thus the Lh.s. is analytically continuable in each v; while the others are kept fixed

so that as a function of iv, ..., i,_, it has an analytic continuation in
CH={(wg,...,w,_l|Arg —iw <O, > O,<7}.

Moreover the methods of [G1,0S2] show that in a smaller domain D' it is
bounded by Const. ||¥(g)]| and thus it defines a vector valued holomorphic
function on D" denoted

Grro..0pWos W, )= T O(f)..e™W(f, )

The formula (44) can be analytically continued to:

(P'(g). e™ ™ O(fy)...e™ W (1)
—(O(Ly, Of)e™™ O (Ly OF_)...c”H 0Ly Of)e™ T+ T y(g).
eiWJH'(O’(L-TJ )@ WL f)

(Here ¥'(g) is also supposed to be of the form '(gy)e™**...e” " ¥'(g,)). Hence
one can iterate the procedure and eventually obtain the analyticity of the vector G’
in the topological product of r upper half planes. To obtain bounds on its norm in
this domain, it is necessary to apply the Schwarz inequality at each iteration. This
involves, as in [OS2] a doubling of the number of variables and also a doubling of
the number of f;’s which also have to be time-translated. However, since the norms
3f33 s occurring in the initial bounds are invariant under these time-translations,
the result is the same as in [OS2]:

The vector G o g, (Wgs---»W,_) is analytic in the product of upper half-
planes and is bounded there by

r r—1
1G),6..07, Wor - W,m ) <By [ §f,.§s(1+|w1)f<fv(1’[ v;"*),

ji=1 J=1
r—1

where |w|= Z |w,| and v;=Imw, Using again [OS2, Appendix] this implies for
every f Wlth support in (41)

r—1
1yt ) < B 1+ ] 075
i=1
Going back to the original functions (cf. (40)), we get:

There are constants Ky and By such that, for all (wg, ..., w,_,) with w;=u;+iv,,
v,>0
J
asjs

”Gf(WO7""Wr~1)H<Ble|K( sup U;KN>(1+lW|)KN

However if f'is sufficiently regular, differentiation in wy, ..., w, can be transferred to
S so that

ID%,G [(Wos oo W ) < ANk 41 <sup uj‘KN) (1 + |w])E~
J
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and, reintegrating Ky +1 times we find new constants such that
“thGf(WOa W)l <AN|f,2KN+[a|+ 1+ [wh<>.

(In particular if fe &, G is €* in w,, ..., w,_ in the topological product of r closed
upper half planes). The vector G (wq, ...,w,_ ;) will also be denoted

Je™Ho(Y)e™ ™ HOY)Q  fyy, . v)dy;...dyy.

This notation is justified since it is easy to show that this vector is in the domain of
the closure of ((g) (provided g®f is sufficiently smooth and has the correct
support), and that we have (0(g) being identified with its closure, as we shall always
do in the sequel),

O] B O(Y,)...e HOY)R fyy, - v)dyy vy}
=[O, ..., Epe O(Y))...e™ 1 O(Y)Q
gR((fl’ "'75R)f(y1a ’yN)déldéR dyldyN

Also in the domain of the closure of ((g) are the vectors obtained from the
preceding by integrating over the w; along paths with suitable test-functions etc.
The intersection of the domains of the closures of all finite products
O(f,)e™ 8 ...e™ -7 ©(f)is denoted D,. It is straightforward to verify that the system
of operators @ thus constructed satisfies the requirements @01)-06) with the
domain D,.

I11. 2. Inductive Construction of T(X)

Starting from the operators ¢(X) obtained in II1.1, the construction of the T(X)
will be carried out by induction on [X|. In fact, the requirements of causal
factorization TY9), translational invariance T7) and the relation R’) will leave no
freedom in this construction. The procedure very closely parallels that of IL1.
The induction hypothesis postulates that the operators T(X), for |(X|{<n—1,
have already been constructed so as to satisfy the above requirements, and that
any finite product of such operators can be applied to vectors of the domain D,,
which it maps into itself. (The domain D, has been defined at the end of IIL.1).
LetX={1,...,n}and Z=Z | )..\JZ,={n+1,...,n+p}. Denote x=(x, ..., X,),
2=(2Zy4 1 - Zy4 ). For any fe#(R*"*P71) with support in
{(x,v,2)|for every je Z,, ke Z,, with a<b,z) <z}, (45)
for every (wy, ..., w,_,)eC" with Imw; =0 for all j, we propose to define the vector:
[ X 0,2, 4 1, ...,Zn+p)T(X)ei(“’°+”)H(9(Zl) (46)
e e M O(Z)Qdx, .. dx, dvdz, , ...dz,. .

We concentrate on the case n>1, Z=+0. The other cases are straightforward
simplifications. Let & denote the subspace of #(IR""*P* 1) consisting of functions
having their support in (45). Denote, as in IL.1,

y=n X)), G=x0—y, (IS)Sn), &=ty
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and define %, as the space of functions fe & vanishing in a neighborhood of
{(xgs o0 X, 0,2):E=0} .

Any function fe # can be written in the form:
fxqy ey Xxpyv,2)= LRZ dadbo(é,x,a,b,2) o (y—a)ou (v—2y—b+2a). 47

Here, o, is the function defined by (13) and, as previously, we find ¢ is given by

L+1 L+1
(&, X, y,v,z)=(L!)"? 1—i+i+2—a— 1—i4+ —
dy ov ov

(48)
f((él +y9X1)a LR (5,,4‘)’, Xn), Ua Z) .
The constant L will be chosen later.

Just as in I1.1, we decompose finto f=f, +f;, with
fi(x,v,2)={ dadbo,(y —a)o,(v—2y —b+2a)

et “)

| Y 27 Dlp(0,x,a,b,2)| W, y—a),
=0 B!

where w is the auxiliary function used in IL.1. and M =0 will be chosen later.
Again,

fily SConst. | floariap43  (LZM+1).
fo has the same property and vanishes together with its derivatives of order
<M +1 when £=0. Hence it is in the closure of %, in the norm ||,,.

For any g in &, the vector (46) with f replaced by ¢ is well defined by virtue of
the induction hypothesis and the requirement of causal factorization. The proof is

identical to the corresponding one in I1.1. The resulting vector is bounded in norm
by:

Const. (gl (1+[w)*,  |w|= Z wil.
J

As a consequence, if we choose M = K, the vector obtained by replacing f by f, in
(46) is well-defined and bounded in norm by Const. |f],u 4 21+ 3(1 +[w))*. On the
other hand, if we denote

M+1 (ﬂ.é)ﬁ
(pO,/l(éay’v:x>a’b>Z): Z —,—D§¢(O,X,a,b,z)

i=o B!

'W(é,Y)O‘z,L(Y)‘xLL(D_zy)a

translational invariance requires, for sufficiently large M and L
[ TE0)eto M Q(Z e ™1 0(Z,)Q
©o.1(&, y—a,v—b,x,a,b,z)dxdvdz
=J’ eiaH T(X)ei(wo + v+b—a)H(9(Z1)eiw1H' . -eiwr_ !H@(ZV)Q
ng, (& y,0,x,a,b,z) dvdédydxdz. (50)
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The radial analyticity of ¢, , and the condition R’) require that (50) should be
equal to:

[ o) el b=t (7). e 0(Z,)Q

51
ni" "oy (& y,0,%,a,b,z)dvdédydxdz. 1)

This is a well defined vector, depending continuously on a and b, and bounded in
norm by

Const. (1 +al+ |bl)_3 |f|3M+ 2L+ ell+ ]W|)M

We can integrate over a and b and define:

[ TX)etot o o(Z e .. .O(Z,)Q f(x,v,z)dxdvdz

=[dadbe" O(X)e!~v*irot bR g7 Yo iH | (O(Z,)Q (52)

nmo,i(ﬁa »u,X,a, b5 Z)in+ ! dédydvdXdZ

The definition of (46) is now the sum of (52) and of the known result for f,; L
must be =M+1, and the resulting vector is bounded in norm by
Const. | fl3pr4 20+ 61+ Iw)™.

It is now easy to check that, if f happens to be radially analytic in the variables
x{,...,x;, v and has support in {x,v,z:¥jeX,0=<x] <o}, this definition is such that
R’) is satisfied. We only give a brief sketch of this verification.

Suppose that fe # is of the form (47) and

L v, 2)=f((Ax9,x,), ...,(Ax2, x,), Av, 2),  (A>0)

can be analytically continued in A in the angle 0 <argl <%, with continuity at the
boundary. Then the same is true (by virtue of (48)) of

(p/l(éa X, y, U, Z):(p()‘é’ X, j-}’» },U, Z)’
(which also has support in {(x,,...,x,,0,2)|VjeX ,Oéxj.’gv}), and of
fr.a(x,v,2)=22[dadbo, ;(y—a)a, (v—2y—b+2a)
M+1 B
(4)
I3 e
=0 B!
As a consequence the Lh.s. of (52) should be equal to
fox)e™ M 0(Z,)...0Z,)Q f, {x,v,2)i""  dxdvdz
= — [dadbe” " OX)ee VPO O(Z)...0(Z,)Q
M+1 (:2\8
Y (l—é?—D’g ¢(0,x, ia, ib, z)
wi=o B!

Noting that Dé’(p(O, X, Aa, Ab, z) can be analytically continued in A (and has
support in {b—a=0}), we can rotate the contours in a and b and obtain exactly
(52). As to the part of (45) corresponding to f,, it satisfies the contour-rotation
condition R’) by virtue of the induction hypothesis.

D{¢(0,x, Aa, Ab, z)} w(&, y—a).

n+1,

} w(&, y)dédxdydzdv.

oci,L<y>oc,~,L<v—2y>{
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Having defined expressions of the form (45), we can now suppress the
integration over v by the same method as in II.1 ie. by essentially using

p=[age™(Q) " (1—i—iH)2* pdu

and

a\
Hy= <_E)e HW::o-

This allows us to use the definition
[TX)e™ " O(Z,)e™ .. e HO(Z,)Q
GX s ooy Xy Zys gy s Zpy p)AXydX, dz, 4y dz,
= [T(X)eCo M O(Z,)e™H . e H0(Z,)Q
Kog(x, 2)op(v)dvdx,...dx,dz, . ...dz,. . (53)

a o+1
Kool =(@) ! (1=1+15 ] gmzl o

where z, is given by: z,;=z
straightforward verifications.

» Zo;=2)—t, (j=n+1,..,n+p). We again omit

I11.3. Poincaré Covariance

Up to this point, only the invariance under time-translations of the S, has been
used. If the S, are invariant under space and time translations, it is clear that the
generalized (anti-)time ordered functions have the same property.

Let %, m°, p,, (u=1,...,v—1), be the differential operators defined on .# by

3 " 0 0
51 %= 3 (S5 = A ),
- J
M), (x o) = 3 [0 x0T ) e )
n\"v1»s >“¥n = ]ax? jaxj” n\"v1» >/
50
(a1 x)= ¥ ).
- J
0 0 .
Note that —— = — —.| These operators satisfy
0x;, ox’;

m%L f=Lm®f+1tp L f.
Assuming the {S,} to be invariant under the full Euclidean group implies
Sm*f)=0 forall u=1,..,v—1 andall f.

Let X={1,...,n} and fe #(R*™) with support in {(x,, ...,x,,)|x§?go for all j}.
Suppose that f is radially analytic in the angle {1|0<argd <%}. Then

(@, T(m®()Q2)=1"5,(m°"f))
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and, since (m°“f);= —im°"f,, this vanishes. By the density of radially analytic
functions and translational invariance of (2, T(X)Q) it follows that, for all
fe S R™),

(Q, Tm°*1)Q)=0.

Suppose now that f=f,®L, /,®...®L, . ., . f and thatall f; have compact
support. Then, for sufficiently large positive v,, ..., v

sYpr—19

r

0=(2, Tm* Q)= Y (@, T(fl)’T(LUlfz)...T(mo”Luﬁ”_Hjﬂfj).‘.

j=1

Ly )R)

= X @T()e ™ T(,- e [T

+ (FZ vk) T(p, f)1e™". . T(f,)Q).

k=1

By analytic continuation this remains true for all real v,,...,v,_, so that
r—1

'Zl (@, T(f))... Tm°f)... T(f,)2)=0

=

for all f,, ..., f, with compact support. This proves the Lorentz invariance of all
(Q,TX,)...T(X,)Q). This in turn implies, as it is well known, the relativistic form of
the causal factorization property.

IV. Application to the ¢3 Quantum Field Theory

The purpose of this section is to show that perturbation theory holds for the
weakly coupled ¢* quantum field theory in 3 space-time dimensions. This
statement will be substantiated below, but we first want to give a short account of
existing work. The existence of the @3 interaction as a quantum field theory
satisfying all the Wightman axioms was proved in [FO, MS1, MS2], based on the
earlier work in [G2, GJ, Fe]. We shall assume that the reader is more or less
acquainted with the definitions and results of [FO] on which our analysis below
will be based. The papers [FO, MS1] contain proofs of the differentiability of the
Schwinger functions in the bare parameters, i.e. in the coupling constant and the
bare mass. In [MS2] it was even shown that the Schwinger functions are Borel
summable in the coupling constant so that the theory is uniquely determined by
perturbation theory.

Two interesting further developments in a direction similar to our aims are
described in [FR] and [C]. In [FR1], the question of field equations is addressed
and it is shown that generalized Schwinger functions for the ¢ and ¢® fields can be
defined in non-coinciding points as tempered distributions. Similarly, in order to
prove the non-triviality of the S-matrix for the ¢ theory at small coupling, it was
shown in [C] that truncated generalized Schwinger functions for the ¢, ¢? and ¢*
fields exist as tempered distributions, coinciding points included.
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Since some confusion might arise about the definition of generalized Schwinger
functions, we repeat here the canonical definition known from perturbation theory
for the case of the ¢* theory.

We consider the cutoff Euclidean interaction

; [d*x:0]:(x)2;9,(x), (54)

where ¢, is some free Euclidean field with bare mass m, and cutoff x. The
renormalization procedure tells us how to associate to the “Euclidean
Lagrangian” (54) a renormalized one, called .Z,. It is well-known that in the case of
the superrenormalizable theories .Z, can be found in the form of a polynomial in
the 4, with coefficients which tend to infinity as the cutoff x is removed. The
natural definition of the truncated generalized Schwinger functions of the fields
Qr(x) (k=1,...,n,v,=1,2,3,4) is not the truncation of

n 1}
lim lim — e‘y"> ey 1 55
g,(x)~1 Kk~ <kl_:ll {ivkég"k('xk) K} ) <e >0 ( )

where (), is the free Euclidean expectation with bare mass m,. We shall rather
adopt the following definition.

Let f; keV(]R3) j=1,...,4, k=1,...,n, let g]eV(IR3) j=1,...,4. Then the
generallzed truncated Schwmger functlons S o (X5 x,) are defmed as distri-
butions by the formula

Z 4§k1]1 dsxkka,k(xk)s\jv; ,,,,, w(Xps e X,)

Vi = 1,...,
k=1,..., n
. . "0
= lim lim ) (56)
gj(x)*l K> y=1,..,4 k=1 a#vk,k
J=1,.., 4 k=1,..,n
log <e gx(g,fm,m% ,
(275,
where % (g, f, 4, 1) is the renormalized Euclidean Lagrangian associated to
4 n
Y Px:0l:() g0+ 2wy f; )] (57)
ji=1 k=1

We shall describe below why the existence of the objects described in (56) is an easy
variant of results contained in the earlier work on 3.

The Equations (55) and (56) define distributions which are equal on non-
coinciding points, but only (56) defines a natural extension to coinciding argu-
ments in the sense of local field theory. When (56) happens to define a locally
integrable function (as is the case for the ¢, and @7 field in the ¢ theory, or for all
Wick powers in the P(¢p), theories) then the natural extension to coinciding
arguments of (55) (as an integrable function) agrees with (56) everywhere. This
observation (which follows from the very construction of the models) was basic to
the papers [EEF, OSe, O].
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The main point of the preceding discussion is to emphasize that the definition
(56) is suitable from an axiomatic point of view. In particular, it is for the
untruncated generalized Schwinger functions S, , , obtained from the ST v, 10
the standard way, that we shall prove the extended 0.S. positivity, and the
distributional bounds.

Theorem 6. The generalized Schwinger functions are, as distributions, infinitely
differentiable with respect to Ay,...,4, and my>0 in a region of the form
0=Aymg ' <e, |4 mi*> 3 <edgmg’, j=1,2,3, for some ¢>0. The derivatives are
(finite) sums of truncated generalized Schwinger functions, integrated over some of
their arguments.

For an illustration of this last statement, see [EEF, Lemma 6a, 6b].

Theorem 7. The family of generalized Schwinger functions satisfies the conditions
S1)-56).

The proofs of these two theorems will be sketched below. Given the very
detailed accounts of [FO, MS1, 2] we refrain from repeating the whole con-
struction of the ¢ theory for just proving one additional estimate, which seems to
us implicitly contained in the aforementioned papers.

The conclusions of Theorems 6 and 7, combined with the results of the
preceding sections imply the existence of time-ordered products for the fields
@' v=1,...,4.

Theorem 8. The generalized analytic —~momentum  space  functions
H, | (kimy,4y,...,,) of the ¢ theory are € functions in my, Ay, ..., 2, in the
region described in Theorem 6 and analytic in k in the n point axiomatic domain with
single particle poles at k2 =m?*(mgy, Ay, ..., 1,) and thresholds above 2m§—0(c).

Proof. By the analysis of the preceding sections and by Theorem 2, Equation (29)
H, ., isfor imaginary time components of k the Fourier transform of S], . The
proof of differentiability follows then in the same way as for Theorem 7 of [EEF].
The existence of an isolated one particle singularity has been shown for the ¢
theory by Burnap [B].

(Note: in perturbation theory, the renormalization is often performed so that
the physical mass coincides with the parameter m, given in advance, which occurs
in the free propagators. In constructive theory the bare mass m, is given;
renormalization is performed by introducing only those counterterms necessary to
compensate the divergences of the primitively divergent graphs: since these are in
finite number for superrenormalizable theories %, is then a polynomial in the ;.
This determines the physical mass m, as a function of m, and the 4;). We can now
repeat almost verbatim the analysis done in [EEF], and we restate three relevant
results.

Theorem 9. (=Theorem 8 in [EEF]). There is an ¢,,0<e&,<e and for each
a>0a%” function A=(A,,...,A)>my(a,2) on 0= A,a” " <ey, |A,]a? 73 <e,da”
j=1,2,3 such that one has in the above region

m(mgy(a, A),)=a

i
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(Note that in 3 dimensions, the mass satisfies due to scaling m(mgy, A, ..., 4,)
=mou(Am? 73, .. Amg*73))

Theorem 10. (=Theorem 10 in [EEF]).

(i) For @3 theories with physical mass m >0 and bare coupling constants J; satisfying
mi? =3 < Aym™1, j=1,2,3,0=A,m™ ' <e, the function

Glky, ...k, ;m, ))—{n (k2 — 2)}Hlu_l(k1 oo kysmo(my A), Ay, oy y)

is € in the A; and holomorphic in k, ..., k, (with Zk =0) in the axiomatic domain,
with thresholds above 2m—0(¢,) and no szngle pamcle poles (at k2 m?).

(ii) The Taylor expansion of G(k;m, 2)in ; at ij—O,J—- 1, .‘.,4,for k taken in the
axiomatic domain (as described above), is given by standard renormalized per-
turbation theory.

Theorem 11. (=Theorem 12 in [EEF]). At non-overlapping points of the real mass-
shell the S-matrix elements of a @3 theory with fixed physical mass m>0 and
coupling constants as in Theorem 10 are €% in Z;, j=1,...,4 in that region as
tempered distributions in the momenta. Their Taylor expansion at 4;=0,j=1,...,4is
given by standard renormalized perturbation theory.

In particular, we recover the non-triviality of the S-matrix for 1, > 0 sufficiently
small, A, =1,=1,=0, [C].

Proof of Theorem 6. This theorem is in a sense already contained in the proofs of
the existence and differentiability in 4 of the ordinary Schwinger functions. We
therefore only show how these proofs have to be read in order to arrive at the
statement of Theorem 6. We shall adopt the terminology and notations of [FOJ,
but [MS1, MS2] could serve just as well, and we assume the reader is familiar
with [FOT.

To explain our point, we first refer to § 2.1 of [FO], (graph norms). A graphis a
Wick monomial G of degree E(G) with a kernel K(G)(zy, ..., Zg), where we
consider all “legs” as “initial legs”. For all 6>2x>0, a norm |G||;_, is defined
(LFO, Eq. (2.6)]). The importance of these norms stems from the fact that all
bounds and convergence statements are made with respect to them for suitable 6
and o. As an example, in Theorem 4.6 of [FO] we have the bound

1Z(A) <G>“m“gl<ﬂ(n NG, (58)

where n(4) is the number of arguments of K(G) localized in the unit cube 4 (the
support of K(G) is assumed here to be a product of such unit cubes), and Z(A4) is
the “partition function”. In the case at hand, the space cutoff is not the function g,
but the family of functions, cf. Equation (57),

{ijgj“l— kZI ﬂj,kfj,kajz 1 ~~-,4} >
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and it is clear from the definition of the norms | ||5 , that in our case we will have a
bound on the Lh.s. of (58) of the form

0(Xn(4))
[T (A)»HGHMZ{M Jlgf+ 3 ru,knf,kl} o),

where 1|G||§,a is bounded by the norm | G|; , for a g whose Fourier transform is
bounded by |k|~* at infinity (cf. [Fe, page 97]), and ||, is a fixed Schwartz norm.

The differentiability follows now as in Corollary 4.6b of [FO]. A more detailed
outline of the proof is given in [MS2, page 270], where it is sketched how the
derivatives combine to sums of graphs whose || Gilf{a norms are finite. For the case
of the ¢ derivatives this is done in great detail in [FR, pages 215-217], where it is
shown how the crucial perturbation formula [FO, Egs. (2.37)+2.39), (3.2), (3.3)] is
used in this procedure. The next important point of the proof is to realize that the
I I3, norms of the graphs produced through this procedure are bounded, for

n
St .. by H If,, s n!¥ for some universal constant K’ and Schwartz norm ||,

This is due to the superrenormalizability of the theory, and proved through the
mechanism of “estimating big graphs as products of small graphs” which was
discovered by Glimm [G2].

We therefore get a bound

[[ ST, (xp o x) fix)). Su(x)dPx ... d?x,|
n M
<on* [ {(st)(m 111 } (59)
j=1 i=1

for a universal Schwartz norm ||, and universal constants J, K, L, M, provided the
coupling constants are in a region of the form described in the statement of
Theorem 6 (this is used to bound the exponential of —.%,).

Similarly, we get for the derivatives the equality

ﬂl< ) JST L s X ) (X))o Sx, )Py . dPx,

:j Sz;...v,,, 1.,.1,,.‘4,...4(x1’ v X Vs ooy yzn,)fl(xl)- . -fn(xn)dBXr--ds)’sz (60)
SRt

and the bound .
M(n+ ¥ nJ)

4 n n
(e So)e( i) (£+ B
i= j= i=
Since a distribution is a linear functional, we find, writing f;=(f,/(l/})|f]ls

4
l:[ ((’M) FST G x ) fi(xy) [l )Xy dPx,
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The Equations (60), (61) are more than enough to prove Theorem 6, in fact, we
have already proven the growth condition of Theorem 7.

Proof of Theorem 7. All axioms are obviously satisfied for the generalized
(extended) Schwinger functions defined by (56), as in [FO, MS1] except for the
growth condition which we just proved and the extended O.S. positivity which we
prove now.

Time-ordered products can be defined for a cutoff theory, since for x < oo (as in
[Fel), and a cutoff of the form g,(x°, X)= y_ . 4(x°)-h(x), we have a Hamiltonian
theory in which sharp time fields are defined. Hence we have extended O.S.
positivity in this case by Theorem 1. This carries over to the limits, of which we
have already shown existence. The proof of Theorem 7 is complete.

Appendix
Radially Analytic Functions

Let f belong to #(R¥). For all real 2>0, f,(x)=f(x) defines another element of
S(RY) and the map

(L A=1;

from L (RY)x (0, ) to L(RY) is continuous and ¥® in A. We shall say that f is
radially analytic and continuous in the angle {1eC:|A|>0, 0, <argl<0,} (when
0, <0<0,) if there exists a continuous map (f,A)—f, from F(R")x (this angle)
into #(RY), holomorphic in 4 in the interior of the angle, such that, for A real >0,
)= ().

It is easy to construct examples of radially analytic functions. Denote, for
instance, for any real a>0,

0

ofa, )= claexp(—ali 4 2%, cla)t = | Pexp(— (i1 411
[4]

where 1—1'/2 is the holomorphic function over C\R _ equal to |A|*/? for A>0.
Note that the restriction of this function to any closed half plane of the form
{/:Ree 120}, —3<0<%is ¢* and vanishes at 0 with all its derivatives.

Let F be a continuous function on (0, co) with

[F() <A@ +A7V23E, Lz0.
Then (with new integration variables 1=e??, y=chy)

j%F(A)exp—a(ll/2+ﬂ“l/2)=2 [ e 2« Fe*9)de,
0 —©

o

2 (e 2h F(e29)dp =2 [ e 2 F((y +(y? — 1)!/%)2)dy(y? — 1)1/
1

0
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and the last expression shows that, since |[F(1)| < A(2y)-, the integrals converge
absolutely. In particular

c(a)_l =4 j‘ e—lay(yZ_ 1)— llzdy
1

4a d
>4 e
2a
>a te (1 —e™ 29,

Thus, if a=1, c(a)” ' =(2a)" *e” % ie. c(a)<2ae*.
On the other hand, if ¢,>0,

c(a) Oj? F(ez"’)e"z‘“"“’d(pl

Po

<2ae**4 | (2che)re™ " de

@0

E 4
<2t*tad f dgoexp(—aq)z—a(p— —I-L(p)
¥o 12

0 4
<2EFlgde s | d(pexp(—a(’; +L<p) .
00 12

If a=1 this is less than

4
2L+ e a0d f&do exp(—a% +La“4(p)
—oL+ 1Aa3/4e—a¢%(12)1/4 jgo exp —(0* —(12)'/*L0)d6.

From this it follows that

dz
[ @ Fd)~
|A=1]>¢
A>0

di . . .
tends to zero as a— c0. On the other hand j ola, 1)7 =1. Since F is continuous,
0

for every n>0 we can find a>0 so large that

I(F(l)—m))g(a, A)d—j <.

Hence %Q(a, A) is, when a— o0, an approximation of o(4—1).

Suppose that e #(R"). Then

9= ] 0. )5 ot
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defines a new function also belonging to #(R"). In fact
2 di
x'D*f(x)= | ela, /1)7/1”” AT X D (AT ),
0

so that we can apply the preceding extimate with L=|f|+|x| and obtain an
inequality of the type

sup [x"D* f(x)| < Cle, B, @) sup |x” D* () .

Furthermore, as a— o0, f tends to ¢ in the strong topology of &, and uniformly
if @ varies in a bounded set of #(RY). For 1>0, denoting f(x)=f(4x), we have

fx)= T oa, zu)df‘ o(u™1x). (A1)

The right hand side of this equation has an analytic continuation in 4 in the open
set C\IR™, and the map (4, ¢)—f, is a continuous map of (C\R™)x &(R") into
F(RY), holomorphic in 4. Thus f is radially continuous and analytic in the angle
{A:]4]>0,0, <arg A1=<0,} whenever —n<0,<0,<m.

This shows that radially analytic functions are dense in #(R"). Note that if ¢
has its support in a closed set F CIRY then for all Ae C\R ", f, as defined by (A 1) has
its support in the closed cone generated by F.
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